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PREFACE

ArTER some fourtcen years of teaching in American colleges
and universities the author finds that the average high school
graduate has not developed in himself a mathematical type of
reasoning. Hec therefore hopes that this trecatment may in
some measure accomplish this purpose.

The first few chapters are devoted to a thorough review of
high school algebra, for the author is convinced that most
college freshmen nced considerable drill on the fundamental
processes of algebra before attempting a very extensive study
of mathematics.

In preparing this book the author has kept in mind two types
of students: first, those who will never take additional work in
mathematics, and second, those who will continue the work in
science or agriculture for advanced degrees and will doubtless
desire to pursue additional courses in mathematics. He has
therefore attempted to write a book basie in the fundamental
principles of mathematics and at the same time has endeavored
to make practical applications to the ficlds of science and agri-
culture, wherever possible.  He feels that a thorough knowledge
of the material covered in this work will enable the second type
of student to successfully pursue a course in analytical gecometry
followed by a course in the calculus.

The author gratcfully acknowledges his indebtedness to his
collcagues, Professor Wm. Asker for preparing the chapter on
statistics, and Mr. H. B. MacDougal for checking much of the
material, to Professor I. W. Smith of the North Dakota Agri-
cultural College for using the material in mimeographed form
and offering many valuable suggestions, to Dean D. A. Roth-
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rock of Indiana University for reading most of the manuseript
and to Professor Wm. Marshall of Purdue University for
encouraging him in the work.

The author also desires to thank Professor I£. S. Crawley of
the University of Pennsylvania for his generous permission to
use the greater part of his Tables of Logarithms as a portion
of this book.

I. L. MILLER

SoutH Dakora STATE COLLEGE
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AN INTRODUCTION TO MATHEMATICS

CHAPTER I
ALGEBRAIC OPERATIONS

1. Four fundamental operations. The operations with
numbers are made up of additions, subtractions, multiplica-
tions and divisions. These operations are known as the four
fundamental operations of algebra.

2. Addition and subtraction.

a. Addition is commutative. Thismeansthata +b = b + a.
b. The sum of two or more numbers is the same, irrespective
of the way in which they are grouped. Thus:

a+b+c=@+d)+c=a+ O+ o).

3. Use of parentheses. Signs of aggregation. The signs
of aggregation are:

Parentheses ()
Brackets [ 1
Braces { }
Vinculum  ——
Bar |

Signs of aggregation may be removed with or without change
of sign of each term included within the signs of aggregation,
according as the sign — or - precedes the sign of aggregation.
Thus:

1



2 AN INTRODUCTION TO MATHEMATICS [cHaPp. I

z— {3y — 20— (y—3) — (2y + N}
=z— {3y —20—y+3—2y— 4]}
=z — {3y — 2z + 6y + 2}
=z—9y+4+22—2

Exercises
Add:
1. 3z — 2y, Tz + Gy, —5x + 4y.
. 2 + 3y — Tz, 4r — Oy + Oz, 8x + Ty + 3z.
3. 4a%:? + 5Sac? — 2¢3, Ta?h? — 2ac?, Tac? + 4cs.
4. 222 — 3az + 3¢, 3z + ar — ¢, 22 — 2ar — bc.
6. 723 — 4r 4 222 — 5, —2xr + Sx® + 1 — 22% 4 + 3z + 222 + 23

N

Subtract the first expression from the second in the following:
6. 3m 4+ 2n, 4m — 5n.
7. 2a? + 3a — 5, 4a? — 2a + 4.
8. 3z2 + bxy — 4y? — 3z, 4r2 — 2zy + y? + 2x.
9. 5a® + 6ay? + 3ay — 2a + 3, 2a® + ay — Say? + 3a — 7.
10. From the sum of 3a — 4b + 5¢ and 80 — 2a — 3¢, subtract the
sum of 3a — 2b + 4c and 4b — 5a — 2c.

Combine cocfficients of similar terms:

11. ay + by + cy.

Solution. ay + by +cy = (a+ b+ ).
12. 2ax + 6bxr — 3cx.

13. 4x — 2abr + Tcz.

14. am + bm + an + bn.

Simplify by removing signs of aggregation and combining like terms:
16. 2a — 3 + (x — 5a) — 2(3a — 27x).

16. 2(a — 3) — 7(a + 2) + 8(a — 3).

17. 7y =34 -2+ D +3@w—4) — (y — 7.

18. 3a — [2a — b — {3a — 2b — (2a + b — @) + 3a} — 3b].
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19. z — (—2¢ — { =5z + [r — 3u—2|— 3} — [3z — 2r 1 3]).
20. 7y — 5[4 — 3(y — 4 —b) — 4{b — (5y + b) — 5}].
21. 4z — { =Bz + (22 — 4w — 3z + 2) — 3(2z — 5w) — 8}.

4. Multiplication.

a. The factors of a product may be taken in any order.
Thus, ¢d = de.

b. The factors of a product may be grouped in any manner.
Thus, abc = (ab)c = a(bc) = b(ac).

¢. When m and n are positive integers, a™-a* = a™*".

That is, the exponent of the product of two or more powers
of a number is the sum of the exponents of the powers taken
singly. This is known as the first law of exponents for positive
integers.®

Exercises
Multiply:
1. 2abe, —3abc?, Habe.
Solution.  (2abe) (— 3a?hc?)(5ab¥c) (a) and (),
= (2:-— 3-0H)(a-a2-a)(b-b-b3)(c-c2-c) Art. 4

= —30act. [(c), Art. 4]
. 3x?, Try? + 3rty — 2x%y2.
. ha? + 2ay?, 3¢ — 4a?y.
. (e + @+ @+ ).
(a—=b —e)(a+ b+ c).
(r +y + 22)2

ALY
. (x 3> <x + 3>

. (22— y)a
. (m?2 — mn + n?)(m? 4 mn + n2).
. (@ — b)*(a — b)s.

©® N ;oW

[=
(=4

* Tor a complete discussion of exponents see Chapter VIII.
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5. Division. If a and b are any given numbers and b is not
zero, there is only one number x such that ¢ = bx. The process
of finding z is the process of dividing a by b. a is called the

dividend, b the divisor and z the quotient.
m

a
Example. i a™ ", where m > n.

That is, the exponent in the quotient of two powers of a
number is the exponent of the dividend minus the exponent of
the divisor.

Note the condition that b is not to be zero. This means that
the divisor can not be zero.

8. Division of a polynomial by a polynomial. Before per-
forming the indicated division the dividend and divisor should
be arranged according to ascending or descending powers of
some letter.

Example. Divide 19¢ — 9a2 + a* + 3a% — 6 by 3 + a? — 2a.

Solution. a* 4+ 3a® — 9a% + 19a — 6 la2 -2+ 3

at — 2a3 + 3a? a%+ ba — 2

5a3 — 12a?

5a3 — 10a2 4 15a
— 202+ 4a—6
— 2a*+ 4a—6

%. Zero in division. Division by zero is excluded from the
operations in algebra. That is to say, the divisor can not be

zero. If the dividend is zero, the quotient is zero. That is,

0
== 0.
a

Where is the fallacy in the following?

Let z =m. (1)
Multiply both sides by z, 22 = ma. (2)
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Subtract m? from both sides, 22 — m? = mx — m2. 3)

Divide both sidesby z — m, x4+ m = m. “4)

But by (1) z=m. %)

By (4) and (5) 2m = m. (6)

Hence 2=1 @
Exercises

Divide:

1. 33a3h3cd — 9a?be? + 15ab% by 3abe.
2. 20c4d3 + 15¢2d? — 10cd by 5ed.
7zt — 132%y + 5x2

3. p
—5y* + 15y* — 10y2
4, -————-———5;2-— —
16z3y? — 8ry’ + 12r2y2
e

6. x%y? — y* + x4 by 2 — xy + 2.

The solution of this example gives z2 + zy + y? as a quotient and
—2y* as a remainder. And as in arithmetic, the complete quotient
may be written.

x2 + xy + yﬁ + __—.——_-2!/‘_

T =y + g

T.y*+ 27 by y + 3.

8 a?—8hya—2.

9. 23 — 522 — 17z + 66 by z — 6.
10. 2r¢ — 82° + 7 + 3z? + 10z by 222 — 42 — 7,
11, a* + a2 + b4 by a2 + ab + b2
12. 223 — 9z — 12y% + 17zy? by 22 — 3y.
13, 22t — 2% — 3x%? + z® by 22 + 2y.
14. 403 — 3a — 15a% + 4 by a* — 3a — 3.
16. 8a® + 27b% by 2a + 3b.



CHAPTER II
FACTORING

8. Important type products. The following type forms have
already been treated in high school algebra. They should be
reviewed here and memorized.

a. Common monomial factor.
ab + ac = a(b + ¢).
Example. 2ax — 6a® = 2a(x — 3a2.
b. Trinomial square.
a? + 2ab + b% = (a + b)2
Example. 9+ 6a + a? = (3 4+ a)
¢. Difference of two squares.
m?2 — n® = (m — n)(m + n).
Example. (@ +2b)> —¢* = (a+ 2b — c)(a + 2b + ¢).
d. Trinomial of the form.
22 4+ (m + n)x + mn = (x + m)(x + n).
Example. 2+ 5z+6 = (z+ 2)( + 3).
e. Difference of two cubes.
mS — nd3 = (m — n)(m?® 4+ mn + n2).
Example. 8mb — n3s3 = (2m?)3 — (ns)3

= (2m2 — ns)(dm* + 2m3ns + n2s?).
6
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J. Sum of two cubes.
m3 4+ 03 = (m + n)(m2 — mn + n2).
Example. 8z* 4 27y% = (2x)% + (3y2)3
= (2z + 3y*) (4a* — 6xy® + 9y*).
g. Trinomial of the form.
ax? + bz + c.

Certain expressions of this form may be factored by inspec-
tion. The factors are two binomials whose first terms are
factors of ax? and whose last terms are factors of ¢. Now we
must choose the terms of binomials so that the algebraic sum
of the cross products is bx.

Example. Iactor 6z2 — x — 15.

The first terms of the factors are 3x and 2z or 6z and x, and
the last terms of the factors are =3 and F5, or &1 and F15.
Choosing the terms so that the algebraic sum of the cross
products is —x, we find the factors to be 2x + 3 and 3z — 5.
Hence 62 —xz — 15 = (2 + 3)(3x — 5).

h. Grouping, of terms.

me + ny + ne +my = (n 4+ n)(x + y).
Example.
l4ax + 210x — 4ay — Gby

7x(2¢ + 3b) — 3y(2a + 3b)
(7z — 2y)(2a + 3b).

It

Exercises
Factor the following:

1. 2m + 3mn.
2. a? — 9be,

3. 22 — 9z + 8.
4. 12 + 9t — 36.
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z3 — 8ys.

a? — ¢ — b? 4 20bc.

. Tmzx — 9ny + Tnz — 9my.

z? — mz + 2nx — 2mn.

. 8m3ns + 27p3.

10. (m + 2)2 — 5(m + 2) — 176.

11. (@ — b)* — 3(a — b)? — 4(a — D).
12. y? — 8yz — 922 + 10622,

13. 21x2 — 26z — 15.

14. a4 — 16b* = (a?)? — (4b)2

16. 164 + 56ab + 49b2.

16. z* — y3 = (z™)3 — ¢%. (Find two fastors only.)
17. (z + y)3 — (v — w)3.

18. z¢ — 3x3y — 10x%y2.

©®Ne o

9. Other important products.

7. Square of a polynomial. The square of a polynomial
equals the sum of the squares of the terms of the polynomial
plus twice the product of each term by every term that follows.
Thus,

+y+z+w?=2x+y>+ 22 4+ w2 4 2zy + 22z + 22w
“+2yz 4+ 2yw + 2zw.

Jj. Expressions that can be written as the difference of two
squares.

Example. Factor 4at + b%.

By the addition of 4a2b? and the subtraction of the same term
we have

4at 4 b* = 4at 4 4a2b2? 4 bt — 4a?b?
(2a2? + b2)2 — (2ab)?
= (2a% + b2 — 2ab)(2a2% + b2 4 2ab).

I
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k. Cube of a binomiai. By actual multiplication, we find
that
(a + b)? = a® + 3a%b + 3ab? + b3
and (2 — b)? = a® — 3a?b + 3ab? — b3,

Note.—If a polynomial can be put into the form of the product under
(%), it can be factored.

Example. a? + 0? 4 16¢2 + 2ab + 8ac 4 8bc
= ()24 @>+ (1c)> +2-a-b + 2-a-4¢c + 2b-4c
= (a + b + 4¢)*

Exercises

. x4 92 + 422 + Gzy — 4rz — 1292, (Sec 9 (2).)
.12 4 4m2 — 4lm + 41 — 8m + 4.

8 — Ox2y + 27xy? — 27y%.  (See 9 (k).)

. a® + 6a2b + 12ab? + 8b3.

4 — 622 4 1.

at —a*+ 1.

x4+ 4yt

. 2% 4 y? 4 1622 — 2xy + 8xz — 8yz.

O = OO WD

10. Highest common factor. A number or expression
which will divide two or more expressions without a remainder,
is called a common factor of those expressions.

The product of all the common prime factors of two or more
expressions 1s called their highest common factor (H.C.F.).

To find the H.C.F. of two or more expressions, resolve cach
into its prime factors, and then find the product of the common
prime factors.

Example. Find the H.C.F. of a® — b? and a? — 5ab + 4b2
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Solution. a2 =0 = (a—"0)a+D),
a? — bab + 4 = (a — b)(a — 4D).
(@ —b) = ILCF.

Exercises

Find the H.C.F. of the following sets of expressions:
1. ax?, 2abx, 3a22.

2. 52, 117, 78.
8. 22+ 2xy + 2, &2 + xy, and «2 — Try — 8y
4 23— 1,22+ 130 — 14, 22 — 1.
6. =2 + 32y + 3ry? + y?, ¥ + 2x2y + xy?, and 22y + 2cy? + >
6. 72— 6r + 9,72+ 5r — 24, and 72 — Or + 18,
7. (x%y — zy?)? ayle? — ¢?).
8. 22 — 3x — 40, 2 — z — 30, z2 4+ 3x — 10.
9. 22— (y+0)2 (y —2)2 — 22 2 — (xr — 2)2
10. (x2 — 1)(z% + 5z + 6), (z2 + 3r)(x2 — z — 6).

11. Lowest common multiple. The lowest common mulliple
(L.C.M.) of two or more expressions is defined as the product of
all their prime factors, each taken the greatest number of times
that it occurs in any of the expressions. It is evideni that the
L.C.M. of two or more expressions is the expression of lowest
degree which contains each of the given expressions as a factor.

Example. Tind the L.CM. of 2* — =z — 2; 22 — 8z + 12;
z2 — b5z — 6.

Solution. 2?— z— 2=@&—-2)(C+1),

22— 8 + 12 = (x — 2)(z — 6),
22 —5x— 6= (—06)(z+1).

(z — 2)(z + 1)(z — 6) = L.C.M.
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Find the 1.C.M. of each of the following sets of expressions:
1.

. 22 4 xy; 8 + Y3 at — ey — 4y

2412+ 2522 4 3+ 2.

. a2 + 7a 4+ 10; az 4+ 4a¢ — 5.

®Ne ;WD

Exercises

3ar?; athr; 2abt.

a® 4+ 8;a% — 8; a2 — 4.

22— x — 6; 22 — 6z 4+ 9; 6 — 18.
a? — b?; @ — 2ab — 3b2; (a + b)2

. 622 + 18z — 60; 3x2 + 24z + 45; 8x2 — 24x + 10.

11



CHAPTER III
LINEAR EQUATIONS IN ONE UNKNOWN

12. Equalities. A statement that two expressions are equal
is called an equalsty.

There are two kinds of equalities, identical equalities or identities,
and conditional equalities or equations.

In an identity the two members are equal for all values of
the symbols for which the expressions are defined. Thus,

22 — 4 = (x — 2)(z + 2) is an identity.

A conditional equality or an equation is true for only certain
values of the letters involved. Thus, £ — 3 = 7 is an equation
and is true for the value z = 10 only.

Exercises

Which are the following, equations or identities?
1. 0+ m)r =124 2lm + m2

PR ¥
=yt

2.

8. 22—-3x+2=0.
4 1 —-2y+3=0.

13. Solution or root of an equation. By the solution or root
of an equation in one unknown we mean the value of the unknown
that reduces the equation to an identity. Thus, 6 is a solution of
x — 2 = 4, for when z = 6 the equation becomes the identity
4 =4,

12
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14. Equivalent equations. Two equations having the same
roots are said to be equivalent. Thus the equationsz — 5 = 0
and 2z — 10 = 0 are equivalent.

15. Operations on equations. The following operations
may be performed on the members of an equation:

(1) Adding the same number to both members.

(2) Subtracting the same number from both members.

(3) Multiplying both members by the same number, zero
excluded.

(4) Dividing both members by the same number, zero
excluded.

16. Type form of the linear equation in one unknown. The
linear equation in a single unknown is of the form:

Az+ B =0, A0 1)
In fact every linear equation in one unknown can be reduced

B
to the form of (1). Its solution is z =— 7’ 28 may be verified

by substitution.

17. Verification by substitution. The operations of Art. 15
are useful in finding solutions but the solution is not complete
until the values of the unknown are substituted in the equation
to be solved. If such substitution produces an identity the
solution is correct.

Exercises and Problems

Solve the following for z and verify the results:
1 404+ 5 =2z - 3.

Solution. 4z + 5 = 2z — 3. 1)
Transpose and collect 2r =~ 8. 2)
Divide bv 2 z =-4, &)
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Check. Substitute (3) in (1) and
4(—4) +5=2(-4 -3,
-11 =—11.
2.3z4+5=Tz-09.

8. 22(3z + 2) = 6z — 8.
4. 4x+2) + 22 =22 — 8.
6. @+ (x + 2) = z(x + 4).
6. 2z +z2zxz—1)+1] = (z 4+ 2)2z — 1).
7. (a + bz + (a — b)x = ab.
z 2¢x 3
8- '2‘ + F = E + 6-
9. 1.5z + 3.2z = 2.3z 4+ 12.72,

1002 +¥%- 1.
m n

11. Given 8 = ut, solve for v and ¢.

12. Given s = 3gt?, solve for g.

13. Given F = §C + 32, solve for C.

14. A miller has wheat worth $2.20 per bushel and another lot
worth $1.80 per bushel. He wishes to mix these to make 40 bushels
of wheat which shall be worth $2.10 per bushel. How much of each
shall he take? )

16. A farmer has a cow whose milk contains 49 of butter fat
(called a 49% milk) and another one which gives 5% milk. How
shall he mix the milks to obtain 40 pounds of a 41% milk?

16. How much cream that contains 309, butter fat should be added
to 500 pounds of milk that contains 35% butter fat to produce a stand-
ard milk with 49, of butter fat?

17. The milk from a certain cow contains 349, butter fat while
that of another cow contains 439, butter fat. What will be the
percentage of fat in an equal mixture?

18. A man made two investments amounting together to $5,000.
On the first he gained 8%, and on the second he lost 6%. His net
gain on the two was $120. What was the amount of each investment?
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19. How heavy a stone can a man, by exerting a force of 175 pounds,
lift with a crow-bar 6 feet in length if the fulerum be six inches from the
stone (neglect the weight of the crow-bar)?

Remember that W-w = F-f, where W is the weight to be lifted,
F the force applied, w the distance between weight and fulerum and
f the distance between force and fulerum.

20. A man can do a piece of work in 5 days, another in 6 days, and
a third in 12 days. How many days will it require all to do it when
working together?

21. The milk from a cow that gives 4 gallons of milk containing
3% butter fat is mixed with 9 gallons of milk containing 5%, butter
fat. What is the percentage of butter fat in the mixture?



CHAPTER IV
FRACTIONS

18. Algebraic fraction. An algebraic fraction is the indi-
cated quotient of two expressions. Thus, % means m divided
by n.

19. Operations. The following operations and principles
are used in the treatment of fractions:

I. The value of a fraction is not changed by multiplying or
dividing both numerator and denominator by the same number.
That is,

II.' Changing the sign of either the numerator or denomi-
nator of a fraction is equivalent to changing the sign of the
fraction. That is,

III. Adding two fractions having a common denominator
gives a fraction whose numerator is the sum of the numerators
and whose denominator is the common denominator. That is,

l
Lom_
n n

16

n
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Also, -——— = —
n o n n
IV. The sum and the difference of any two fra.ctions,z and
c ad + be ad — bc .
7 are equal to b and ) respectively.
a ad c be
For, by 1, b = bd and 7= bd
c _ ad + be a ¢ ad-—bc
Hence by III, + 1= b and > 3 b

V. The product of two or more fractions is a fraction whose
numerator is the product of their numerators and whose
denominator is the product of their denominators. That is,

ac_2
bd bd
VI. To divide one fraction by another, invert the divisor
and then multiply. That is,

ad_ad
b ¢ be

The reciprocal of a number is 1 divided by the number.

A
" d

[S NS

1 m, n
Thus the reciprocal of ¢ is —; of — is —*
a nom

20. Reduction of a fraction to its lowest terms. Separate
the numerator and the denominator into their prime factors
and then cancel common factors by division.
22+ 6+ 9

22— 9
?2+624+9 (z+38)(x+3) =z+3

22-9  (@x-3)x+3) z-—-3

Reduce to its lowest terms,

Solution.
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Exercises
Reduce to lowest terms:
1 3, 6 — =+ 1
85y E+D+@+1)2
g ¥ tab g B =y0@ —y)
@ = ab @+ )@+ )
3, at—b 8 a*—3a+2
at — b2 a*+4a -5
4 (m 4+ n)* 9. 22tz — 20
m? + n? 2+ 4x — 5
6. (@ —b)(c —d)(b —c¢) 1o.m—m’—‘n-i-mn
(@ —c)c—b)a—0b) m—mn +nt—n

21. Addition and subtraction. Reduce the fractions to be
added or subtracted to a common denominator and then add
or subtract numerators.

3 4a
Example. Add PR + 21
) 3 4a 3
Solution. e t1 T @ —1_ @+ D@+ D)
" 4q _ 3@—1)
@+D@—=1) (a+ D@+ 1)@-—1)
+ 4a(a + 1) _ 4a2 + 7a — 3 )
@+ D@e+D@—-1) (@+De+1@-1)
Exercises
Perform the following additions and subtractions:
L) 1,1.1L
1'5+6 3'x+x’+z'
a+b 1 1

2. 2 _ . 4 -
x 2z 2—4 (z—2)
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5 7 2 5 9 4 z2-2 3 .
"a+b a b "z+1 2 —z 22—1
6.a+b_a—b' 10. 5 8
a—b a-+bd 3t —3 b65x—15
z z 1.1 1 1
. - . 11, -4+ - - .
7a+1 a—1 ll :c+y z+y —y
z 22+ 8+13 z-1
8. - -1 12. -
Tyt D+ +10 z+2
1. 3 _ 2 + 1

2 +2) (+2): 2z-2)
a+b a—b 6’-—2b’

14.
a—2> a+b a? — b2
15 a—+4 _a’+4a—2_ -1
et a+1 1—a? l1—a
16. 3a + 2 _ a-—1
at+a—20 a?2—6a—55 at— 15a+ 44
17 z+3 z+ 2 .
‘zr4+5c+6 x4+ 8+ 12
18. L 1 1

C-006-0 G960 G-ac-a
22. Multiplication and division. See principles V and VI.
(Art. 19.)

2.’c+1:z:+1
2 -1 x2+1

Example (a). Fmd

z-—-1
;n_.--ﬂz+l.'¢-+—l' z—1
21 #+1 2+l
>t

Solution.
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(a—b)z___a2——ab

Example (b). parral 3
) (@—0b)?* a®—ab (a —b)? b
Solution. Pl 5 =¥ b o —ab

f=N@a—-b b _bda-—b
=7 a+b aa—b) a@+b)

Exercises

Perform the following multiplications and divisions:

1. __2____1:-{-—1' 4 6ab . 8a:c.
l4+x)2z—-1 a—b a+4+bd
2 1 ( 11 > m? 4 2mn _ m? — 4n?
"a—-b\y—a y-—0b " mr44nr  mn — 2m2
3.m‘---nm.a’v-}-ab- 6.a—}—b__:_a’——b’.
at —ab m®+ mn c 2c?

1. (x—’—5+1>+<3’—’+-’5+1>-
at: a a® a

n’-—-n—20.n’—-25___n’+2n—8
nt — 25 n+1l  nt—n-—2

ab ab
. b— .
9(a+a-—b>< a+b>
xl+yl.xl+y4-.— x+y'
Boyrat—yt (@—y)

10.

23. Complex fractions. A fraction with a fraction in its
numerator or denominator or in both is called a complex
fraction.

To simplify a complex fraction multiply both the numerator
and the denominator of the complex fraction by the L.C.M.
of the denominators of the simple fractions that make up the
terms.
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1 1 1
-+ —  ay(y? - xz)[— + - ]
T y+=z z y+=z
Example. =
1o zy(y® — 2°) [l — ]
Yy y—z y y—z

_ Y@ =2 +ayly —2) _ yOF — 227 4 ay)

st -2 —wyy + ) 2%(z + y)
Exercises
Simplify the following fractions:
1%+—i—- 2¢+ 3 — 1
"% z—1
1 rz—1
x-—;/ 1-2=1_,
2 . 2
1 7.
¥=3 1-1=_,
T 2
3 pl . z—y+-
1= 81—
Pt —+-+1
2 2z
L m-—n
1 — 2z 9.
4, ——— 1
x? +1 m—n -+
1—2 m+n+
m—n
z —1 a+b o+ b4
z—1 a® 4 ab + b2 at + b2
5-—_z . 10. - 5 .
1 1=
+1—x <a+b+a—b>

24. Fractional equations. To solve an equation that
involves fractions, clear it of fractions by multiplying each
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member by the lowest common denominator (L.C.D.) of the

fractions. (Sec Art. 23.)

When the unknown ocecurs in the denominator, multiplying
by the L.C.D. may or may not introduce new roots that do
not satisfy the equation to be solved. Such roots that do not

satisfy the original equation are called extraneous roots.

=

r—1 2-—5

5
Solution. + 3 =1.
r—1 -5

Example 1. Solve

Multiplying (1) by (z — 1)(z — 5) gives
5z—5)4+3x—1) =(— 1 —5).

Simplifying (2), 22 — 142+ 33 =0,

(x— 11)(x — 3) = 0.

Hence, z =11
or x=3.
The roots of (2) are 11 and 3 and both satisfy (1).
xz—3 1
X 1 ==
Example 2. Solve 297
. z—3 1
Solution. Z_g-7

Multiplying (1) by (x2 — 9)7 gives
2-Tx+12 = 0.
or x—3)(@x—4) =0
Hence, z=3, z=4.

¢y

@
)
(4)

W

@)

@)

The roots of (2) are 3 and 4. Now z = 4 satisfies (1), but
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2z = 3 does not satisfy (1) since the left hand member has no
meaning when z = 3. Hence the extraneous root z = 3 is
introduced in clearing of fractions.

The above example shows the importance of checking each
solution by substituting the original equation.

Exercises

Solve the following equations and check the results:

1 3 _ 2 . 5.4:::-{-17_10—32:_7=_0
r—2 zz-3 z+3 z—4
5x 2 3 4 1
2. - = 2. C. - = 0.
z+1 -3 x—7 x——8+x—9
3'x—9+x—5___2. 7.m+:z:=m+n_
z—5 zx—8 m-—x m-—n
2 2
4 3z - 14 +3 82: 4_x+1.

z—2 z+4+2 : "z—-2 z-1



CHAPTER V
FUNCTIONS

25. Constants and variables. A constant is a symbol
which represents the same number throughout a discussion.

A variable is a symbol which may represent different numbers
in the discussion or problem into which it enters.

Thus, in the formula for the volume V of a sphere of radius r,
V = $xr3, the symbol = is a constant, whatever values V and r
may have, while V and r are variables.

In most cases the letters a, b, ¢, . . . . from the beginning of
the alphabet are used to denote constants while the letters z,
y, z at the end of the alphabet are used to denote variables.

26. Definition of a Function. When two variables, x and y,
are so related that to definitely assigned values of x there correspond
definite values of y, then y is said to be a function of z.

Thus in the equation, V' = 473, volume V is a function of r,
the radius, for to every value of r there corresponds a definite
volume. The expression, 22 4+ 3z — 5 is a funetion of z, for
to every value of z there corresponds a definite value for the
expression. If we make z = 2, the expression takes the value
5, and when z = 3, the expression equals 13.

2'7. Functional Notation. When the same function of z
occurs several times in a single algebraic discussion, we may
simplify the work by representing the given function by some
symbol. It is the custom to represent a function of z by the
symbol of f(z) which is read *“ f ’ function of *“  ”’ If another

function of x occurs in the same discussion it can be represented
24
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by F(x), which is read “F major function of z,” while f(x) is
read “f minor function of z.”
Thus, we may let,

flx) = 22 4 3z — 5.
Then, f@ =22+32-5=5
and f(a@) = a® + 3a — 5.

that is, f(2) and f(a) mean the values of the function when
z = 2 and a, respectively.

Exercises

1. Given f(z) = 2z — 5, find f(1), f(3), f(—2).
2. Given F(z) = 2? — 22 + 3, find F(1), F(—a).

3. Given f(n) = ”——*—’iﬁ find (1), 7(2), F3).

4. If f(z) = x® + z and F(z) — 4z — 5, find the quotients
ORI )
FQ) F(2)

28. Functional relations. Whenever two variables are so
related that one depends, for its value, on the value of the other
there s said to exist a functional relation between these two variables.
There are many examples of functional relations in most every
line of endeavor. However, it is possible to express only a few
of these relations in the form of an algebraic equation.

Illustration (a). There exists a functional relation between
the area and radius of a circle. The algebraic equation express-
ing this relation is, A = »r2.

Illustration (b). The temperature of a place depends upon
the time, altitude and latitude of the place. Hence, we have a
functional relation existing, but this relation can not be
expressed by an algebraic equation.
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Exercises

1. Does there exist a functional relation among the volume, alti-
tude and radius of base of a cylinder? Can this relation be expressed
by an algebraic equation? If so, what is the equation?

2. What functional relation exists between the Fahrenheit and
centigrade temperatures?

29. Formulas taken from geometry. Most of the formulas
of mensuration are algebraic equations expressing functional
relations.

The following is a list of useful common formulas:

1. Area A of a rectangle of
sides a and b.

A = ab. D

2. Area A of a parallelogram ) .
of base b and altitude h. -
Fia. 1

A = bh. (Fig. 1.)

3. Area A of triangle of base b and alti-
tude h.
A = 1bh. (Fig. 2.)
4. Area A of triangle in terms of its sides
a, b, and c.

4 =Vs(s —a)(s —b)(s—c),

where, 8= _aig_-i-_c' (Fig. 3.)
c
b
o

Fia. 3
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5. Area A of a circle of radius 7, or diameter D.
A=m?2 or A=1irD2
6. Circumference C of a circle of diameter D or of radius r.
C=axD, or C = 2nr.

As an approximation which is sufficiently close for our purpose
we may use 3.14159 as the value of . For many practical
purposes we may use 7 = 42 = 3,144,

7. Area A of a trapezoid of '
base b and c and altitude h. ih

A = b+ c)h. (Fig. 4.)

T1a. 4
8. Length ¢ of the hypotenuse of a c
right triangle of sides a and b. a
¢ =VaZ + b2 (Fig. 5.) f’
Fia. 5.
o/
9. Volume V of a cube of edge a. L___ -
V = a3 (Fig. 6.) “ s
a
Fia. 6

10. Volume V of a rectan-
gular solid of length I, width "/
w and altitude. . Y e e

V = lwh. (Fig.7.) Fa. 7.
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11. Volume V of a cylinder of altitude &, and
radius of base r. h

V = m?. (Fig. 8.

- -

N—
Fia. 8
12. Volume V of a cone of altitude &
and radius of base r.
V = }#r2h. (Fig.9.)
Fia. 9.

13. Volume V of a sphere of radius r, or
diameter D.
V =4xr, or V =4xD3 (Fig. 10.) v
Fia. 10.

14. Surface S of a sphere of radius r, or diameter D.

S =4n2 or S=xD2
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Problems

1. The height of a cylinder is 5 feet greater than the radius. Ex-
press the volume as a function of the height; as a function of the
radius.

2. The altitude of a right triangle is k feet less than the base b.
Express the hypotenuse in terms of the base b.

3. How many cubic yards must be excavated in digging a ditch
300 rods long, 18 inches wide at the bottom, 6 feet wide at the top and
5 feet deep? How much water would be discharged by such a ditch
in 3 hours’ time if it flows 3 feet deep at the rate of 1.2 feet per
second?

4. How much concrete is there in a circular silo whose walls are
9 inches thick, 14 feet outside diameter and 32 feet high?

6. What is the capacity of a silo of the dimensions of Ex. 4?7 How
many cows will it maintain for 150 days? (One ton of silage occupies
50 cubic feet, and the daily ration per cow is 35 pounds.)

6. How much concrete will be required to build a water tank 6 feet
long 3 feet wide and 2 feet high (all inside dimensions) if the walls
and bottom are 8 inches thick? The proportions of the mixture are
tobe 1 :2:3 (1sack of cement, 2 cubic feet sand, 3 cubic feet gravel).
It is figured that one cubic yard of concrete of the above proportions
requires 7 sacks cement, 14 cubic feet of sand and 21 cubic feet of
gravel.

What would be the total cost of material, if cement costs 90 cents
per sack and sand and gravel $2.00 each per cubic yard?

30. Graphical representation of functional relations. Func-
tional relations may be represented graphically. This may be
done whether the relation can be expressed by an algebraic
equation or not. (See Art. 28.) Let X'X and Y'Y (Fig. 11)
be two straight lines meeting at right angles. Let them be
considered as two number scales having the point of intersection
as the zero point of each. Let A be any point in the plane.
From A drop perpendiculars to the two lines. Let z represent
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the distance to Y'Y, and y the distance to X’X. If A lies to
the left of Y'Y, z is considered negative and if A lies below
X’X, .y is considered negative. It is evident that no matter
where A lies in the plane there corresponds to it two and only
two numbers and those numbers are the perpendiculars to
Y'Y and X’X respectively.

The lines X’X and Y'Y are called the coordinate ares, and

Y
+4
T Alz)
{2
y
41
0
X —t—t . -
4 -8 -2 - 1 2 38 4 X
_1_,__
-2_..
-8t
_4_,_
YI
Fia. 11.

their point of intersection, O, is called the origin. The first
line is called the X-axis and the second line is called the Y-axis.
The distance from the point to the Y-axis is called the abscissa
and the distance to the X-axis is called the ordinate. The two
values are called the coordinates of the point. A customary
notation is A(z, y) which means the point A whose coordinates
are z and .
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If we have any two numbers given it is evident that there is
one and only one point in the plane having these numbers as
its coordinates. The first number is the abscissa and the
second number is the ordinate of the point. If for example
we have the numbers 3 and —4, we measure from the origin
in the positive direction a distance 3 on the X-axis and at this
point we erect a perpendicular and measure downwards a dis-
tance 4. This gives us the point whose £ = 3 and whose
y =—4. The point may be represented by the symbol
3, —4).

When a point is thus located, it is said to be plotted. In
plotting points and representing graphically functional rela-
tions, it will be convenient to use coordinate paper. Then to
represent a number the side of a square may be used as the
unit of length. To plot a point, count off from the origin along
the X-axis the number of divisions required to represent
the abscissa and from this point count off the number of
divisions parallel to the Y-axis required to represent the
ordinate.

The change in a function can be represented on coordinate
paper. As an example the change in the area of a square due
to a change in the length of the sides can be represented in the
following way: Let A be the arca and ! the length of the
side. Now construct a table showing the area for different
values of I.

Draw coordinate axes on paper and plot the points (3, 1),
1, 1), 3, 21), (2,4) and so on. (Fig. 12.) Connect the points
by a smooth curve. From the table of values we see that the
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area incredses more rapidly than the side. This fact is also

Y

(2.4)

Ge2Y)

(1,1)

2 1)

Fia. 12.

shown by the upward bend-
ing of the curve.

By this method any func-
tion may be represented on
coordinate paper. This repre-
sentation of a function is
called the graph of the func-
tion. The graph of the func-
tion f(z) contains all the
points whose coordinates are
z, f(z) and no other points.

As an example let us ob-
tain the graph of z + 3 for
values of z between —5 and
+3. Letf(z) =2+ 3. Any
value of z with the corre-
sponding value of f(z) de-
termines a point whose ordi-
nate is f(z). Now, assuming

values of x and computing the corresponding values of f(x),
we obtain the following table of values:

r=| =5 -—4,-—3

J@)y =1 -2 | -1 0

The corresponding points, (—5, —2), (—4, —1), ..., are
plotted in Fig. 13. It is seen that the curve connecting
these points in order is a straight line. This shows that the
function z 4 3 increases at a uniform rate as z increases.



ART. 30] FUNCTIONS 33

Y

Fia. 13.

Exercises and Problems

1. Plot the points (3, 4), (5, —6), (—2, 3), (—3, —4).

2. Draw the triangle having for vertices the points (0, 0), (3, 2),
(_3; 3)-

3. Draw the quadrilateral having for vertices the points (2, 2),
(6; 5)’ (5’ '—1)) (_11 —5)'

4. What is the abscissa of a point on the Y-axis? The ordinate
of a point on the X-axis?

6. Find the distance between the points (1, 2) and (4, 6).

6. Draw a curve showing the change in the volume of a cube as
the length of the edge 1 changes from 0 to 5.

7. One side of a rectangle is I, the other side is ! + 2. Show by a
graph the change in the area as ! changes from 0 to 5.

8. Show by a graph the change in volume of a sphere as the diameter
d changes.



34 AN INTRODUCTION TO MATHEMATICS [cHAR. V

Graph the following functions on coordinate paper.

9. 2z + 3. 13. 222 + z.
10. 3z — 2. 14, 24z + 1.
11, z2, 16. z — 2.

12, 22 4 1. 16. z2.

31. Statistical Data. In Art. 30 it was shown how to graph
a functional relation where the relation can be expressed by an
algebraic cquation. As stated before there are many functional
relations that can not be expressed by an algebraic equation.
As an example there is a relation between the weight of a calf

15-{

10

Degrees

1112 1 2 3

Hours

Fia. 14.—Timc-Temperature Graph.

and its age, but we can not express this relation by an algebraic
equation. Such relations may be exhibited by means of a
graph as will now be shown.

Example. On a winter’s day the thermometer was read at
6 a.m. and every hour afterward until 6 p.m. The readings
were —10°, —8°, —7°, —5° —2° 0° 2° 8° 9° 10° 5° 0°,
—4°., Make a graph showing the relation between tempera-
ture and time.

Choose two lines at right angles as axes, Fig. 14. Time in
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hours is measured on the horizontal axis. The temperature
in degrces is measured vertically upward and downward.
Thus for 10 a.m. we count 4 spaces to the right and 2 spaces
down locating a point. In a similar way we locate points for
all of the data. By joining these points in order the graph is
obtained.

From this temperature curve we may obtain much informa-
tion, e.g.: When was the temperature changing most rapidly?
When was it warmest? When coldest? When was the change
a rise? When a fall?

Exercises

1. The daily gain in weight of a calf in pounds for period of one
hundred days is given in the following table:

Ageindays ...... ... ... 0 100 | 200 | 300 400 | 500
Daily gain in pounds ...... 32| 2.8 (2.55]| 2.3 |216 2

Ageindays................ 600 | 700 [ 800 | 1000 | 1100 | 1200
Daily gain in pounds. ..... 1.9 1.8 | 1.7 | 1.57| 1.5 | 1.47

Draw a curve showing this information. Plot days on the horizontal
scale and pounds on the vertical scale.

2. The Statistical Abstract for 1915 gives the following figures for
the values of exports and imports of merchandise for the years 1900~
1915.
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Year

Exports

Imports

Year

Exports

Imports

1900
1901
1902
1903
1904
1905

1907

$1,394,483,082
1,487,764,991
1,381,719,401
1,420,141,679
1,460,827,271
1,518,561,666
1,743,864,500
1,880,851,078

$849,041,184
823,172,165
903,320,948
1,025,719,237
991,087,371
1,117,513,071
1,226,562,446
1,434,421,425

1908
1909
1910
1911
1912
1913
1914
1915

$1,860,772,346
1,663,011,104
1,744,984,720
2,049,320,199
2,204,322,409
2,465,884,149
2,364,579,148
2,768,589,340

$1,194,341,792
1,311,920,224
1,556,947,430
1,527,226,105
1,653,264,934
1,813,008,234
1,893,925,657
1,674,169,740

Make a graphical representation of these statistics.

8. The Year Book, Department of Agriculture, gives the following
South Dakota Farm prices of corn and hay for the years 1899-1919:

Year | Corn | Hay || Year | Corn | Hay || Year | Corn | Hay
1899 | $0 26 | $3.10 || 1906 | $0.29 | $4.50 || 1913 | $0.56 | $6.50
1900 | 0.29 | 3.95 || 1907 | 0.46 | 5.50 || 1914 | 0.50 | 5.70
1901 | 0.45 | 4.49 || 1908 | 0.50 | 4.10 || 1915 | 0.49 | 5.30
1902 | 0.41 | 4.15 || 1909 | 0.50 | 5.10 || 1916 | 0.77 | 5 40
1903 | 0.35 | 4.63 || 1910 | 0.40 | 7.10 [ 1917 | 1.20 |10.60
1904 | 0.36 | 4.29 || 1911} 0.53 | 8.50 || 1918 | 1.10 |10 00
1905 | 0.31 | 4.02 || 1912 | 0.37 | 6.10 || 1919 | 1.19 |13.50

Make a graph showing the price of corn also a graph showing the
price of hay.

4. Plot a graph of the attendance of students at your college or
university for the years 1910-1930.

6. Using the data below, plot a curve using years as abscissa and
price of corn as ordinates. Do you notice any regularity in the
number of years elapsing between successive high prices? Successive
low prices? Draw like graphs for the other crops listed.
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Data from the Year Book of the Department of Agriculture

Hay,

Year | Corn | Wheat | Oats | Barley Rye |Potatoes| Dollars
per Ton

1870 | $49.4 | $94.4 | $39.0 | $791 | $73.2 | $65.0 | 12.47
1871 | 434 | 114.5 36 2 75 8 71.1 53.9 | 14.30
1872 | 35.3 | 111 4 29.9 68 6 67.6 53.5 | 12 94
1873 | 44 2 | 106 9 34 6 86.7 70.3 65.2 | 12.53
1874 58 4 86 3 47 1 86.0 77.4 61 5 11.94
1875 | 36 7 89.5 320 74.1 67 1 34.4 10.78
1876 | 34 0 97.0 32 4 63.0 61.4 61 9 8.97
1877 | 348 | 1057 28.4 62.5 57.6 43.7 8.37
1878 | 317 77.6 24 6 57.9 52.5 58.7 7.20
1879 | 37.5 | 110 8 33.1 58 9 65.6 43 6 9.32
1880 | 39 6 95.1 36.0 66.6 75.6 48.3 | 11.65
1881 63 6 119.2 46.4 82 3 93.3 91.0 11.82
1882 | 48.5 88 4 37.5 62.9 61.5 55.7 973
1883 | 42.4 91.1 32.7 58.7 58.1 42.2 8.19
1884 | 35.7 64 5 27.7 48.7 51.9 39.6 8.17
1885 | 32 8 77.1 28.5 56.3 57.9 44 .7 8.71
1886 | 36 6 68 7 29.8 53 6 53.8 46.7 8.46
1887 | 44 4 68.1 30 4 51.9 54.5 68.2 9 97
1888 | 34.1 92 6 27.8 59.0 58 8 40.2 8.76
1889 | 28 3 69 8 22.9 41.6 42.3 35 4 7.04
1890 | 50 6 83 8 42.4 62 7 62.9 75.8 7 87
1891 | 40.6 83 9 315 52.4 77.4 35.8 8.12
1892 | 39.4 62.4 31.7 47.5 54.2 66.1 8 20
1893 | 36.5 53.8 29.4 41.1 51.3 69.4 8.68
1894 | 45.7 49.1 32.4 44.2 50.1 53.6 8.54
1895 | 25.3 50.9 19.9 33.7 44.0 26.6 8.35
1896 | 21.5 72 6 18.7 32.3 40.9 28.6 6.55
1897 | 26.3 80.8 21.2 37.7 44.7 54.7 6.62
1898 | 28.7 58.2 25.5 41.3 46.3 41.4 6.00
1809 | 303 58.4 24.9 40 3 51.0 39.0 7.27
1800 | 35.7 61.9 25.8 40.9 51.2 43.1 8.89
1901 | 60.5 62.4 39.9 45.2 55.7 76.7 | 10.01
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.AVERAGE FaRrM PricE DeCEMBER FirsT—Continued

Hay,

Year | Corn | Wheat | Oats | Barley | Rye |[Potatoes| Dollars
per Ton

1902 | $40.3 | $63.0 | $30.7 | $45.9 | $50.8 | $47.1 9.06
1903 | 42.5 69.5 34.1 45.6 5.5 61.4 9.07
1904 | 44.1 92.4 31.3 42.0 68.8 45.3 8.72
1905 | 41.2 74.8 29.1 40.5 61.1 61.7 8.52
1906 | 39.9 66.7 31.7 41.5 58.9 51.1 | 10.37
1907 | 51.6 87.4 4.3 66.6 731 61.8 | 11.68
1908 | 60.6 92.8 47.2 55.4 73.6 70.6 8.98
1909 | 57.9 98 6 40.2 54.0 71.8 54.1 | 10.50
1910 | 48.0 88.3 34.4 57.8 71.5 55.7 | 12.14

1911 { 61.8 87.4 45.0 86 9 83.2 799 | 14.29
1912 | 48.7 76.0 31.9 50. 66.3 50.5 | 11.79
1913 | 69.1 79.9 39.2 63.4 68.7 | 12.43
1914 | 64.4 98.6 43.8 86.5 489 | 11.12
1915 | 57.5 92.0 36.1 83.9 61.6 | 10.70

122.1 | 146.1 | 10.59
166.0 | 122 8 | 17.09
151.6 | 1193 | 20.13
20.08
126.8 | 114 5 | 17.76
70.2 1111 | 12.13
68.5 58.1 | 12.56
65.0 781 | 14.13
106 5 62 5 | 13.77
78.2 | 186.8 | 13 94
83.5 | 141.7 | 14.09

1916 | 88.9 | 160 3 52.4
1917 | 127.9 | 200.8 66.6
1918 | 136.5 | 204.2 70.9
1919 | 134.5 | 214.9 70.4
1920 (| 67.0 | 143.7 46.0
1921 | 42.3 92.7 30.3
1922 | 65.8 | 100.7 39.4
1923 | 72.6 92.3 41.4
1924 | 98.2 | 129.9 477
1925 | 67.4 | 141.6 38.0
1926 | 64.4 | 119.9 39.8
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CHAPTER VI
SYSTEMS OF LINEAR EQUATIONS

32. Graphs of Linear Equations. In Art. 30 the graphical
representation of functional relations was discussed and the
graphs of some functions were given.

Review Questions

1. What is meant by (a) coordinate axes, (b) abscissa, (c) ordinate,
(d) coordinates of a point?

2. What is meant by the origin? What are its coordinates?

3. Locate points represented by (-3, 4), (5, —3), (—2, —3), (3, 2).

4. What is the plane figure having the points (3, 2), —3, 2),
(-3, —2), (3, —2) for its vertices?

An equation of the form Ax + By + C = 0 (1) is called a lnear
equation. If B 7 0, this equation may be thrown into the form

y 7 "B @

In (2) we may assume A, B and C as fixed and assign values to z
and compute the corresponding values of y. This will give any number
of pairs of values which may be plotted as coordinates of points.
Equation (2) expresses y as a function of z, and the graph of this
function is called the graph of equation (1).

It may be easily shown that the graph of all equations of the form
of (1) is a straight line.

It is because of this fact that such equations are called linear equa-
tions. When A or B is zero, the graph is a line parallel to the X-axis
or to the Y-axis respectively. Thus, the equation y — 3 = 0 givesa
line parallel to the X-axis, and 3 units above it. And the equation

39
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2 — 2 = 0 gives a line parallel to the Y-axis, and 2 units to the right
of that axis.

Exercises and Problems

Obtain the graphs of the following equations:
1L.z24+2y—6=0.
z
Solution. Solve the equation for y, thus getting y = 3 — pe This
expresses y as a function of 2. Now, assigning values to z and com-
puting the corresponding values of y, we obtain the following table
of values:

= -4 -2 0 2 4 6 8 10 12
y= 5 4 3 2 1 0 -1 -2 -3
Y Plotting the points (—4, 5),
(=2, 4), ... we obtain the
graph (Fig. 15), of the above
equation. We might have
plotted only two of the above

points and connected them by
a straight line, thus obtaining
the required graph. Why?
0 X Thus in graphing any other
linear equation, we need only
to locate two points and con-
Fia. 15. nect them by a straight line.

2 22 —-3y—6=0. 6. 4x — 5y — 10 = 0.
3. 4z—-6y+6=0.
4. 3x4+2y—4=0.
6.4z -5y =0 8. 3z —4=0.

9. Construct the graph of the equation F = §C 4 32, taking the

values of C along the horizontal and the corresponding values of F
along the vertical axis.

7.2y —3=0.
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10. Where does the graph 3z — 2y — 6 = 0 cut the X-axis? The
Y-axis? The abscissa of the point where the line intersects the
X-axis is called the X-intercept and the ordinate of the point where it
cuts the Y-axis is called the Y-intercept. What is the ordinate for the
X-intercept? The abscissa for the Y-intercept?

11. Find the intercepts of the following:

a. 3z —2y—12=0.
b. 5z +2y — 4=0.
c. 2z + 3y =0.

12. Graph the equations 22 —y —4=0 and z24+y—-2=0
using the same coordinate axes for both graphs. Do the two lines
have a point in common? What are its coordinates? Do these coor-
dinates satisfy both equations?

13. Graph 2 — 2y —4 =0 and z — 2y — 8 = 0. Do these lines
have a point in common?

14. Graph £ — 2y — 4 = 0 and 2z — 4y — 8 = 0. Do these lines
have a point in common?

33. Graphical Solution. In Art. 32 it was stated that the
graph of a linear equation in two unknowns, z and y, is a straight
line. The equation of this line will be satisfied by any number
of pairs of values for z and y and these values will be the coordi-
nates of the points on the graph.

Now assume that we have a second linear equation and that
its graph is drawn using the same coordinate axes. This equa-
tion too will be satisfied by any number of pairs of values for z
and y and these pairs of values will be the coordinates of the
points on its graph.

Further assume that these two graphs intersect in some point
P. Since this point lies on both graphs, its coordinates will
satisfy both equations. In the solution of a system of linear
equations in two unknowns x and y we are seeking a pair of
values for x and y which will satisfy both equations simultane-
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ously. The coordinates of this point then is the solution of the
system.
Example. Solve graphically the system of equations

z—y+1=0; 2 2r+y—7=0. (1)

The graphs of equations (1) and (2) are numbered (1) and
(2) in Figure 16. They intersect
in the point whose coordinates
are (2, 3), and consequently
x = 2, y = 3 is the solution of
the system.

The graphs of two equations
may be parallel lines. Then the
lines have no point in common
and their equations have no

X golution. Such equations are
said to be incompatible or in-
consistent. (See Ex. 13, Art. 32.)

Again the graphs of two equa-
tions may be coincident. Then

the lines have an indefinitely large number of points in

common and their equations do not have a unique solution.

The two equations of the system are in this case equivalent or

dependent.” (See Ex. 14, Art. 32.)

Fia. 16.

Exercises

Find the solutions of the following systems of equations by plotting
their graphs.

1. 2z 4+ y= ¢4, 4. 4z+4+ 6y = 8,
3z + 2y = 10. 2z + 3y = 6.
2. 6z — 5y = 14, 6.3+ y=19,
Tz + 2y = 32. 22— y= 1.
8. 2x + 3y = 10, 6. 7x — 3y = 26,

5t+3y= 1. 2z + 11y = 43.
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34. Algebraic solution: Two simple equations in two
unknowns may be solved simultaneously for the two values of
the unknowns by the process of elimination as is illustrated
below.

Example. Solve the equations
z—y =4, ¢))
x— 4y =— 14. 2)

Solution. TFirst Method.
From (1) we have

z=4+4y. ®3)
Substituting this value for x in (2), we find
44y — 4y =— 14, )
or —3y=—18, y =6.

Substituting 6 for y in (1), we find
z—6=4, or z=10.

Hence the required values for x and y are 10 and 6 respectively.
This method is known as elimination by substitution.

Solution. Second Method.
From (1) subtract (2) and we get

3y =18, y = 6. 3)

Multiplying (1) by 4 and (2) by — 1, the two equations become
4z — 4y = 16, 4)

—z 4+ 4y = 14. (5)

Adding (4) and (5), we get
3z =30, z=10.
Hence the required solution is x = 10, y = 6.
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This method is known as elimination by addition and sub-
traction.

Exercises and Problems

1. 3z — 4y = 26, 54 3 U
z -8 —22=0. "z y 5
3
2z+2 =13, 2 5 2
3 o=
2 z y 3
—+3y=2l. 1 1
3 (Hint: Solve first for — and —-)
- z )
3.2ty _2-v_ g
i 3 6.z+y=m-+n,
24y  z—y
— < =11. mr — ny = m2 — n2,
3 + 4 v
4, y+1=3z, 7 az + by = 2ab,
5z 4+ 9 = 3y. bx + ay = a? + b2

8. A rectangular field is 35 rods longer than it is wide. The
length of the fence around it is 310 rods. Find the dimensions of
the field.

9. A man has $25,000 at interest. For one part he receives 6%,
and for the other part 59,. His total income is $1,350. How is the
money divided?

10. What quantities of two liquids, one 959, alcohol and the other
209, alcohol, must be used to give a 20 gallon mixture of 509, alcohol?

-3B. Solution of three linear equations in three unknowns.

The process of solving three linear equations in three
unknowns may be illustrated by the following example:

:Solve the equations

3x+2y — z =4, (1)
5z — 3y + 2z =5, 2
6r—4y+32=17, 3)

for z, y, and z.
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Solution. Eliminate z between (1) and (2). This may be
done by multiplying (1) by 2 and adding the result to (2),
we have,

6r + 4y — 2z = 8, 4)

5z — 3y + 2z = 5, (5)

1z + y =13. (6)
Now eliminating z between (1) and (3), we have,

9z + 6y — 3z = 12, ™

6x — 4y + 3z = 7, ®)

15z 4+ 2y = 19. )]

Now solve (6) and (9) for x and y as illustrated in Art. 34.
Multiply (6) by —2 and add the result to (9) and we obtain,

Tz =17,
z=1.

Substituting x = 1 in (6), we have,

y = 2.
Substituting z = 1, ¥ = 2 in (1) and solving for z, we have,
z=3.

Hence the solution of equations (1), (2), and (3) is
z=1 y=2 2z=3.

Exercises
Solve for z, y, and z:
1. 2¢ — 4y + 52 = 18, 2.z4+y=1,
S5z 4+ 3y — 42 = 5, y+2z =2,

z+ 2y + 32 = 19. 24z =4
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3. Make up 100 pounds of an ice cream mixture which will contain

129, fat and
used:

10% milk solids, not fat. The following ingredients are

Sugar, 14 pounds.
Gelatine, % pound.
Flavoring, 4 pound.

Condensed milk, 8 pounds.
Cream, whole milk and skim milk powder.

The composition of the products are:

Condensed milk, 99, fat and 209, solids.
Cream, 309% fat and 6.3%, solids.
Whole milk, 3% fat and 8.739, solids.
Skim milk powder, 100%, solids.

Solution.
Let

Then,

z = no. of pounds of cream,
9 = no. of pounds of milk,

z = no. of pounds of skim milk powder.

0.30z + 0.03y -+ 0.09(8) = 12,
0.063z + 0.0873y + 0.020(8) + z = 10,
t+y+z+14+8+35+% =100

(1) 10z 4 y = 376,

(2) 630z + 873y + 10000z = 84000,
B z+y+2=177.

(4) 9370z + 9127y = 686000, (3) — (2)
(5) 10z + y = 376.

Multiply (5) by 937 and subtract it from (4).
We have,

(6) 8190y = 333688,
y = 40.74 pounds of milk.
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(7) 10z = 376 — 40.74 = 335.26,

z = 33.53 pounds of cream.
2 =177 — 40.74 — 33.53,

: = 2.73 pounds of milk powder.
Check: .

Cream, 33.53
Milk, 40.74
Milk powder, 2.73
Sugar, 14.00
Gelatine, .50
Flavor, 50

Condensed milk, 8.00

Total, 100.00 pounds

.3(33.53) + .03(40.74) 4 .09(8) = 12.0012
063(33.53 + .0873(40.74) + .2(8) + 2.73 = 9.9990.

Suppose skim milk powder is not added. We will have three equa-
tions in two unknowns which may not be solved. We would have,

(1) 10z + y = 376,
(2) 630z + 873y = 84000,
@ z4+y=177.

Any two of the above equations may be solved for 2 and y but these
values of  and y will not satisfy the other equation. Hence, the
mixture is impossible, without adding skim milk or some other ingre-
dient to make the balance.

4. Make up 100 pounds of ice cream mixture which will have 12%,
fat and 10% milk solids. The following ingredients are used: 14
pounds of sugar, § pound of gelatine, % pound of flavoring, 16 pounds of
condensed milk, whole milk, cream and skim milk powder. The com-
position of the products are: condensed milk, 9%, fat and 209, solids;
cream, 349, fat and 5.95% solids; whole milk, 4%, fat and 8.75%,
solids; skim milk powder, 100% solids. Find the proper amounts
of cream, whole milk and skim milk powder and check the results.
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36. Slope of a straight line. Given a line AB, Fig. 17.
Take any point P on the line and through P draw a line PQ,
toward the right, parallel to the X-axis and at @ erect a per-

pendicular to PQ intersecting

Y ABin R. QR is defined as the
rise of the line as the point R

B moves along the line from P
v toward the right, and PQ is
known as the run. The rise
divided by the corresponding run

b 1s defined as the slope of the line

T AB.

¥ It is evident that one line can

have but one slope, for if we

x take any other point S on 4B

4 © and draw through it a line
Fia. 17, parallel to the X-axis, say ST,

and erect at T a perpendicular

TV, we get the triangles PQR and STV which are similar.

I
Therefore the slope of AB = 9})—5 = g_TZ (a constant vaiue).
Problem. Given two points P(z1, y1) and Q(z2, y2). Express
the slope of the line joining these points in terms of the coordi-
nates of the points, Fig. 18.

Solution. Drop perpendiculars to the axes as shown. Then,

Slope of PQ = 1—‘;1—§ = xy——z : :“;i 1)

Thus the slope of a line between two points is equal to the
difference of the ordinates of the points divided by the differ-
ence of their abscissas subtracted in the same order.

In Fig. 18 (a), the slope is positive since both AQ and PA
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are positive, but in Fig. 18 (b) the slope is negative for AQ is
negative and PA is positive.
In Fig. 18 (a) AQ is a rise but in Fig. 18 (b) AQ is a fall.

(z1.,) PO [ R — Q

] X

~ 0 B c : X

Fiag. 18a. Fia. 18b

We observe that a rise gives us a positive slope, while a fall
gives us a negative slope.

Exercises

1. Construct a line through (2, 3) whose slope is . (Hint: A slope
# means a rise of 3 and a run of 5. Therefore begin at (2, 3),rise
3 units and run 5 units to the right. Connect the final point with
(2, 3). The resulting line will have the slope #.)

2. Construct a line through (1, —2) having % for its slope, also,
one having — § for its slope.

For each of the following pairs of points:

(a) Plot the points,

(b) Draw the straight line through them,

(¢) Find the slope of the line.

3. (1,2) and (3, 5). 8. (—3, —4) and (—2, —3).
4 (3,2) and (=3, —5). 7. (6,7) and (=3, 2).
5. (—2, 3) and (2, —2). 8. (0, 5) and 2, 0).
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37. Distance between two points, P(z;, y1) and Q(z2, y2)
in terms of the coordinates of the points. In Fig. 18 we see
that

PQ =V/(PA)? + (AQ)*
PQ =V'(x2 — )2 + (2 — y1)?, @)
since PA=23—x1 and AQ = (y2 — y1).

Example. Find the distance between the points (5, 6) and
@1, 3).

"Solution. PQ =V (5 — 1)2 + (6 — 3)2 =V16 + 9 = 5.

Exercises

1. Find the distance between the pairs of point in Exercises 3 to 8,
Art. 36.

2. Find the distance from the origin to the point (a, b).

3. Prove that the triangle having for its vertices the points (—1, 2),
(4, —3), (5, 3) is an isosceles triangle.

4. Find the lengths of the sides of the triangle having the points
2, 1), (5, 5) and (—5, 0) for its vertices.

38. Equation of a straight line. Up to this time we have
had certain equations given to find the graphs of these equa-
tions. Our problem now is to find the equation when the graph
is given. We must find an algebraic expression for the relation
existing between the z-distance and the y-distance of a point
which will hold for all points on the line.

For example, if a point is located anywhere on the y-axis, its
z-coordinate is always zero. The algebraic statement for this
fact is the equation x = 0, hence this is the equation of the
Y-axis, for it is the one statement that is true for all points on
the Y-axis, and for no other points.

What is the equation of the X-axis.
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As another example let us find the equation of the line
parallel to the X-axis and 2 units above it?

In this case y will always be 2, regardless of the value of z.
The algebraic statement of this fact is the equation y = 2, or
y — 2 = 0, and this is the required equation.

What is the equation of the line that is always ‘the same
distance from each of the coordinate axes?

39. Problem. To derive the equation of a straight line in
terms of the coordinates of two
given points on the line. Let LM
be the line determined by the two
points P(zxi, y1) and Q(x2, y2) and L\
let R(z, y¥) be any other point on
LM. Since R, P, Q are all on the
same line LM, the slopes of RP and
PQ are equal. Hence by (1) Art.

36, the required equation is

Y—U _Y1— Y2
= 3
r— o T — X2 () 0

which may also be written in the
form

Fia. 19.

7 —
y—y =L "8G ). (4)
Xy — X2

Either (3) or (4) is known as the fwo-point form of the equation
of the straight line.

If one of the given points, say (z1, ¥1), is the origin (0, 0)
equation (4) takes the form

Y
= g, 5
y=272 )

which is the equation of the line through the origin and another
given point.
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Exercises

1. Find the equation of the line determined by the points (1, 2)
and (5, 4).
Solution. Construct the line determined by these points and take
Y any other point R on the line
having (z, y) for its coordinates.
Then, the slopes of PQ and
QR are equal, and we have,

R (z,y)

Q(5.4) 4—-2 y—4
—_— T —

5 r—5

-1

/ or l o 4'

X 2 z-5

from whichy = 3z + §. What

is the slope of the straight line?

Fra. 20. Does the equation show this

slope? The equation could be

gotten by substituting the coordinates of the points in equation (4).
This would give us

4 -2
y—'4=5_1(2:—5),
or y —4 = §(x — 5),
or y=%’-€+'ﬂ‘,

which is the same result as obtained above.
2. Find the equations of the straight lines determined by the fol-
lowing points. Reduce each equation to the form showing its slope.
(a) (3, 4) and (-2, 2). (c) (2, 3) and (-2, 4).
(® (3, 2) and (5, 6). (@ (—3,5)and (2,3).

8. Find the equations of the sides of a triangle whose vertices are
the points (4, 3), (2, —2), (=3, 4).
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40. Problem. To derive the equation of a straight line in
terms of its slope and the coordinates of a given point on the
line. Let P(x1, y1) be the given
point and m the given slope.
And let R(z, y) be any other
point on the line. From Fig. 21 \
we sce that the slope of the

Y

line is 2—2 . But the slope of R(z.y)
r—
the line is given as m. Hence Pz
we may write, G
X
Y—Wh
— ® - ° N

r—x
! Fia. 21.

or y—y1=mx—z1). (7)
Equation (7) is known as the slope and one-point form of the
equation of the line.

Exercises

1. Find the equation of the line which passes through the point
(3, 2) and has the slope 3.

Solution. Substituting direct in equation (7) (3, 2) for (xi, ) and
3 for m, we get, y — 2 = 3(x — 3) or y = 3z — 7 as the required
equation. Does the equation of this line show its slope?

2. Find the equations of the lines passing through the following
points and having the given slopes.

(a) Through (2, 3) with slope £.
(b) Through (—3, 4) with slope —2.
(c) Through (5, —3) with slope —3%.
8. What are the slopes of the lines whose equations are:

(@) 2 —3y+6 =07 Ans.m = %.

(b) az + by + ¢ = 0? Ans.m=—_if-



54 AN INTRODUCTION TO MATHEMATICS [CHAP. VI

4. Find the equation of each of the straight lines described
below.

(a) A line whose X-intercept is 3 and whose slope is $.
(b) A line whose Y-intercept is k¥ and whose slope is m.

Answer (b); y = mz.+ k. This equation is known as the slope
Y-intercept form of the equation of a line.

41. Parallel lines. If two straight lines are parallel, their
slopes are equal.

Draw two parallel lines and select any two points on each
Lne. (See Fig. 22.) The
slopes are respectively,

— and —, The triangles

ABC and DEF are simi-
lar, since their correspond-
ing sides are parallel.
Hence i ‘—13, and the
b be

two slopes are equal.
Therefore, if two lines are
parallel, their slopes are
equal.

And conversely, if the
slopes of two lines are

Fia. 22.

equal, the lines are parallel.

Example. Find the equation of the line which passes
through the point (1, 2) and is parallel to the line 3z — y
—-7=0.

Solution. The equation of the given line may be written in
the form, y = 3z — 7, which shows that its slope is 3. Since
the line, whose equation we are seeking, is parallel to the given



ART. 42] SYSTEMS OF LINEAR EQUATIONS 55

line it will likewise have 3 for its slope. Hence, substituting
in equation (7) Art. 40, we get

y—2=3@-1),
or 3x—y—1=0.

42. Perpendicular lines. If two straight lines are perpen-

/

dicular to each other, the slope of one is the negative reciprocal of

the slope of the other.
Draw two perpendicular lines as shown in Fig. 23. The
slope of the one line is m; = :g‘ﬂ. (Why negative?) The
1
other slope is
az.
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The triangles A BC and EDF are similar, since their correspond-
ing sides are perpendicular to each other. Hence we have,

or Mo = — —

Therefore, if two lines are perpendicular, the slope of one is
the negative reciprocal of the slope of the other.

And conversely, if the slope of one line is the negative reciprocal
of the slope of another, the lines are perpendicular to each other.

Example. Show that the lnes (1) 3z —y+6 =0 and
(2) 22 4+ 6y — 5 = 0 are perpendicular to each other.

Writing the above equations in the slope Y-intercept form.
(See Ex. 4 (b) Art. 40), we get,

y = 3z + 6, and (D
-1 5
y=—737t+y ()

We observe that their respective slopes are 3 and —%. The
lines are therefore perpendicular.

Exercises on Chapter VI

1. Write the equation of the line which shall pass through the inter-
section of 2+ y+1=0 and z — 3y + 8 = 0, and have a slope
equal to 4.

2. Find the equations of the lines satisfying the following conditions:

(a) Passing through (2, 3) and with slope = — 4.
() Having the X-intercept = 4, Y-intercept = —35.
(c) Slope = — 3, X-intercept = 8.
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3. Prove by means of slopes that (0, —2), (4, 2), (0, 6), (—4, 2) are
the vertices of a rectangle.
4. What are the equations of the sides of the figure in example 3?
6. Find the equation of the straight line passing through the point
of intersection of 2z + 5y —8 =0 and 2z —y + 4 = 0 and per-
pendicular to the line 52 — 10y = 0.
6. Show that the points (2, 4), (=1, 0), (5, 8) are on the same
straight line.
7. Show that the points (—1, 2), (4, —3), (5, 3) are the vertices of
an isosceles triangle.
8. Prove that the diagonals of a square are equal and perpendicular
to each other.
9. Find the equation of the line which passes through (2, —1) and is:
(a) Parallel to 3z 4+ 2y 4+ 3 = 0,
(b) Perpendicular to 3z 4+ 2y + 3 = 0.



CHAPTER VII
QUADRATIC EQUATIONS

43. Typical form. We may regard the equation
Az2+ Bz +C =0 1)

as the typical form of every quadratic equation in a single
unknown z, for every quadratic equation can be thrown into
the form (1) by the proper rearrangement of its terms. The
coefficients A, B, and C represent numbers which are in no way
dependent upon the unknown number = and A is not zero, for
if it were equation (1) would become Bz + C = 0 which is not
a quadratic equation but a linear equation.

The function Ax2 + Bz + ¢(A = 0) is the typical quadratic
function.

Exercises

Arrange the following equations in the typical form. What are the
values of 4, B, and C?

1224+ @Bz —-5)2+2c—5=0.
Expanding and collecting terms, we get,

10z* — 28z + 20 = 0,

or 521 — 14z + 10 = 0,
and A=5B=—14C = 10.
2 3x(z—1) =22 — 2z — 3.
11 _
"z oz 41
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£ (+2 - (-3 43 = (-2

6. (z + m)* 4 (x — m)*= 4dmx + 3z2.

Solution of Ex. 5: We get,

zt + 2mx + m? + 22 — 2mz + m? — dmx — 32 = 0,
and combining terms,
—z? — 4mz + 2m? = 0,

or z? + 4mx — 2m? = 0.

This is of form (1) and A = 1, B = 4m, C = — 2ma2,
6. 4m2x? + 3k — 8mx +3x — m+ k = 0.
7. 2t + (mxz + b)? = r2 — m2.

44. Solution of the quadratic equation. The quadratic
formula. A quadratic equation may be solved by the process
known as ‘ completing the square.”

As an example, solve 922 + 3z = 2.

Solution. Write the equation in the form,
2+ =3, M

Add (3-31)? = 3% to both members, and the left hand member
is a perfect square. That is,

izt =3tdh=ds=1 2
or (z+ 82 =1 &)
Extract the square root of both members.
s+i==x4 @
s=—tx}
z=3%or —3%

Both of these values of z satisfy the original equation, as
may be seen by substituting them for z in the original equation.
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Apply the method of ‘completing the square” to the typical

form,
Ax2+ Bx+C =0.

Transpose C and divide through by A4,

c
2 — = e —
z? 4+ 1
Add (1 §>2 to both memb
W 0 bo ers,
B B2 B> C B?—4AC
PA T AT T

< B>2 B2 — 4AC
or =0

*+2a 442

Extracting the square root of both members,

B 1
—_— = —_ 2
a:+2 :*:211\/3 4AC,

—~B 1
=_2 4 — /B2 _ 340,
z 24 + 24 B 44
_—B+V B -44C
24
The roots, then, of the typical form (1) are
o = —B+V B2 — 4AC
e 24
—B -V B? — 4AC
and Zy = N )

which could be verified by substitution.

(Y

@)

®3)

)

(6)
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We may therefore use the expression, -

—B +VB? — 4AC
24 ’

as the formula for the solution of any quadratic equation.

As an example, solve 322 4+ 7z — 6 = 0. In this equation,
A =3, B=17, C =— 6, and substituting these values of 4,
B and C in the formula, we get,

—7+V49—4.3(-6) -7+ 1

2.3 6
or _oT+m 2
=T T3
-7-11
and x2=-—6——-=—3.

Our solutions then are # and —3.
As another example, solve 22 — 2z — 1 = 0.

By formula, z = 1——4_5\—/——5»,
z2 = 1=V5
? 2

Here the quantity under the radical is not a perfect square
and we say the solutions are irrational. We will now define
rational and irrational numbers.

A rational number is defined as one that can be expressed as
the quotient of two integers. An irrational number is one that
can not be thus expressed.

Thus 15, 1, § are rational numbers; /2, v/3, v/5, 1 + V/5,
1-4/5

) are trrational numbers.
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Exercises

Solve the following equations by formula and check the results:

1. 622 — 11z + 4 = 0. 19 T3 _2—1_
2 52t — 3z — 14 =0. "% -7 z-—-3
3. 1422 + 11z — 15 = 0. 14. 22 — 20z + 3z — Ga = 0.
4. 222 — 5z +2 = 0. 1 1
6. 322+ 8 — 3 = 0. wt+-— 14-=

w w 13
6. 7Ty + 9y — 10 = 0. 15-——-f+-—1=7
;.x::-;:—11=06 w-oo 1-=
. L xr — = V.
9. 221 4 3z — 9 = 0. 16. 224+ lx +m = 0.
10. 722 — 32 = — 2z. 17. 2z — 3)* = 8.
11. 222 —z — 2 =0. 8 2 T2 _,
12. 222 — 3z — 2 = 0. z+2 2r

45. Classification of numbers. Algebraic numbers are
divided into two classes, real numbers and tmaginary numbers.

Real numbers are of two kinds, rational and irrational (see
Art. 44 for definition of rational and irrational numbers).

In order to care for the square root of a negative number, we
introduce the symbol 4/ — 1 = ¢ and define it as the imaginary
unit just as 1 is defined as the real unit. Then any number of
the form az, where a is real, is defined as a pure tmaginary;
and any number of the form a 4 bs, where a and b are real is
defined as a complex number.

For example, +/—25=5+/—1= 5,

and V=387 =V3TV—=1=+3%
also, 34+ =37 =3 +37%.

Imaginary numbers occur in the solution of certain quadratic
equations.
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As an example, solve 222 — 3z + 4 = 0.

By formula:
3+vV(—3°—424 3+V—%B
z = = ’
4 4
4
3 —/23:
and Tp=

Here, both roots arc of the form a + b and are complex.

We can interpret the number /17 as the length of the
hypotenuse of a right triangle whose sides are 4 and 1, but we
can not interpret in an elementary way the number v/ — 17 or
v/17:;. However, the new number v/ — 1 is of great impor-
tance in studying the physical world, particularly in the theory
of alternating currents in electricity.

Exercises
Solve for z:
1. 222 -52+4=0. 3. 322—24+2=0.
2 z2—2z+1=0. 4, Tr2 —3x+1=0.

48. Character of the roots of the quadratic. Discriminant.
We have shown in Art. 44 that the solutions of the quadratic
equation, Az%2 + Bz + C = 0, are given by the formula,

—B +V'B? — 4AC
24

The expression B2 — 4AC which appears under the radical
sign is called the discriminant of the equation. An inspection
of the value of the discriminant is sufficient to determine the
character of the roots. It is easily observed that the following
statements are true:
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I. When B2 — 4AC is negative, the roots are imaginary.
II. When B2 — 4AC = 0, the roots are real and equal.
III. When B% — 4AC is positive, the roots are real and
unequal.
IV. When B2 — 4AC is positive and a perfect square, the
roots are real, unequal and rational.
V. When B2 — 4AC is positive and not a perfect square,
the roots are real and unequal and irrational.

Why is the expression B2 — 4AC called the discriminant?

Exercises

Without solving, determine the character of the roots of the following
equations:
1. 222 -7z +3 =0.

Solution of example 1.

Here A = 2,B=—-17,C = 3.

Then B? — 4AC = (—7)* — 4-2-3 = 49 — 24 = 25, which is posi-
tive. Therefore by III, the roots are real and unequal.

Also, since 25 is a perfect square, we have from IV that the roots are
rational.

2 3224224+ 1=0. 6. 22+ 2 =—1.

8. 221 —42+3=0. 7. 322 —2z—-10=0.
4 2246z —8=0. 8 2242 =1.

6. 422 +4x+1=0. 9. 4224 16z + 7 = 0.

10. For what values of k will the roots of the quadratic k*y*+ 5y + 1
=0, be equal?

Solution of Ex. 10.

Here A = k3, B = 5,C = 1,and B?* — 4AC = (5) — 4k? = 25 — 4k2.

According to II, the roots wiil be equal when k is so determined that
25 — 4k? = Q0 or 4k? = 25, or k ==+ §.

11, For what value (or values) of m will the solutions of the following
be equal?
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@y +12y+8m=0. () m+1)y*+my+m+1=0.
®) 22+ m)? = 8. (d) a¥(mz + 1) + biz? = ahe.

47. The sum and product of the roots. The two roots of
the typical quadratic equation are

—B+V B2 —-4AC —B -V B2 —4AC

= 94 and z2 = 54 .
. B . . C .
The sum of these roots is — 1 and their product is 1 which
is easily obtained by adding and multiplying them together,
respectively.
Summing up, we have,
B
22 =— Z (1)
c
and 2122 = A (2

Thus, by means of (1) and (2) above, we can find the sum and
product of the roots without solving the equation. Thus, in
the equation, 222 — 5z + 3 = 0, the sum of the roots is §,
and the product is £.

Exercises

What is the sum and product of the solutions of each of the following
equations?

1. 3224+ 62—-1=0. 6. mz2 — m(a — b)x — ab = 0.
2 522 —42x 42 =0. 6. acx? — bex + adx — bd = 0.
. 22+3z+%=0. 7. 4a + az? = 2z + 2a%r.

4 22— 10z + 13 = 0. 8 z* —2ax +a*+ b2 = 0.

48. Graphical solution of a quadratic equation. In order
to solve graphically the equation 22 — 4z + 3 =0, we let
y = 22 — 4z 4+ 3 and compute a table of values as follows:
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z=| -=3| -2 -1| 0 1 2 3 4 5 6 7

y=| 24 | 15 8 3 0 -11 0 3 8 15 | 24

Plotting the points (—2, 15), (—1,8) ... from the table
and drawing a smooth curve through them we get the curve in
Fig. 24. The graph crosses the X-axis at 1 and 3; hence, for

Y

\

74 X

B
Fia. 24. Fia. 25.

these values of « the function 22 — 4x 4 3 is zero. That is to
say, 1 and 3 are the solutions of the equation 22 — 4 4 3 = 0.
These solutions are represented graphically by the abscissas
of the points where the graph crosses the X-axis.
Were we to graph the function Az?2 4 Bz + C where A is
positive and not zero, we would get a curve having the same
general shape as the curve in Fig. 25. This curve is called a
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parabola. If the graph crosses the X-axis, the X-intercepts
give the real solutions of the equation Axz2 + Bz + C = 0.
If the curve has no point in common with the X-axis, the roots
are imaginary. If the curve touches the X-axis, the roots are
real and equal.

We have just stated above that the graph of the general
quadratic function, Az2 + Bz + C, is called a parabola and
is similar in shape to Fig. 25. We note that the parabola is
symmetrical with respect to a certain line. The curve in Fig.
25 is symmetrical with respect to the line AB. This line AB
is called the axis of the parabola. If we draw any line LM
perpendicular to the axis AB intersecting the parabola in L
and M and the axis in N we find that LN = MN. ‘Then,
what do we mean by the parabola being symmetrical with
respect to its axis?

The curve in Fig. 24 is a parabola and we notice that it is
symmetrical with respect to the line parallel to the Y-axis and
two units to the right. What are the coordinates of the lowest
point on this curve?

Exercises

Construct the graphs of the functions in the following equations
and determine the roots if they are real. Determine the axis of
symmetry of each of the curves. What are the coordinates of the
lowest point on cach curve?

1, 22—-22—-3=0. 6.22—2x—1=0.
2. 422 — 122+ 9 = 0. T 22 +4x+ 3 =0.
3. r2—2x+4+5=0. 8. r24+2z+1=0.
4, 22 —9x+ 14 =0. 9. 22442+ 6 =0.

6. 22422 —-1=0. 10. 2242z +2=0.

49. Minimum value of a quadratic function. We have just
shown in Art. 48 that the graph of a quadratic function is a
parabola symmetrical with respect to a certain vertical line
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called the axis of the parabola. (Sce Tig. 25.) We notice that
the axis intersects the parabola in a single point B and that this
point B is the lowest point on the curve. Such a point s called
a minimum point and the ordinate of such a point is defined as
the minimum value of the quadratic function, Ax®* 4+ Bx + C.
In figure 24 the coordinates of the lowest point on the graph
are (2, —1) and —1 is the minimum value of the quadratic
function z2 — 4z 4+ 3.

Consider again the equation, (1) y = 22 — 4x + 3. The
graph of this equation is IYig. 24. TFrom the table of values we
see that to a given value of y there corresponds two values of z.
Wheny =3,z =0and4. Wheny =0,z =1and 3. When
y=—1, =2 We observe, then, that to every value of y
there corresponds two values of x and that as y decreases the
two corresponding values of x approach each other and finally
for a certain value of y the two corresponding values of = are
equal. In the above example the value of y, which causes the
two values of x to be equal, is —1. But this value of y is the
minimum value of the funection, 22 — 4r + 3.

Then, to determine the minimum value of the function,
22 — 4z 4+ 3, we must determine the value of y which will
make equation (1) have equal values for z. Iquation (1)
may be written (2) «* —4x + 3 — y = 0. Now, the roots
of (2) will be equal when the discriminant equals zero.

We have,

(=9 —1@B —y) =0, 3)

or y=—1, )
which is the minimum value of the function.
Example. TFind the minimum value of the function,

z2 4 3z + 4.

Solution.

Let y = z% 4+ 3x + 4. (1)
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Then 22+ 3z + (4 —y) = 0. @)
Setting the discriminant equal to zero, we get,

9 —4(4 —1y) =0, or 3)

y=1 ©)

which is the minimum value of 22 + 3z + 4.
Let us now find the minimum value of the typical quadratic

function, Az® + Bx + C.

Let y= Az*+ Bx + C. (1)
Then Az? + Br 4+ (C — y) = 0. (2)
Setting the diseriminant equal to zero, we get,
B? — 44(C — y) = 0, 3)
4AC — B2
and y=—3a1 @

which is the minimum value of the
quadratic, Az® + Bz + C.

Thus far in the discussion of the
quadratic, Az® 4+ Bx + C, we have
assumed that “A’” was a positive
number. Now, if “A” were a nega-
tive number, the graph would not be
similar to Fig. 25, but would have the
same general shape as Fig. 26. Tig.
26 is a parabola also, but here the
point B is a maximum and not a mini-
mum as in Fig. 25. The expression,

2
414—0——[1, gives us the minimum or Fra. 26.
44
maximum value of the quadratic according as “ A is positive or
negative.
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Thus the maximum value of —22% 4 3z + 5 is
4(-2)5 — 38 _ —40 -9 49

(-2 -8 8

= 63.

Exercises

Find the maximum or minimum values of the following:

1. 22 — 62 + 10. b. z* + 2z + 2.
2 222 —x — 3. 6. 2 + 2z — a2,
3. —3z2+4 2¢ — 10. 7. mz? 4+ nx + k.
4. 1 —x — 222 8. —5z2+ 2z + 1.

Exercises on Chapter VII

1. Solve:

3y — 6
1222 —1=0. b) —
(@) 1222 4z 0 ()y+2

() 22— 4x+1=0. (d) z2 — 53z + 2.1 =0.

=y —2.

2. Find by the graphical method the approximate values of the
roots of the equations

(@) 22 — 42 — 13 =0, ®) 22 +2x—13=0.
3. Find the sum and product of the roots of the following equations:
. (@) 3x2 =5 — 2z, (b) 222+ 52+ 3 =0,
(c) (mx + 2)? = 4x.
4, Determine the character of the roots of the following:
(@) 3z24+z+1=0, ®) 222 —52+4+1=0,
(c) 162+ 82 + 1 = 0.

6. Find the number of acres in the largest rectangular field that
can be inclosed by a mile of fence.

Solution.
Let z equal length of the field.
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Then, 160 — z = width of field and A (the area) = (160 — z) =

160z — z2 or A = — z? + 160z. Thus the maximum area is given by
— -— 2 2
A= 4=1.0 — (160) = (160) = (400 square rods,
4(-1) 4

or 40 acres. When A equals 6400, we find that = equals 80 rods and
the field is in the shape of a square.

6. Divide 20 into two parts such that the sum of their squares
shall be a minimum,

Solution

Let z = one part.

Then, 20 — z = other part and S (the sum of their squares) =
z? 4+ (20 — z)2 or S = 222 — 40z + 400, and the minimum value of
S is given by
4-2-400 — (—40)* _

4.2

S = 200.

When 8 = 200, we have,
200 = 2z? — 40z + 400,
or x? — 20z + 100 = 0,
z = 10, one part,
and 20 — z = 10, other part.

7. A window is to be constructed in the shape of a rectangle sur-
mounted by a semicircle. Find the dimensions that will admit the
maximum amount of light, if its perimeter is to be 48 feet.

8. A rectangular piece of ground is to be fenced off and divided
into four equal parts by fences parallel to one of the sides. What
should the dimensions be in order that as much ground as possible may
be enclosed by 200 rods of fence?

9. A rectangular field is to be fenced off along the bank of a straight
river, using 160 rods of fence. If no fence is needed along the river,
what is the shape of the field in order that the enclosed area shall be
the greatest possible?
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10. A park is 150 rods long and 90 rods wide. It is decided to double
the area of the park, still keeping it rectangular, by adding strips of
equal width to one end and one side. Find the width of the strips.

11, A farmer starts cutting grain around a field 120 rods long and
80 rods wide. How wide a strip must he cut to make 10 acres?

12. A rectangular piece of ground is to be fenced off in the corner of
a rectangular field and divided into four equal lots by fences parallel
to one of the sides. What should the dimensions be in order that as
much ground as possible may be enclosed by 200 rods of fence, the
fences of the given field being used for two sides of the required field?

13. Build a water tank to hold 100 cubic feet. The length of the
base is to be twice the width. Find the dimensions that will make
the cost a minimum. )

Solution. The cost will be a minimum when the surface is a mini-
mum,

Let z = width of the base.
Then, 2z = length of the base.
Let y = depth.
Then, 2z2%y = 100 (volume), (1)
222 + 6zy = S (surface). )
Substituting (1) in (2), we obtain,
3
S = 22 4 —:(—) 3)
_ 22 4300
z

Our problem is to determine a value of z that will make S a minimum.
This may be done by giving z values and computing the corresponding
values of S.

z= 1 2 3 4 | 43 | 43| 5 6 7

S= 302 | 158 | 118 | 107 [106.7(107.16/ 110 | 122 | 140%
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We notice that when z = 4}, S = 106.7 and this value is approxi-

mately the least value S can take. Hence the dimensions are (approx.)
4} feet, 8% feet and 2# feet.

This problem illustrates another method for obtaining a minimum
value of a function.

14. A covered box is to hold 200 cubic feet. The length of the base
is to be two times the width. Find the dimensions that will make the
cost a minimum.



CHAPTER VIII

EXPONENTS, RADICALS, BINOMIAL EXPANSION
AND LOGARITHMS

50. Definition of a number. Laws of exponents. Any
number N may be dcfined as some other number a (a fixzed number)
raised to the nth power. Thus we may write

N = a" 1
In (1) N is the number, a is defined as the base of the system
of numbers and n is the exponent or the power to which a, the
base must be raised to produce the number. For example,
1000 = 103. Here 1000 is the number, 10 is the base and 3 is
the power to which 10 must be raised to produce 1000.

By a*, we mean the product of a-a-a ... to n factors,
by a%, we mean a-a-a-a.

The laws of exponents are as follows:

I. a™.a" = a™". To multiply numbers having the same
base, we add their exponents. Thus, 52-5*% = 56,

II. a™ + a" = a™". To divide numbers having the same
base, we subtract the exponent of the divisor from the exponent of
the dividend. Thus, 55 <+ 5% = 55-3 = 52,

IIL. (¢™)" = a™. Thus, (5%)% = 532 = 58,

IV. (ab)™ = a™"™. Thus, (3:4)3 = 33.43,

a\" a” 2\3 23
V. (z) =3 Thus, <3> =3

The above formulas apply not only when m and n are positive
integers, but in all cases.

74
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For example: 3%/5.5-V3 = 32/5-1/3 = 31/15,

By a”? we mean the gth root of a®. That is,
VI. ¢”® = \/a?. Thus, 3%/% = /32 and 53 = +/.
aﬂ

VII. ¢° = 1. Fora®-a" = a°*" = a", and a° = a 1
-n 1 -n__n —-n+n o -n 1
VIIL a = Fora™-a" =a =¢°=1,and a ==
1 1 1
- / = .
s T T 7 T
Exercises

Simplify the following indicated operations:

1, z3.-z5-2V/2, 6. (a=V?)s,
2. (z2yd)s. 1/3 1/3y,,1/3,1
/3

3. a7 = ab. 6. (m'° 4 nl/3)ym1/3p1/3,
4 @+ B T. (302,
Write each of the following with a radical sign and simplify:
8. (16)V4, 11, zV/3y1/3,
9. (27)%3, 8as \ V3

12, .
10. (3)¥3, (271)°

Write the following in a form such that negative exponents do not
appear and reduce to simplest form:

13. 12¢~%/3, 18 (g -2<225 ~12
P " \3 16
C@+b7? 11
16. a?b~%¢c~2, 19. 2-3 + ey
1
6. 2-—-—-a_2b_8- 20. (Sx‘sy‘e)m’.
17 1 21, 22 — 2-3,

a3 +b? 22. (a? + b?)°.
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Change the following into expressions without radical signs or
negative exponents:

23. V/b. 29. V/(a%)
24, Vzt, 30. Va-V/b.
265. \/ atbic®. 3. VVa

26, Vz-oy-. 82. V(@ +9)
27. V/(a + b)°. 33. V9@ + y)*.

28. V' + ) 34, Vashc-s.

Solve the equation:

36. y~23 =9,
Solution. -—2!75 =9.

Y

—:; =0%2 or y= 631—/5-

But 9%2 = V93 = 27.
Therefore, ¥ = 2.
Solve the following for z:
36. z1/3 = 2. 38. §z~ V3 =3,
37. 273 = 4. 39. 273 = 4,

Multiply the following:

40. a*/® — al/3Y3 + b¥/3 by a/? + b3,
41. V@3 + V'b* by a2 — b2,

Divide the following:

42. 2%° 4 b¥* by /5 + bV4,

43. 16z® — 81y* by 2zY/2 — 3y.

4. Var — V/bs by aV4 — b,
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61. Radicals. Simplification of radicals. An sndicated
root of a number is called a radical. Thus the expression 1/g is
a radical. The quantity ¢ under the radical sign is known as
the radicand; n the number which indicates the root of the
radicand is known as the index of the root.

For the purpose of computation it is often convenient to be
able to change the form of radicals. A few examples will
illustrate the processes:

Example 1. Simplify 1/32.

Solution. /32 =4/16-2 =4/16 V/2 = 4/2.
Example 2. Simplify 1/128.

Solution. /128 =+/64-2 =/64 V/2 = 472.

Example 3. Simplify g.,?
. 32 V32 42
Solution. 2~ VE 33
Example 4. Simplify /20 + 81/45 — /5.
Solution.

V20 + 8v/45 — /5 = 24/5 + 244/5 —1/5 =25+/5.

In example 4 we reduced each radical to the same radicand
and then added terms.

Example 5. Simplify V' 27x5y324,
Solution. V 275y 3zt = Y4 27x3y323222
=V 27x3y328 Vg = 3xyz V222,
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Exercises
Simplify the following radicals:

1. V/75. 11, Vs,

2. V/8l. Solution. v/ a‘z® = (a%3)V/®
3. 7V/147. = ¥/6g3/8 = qV/251/2 =\/qz.
4 VL 12. Vazoyr,

5. 5V/32. 18. /2160

6. \3/m° + m3n2 14, \75

T ‘1/(” ty):/'s 16. V9.

8. (;, + y—,) . 16. V'3 — 2V/3 + 11V3.

9. V/4atb. 17. 3v/28 — V63 + 4V/175.
10. V(z + »)* — y). 18. V/81 + 5v/24 — V/375.
19. 3V'b3 4 4 Vates + Vabicr,

1
2. -—*\'}5/5

otution. LTVZ _1+V2 VB _ VE4+VI0
Y RV IRV 5
3

RV IRV \/2
Solution. = 3 -\/5 + V2
' \/3—\/2’ V3—-v2V3+V2

3v3+32 3\f+3\/2_3\/§+3\/§-
T VE-VIWE+V2) 3—2
In examples 20 and 21 we have multiplied both the numerator and
the denominator by the same expression. This expression was chosen
50 as to free the denominators of radicals. This process is known as
the rationalization of the denominator.
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V3 -2 26. /80 + V5.
3 27. v/135 + V/5.
23, —— . —_
v6+3 28. Vate + Vact.
24. 5 _2\/5' Solution. V atber + Vact
2+1/3 3 la%bc?
26, ———————- = = 43
Vi -3 for = Vo

To divide radicals having the same index, divide the radicand of the
numerator by the radicand of the denominator. If the radicals do
not have the same index, reduce them to radicals having the same index
and then divide.

29. \3/:2— + \/5.
Solution. V25 = (25)/3 = (25)% = v/ (25)* = V/625,
V5= ()2 =Y =V ()3 = V125,

and V25 + V5 =vV625+ V125 = /5.
30. 6V/150 + 5V/45. 3. Vi+ V3
31. Van + Vane. " >
32. (V/5 + 2V/3) 3. \/n+ 1 +\/n—1
33.V§-:—\7§. n—1 n+1
34.‘\‘/——\3/5 37.\/11-}—1_:_\/11,—1

52. Binomial expansion; positive integral exponents. By
multiplication we find:

(a +b)2 = a2 + 2ab + b?,
(a + b)3 = a3 + 3a2b + 3ab? +b3,
(a + b)* = a* + 4a3b + 6ab? + 4ab® + bt

From the above expansion we observe the following proper-
ties:
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(1) The first term of the expansion ts the first term of the
binomzeal raised to the same power as that of the binomial.

(2) The exponents of a decrease by unity from term to term
while the exponents of b increase by unity.

(3) The coefficient of the second term of the expansion ts equal
to the exponent of the binomial.

(4) If in any term the coefficient be multiplied by the exponent
of a and divided by the exponent of b increased by unity, we get
the coefficient of the next term.

The question now arises: Do the four properties stated above
hold for the expansion of (a 4 b)", for all positive integral
values of n? By actual multiplication we see that these prop-
erties do hold for all positive integral values of n up to n = 4,
and we assume that they hold for all positive integral values
of n. This gives us the expansion.

(@ +b"=a"+ na""'b + n______a(n — 1 n-2p2

2
nn = D —2) . o
+ 3.3 a" b3 4. ..
+n n — 1) PN (n - T+2)an_r+1br_1

2:34...(r—1)
+... 400 1)

Expansion (1) is known as the dinomial expansion or binomial
theorem. We have assumed that it is true for all positive
integral values of n. This fact may be proven by the process
known as mathematical induction but that is beyond the scope
of this text. ‘

In the expansion of (a + b)® the rth term is

nn—Dn—-2)...n—r+2), ... .,
2.34...(—1) @t @
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Exercises
Expand:

1. (2 — 32)s.
Solution. Herea = 2,b = —3z,n = 5.
Then, (2 — 3z)8 = (2)5+ 5(2)4(—3z) + 10(2)3(—3x)?
+10(2)*(—32)? + 5(2)(—3z)* + (—3z)®
=32 — 240z + 720z* — 10802° 4 810z¢ — 243z>.

2. (6 +b). 7 <g + 3)‘.
3. (a — b)s. 2 iy
& 2+ a) 8 (e+ Ve
9 (z+y+2)*
5. (2z — 5)*. (Hint: Consider z + y as re-
6. 2z + y)*. presenting one number.)

10. Find the fourth term of (a 4 3b)s.
Solution. The rth term is given by the expression

nn—-—1DNn-2)...n—r+2) n-rt 11
a .
2:34...(r—1)
Here,n =8, r=4,a=a,b=3,n—r+2=6,n—-—r+ 1 =5,
r — 1 =3. Substituting these values in the above expression, we
876 s(3bys = 1512000,
2-3
11. Find the 13th term of (2z + y)*s.
12. Find the middle term of (z2 + 2y)s.
13. Find the 9th term of (3 — 2y)12.
14. Use the binomial theorem to find (1.1)15, correct to four signifi-
cant figures, (Hint: Write (1.1)1 as (1 4 .1).)
18. Find (1.01)% correct to 5 significant figures.

‘have,

63. Logarithms. Definition. In Article 50 a number N
was defined by the equation, (1) N = a", where a was defined
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as the base of the system of numbers and » as the power to
which the base must be raised to produce the number N. We
there assumed that the definition held for all positive and
negative values of n both integral and fractional. It could be
shown that it also holds for irrational values of n, and we now
assume this without proof. That is, we now give a meaning
to such numbers as aVZ?, aV3, where a > 0.

If a" = N(a > 0, a £ 1) then = is said to be the logarithm
of N to the base a, and this is written n = log, N.

The two equations a®*=N 2)
and n = loga N 3)

thus mean the same thing; and the terms exponent and
logarithm are equivalent.

We assume that the laws of exponents given in Article 50
which apply to rational exponents are also valid when irrational
exponents are involved.

Exercises
1. log; 25 =? logi, 100 = ? log, 16 = ?
2 log, 3 =7 logaa =? logis 4 = ?

3. Fill out the following table:

Base Number | Logarithm

1000 3
5 | ... 4
2 37
32 -5
7 343
[ O 3

854. Properties of logarithms.
1. The logarithm of a product equals the sum of the loga-
rithms of its factors.
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Let logN =n and logM =m, then a* =N, ¢" = M,
(definition of logarithm) and NM = a"*™ (1. Art. 50).

Hence loge NM = n + m.

That is, log: NM = log, N + log. M.

This property is true for any number of factors in the product.
Example. logio 105 = logio 3 -+ logio 5 + logio 7.

2. The logarithm of a quotient is equal to the logarithm of
the dividend minus the logarithm of the divisor. The proof
of this property is left as an exercise for the student.

Example. logjo %A% = logio 125 — logio 73.
3. The logarithm of N™ equals n times the logarithm of N.
This property is true for any value of the exponent 7z, whether

positive or negative, integer or fraction. The proof is left for
the student.

Example. logio (153)% = 3 logio 153.

Exercises

1. With 10 as basc, log 2 = 0.30103, log 3 = 0.47712, log 5 = 0.69897.
Find log 4, log 6, log 8, log 9, log 12, log 15, log 20.

Ans.: 0.60206, 0.77815, 0.90309, 0.95424, 1.07918, 1.17609, 1.30103.

2. From the results of Ex. 1 above find log (§), log (3&), log 144.

55. Common logarithms. Characteristic and mantissa.
Any positive number (except 0 and 1) may be used as a base
for a logarithmic system. Logarithms with 10 as a base are
called common logarithms. This is the system used for all
ordinary calculations.

From the table

10® = 1000 1071= .1
102 = 100 102 = .01
100 = 10 103 = .001

10° = 1
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it is evident that the logarithm of an integral power of 10 is an
integer, either positive or negative. The logarithms of numbers
between 1 and 10 are between 0 and 1, logarithms of numbers
between 10 and 100 are between 1 and 2, and so on. For
example, log 7 = 0.84510, log 70 = 1.84510, log 700 = 2.84510,
log 7000 = 3.84510.

The integral part of a logarithm is called the characteristic;
the decimal part is called the mantissa.

(A) Law of the characteristic. I'rom the above examples,
we observe that log 7 has a characteristic 0, log 70 has 1,
log 700 has 2, and log 7000 has 3. From this we see that the
characteristic of a logarithm of a whole number is one less than
the number of digits in the number. We also observe from the
table that the characteristics of the logarithms of numbers less than
1 are negative and equal to the number of places which the first
significant figure occupies to the right of the decimal point. Thus

log 0.00325 = — 3 4 .51188

In such cases the characteristic is negative and tke mantissa is
positive. It is customary in case of negative characteristics
to write

log 0.00325 = 3.51188

or log 0.00325 = 7.51188-10.

(B) Law of the mantissa. The mantissa is the same for any
sequence of digits and does not depend upon the position of the
decimal point.

For example, log 3256 = 3.51268

log 325.6 = 2.51268
log 32.56 = 1.51268
log 3.256 = 0.51268

56. Use of tables. In Table I in the back of this book five-
place logarithms are given. The mantissas of the logarithms
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of all integers from 1 to 9999 are recorded correct to five decimal
places. The methods by which such a table can be made will
not be discussed here as it is beyond the scope of this text. In
order to use the tables intelligently we must know how to read
from the tables the logarithm of a given number, and also the
number having a given logarithm.

Examples

1. Find the logarithm of 2354. Read down the column headed N
for the first three significant figures, then at the top of the table for
the fourth figure. In the row with 235 and the column with 4 is found
37181,

Hence, log 2354 = 3.37181.

2. Find the logarithm of 32.625. This number has more than four
significant figures, so we must obtain its logarithm by the process
known as interpolation. As in example 1, we find that the mantissas
of 32620 and 32630 are 51348 and 51362, respectively. The difference
between these two mantissas is 14. Since 32625 is five tenths of the
interval from 32620 to 32630, we add to 51348

05X 14 =17.
Hence, log 32.625 = 1.51355.

3. Find the number whose logarithm is 1.78147. The mantissa
78147 is found in the table and is in the column headed by 6 and
opposite the digits 604 in the column headed by N. Thus the digits
corresponding to mantissa 78147 are 6046.

Hence, log 60.46 = 1.78147.

4. Find the number whose logarithm is 2.62029. The mantissa
62029 is hot found in the table, but it lies between the two adjacent
mantissas 62024 and 62034. The mantissa 62024 corresponds to the
number 4171 and 62034 corresponds to 4172. The mantissa 62029 is
v of the interval from 62024 to 62034. Thus the number whose
mantissa is 62029 is 41710 + ¥ X 10 = 41715.
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Hence, log 0.041715 = 2.62029.
6. Find the value of N = 3—26—;%@ to five significant figures.
Solution.

log N = log 3.26 + log 72.65 — log 2.72
log3.26 = 0.51322
log 72.65 = 1.86124

log (3.26)(72.65) = 2.37446
log 2.72 = 0.43457

log N = 1.93989
N = 87.074.
6. Find the value of

v o V0345V
V523

log N = §10g0.345 + § log 7.5 — § log 52.3
log 0.345 = 1.53782 = 29.53782 — 30
log 7.5 = 0.87506
log 52.3 = 1.71850
41og0.345 = 9.84594 — 10
+log7.5 = 0.43753

Solution.

10.28347 — 10
$log52.3 = 0.85925

log N = 9.42422 — 10
N = 0.26559

Why did we write log 0.345 = 29.53782 — 30?
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7. Find the value of N = v/0.235.

. 78.54 X 9.67
8. Find the value of N = =2~
n e value o 8.269
1/2 1/3
9. Find the value of N = {249 (5.;;)(3;2536) '

10. Find the value of S = P(1 + ©)®, when P = 235, ¢ = .06,
n=".

. 0.07
11. Find the value of (—ltw)—u——:i-



CHAPTER IX
PROGRESSIONS

87. Arithmetical progressions. An arithmetical progres-
ston 18 a succession of numbers so related that each one is obtained
by adding a fixed number to the preceding number.

The numbers forming the progression are called its terms.
The fixed amount which must be added to any term to get the
next term is called the common difference.

Thus, 1, 3, 5, 7, 9, ... is an arithmetical progression,
having 2 for its common difference.

68. Elements of an arithmetical progression. Let a repre-
sent the first term, d the common difference, n the number of
terms, I the nth or last term, s the sum of the terms. The five
numbers a, d, n, I and s are called elements of the arithmetical

progression.

59. Relations among the elements. If @ is the first term
and d the common difference, the progression is a, (a + d),
(e +2d), (@a+3d), ... (a+ (n— 1)d). It is evident that
the nth or last term is

=a+ (n— 1)d. €y
Since s denotes the sum of the progression, we may write,
s=a+@+d)+@+2d)+ ... (I — 2d)
+(@=-d)+1 )
88
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or s=l4+(0-d+—2d) + ... (a + 2d)
+ (@ + d) + a. 3
By adding (2) and (3) we get,
2=@+D+@+)+ ... a+D+@+))
+ (e + 1) =n(@+1).
Hence, s = g(a + ). )

Equations (1) and (4) are the two relations among the five
elements that always exist. If we know any three of these
elements, we may find the other two by using (1) and (4).

60. Arithmetic means. The first and last terms of an
arithmetical progression are called the extremes, and the remain-
ing terms in between are called the arithmetical means. By the
aid of (1) any number of means may be inserted between any
two numbers.

Exercises

Find [ and s for the following arithmetical progressions:
1.3,5,7,9, ... to 15 terms.

Solution. l=a+ (n—1)d.

Here, a=3,d=2n=15.

Then, 1=3+14-2 =31.

And s =483 + 31) = 15 X 17 = 255.

2. 52, —1, —4, to 12 terms.

8. ¢, 1%, %, to 10 terms.

4. 2,9, 16, 23, to 9 terms.

b. Givend = 4,n = 15,1 = 59; find @ and s.

6. Given a = 12, [l =— 64, s = — 520; find n and d.
7. Insert 5 arithmetical means between 2 and 14.

8. Insert 11 arithmetical means between 3 and 7.
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61. Geometrical progression. A geometric progression is a
succession of numbers so related that the ratio of each one to the
preceding one is a fixed number, called the ratio. Thus 2, 6, 18,
54, ... is a geometrical progression having three for its ratio.

62. Elements of a geometrical progression. Let a repre-
sent the first term, r the ratio, n the number of terms, I the nth,
or last, term and s the sum of the terms. The numbers a, 7, n, [,
and s are called the elements of the geometrical progression.

63. Relations among the elements. If a is the first term
and r the ratio, the progression is a, ar, ar?, a3, ... ar*" L,
1t is evident that the nth or last term is

l=a1 6))
Since s denotes the sum of the progression, we may write,
s=a+ar+a?+at+ ... +a" L. (6)
Then, sr=ar +ar?+al +art +... " ' +a”. (7)
Subtracting (6) from (7), we have sr — s = ar" — a.

a(r" — 1)

r—1 ®

Hence, s =

Equations (5) and (8) are the two relations among the five
elements that always exist. If we know any three of these
clements we may find the other two by using (5) and (8).

The first and last term of a geometrical progression are called
the extremes, and the remaining terms in between are called the
geometrical means. By the aid of (5), any number of means
may be inserted between two numbers,
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Exercises
1. Givena =2,7r=3,n =8; find land s.
2. Givena = 3,r =2, n = 10; find l and s.
3. Givens = 242,a =2,n = 5; find r and L
4. Insert 4 geometrical means between 3 and 96.

6. The first term of a geometrical progression is 3, and the last
term 81. If there are four terms in the progression, find the ratio and
the sum of the terms.

6. An employer hires a clerk for five ycars at a beginning salary of
$500 per year with either a raise of $100 cach year after the first, or a
raisc of $25 every six months after the first half year. Which is the
better proposition for the clerk?

7. Find the sum of the progression
1404+)+Q++QF2)+...0+)" L
Ans. (~1+__') ___1
)
8. Find the sum of the progression
A+DTT+A+)TPHA+)P 4+ A+
Aps, L=+ D"
)
(144" -1
)

9. By the use of logarithms find the value of ~ , When

1=.06andn = 8.
(1.06)8 — 1
.06
log (1.06) = 0.02531
log (1.06)® = 0.20248
(1.06)® = 1.59396
(1.06)8 — 1 = 0.59396
(1.06) — 1 _ 0.59396
06 .06

10. Find the value of 255 [(lﬂz(;;——_l] .

Solution. We have

= 9.899.




CHAPTER X
INTEREST, ANNUITIES, SINKING FUND

64. Simple interest. Simple interest at any rate is most
readily computed by the application of the principle of aliquot
parts.

If we consider a year as composed of 12 months of 30 days
each (360 days),

At 69, the interest on $1 for 1 year is $0.06,

At 6%, the interest on $1 for 2 mo. (60 days) is $0.01,

At 69, the interest on $1 for 6 days is $0.001.

That is, fo find the interest on any sum of money at 6%, for
6 days, point off three places in the principal sum; and for 60 days.
point off two places in the principal sum.

The interest on $1357 for 6 days at 69, is $1.357 and the
interest on $1357 for 60 days is $13.57.

Illustrations:
Find the interest on:
1. $385.60 for 32 days at 67,
$0.3856 = int. for 6 days
$1.9280 = int. for 30 days (5-6 days)
.1285 = int. for 2 days (36 days)

$2.0565 or $2.06 = int. for 32 days.
92
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2. $435.00 for 115 days at 6%.

$4.350 = int. for 60 days
2.175 = int. for 30 days (3-60 days)
1.450 = int. for 20 days (360 days)
.362 = int. for 5 days (20 days)

$8.337 = int. for 115 days.

3. $520.00 for 93 days at 8%,.

$5.20 = int. for 60 days at 69,
2.60 = int. for 30 days at 69, (360 days)
.26 = int. for 3 days at 69, (%30 days)

$8.06 = int. for 93 days at 69
2.69 = int. for 93 days at 2%, (3:6%)

$10.75 = int. for 93 days at 8%,.

4. $285.50 for 78 days at 5%,.
$2.855 = int. for 60 days at 69
.714 = int. for 15 days at 6% (}-60 days)
.143 = int. for 3 days at 69; (3-15 days)

$3.712 = int. for 78 days at 6%,.
.619 = int. for 78 days at 19,

$3.093 = int. for 78 days at 59,.
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5. $275.00 from March 3, 1928 to January 2, 1929 at 7%,.

1929 — 1 — 2
1928 — 3 — 3
9 mo. 29 days
$ 2.75 = int. for 60 days (2 mo.) at 69,
$11.00 = int. for 240 days (8 mo.) at 6%,
1.375 = int. for 30 days (1 mo.) at 6%
.917 = int. for 20 days at 6%, (360 days)
.275 = int. for 6 days at 6%
.137 = int. for 3 days at 69, (3-6 days)
$13.704 = int. for 9 mo. 29 days at 69,
2.284 = int. for 9 mo. 29 days at 19,
$15.988 = int. for 9 mo. 29 days at 7%.
Exercises
1. Find the interest at 6%, on:
$825 for 50 days, $365.50 for 97 days,
$753.40 for 70 days, $847.60 for 125 days.

2. Solve 1, if the rate is 7%.
8. Find the interest at 8%, on:

$425 for 38 days,
$575 for 68 days,
$545 for 90 days,

$750 for 115 days,
$800 for 100 days,
$250 for 83 days.

Find the interest at 6%, on the following:

4. $756.50 from Feb. 20, 1928 to Sept. 15, 1928,

6. $3756.40 from March 1, 1927 to July 10, 1928,

6. $5250.00 from April 10, 1928 to March 5, 1929.

7. A note for $350 was given July 7, 1927. What was the interest

at 7%, due Sept. 5, 1928?

(Ans. $28.45)

8. Find the interest on 4, 5, 6 at 8%,.
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856. Compound interest. Simple interest is calculated on
the original principal only, and iz proportional to the time.
If the interest, when due, is added to the principal, and the interest
for the next period s calculated on the principal thus increased
and this process is continued with each succceding accumulation
of interest, the interest is said to be compound. Interest may be
computed annually, semi-annually, quarterly, or at some other
regular interval. That is, interest is converted into principal
at these regular intervals.

68. Compound interest formulas. Let P be the principal,
7 the rate of interest, and S the amount to which P will accumu-
late in n years. The interest for one year will be Pz, and the
amount at the end of the year will be P + P: = P(1 + 7).
This is the principal for the second year, and the interest for
the second year will be P(1 + 7). The amount at the end of
the second year will be

Pl +14) + P +4)i = P(1 + 4)2.

By similar reasoning we find that the amount at the end of the
third year is P(1 + ©)3, and in general the amount at the end
of n years is P(1 + 7)*. We thus have the formula

S = P(1 + o)™ @

In equation (1) 7 is the annual rate of interest and the formula
is used when the interest is converted into principal annually.
If the interest were converted into principal m times per year,

we would replace 7 in the formula by —:r—v, and n by mn. That is

we would find the compound amount at iper cent per period
for mn periods.
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Example. Find the compound amount of $100 for 15 years
at 6% converted semi-annually. The amount would be
$100(1.03)30.

Then in general, if interest is at rate j converted m times
per year, formula (1) is replaced by

mn

S=P<1+£—L> : )

Exercises
1. Find the amount of $250 at 69 intercst converted annually for
b years.
2. Solve example 1 if the interest is converted semi-annually.
3. How long will it take $100 to double itsclf at 69, interest con-
verted annually?

Solution. Here P = $100 and S = $200, since it is to be double
the value of P. We then have, 200 = 100(1.06)". Our problem now
is to find n. Taking logarithms of both sides of the above equation,
we have,

log 200 = log 100 + n log (1.06),
and solving for n we get,

"= log 200 — log 100 _ 2.3010 — 2.0000
log 1.06 .0253

Note. This is the time required for any principal to double itself at 69%,.

= 11.9 years.

4. How long will it require $75 to double itself at 5%, interest con-
verted annually?

5. How long will it take any principal to double itself at %, con-
verted annually?

6. What principal will amount to $1000 in 6 years at 69, converted
annually?

7. A father wishes to have $2000 to give his son on his 21st birthday.
What sum should he deposit at his birth in a savings bank paying 5%,
interest converted annually?
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@7. Annuities. Any series of equal payments, made at equal
intervals of time, ts known as an annuily. The word annuity
implies yearly payments, but in a broader sense the term
annuity is used to deseribe any series of equal payments made
at equal intervals of time. Unless otherwise designated, the
payments are understood to be made at the end of the interval
of time and to continue for a specified number of periods. The
dividends from an investment, income from rented property,
and insurance premiums are some examples of an annuity.

68. Amount of an annuity. The sum to which the entire
number of payments accumulate is called the amount of the annuity.
We now find the amount of an annuity of one dollar per annum.
The symbol sz, is universally used to represent the amount of
an annuity of 1 per annum, payable annually for » years at
rate ¢ per annum. The first payment made at the end of the
first year will be at interest for » — 1 years and its compound
amount will be (1 +4)""'. (See (1) Art. 66.) The second
payment made at the end of the second year will accumulate to
(1 4 %)* 2 and the third payment made at the end of the third
year will accumulate to (1 + 2)*~® and so on. The last pay-
ment will be a cash payment of 1 and will draw no interest.
We then have

s= U4+ T+ A+ + A +)" 2.+ (1 49)
+1=14+0+)+A+D2+...+ QA +)"?
+ (1 40"

This is a geometrical progression of n terms, having 1 for first
term and (1 + 7) for ratio.

The sum of this series is g—_—t%)——:—} . (See ex. 7, Art. 63.)
Hence, 57 = A+9" -1 (1)

1
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If the annual payment is R and if K represents the amount,

R =L @)

we have, K = Bs = :

Formulas (1) and (2) are true where the interest is converted
once a year. Now, if the interest is converted m times a year,

we replace (1 + 7) by <1 + ;‘:—) and 7 by (1 +rln> — 1 in
(1) and (2) and get,
(o2
SI=7T 3
(t+2) -1

<1 +-j—>m— 1

-~ .

<1 + l) ~1
m

Exercises

and K=R )

1. Find the amount of an annuity of $200 per annum for 15 years
at 59, interest.

Solution. ¥rom equation (2) above we have,
K = $2008; = g001:09)" — 1
.05
= 4000((1.05)s — 1)
log 1.05 = 0.02119
151og 1.05 = 0.31785
(1.05)15 = 2.0790
(1.05)'* — 1 = 1.0790
and K = 4000 X 1.0790 = $4316.00.
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Note. If the number of conversions is not specified in a problem, it
will be understood that the interest is converted annually.

2. If in example 1 the interest is converted semi-annually, find the
amount of the annuity.

Solution. From equation (4) above we have,

(1.025)»0 — 1

(1.025)* -1
log 1.025 = 0.01072

30 log 1.025 = 0.32160

K = 200

(1.025)3% = 2.0970
(1025) — 1 — 1.0970
2 log 1.025 = 0.02144
(1.025)2 = 1.0506
(1.025)2 — 1 = 0.0506
200 X 1.0970
and K= __;W — $4,336.

3. The annual rent of a house is $500. Find the amount of this
annuity for 20 years at 5%,.

4. A man deposits in a savings bank at the end of each year $400.
What will be the amount of his savings at the end of 16 years, if the
bank pays 4%, interest converted semi-annually?

6. What sum must be deposited in a savings bank at the end of each
year to amount to $5000 at the end of 10 years, if the bank pays 49,
interest?

Solution. Here we have the amount of an annuity to find the
annual deposit.
(Lo -1

From (2) we have, 5000 = R "
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.04(5000)

(1.04)0 —1
$200

= —— = $416.58.
0.4801

Solving for R we get, R =

6. What sum must be deposited in a savings bank paying 5%
interest, converted semi-annually, to provide for the payment of a
debt of $5000 due in 6 years?

7. A man gives a mortgage on his farm for $3000, which is to be
paid in 5 years. How much money must he deposit at the end of each
year in a savings bank, paying 49, interest, to care for the debt when
due? The interest on the mortgage is 69,. What will be his total
yearly outlay to care for this debt?

69. Amount of an annuity, where the annual payment, R is
payable in p equal installments. The amount of an annuity
of 1 per annum, payable in p equal installments at equal inter-

vals during the year, will be denoted by the symbol, s(—:—), If
the interest is converted yearly and 7 is the rate, s(—:% can be
expressed in terms of n, 7, and p as follows. At the end of the

1
pth part of a year, Z_’ is paid. This sum will remain at interest
’ 1
for <n - ;) years and will amount to
1 \n—1/
-1 +)*V7,
4

The second installment of ;—) will be at interest for <n - g)

1
years and will amount to ;)(1 + )" ¥? and so on until np

installments are paid. The last installment will be paid at the
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end of n ycars and will draw no interest. Adding all these
installments beginning with the last one, we have

(») - l 1/p ”r 4 1 \n-2/p
—] + (1+) + (1+) --p(1+%)

(L (1)

1
This is a geometrical progression of np terms having 1—) for first

term and (1 + 7)"/? as the ratio.

_ _Q+9"—-1

Hence, sn-l = A+ 97 =1 2
() +9)" -1

and K = Rs ——-] Rp[(l o7 — 1] @

If the interest is converted m times a year, we substltute

<1 -+ > for (1 4+ ) and (3) becomes

(2
o

If the number of conversion periods is equal to the number of
installments per year, i.e., m = p, equation (4) takes a simpler
form. Then,

R[(l + 1)” - 1] (1 + 1')” -1
p R P
P

K=R “)
d

K =

pl(l N g)p/p_ 1] g . ®)
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Equation ' (5) is the same as equation (2) Art. 68, % being the

periodic payment for np periods at rate ;‘: per period.

Exercises and Problems

1. Find the amount of an annuity of $400 per year paid in four
quarterly installments of $100 for 6 years if the rate of interest is 6%.

Solution. Here R = $400, ¢ = .06, p = 4, n = 6, and using (3),
Art. 69, we get,

400[(1.06) — 1] _ | 0 (1.06)* —1
4[(1.06)% — 1] (1.06)% —1
log 1.06 = 0.02531

log (1.06)/% = 0.00633
(1.06)V% = 1.01467
(1.06)/% — 1 = 0.01467
" log (1.06)¢ = 0.15186
(1.06)¢ = 1.41860
(1.06)¢ — 1 = 0.41860
_100(0.41860)
0.01467

K=

Hence, = $2853.

2. If in Ex. 1, the intercst were converted scmi-annually, what
would be the amount of the annuity?

Solution. Here R =400, p=4, n =6, m=2 and j=.06.
Using equation (4), Art. 69, we get,

_ 400[(1.03)1 — 1] _ | (1.03)* — 1
4[(1.03)/2 — 1] (1.03)V/2 — 1

log 1.03 = 0.01284

log (1.03)/2 = 000642
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(1.03)/% = 1.01488

(1.03)2 — 1 = 0.01488

log (1.03)12 = 0.15408

(1.03)12 = 1.42587

(1.03)12 — 1 = 0.42587
_ 100(0.42587)

= $2862.
0.01488 $

Hence,

8. What would be the amount of the annuity defined in Ex. 1, if
the interest were converted quarterly?

Solution. Here R =400, p =4, n =6, m =4, and j = .06.
Since m = p, we use (5), Art. 69, and

100(1.015)% — 1
015
log 1.015 = 0.00647
log (1.015)24 = 0.15528

K=

(1.015)2¢ = 1.42980
(1.015)2¢ — 1 = 0.42980
Hence, K = 1@(—%%@ = $2865.

Note. In solving Examples 1, 2, 3 above, 5 place logarithms were
used. Had 7 place interest and annuity tables been used the results would
have been $2852.15, $2859.53 and $2863.35 respectively, which are correct
to the nearest cent. But ordinarily 5 place logarithms will give results
which are accurate enough. Should the student desire complete interest
and annuity tables, he is referred to ‘“Tables of Compound Interest
Functions and Logarithms of Compound Interest Functions,” by James
W. Glover and Harry C. Carver, published by George Wahr, Ann Arbor,
Michigan.

4. Find the amount of an annuity of $400 per year, payable in two
semi-annual installments of $200 for 8 years, if the rate of interest is
49, converted quarterly.
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6. A man pays into a Building and Loan Association $25 at the end
of each month for 10 years. If the association pays 6%, interest and
computes its interest at the end of each six months, what will he have
to his credit at the end of the 10 years?

6. In purchasing a house priced at $6000, a man pays $3000 down
and gives a five-year mortgage for the balance. In order to meet the
mortgage when due he deposits in a 5%, savings bank at the end of
each month a portion of his monthly salary. Find the monthly deposit.

(Hint: Use equation (3), Art. 69 and solve for % as R was solved for
in Ex. 5, Art. 68.)

70. Present value. We may need to find the value of a sum
of money at some time before it is due. By the present value
of a sum 8, due in n years, we mean the principal that will af a
given rate amount to S in n years. This problem is solved by
equation (1) Art 66. Solving this equation for P, we get

S
P=———— = 8" wherev = :
a+o v", where v T

Example. Tind the present value of a note of $200 due in 5
years if money is worth 5%, interest.

Solution. Here we have,

$200 $200

P= (1.05)5  1.2763 $156.70.

¢y

71. Present value of an annuity. By the present value of an
annuity we mean the sum of the present values of all the payments.
The present value of an annuity of 1 per annum is represented
by the symbol a3 We now find the present value of an
annuity of 1 per annum for n years at rate < per annum. The
present value of the first payment made at the end of the first
year will be

1
= 1) —1
iT+3 1+~
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The present value of the second payment made at the end of the
second year will be (1 4+ 7)~2 and the third payment made at
the end of the third year will have for its present value (1 + 7)—3
and so on. The last payment made at the end of n years will
have (1 4+ 7)~" for its present value. We have then,

am= 1+ +A+DT+HA+DT . A+D™ (D)

This is a geometrical progression of n terms, having (1 4 7)1
for first term and (1 + ¢) ! for ratio. The sum of this series is

_ 0+ MA 49" - 1]

o I+01-1
_Q+H" =1
T 1—-(1+429)
_EDT o 1ot -
(2 (2

If the annual payment is R and A represents the present value,
we have,

E

A =Roq=R @3)

If the interest is converted m times a year, we substitute

<1 +7]71> for (1 + ¢) and <1 +7ln> — 1 for 7 in (3) and get,
1—<1+i>_
m
<1+i> -1
m

72. Present value of an annuity, where the annual payment
R is payable in p equal installments. The present value of an

A=R )
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annuity of 1 per annum payable in p equal installments will be
(p)

denoted by a—ﬂ If the interest is converted yearly and 7 is

the rate, a(:) can be expressed in terms of 7, 7, and p as follows.

The first payment will be made at the end of the pth part of
1

the year and its present value will be ;(1 +4)~V?,  Similarly,

2/p

1

the present value of the second payment will be —(1 + 7)~
p

and so on. The present value of the last payment will be

%(1 + 7)~". Adding the present values of all these payments

we get,
1 1 1
o) - (L 4) VP4 -4+ )P =+ D)7 (1)
?I- p P P
This is a geometrical progression of np terms having %(1 +4)"V?
for first term and (1 + ¢)~ " for ratio.
® 11—+
Henge, “ul T A+ 07 — 1] @
And A4=pt=1+D 3)

pll+0)7 —1]

If the interest is converted m times per year, (3) becomes

- (144)™
m

8 [ e

A=R
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When m = p, (see (5) Art. 69), (4) takes the form,

1- <1 + 1.>_,,,, 1-— (1 + 1)—”
p p/

A=2R : = -
J

T

- R . .l
which is similar to (3) Art. 71, — being the periodic payment for
p

®)

=&

np periods at rate 117 per period.

Exercises and Problems

1. What is the present value of an annuity of $200, payable at the
end of each year, for 12 years, if money is worth 69,?

1 — (1.06)~1*
06

log 1.06 = 0.02531

log (1.06) =12 = — (0.30372) = 9.69628 — 10
(1.06) -12 = 0.49691

1 — (1.06) -1z = 0.50309

_200(0.50309)
.06

Solution. A = 200

A = $1676.97.

2. Find the cost of an annuity of $500, to run 20 years and payable
at the end of the year if money is worth 6%, converted semi-annually.

8. A man purchased a house, paying $5000 down and $500 at the
end of each year for 8 years. What would be the equivalent price if
he paid all in cash at the time of purchase, money being worth 8%,?

4. Find the cost of an annuity of $100 payable at the end of each
month and to run for 10 years, if money is worth 4%. (Hint: Use
equation (3), Art. 72.)
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6. A house is purchased for $10,000 and it is arranged that $5000
cash be paid and the balance in 10 equal annual installments, includ-
ing interest at 6%. Find the annual payment.

Solution. $10,000 — $5000 = $5000, balance to be paid in 10 equal
annual payments including interest. Here we have the present value
of an annuity and are required to find the annual payment. Substi-
tuting in equation (3), Art. 71, we get,

1 — (1.06) —10
.06

06(5000) .06(5000)
= = = $679.34.
and B= 105" Oadieo ~ 793

5000 = R

6. A piece of property is offered for sale for $500 cash and $1000,
at the end of each year for 5 years, or for $5000 cash. Which is
the better plan for the buyer if money is worth 5%,?

7. A man wishes to provide an income for old age. He assumes that
at the age of 25 years he will have 35 years of productive activity ahead
of him, and that he can save $300 per year during that time. This
accumulation at 5%, compound interest at age of 60 will purchase
what annual payments for 20 years, if money is worth 5%,?

Ans. $2174.40.

73. Sinking funds. When an obligation becomes due at
some future date, it is usually desirable to provide for the pay-
ments by accumulating a fund by periodic contributions,
together with interest earnings. Such an accumulated fund is
called a sinking fund.

Example. A debt of $8000, bearing 87, interest is due in
4 years. A sinking fund is to be accumulated at 69,. What
sum must be deposited in the sinking fund at the end of each
year to care for the principal when due? Ans. $1828.73.

The amount in the sinking fund at any particular time may
be shown by the following schedule known as an accumulation
schedule:
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ACCUMULATION SCHEDULE
Y. Annual Interest on Total Annual Vai‘tn?E(x’xde:;nd
ears . 7 I t
Deposit Fund neremen Esch Year
1 1828.73 | o e 1828.73
2 1828.73 109 72 1938.45 3767.18
3 1828 73 226.03 2054 76 5821.94
4 1828 73 349 32 2178 05 7999.99

We notice that at the end of the fourth year the value of the
fund is $7999.99 or one cent less than the amount of the debt.
This would have been avoided had we used the nearest mill
instead of the nearest cent in our computations.

DEPRECIATION SCHEDULE

Annual
. Payment to Interest on .
Agein| Book Value LY A Total in
Years | at End of Year Sinking Fund | Depreciation Sinking Fund
to Cover Allowance
Depreciation
0 235 00
1 211.44 23 56 0.00 23.56
2 186 70 23.56 1.18 48 30
3 160.72 23 56 2.42 74.28
4 133 45 23 56 371 101.565
5 104.81 23.56 5.08 130.19
6 74.74 23.56 6 51 160.26
7 43.17 23 56 8 01 191.83
8 10.02 23.56 9.59 224 .98
Example. A farmer pays $235 for a binder. The best

estimates show that it will have a life of 8 years and a scrap
value of $10. He wishes to create a sinking fund to provide
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for its depreciation. Assuming money worth 5%, what is the
annual depreciation charge? Make a schedule showing the
book value of the machine at the end of each year and the total
amount in the sinking fund at any time.

Solution. The annual depreciation charge will equal the
annual deposit required to accumulate in 8 years at 5%, to
$225 ($235 — $10). _

Using (2) Art. 68, we find the annual charge to be $23.56.

We notice that the book value of the machine at the end of
any year equals the original cost less the total amount in the
sinking fund at that time.

74. Amortization. Instead of leaving the entire principal
of a debt standing until the end to be cancelled by a sinking
fund, we may consider any payment over what is needed to
pay interest on the principal to be applied at once toward
liquidation of the debt. As the debt is being paid off, a less
and less amount goes towards the payment of interest, so that
with a uniform payment per year, a greater amount goes towards
the payment of principal. This method of extinguishing a debt
is called the method of amortization of principal.

756. Amortization schedules.

Consider a debt of $2000 bearing 69, interest. Suppose that
it ig desired to repay this in 8 equal annual installments, includ-
ing interest.

Substituting in equation (3) Art 71, we get,

_ . 1—(1.06)"8
2000 = R——
_.0B(2000)
and R = (rog) ~ 8207

The interest for the first year will be $120; hence $202.07 of
first payment would be used for the reduction of principal,
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leaving $1797.93 due on principal at the beginning of the
second year. The interest on this amount is $107.88; hence,
the principal is reduced by $214.19, leaving $1583.74 due on
principal at the beginning of the third year, and so on. This
process may be continued by means of the following schedule
known as an amortization schedule:

Principal
Year at Beginning Interest at 6%, Principal Repaid
of Year
1 2000 00 120.00 202.07
2 1797 93 107 88 214.19
3 1583.74 95 02 227.05
4 1356 69 81 40 240.67
5 1116.02 66 96 255.11
6 860 91 51 65 270.42
7 590 49 35.43 286 64
8 303 85 18.23 303.84
9609 63 576.57 1999.99

Such a schedule gives us the amount remaining due on the
principal at the beginning of any year during the amortization
period. The principal at the beginning of the last year should
equal the last principal repaid and the sum of the principals
repaid should equal the original principal. You will notice
that there is a discrepancy in the above example of only one
cent. This would have been avoided had we used the nearest
mill instead of the nearest cent in our computations. As a
further check we notice that the interest on the sum of all the
principals outstanding is equal to the sum of all the interest
paid. In the above example we see that the sum of the prin-
cipals outstanding is $9609.63 and that the interest on this sum
at 69, is $576.57.
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The Federal Farm Loan Act provides for the lending of money
to farmers at a reasonable rate of interest, with the privilege
of amortizing the principal by equal annual payments over a
long period of time. The maximum loan on a farm is for 409,
of the appraised value. The rate is 5%, and the usual time
allowed is 30 years.

Example. A farmer buys a farm for $10,000. He has $6000
to pay down and secures a Federal farm loan for the balance
to be amortized in 30 years at 5%,.

Using equation (3), Art. 71 we find the annual payment to
be $260.206 or $260.21.

The following table shows the progress of this loan for the
first five years:

Principal
Year at Beginning Interest at 59, Principal Repaid

of Year

1 4000.00 200 00 60 21

2 3939 79 196.99 63 22

3 3876 57 193.83 66.38

4 3810 19 190.51 69 70

5 3740.49 187.02 73.19

'78. Interest and annuity tables. In the note of Art. 69

we referred to certain interest and annuity tables. Tables
1 )" —

giving the wvalues of (142" (147" -(~—-i%-—-—1’

1—(1+2)""
-———(—-;,———F—Q-—-, and other interest functions for all integral
values of n up to 200 and for different values of 7 have been
computed accurately to seven decimal places. Time and space
do not permit of the inclusion of such complete tables in this
text. However, it seems advisable to spend a little time herc
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in pointing out the use of such tables and their value as time
saving devices. For this reason brief tables for (1 4 )",
)" — 1— (144"
(O S I g——ﬂ)——l and —S-Z—,ﬂ—-ha.ve been included.
i
In solving Ex. (1), Art. 68, we would have,

K= 200s75] at 5%.

Here, n = 15,7 = .05 and the tabular value of s77| at 5% is
21.5785636.

Hence, K = 200 X 21.5785636 = $4315.71.

It would be interesting to discuss the methods used in con-
structing such tables but time and space do not permit of this
discussion.

The student may now solve by tables, exercises 1, 2, 6, 7,
Art. 66; exercises 1, 3, 4, 5, 6, 7, Art. 68; exercises 1, 2, 5, 6, 7,
Art. 72.

Exercises and Problems

1. Find the annual payment that will be necessary to amortize
in 10 years a debt of $2000, bearing interest at 8%. Construct a
schedule.

2. The Federal Farm Loan Bank loaned a farmer $5000 at 5%,
interest, convertible semi-annually. The agreement was that the
farmer should repay principal and interest in equal semi-annual install-
ments covering a period of 15 years. Find the amount of each semi-
annual payment.

3. At the age of 25 a young man resolves that, when he is 60 years
of age, he will have $40,000 saved. If he invests his savings semi-
annually at 69, interest, convertible semi-annually, what amount
must he save semi-annually? If at age 60 he desired to have it paid
back to him as an annual annuity payable at the end of each year,
what would be his annual income over a period of 25 years if money
at that time were worth 59, interest?

4. The beneficiary of a policy of insurance is offered a cash payment
of $20,000 or an annuity of $1500 for 20 years certain, the first pay-



114 AN INTRODUCTION TO MATHEMATICS [crAR. X

ment to be made one year hence. Allowing interest at 49, per annum,
which is the better option, and how much better per annum?

6. A house is purchased for $15,000 and it is arranged that $5000
cash be paid, and the balance in 10 equal annual installments, includ-
ing interest at 69,. Find the annual payment and construct a schedule.

6. Complete the farm loan schedule in Art. 75.

7. What would have been the equal payment if made semi-annually
with interest at 59, semi-annually?

8. A tractor costs $1200. It is estimated that with proper care it
will have a life of 8 years with a scrap value of $50 at the end of this
time. Construct a depreciation schedule on a 49, interest basis.



CHAPTER XI
TRIGONOMETRIC FUNCTIONS

7'7{. Meaning of trigonometry. The word trigonometry
comes from two Greek words meaning triangle and measure-
ment. This would suggest that the subject deals with the
solution of the triangle. This is one of the important appli-
cations of trigonometry, but the subject is much broader than
this for it is the basis of many important topics.

The development of trigonometry depends entirely upon six
fundamental definitions whichare called the trigonometric functions.
These are sine, cosine, tangent, cotangent, secant and cosecant
and will be defined in Art. 78.

Any triangle is composed of six parts, three sides and three
angles. If any three parts are given, provided at least one of
them is a side, gcometry enables us to construct the triangle,
and trigonometry enables us to compute the unknown parts
from the numerical values of the B
known parts.

8. :I‘rigonometric definitions.

Consider the right-angled tri- 2 N
angle ABC (Fig. 27). A and B

are acute angles, C is the right 4 - c
angle, and a, b, ¢, are the Fra. 27,

sides opposite the respective
angles. The six different ratios among the three sides are
babd c . ,
C—L, - g, p E, and p and these are defined as the six trigonometric
functions of the angle A. Thus we have,
115
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.d .t A .
= S1C€ OppPOsTie £ _ sine of A, written sin A.
hypotenuse

a
P

L = side adjacent 4 = cosine of 4, written cos A.
c hypotenuse

2 =‘sideop____p£)s_it(_3__4 = tangent of A, written tan 4
b side adjacent A ’ )
b _ side adjacent 4
a  side opposite A
c

hypotenuse

1
= cotangent of A, written cot 4.

- = m = secant of A, written sec A.

b

hypote
- M = cosecant of A, written csc 4.
a side opposite A

Since the trigonometric functions of the angle A are ratios
of the sides of a right triangle, it is evident that they are con-
stant for any fixed angle and do not change value for different
lengths of the sides of the triangle. (This follows from the
definition of similar triangles.)

Applying the definitions to angle B, we may write

b
sin B=—c-=cosA,
cosB=(—z=sinA,
b
tanB=;=cotA,
. (2)
cotB=z=tanA,
c
sec B =~ = csc 4,
a
c
csc B=Z=secA
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79. Co-functions and complementary angles. The cosine,
cotangent and cosecant of an angle are co-functions of the sine,
tangent and secant, respectively. Since in Fig. 27, A and B
are complementary angles, A + B = 90°, it follows from (2)
that any function of an angle equals the co-function of the comple-
ment of that angle. For example,

sin 25° = cos 65°, tan 29° = cot 61°.

Exercises
Fill the blanks in the following with the proper co-function:
1 sin75° =17 b. csc47°29' =17
2. tan 18°20' = ? 6. sec (90° — 4) =?
3. cot 75° 18’ = ? 7. tan38° 15’ = ?
4. sec 19° 37 = ? 8. cos72°18' =?

9. Construct an acute angle A such that tan A = ¢ and write the
other trigonometric functions of the angle.

Solutton. From the definition of the tangent, we know that A is
an angle of a triangle having 3 for oppo-
site side and 4 for adjacent side. The
hypotenuse then is 5 (8, Art. 29). The

functions are, 5 Is
sin A =%, cot A = %,
cos A = %, sec A = %,
tan A = 4, csc A = §. A 7
Construct the angle 4 in the following Fia. 28.
and write the other functions:
10. sin A = . 13. sec A = 3.
11. cos 4 = %. 14. csc A = 2.
12. cot A = 4. 16. tan A = 4.
If in Fig. 27,

16, sin 4 = ¢, ¢ = 15, find a and b.
17. tan A = 4, b = 24, find a and ¢.
18. cos A = 0.325, b = 10, find c,
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80. Relations among the functions. From Fig. 27 we

have,
a? + b2 = ¢2 (8, Art. 29)
az b2
- + - = 1 (leldlng (3) by 62)
c c
But, sin A = g, cos A = é
c c
Hence, sin2 A* + cos2 A = 1.
@ 11 =% (dividing (3) by b
i _i;’( ividing (3) by b%)
But, tan A = g and sec 4 = A
b b
Hence, tan? A + 1 =sce? 4,
It is left for the student to show that,
cot2 A + 1 = csc A.
1 sin A
tan 4 = cot A cosA
1 cos A
oot 4 = tan A sin A
1
A=
see cos A
1
osc 4 = sin A

®3)
()

(4)
(5)

(B)

(©)

(D)

(B)

)

@

The above relations are important and should be learned.

They are known as fundamental identities.

*gin? A, means (sin 4)2.
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Exercises

Making use of the fundamental identities verify the following

identities:
tand —1 1 —cot A
‘tand +1 14cotA

Verification: An identity may be verified by reducing the left-hand
member to the form of the right, the right-hand member to the form
of the left or both members to a common form. Thus,

tand —1

1

— -1
cot A

tan A + 1 B

1
cot A

+1

1—cot A
cot A

14 cot A

cot A
1—-cotd

1+ cot A

an A + cot A = sec A csc A.

8. tan A cos A = sin A.

sind , cos A -1

cscA  sec A

sin A

b. cot A + ————— = csc A.

14+ cosd
1+cot?Ad _
1+ tan?d
7.sinAsecAcot A =1,

cot? A.

8. secA — cos A = sin 4 tan A.

by (D)
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81. Functions of 30°, 45°, 60°. From Fig. 29, we have,

sin 45° = — = —4/2
\/2 2‘/—
1
45° = — = =
cos 73 2\/5,
tan45° = 1, csc 45° = ? = /3,
cot 45° = 1, sec 45° = ‘/TZ = /2.
From Fig. 30, we have,
1
sin 30° = g = cos 60°,
cos 30° = ? = sin 60°,
tan 30° = i_ = 3 = cot 60°
V3 ’
cot 30° = %—5 = tan 60°,
2
sec 30° = —2§ = E\/?’ = csc 60°,
cse 30° = 2 = sec 60°.

Exercises

Making use of the results of Art. 81, find the numerical values of the
following:

1. 7 cos 60° — 2 sin 30° 4+ 3 cot 45°. Ans. 53.
2. 6 sin 60° (sin 30° tan 60° — cot 60°). Ans. 3.
2 60° — 2 60° 2 ° 2 4K°
3 sin? 60 cos? 60°\ /cot? 45° + tan?45 ) Ans. 1.
tan? 30° cotz 30°

4. tan 45° cot 30° + sec 30° cos 45°. . Ans V3 + ‘&\/(_3-
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82. Line values of the functions. Fig. 31 is a circle having
unity for its radius. DB and EC are perpendicular to AC and
FG is perpendicular to AF. Then we may write,

F

Fia. 31.
. BD
gin 4 = iD= BD.
since, A D is the unit.
AB
A=—"—= .
cos AD AB
CE
tan A = E = CE.
AE
A=—= .
sec AC AE
FG
cot A = cot G —E;—FG.
csc A =cscG=£€=AG’.

AF
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83. Variations of the functions. As A increases from 0°
to 90°, it is easily seen from Fig. 31 that

sin 4 varies from 0to 1,
cos A varics from 1to O,
tan A varies from 0 to o0,
cot A varies from o0 to 0,
sec A varics from 1 to o,

csc A varies from oo * to 1.

84. Natural trigonometric functions and logarithms of the
trigonometric functions. In Table III in the back of this text,
the values of the sine, cosine, tangent and cotangent are given
correct to five decimal places, and in Table II, the logarithms
of these functions are given. The method of using these tables
differs very little from that employed in the use of Table I.
A few exercises will illustrate the process.

Exercises

1. Find the value of sin 14° 35’. This value as found in the table
is 0.25179.

2. Find the value of tan 35° 47’. This value is not given in the
tables, but we find the values of tan 35° 45’ and tan 35° 50’ to be
0.71990 and 0.72211, respectively. The difference between these two
values is 0.00221. Since 35° 47’ is two-fifths of the way from 35° 45’
to 35° 50’, we add to 0.71990

£-0.00211 = 0.00084.
Hence, tan 35° 47’ = 0.72074.

* oo is the symbol for infinity. It is evident that as A increases CE
increases and when A becomes 90°, CE becomes larger than any finite value.
We say then that tan 90° = o0,
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3. Find the value of cot 66° 38’. When the angle is greater than
45° we must read up the page, reading the function at the bottom of
the page and the angle on the right. We find the values of cot 66° 35’
and cot 66° 40’ to be 0.43308 and 0.43136, respectively. The differ-
ence between these two values is 0.00172. Since 66° 38’ is three-
fifths of the way from 66° 35’ to 66° 40’, we subtract from 0.43308

£:0.00172 = 0.00103.
Hence, cot 66° 38’ = 0.43205.

4. Find the angle whose tangent is 0.41856. The angle is not found
in these tables, but it lies between the angles 22° 40’ and 22° 45, the
values of whose tangents are 0.41763 and 0.41933, respectively. Now,
0.41856 is %% of the way from 0.41763 to 0.41933. Thus the angle,
whose tangent is 0.41856, is

22° 40’ + %% -5’ = 22° 43,
Hence, tan 22° 43’ = 0.41856.

6. Find log sin 43° 29’ 45”. We find logsin 43°29’ and log sin
43°30’ to be 9.83768 — 10 and 9.83781 — 10, respectively. The
difference between these two values is 0.00013. Since 43° 29’ 45" is
three fourths of the way from 43° 29’ to 43° 30’, we add to 9.83768 — 10

£.0.00013 = 0.00010.
Hence, log sin 43° 29’ 45" = 9.83778 — 10.
6. Find the angle the logarithm of whose cosine is 9.90504 — 10.
The angle lies between 36° 31’ and 36° 32/, the logarithms of whose
cosines are 9.90509 — 10 and 9.90499 — 10, respectively. Now,

9.90504 — 10 is 1% of the way from 9.90509 — 10 to 9.90499 — 10.
Thus the angle, the logarithm of whose cosine is 9.90504 — 10, is

36° 31’ + %-60” = 36° 31’ 30"

Hence, log cos 36° 31’ 30" = 9.90504 — 10.
7. Find the following:
(a) tan 38° 27/, (b) sin 75° 18', (c) cot 5°29.

Ans. (a) 0.79421, (b) 0.96727, (c) 10.417.
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8. Find the angle A when:

(a) sin A = 0.37820, (®) cot A = 2.3424.
Ans. (a) 4 =22°13, (b) A =23°T7".

9. Find the following:

(a) log cos 41° 28/, (b) log tan 76° 18’ 40”.
Ans. (a) 9.87468 — 10, (b) 0.61333.

10. Find the angle A when:

(a) logsin A = 9.32860 — 10, (b) log cot A = 9.36200 — 10.
Ans, (o) 4 =12°18'17", (b) A =T77°2'22".



CHAPTER XII
SOLUTION OF THE RIGHT ANGLE TRIANGLE
85. Formulas for the solution of a rigit triangle. If any

two parts of a right triangle (at least one side) are known the
following formulas are employed to obtain the other parts:

a? + b? = ¢?, (1)
B
A + B = 90°, )
gin A = 2 = cos B, (3
c c a
b_ .
cos A =-=sin B, (4)
¢ A 7 Cc
tan A = % = cot B. (5) Fia. 32.

86. Applying the Formulas. Before attempting to solve
any problem, a careful drawing should be made of the required
triangle (enough parts will be given to completely construct
it). The proper formulas should be chosen and an outline
for the solution be made before making use of the tables.
This will usually save much time. An exercise will illustrate
the plan.

Illustrated Problem I. In a right triangle A = 37° 50/,
b = 15.6. Find ¢ and c.

125
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Solution. Approximate construction.

(a) By trigonametric functions:

b
tan A = E: cos A = -
b c
a=>btan A c= LA
B ’ " cos A
A
15.6
= 1 . . 61. = )
a 5.6 X 0.77661, c 078980
B =90 —- A = 52°10'.
a = 12.115, ¢ = 19.75.
(b) By logarithms:
b
] b t A = )
a an A, c cos 4
B =90 — A.
DATA AND RESULTS Loas
A 37° 50’ tan A 9.89020—10
b 15.6 b 1 19312
B 52° 10/ a 1.08332
a 12.115
c 19 751 b 11.19312—-10
cos A 9.89752—10
c 1.29560

Illustrated Problem II.

¢ = 31.3. Find 4, B and b.

In a right triangle a = 25.6,
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Solution. Figure

B
sin A =2 cos A =§-
c c
a:25.6
smA—i—:g b=ccos A.
sin 4 = 0.81789, b =313 X 0.57548. 4 c
A = 54° 52, = 18.012,

B =90°—- A4 =35°8.

Exercises

Solve the first five exercises making use of the trigonometric func-
tions. Use logarithms on the next three.

1. Given, a = 17.5, A = 47° 10, Find b, ¢, and B.
2. Given, a = 13.7, = 35.3; Find 4, B, and c.
3. Given, ¢ = 340, B = 29° 30'; Find 4, b, and a.
4, Given, b = 275, A = 52°25; Find ¢, B, and c.
6. Given, a = 37.5, b = 122; Find 4, B, and c.
6. Given, a = 25.62, A = 33°20; Find B, b, and c.
7. Given, ¢ = 67.7, A =23°30; Find a, b, and B.
8. Given, a = 32.56, c = 42.82; Find A, B, and b.

9. In measuring the width of a river, a line AB is measured 500 feet
along one bank. A perpendicular to AB at A is erected which locates
a point C upon the opposite bank, and the angle ABC is found to be
38°10’. Find the width of the stream. Ans. 393 feet.

10. Find the height of a tree which casts a horizontal shadow of
75.5 feet when the sun’s angle of elevation is 57° 50’. Ans. 120 feet.

Note. The angle which the line of sight to an object makes with a
horizontal line in the same vertical plane is called an angle of elevation
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when the object is above the éye of the observer and an angle of depression
when the dbject is below the eye of the observer.

horizontal
A epression
horizontal

Fia. 35.

11. A building 30 feet wide and 50 feet long has a gable roof with a
pitch (angle of elevation) of 35°. The rafters project 16 inches
beyond the walls and the roof projects 16 inches beyond the ends.
Tind the length of the rafters and the number of squares of roofing
required. (A square is 100 sq. ft.)

12. A line segment AB, has an angle of elevation of 6.* Find its
horizontal and vertical projections.

Solution. The horizontal and vertical projections of AB are gotten
by dropping the perpendiculars AC, BD, and AE, BF to the horizontal
and vertical lines respec-
tively. CD and EF are the
required projections. We see
then that the horizontal and
vertical projections of a line
segment are equal to the base
and altitude of a right tri-

B F

A R G g angle of which the line seg-
ment is the hypotenuse.
Hence,
- CD = AG = AB cos 0,
Fic. 36. and

EF = GB = ABsin 6.

13. Find the projection of a line 560 feet long running N. 35° 20’ E.
upon 3 line running East and West.

* 0 is the Greek letter theta. Some of the other Greek letters that we
shall use to denote angles are «, alpha; g, beta; v, gamma; ¢, phi.
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14. A force of 250 lbs. making an angle of 36° 10’ with the horizontal
acts upon a heavy body. Find the forces which tend to move the
body horizontally and vertically. (These horizontal and vertical
forces are called the horizontal and vertical components.)

16. Horizontal and vertical forces of 150 lbs. and 80 lbs., respec-
tively, act upon a body. What is the resultant of these forces and
what angle does the line of this resultant force make with the hori-
zontal?

16. A flag pole 75 ft. high casts a shadow 122 ft. long. What is the
angle of elevation of the sun at that time?

17. A telephone post is anchored to a stone buried in the ground by
a stay wire which makes an angle of 63° with the horizontal. The
tension in the wire is 500 lbs. Find the horizontal and vertical pull
on the stone.

18. From a point 4 in a level plain the angle of elevation of the top
of a hill is 38°. From a point B, 750 ft. closer to the hill the angle of
elevation is 70°. How high is the top of the hill above the plain?

Ans, 8189 ft.



CHAPTER XIII

TRIGONOMETRIC FUNCTIONS OF ANY ANGLE
SOLUTION OF THE OBLIQUE TRIANGLE

87. Trigonometric definitions. In Art. 78 the trigonometric
functions for an acute angle were given. We shall now extend
these definitions to include any angle. Coordinate axes
(Art. 30, Fig. 11) will be employed in the location of the angle.
Starting with the positive extremity of the X-axis and going in
a counter-clockwise direction the coordinate axes divide the
plane into four quadrants numbered I, IT, III, IV (Fig. 37).

A positive angle is described when a radius OP is rotated
about O, counter clockwise, from the initial position OX into a
terminal position OP.
Denoting this angle by 6,
Plz.y) the coordinates of P by

I I (z, y), and OP by r we
have from Fig. 34 the
" following definitions:

Y

. Y
. Xsn6=— csc=-—
r

z
I v cos 6 = ;’ sec 0 =

Fra. 37. tan 0 = Y, cot 0 =
z

These definitions hold for an angle whose terminal side lies
in any one of the four quadrants.
130
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88. Laws of signs.

lowing diagram:

131

The algebraic signs of the trigonometric
functions for angles terminating in the respective quadrants are
determined by the signs of x and y for that quadrant. The
student may show that these signs are as indicated by the fol-

Quadrant sin cos tan cot sec csc
I + + + + +
II - - - -
111 - - ———_—— + + _ -
v - + - - + -

89. Functions of negative angles.

re =11, X2 = I,
We may write,

sin (—46)

cos (—0)

tan (—0)

cot (—0)

I

Y2 = —Y1.
__—n
r2 T1

X2 I
r2 T1
_Y2_Ty_
2 x1
X2 T

A negative angle is
described when a radius, OP is rotated about O, clockwise,
from the initial position OX.

In Fig. 38 angle AOP: is equal to — 60, angle AOP; is equal to 6.

)
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Y

By (2,9,

<

\+0 A
OIN\ -6 X

¢

Fy(zp1)
Fia. 38.

The above relations hold for angles whose terminal sides lie
in any one of the four quadrants.

90. Functions of 180° — 6. Supplementary angles. In
Fig. 39 triangle OA2P> equals triangle OA;P;, and z2 = — 1,
y2 = y1, r2 = r1. Hence,

Y

Py (25.3) By

oy
P
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sin (180 — 0) = 2= Lo g,

re r1
cos (180 — 8) = R cos 0,

T2 r1

{ ©)]

tan (180 — 6) = 2 = XX —_ tany,

xTr2 —X1
cot (180 — 6) = =2 = == = — cot 6.

Y2 Y1 J

The student may show that the above relations hold when 8
is an angle of the second quadrant.

Exercises

1. Show that the fundamental identities (Art. 80) hold for angles
in any quadrant.
2. Writing 180° + 6 as (180 — (—6)) and making use of relations
(2), Art. 90, and (1), Art. 89 show that
sin (180 + 6) = — sin 6,
cos (180 + 6) = — cos 6,
tan (180 4+ 6) = tan 6,
cot (180 + 6) = cot 6.

@

8. Make the proper drawings and show that the functions of 90° — ¢
are equal to the co-functions of 6.
4. Write 90° + ¢ as (90 — (—6)) and making use of (1), Art. 89

show that
sin (90 + 6) = cos 6,

cos (90 + 6) = — sin 6,
tan (90 + 6) = — cot 6,
cot (90 + 6) =— tan 6.

@
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6. Fill the blanks with the proper function of the supplement of
each angle:

(a) sin 110° = sin 70° (e) cot 109° 15" =
() tan99° 18" = (f) cos 135° =

(c) tan (90° + 0) = (g9) cos (90° — @) =
(d) sin 175° = (h) cot 120° =

6. Draw figures and show:

(@) sin 70° = cos 20° = sin 110°,
(b) sin 130° = sin 50°,
(c) sin 220° = — sin 40°,
(d) cos 190° = — cos 10°.

Y
Fy(zyy,) F: (54
> &y
11
-0\
) X
Fra. 40.
Solution (a). In Fig. 40
Ty =T X3 =— X1y Y2 = Y1.
Hence, sin 70° = £ = ¥ = sin 110°.
T T2
Also, sin 70° = cos 20°, (Art. 79)

sin 70° = cos 20° = sin 110°.
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91. Functions of the sum of two angles. In Fig. 41, SR
is perpendicular to OR and SN is perpendicular to OM, and
A STR is similar to A OMR.

We may write,

sin (0 + ¢) = N—S = M““‘_—“RO—; T8
But MR = OR sin 8 = OS cos ¢ sin 6,
and TS = SR cos 6 = OS sin ¢ cos 6.

649

0o N M
Fia. 41.

Hence, sin (8 + ¢) = sin 6 cos ¢ 4 sin ¢ cos 6. 5)

ON OM - TR
Also, cos (6 + ¢) = S = T
But OM = OR cos 8 = OS cos ¢ cos 6,
and TR = SR sin § = OS sin ¢ sin 6.
Hence, cos (6 + ¢) = cos 6 cos ¢ — sin 6 sin ¢. 6)

From (5) and (6) we have,

gin (0 + ¢) _ sin 6 cos ¢ + sin ¢ cos §
cos (9 + ¢) cosf cos ¢ — sin ¢ sin O

tan (6 + ¢) =
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If we divide both numerator and denominator of the above
expression by cos 8 cos ¢, we get,

gin 6 sin ¢

cosf@ cos¢ .

tan (0. 4+ ¢) = _ sin 0.sin ¢
cos § cos ¢
t
Hence, tan (6 + ¢) = ﬂm (7)

1 — tan 6 tan ¢

In Fig. 41, 6 and ¢ are acute angles and their sum is also
acute. However, relations (5), (6), and (7) hold for all angles
of any magnitude, and we assume this without proof.

92. Functions of the difference of two angles. If we
write sin (9 — ¢) as sin (8 + (—¢)) and substitute in (5),
Art. 91, we get,

sin (§ — ¢) = sin 0 cos (—¢) + cos 6 sin (—¢).
But cos (—¢) = cos ¢, sin (—¢) =— sin¢. ((1), Art. 89.)

Hence,
sin (6 — ¢) = sin 6 cos ¢ — cos 0 sin ¢. ®)
The student may show that,
cos (8 — ¢) = cos 6 cos ¢ + sin 6 sin ¢, ()]
tan @ — tan ¢ )

and tan (6 — ¢) (10)

=1+tan0tan¢

93. Functions of twice an angle. If we make ¢ = 6 and
substitute in (5), Art. 91, we get,

sin 26 = 2 sin 6 cos 6. (11)
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When ¢ = 6 (6) becomes,

cos 260 = cos? § — sin? 6, (12)
=1— 2sin29 ((A), Art. 80.)
= 2cos260 — 1. ((A), Art. 80.)
The student may show that,
2 tan 6
2 = ———
tan 20 = e g (13)

94. Half-angle formulas. In (11), (12), (13), Art. 93, let

0= g, and we get,

sinz = 2 sin g cos g (14)

cosx = coszg - sinzg (15)

T
=1—2 in2 =
sm2
x
=2cos? - — 1.
0082

2 tan —;
tanz = — (16)
— tan2 >
1 — tan 2
Solving the second, and third forms of (15) respectively for

. z
sin 2 and cos 2 we get,

N 1 —cosx
sin 5 =4 \f 2 a17)
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T
and : cos§ =4 \/Li;ﬂv- (18)

95. Sum and difference formulas. If we add (5) and (8),
subtract (8) from (5), add (6) and (9), and subtract (9) from
(6), respectively, we get,

sin (6 + ¢) +sin (6 — ¢) = 2sin 6 cos ¢,
sin (0 + ¢) —sin (8 — ¢) = 2 cos fsin ¢,

19
cos (0 + ¢) +cos (8 — ¢) = 2cos 0 cos ¢, (19)
cos (6 + ¢) — cos (8 — ¢) =— 2sin §sin ¢.
let 0+ ¢ =2 60— ¢ =1y, then,
_r+y _r—y
b=—" ¢=73

Making these substitutions in (19), we have,
sinx+siny=2sinx;ycosx;y (20)
sinx—-siny=2cosx+ysinx_y (21)

2 2

cosz+cosy=2cosx;ycosz;y (22)
cosx—cosy=—28inz+ysinx_y (23)

2 2
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Exercises

1. Show that cos 75° = i(\/é -V2).

Solution. cos 75° = cos (45° + 30°)
= co08 45° cos 30° — sin 45° sin 30°, ((6), Art. 91)

= V24 V3 -} V2.4 (Ar. 81)
=3v6-1V2

2. Show that cos 15° = sin 75° = 3(V/6 + V2).
3. Show that tan 15° = tan (45° — 30°) = 2 —\/3.

4. Draw a figure and show that (5) and (6) hold when (6 + ¢) liesin
the second quadrant.

6. If sin z = 1, find sin 2z, also cos 2z, and tan 2z.

Solution. By the method of exercise 9, Art.79, we find that if
sinz =3, cosz =242 and tanz =32
Then by (11), Art. 93, we have,

sin 22 =232V2=4V2 cos2=? tan2 =?
6. Find tan 43° 36/, if tan 21° 48’ = 4.

7. Find sin 15°, knowing cos 30° = \/T~
8. Show that sin 3¢ = 3sin § — 4 sin3 6.
Hint: Write sin 30 as sin (20 + ), and expand by (5), Art. 91,
and apply (11), (12), Art. 93, and (4), Art. 80.)
9. Show that cos 30 = 4 cos?§ — 3 cos 6.
10. Show that sin 40° + sin 10° = 2 sin 25° cos 15°.
11, Show that sin 70° — sin 40° = 2 cos 55° sin 15°.
sin 5z + sin z -

12, Show that
cos 5z + cos x

tan 3z.
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. . tanz+y

sinz+siny 2

sin z — sin y z—y
2

13. Show that
tan

96. Theorem of sines. The lettering in figures 42 and 43 is
similar to that in figure 27. Draw a perpendicular p from

B B
! H
1 ]
1 a ¢ 1
J ip P
1 |
l Pl P —— AT J‘
Fia. 42. Fia. 43.

vertex B to opposite side b (opposite side produced in Fig. 43).
Then, from the right triangles AKB and CKB, we get,

sin A =1—), sinC=£-
c a

Dividing sin A by sin C, we have

This is true for both Figures 42 and 43, for in Fig. 43, we
have

sin (180 — C) = sin C.

Drawing a perpendicular {rom vertex C to side ¢, we would
get, similarly,

w-
'S

1n
1n

()

mo
o]
SRS
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Also, drawing a perpendicular from vertex 4 to side a, we
would have,

Q

in
in

wm

©

L
b

m-
(=]

The above results may be written in the form,

sinA_sinB__sinC’
a b ¢

(24)

Theorem. In any triangle the sines of the angles are pro-
portional to the opposite sides.

By observing (a), (b)) and (c) itis easily seen that the
Theorem of Sines may be used to solve a triangle when two

sides and an angle opposite one of the sides are given, or when
the angles and a side are given.

Example I. Given a =
5.63, b = 42.3 and A = 25°
10’; find B, C, and c.

Solution. Construction, Formulas,

bsin A
a

sin B = ’

C =180 — (A + B),

asin C
sin A
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DaTa AND REsULTS Loas
a 35.6 b 1.62634
b 42.3 sin A 9.62865—10
A 25° 10’
11.25499—-10
B 30° 21’ a 1.55145
C 124° 29/
c 69.005 sin B 9.70354 —10
a 1.55145

sin C 9.91608—10

11.46753 —10
sin 4 9.62865—10

c 1.83888—10

This example admits of two solutions which is evident from
the above construction, i.e., both triangles ABC and AB’C are
solutions.

Second solution (4 B'C):

B’ = 180° — B = 149° 39’,
C =180° — (4 + B’) = 5° 1V,
asin C

= = 7.567.
¢ sin A 7.567

As a matter of fact, when two sides and an angle opposite one
of the sides are given, the data may admit of two solutions, one
solution or no solution, but these facts will come out in the
solution and we need not generalize on them.

C
b Example II. Given a = 45.6,
" A =35°15, B=76° 10/; find
b, ¢, and C.
A B

[
Fi1a. 45.
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Solution. Construction, Formulas,
C =180 — (4 + B),

asin B
= ’
sin A
_ asin C
sin A
DaTA AND RESULTS Loas
a 45.6 a 1.65896
A 35° 15 sin B 9.98722—10
B 76° 10/
11.64618—10
C 68° 35’ sin A 9.76129—-10
b 76.717
c 73.553 b 1.88489
sin C 9 96893 —10
a 1.65896
11.62789—10
sin A 9.76129-10
c 1.86660
Exercises

143

1. Make drawings to show that when two sides of a triangle and an
angle opposite one of these sides are given there may be two solutions,

one solution or no solution.

2, Givena = 483, A =48°30, B = 75°1%; find b,c.

8. Given a = 149.5, b = 115.6,

4. Given a
6. Given b

231, c¢=

16.5,
1256, B = 39° 45,

A= 71°20; find B, C,ec.
C = 33°10'; find 4, B,b.
C =105°15; find A4, a,c.



144 AN INTRODUCTION TO MATHEMATICS [cHAP. XIII

97. Theorem of cosines. In triangle ABC drop a per-
pendicular  from B to side b. From the right triangle BHC,
we get,

(@) a? = h? + HC?
=h24 (b — AH)?
= h? + AH? + b? — 2bAH.
But from the right triangle A BH, we have,

®) h2+ AH2=c? and AH = ccos A.

B
B
[
¢ h a a h
A L c al— ) __] H
H b (o
Fia. 46. Fia. 47,
Substituting (b) in (a) we get,
a? =b% + ¢ — 2bc cos A. (25)
It may also be shown that,
b2 =a® 4+ ¢ — 2accos B, (26)
and ¢ =a%4 b2 —2abcosC. 27

Theorem. In any triangle the square on any side is equal to
the sum of the squares on the other two sides minus twice the
product of the other two sides and the cosine of the included angle.

It is evident that the Theorem of Cosines may be used to find
the third side of a triangle when two sides and the included angle
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are given. It may also be used to find the angles of a triangle
when the three sides are given.

Example I. Given a = 37.5, b = 18.5 and C = 39°45’;
find c.

Solution. From (27) we have,

¢ = (37.5)2 + (18.5)% — 2(37.5)(18.5)(0.7688)
= 681.79.
¢c= 26.11.

Example II. Given a = 42, b = 17, ¢ = 53; find the angles.
Solution. Solving (25) for cos A, we get,
b2 + 2 — a2
2bc
and substituting for a, b, and ¢ their values, we have,
_ (72 + (33)2 — (42)°
- 2 X 17 X 53
A = 42°15,

And by using (26) and (27) we could get angles B and C.

cos A =

0s A = 0.7403.

Exercises

1. In example II, find angles
B and C.

2, Show that the Theorem of
Pythagoras is a special case of
the Cosine Theorem.

8. Making use of the Theorem
of Sines, find angles A and B of
Example I.

4, Given b = 52.5, ¢ = 434,
A = 45°20'; find B, C, and a. Fia. 4

|
|
|
1
H
8.
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Solution. Construct the triangle and drop perpendicular % from B
toside b. This gives us two right triangles, ABH and CBH. Let AH
be represented by m and HC by n.

Formulas:
h
(1) h =csinA4, €)) tanC' = —,
(2) m =ccos 4, (b)) B=180—(4+0),
] o _ csin 4 _ _}_l_
Hn=b-—m, ©a =3¢ “snC
DaTta AND RESULTS Loacs
[ 1.63749

awossrlame
[V*]
(=]
g
=]

Check: a b

sinA sinB’
log a = 1.57862

log sin B = 9.99353 — 10

1.57215

sin A 9.85200—10

h 1.48949
cos A 9 84694 —10
c 1.63749
m 1.48443
h 1.48949
n 1.34225

tan C 0.14724

h 11.48949—10
sin C 9 91087 —10

a 1.57862

=——; asinB = bsin 4.

log b = 1.72016
log sin A = 9.85200 — 10
1.57216
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6. Given a = 296, ¢ = 236, b = 75°20’; find 4, C, and b. (Solve
similar to exercise 4.)

6. Given a = 385, b = 476, ¢ = 225; find angles A, B and C and
check by the Sine Theorem.

98. Theorem of tangents.* From the Theorem of Sines,
we have

a sind

(a) Z " sin B’
® a+b_sinA+sinB
b sin B ’

adding 1 to both members of (a).
a—b sinA—sinB
= ?
b sin B
subtracting 1 from both members of (a).
a+b sinA-+sinB
(d) =

a—b snd—snB
dividing (b) by (c).
From (20) and (21), Art. 95, we have,

A+B A-B

(9

© sinA+sixmB__2’Sln 2 cos 2
X sin A —sin B A+B .  A-PB
2 cos sin
2 2
tanA+B tA_B
= ]
2 T2
A+ B
—ta—n ___2 .
~ A-B
tan————2

* Art. 98 may be omitted from this course.
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Combining (d) and (¢), we get,

tanA+B
a+b= 2 28)
a—2>b tanA—-B
2
We may show in a similar manner,
B+C
tan
bte_ 2_, 29)
b—c¢c tanB_C
2
tanA+C
and ate_ 2 - (30)
a—c tanA—(J
2

Theorem. In any triangle the sum of two sides divided by
their difference, is equal to the tangent of half the sum of the opposite
angles divided by the tangent of half the difference of these angles.

The Theorem of Tangents may be used to solve a triangle
when two sides and the included angle are given. This will be
illustrated by an example.

Example I. Given a = 255, b = 182, C = 48°20'; find A,
B and c.

Solution. Construction, Formulas,

tan $(4 — B)
a_
=a+btan1}(A + B).
A+B=180-C.
asin C

sin A
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DaTa AND REsvLTSs Loas
a 255 a—b 1.86332
b 182 tan (A + B) 0.34803
a+b 437 12.21135—-10
a—2> 73 (a +0) 2.64048
C 48° 20’ tan $(A — B) 9.57087—10
A+ B
;_ 65° 50’ a 2.40654
A—B gin C 9.87334—10
—— 20° 25’
2 12.27988—10
sin A 9.99907 —10
A 86° 15’
B 45° 25 ¢ 2.28081
c 190.9

Check: bsin A = asin B.

log b = 2.26007 log a = 2.40654
log sin 4 = 9.99907 — 10 log sin B = 9.85262 — 10
2.25914 2.25916

99. Area of a triangle. We know that the area of any
triangle is equal to one half of any side multiplied by the altitude
to that side (Formula 3, Art. 29). Also, 4, Art. 29 gives us the
area of a triangle when the three sides are given.

Formulas expressing the area of a triangle in terms of any
three of its parts (not all three angles and no side) might be
derived, but we prefer to have the student remember the above
principle and work out each problem separately. A problem
or two will illustrate the method of procedure.

Example I. Given a = 25.6, b = 37.5, C = 42°20’; find
the area of the triangle.
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Solution. Construction,

Formulas,
(a) Area = }bh,
%) = asin C,

(c) Area = Jabsin C
= 4 X 25.6 X 37.5 sin 42° 20’
=3 X 25.6 X 37.5 X 0.67344 = 323.25.

e ) 1

C, A
i b H
Fia. 50.
Example I. Given a = 225, A = 45°30/, <

B = 75°10’; find the area.

Solution. Construction, Formulas,

(a) Area = ah,
() C =180 — (4 + B),

-
—
-
-
-
—

asin C A

)

C C = —
© sin A Fig. 61.

. asin Bsin C
(d) h=c¢csinB = A
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1,2sin Bsin C
2 sin A
_1(225)? sin 59° 20/ sin 75° 10/
T2 sin 45° 30’
29508.
Exercises

1. Givena = 75, b = 38, A = 37°; find the area of the triangle.
2. Given a = 65, b = 75, ¢ = 92; find the area of the triangle.

‘3. Given ¢ = 492, a = 525, A = 76° 40’; find the area of the tri-
angle.

4. Given A = 47°20', B = 75° 25, ¢ = 75.2; find the area of the
triangle.

Area =

100. Summary of methods of solving any triangle. We
will divide the discussion up into four cases.

Case 1. Given two angles and a side. The Sine Theorem will
be applied in this case.

Case II. Given two sides and an angle opposite one of the sides.
The Sine Theorem will be applied here.

Case III. Given two sides and the included angle. If only the
third side is required, it may be obtained directly by using the
Cosine Theorem. But if the other angles are also required,
one of two methods may be used; we may apply the method of
example 4, Art. 97, or we may use the Theorem of Tangents,
Art. 98.

Case IV. Given the three sides to find the angles. The Cosine

Theorem may be used in this case as illustrated in Example II,
Art. 97,
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Examples on Chapter XIII

1. Solve the following triangles for the unknown parts:

(1) a = 372, b = 450, ¢ = 525; find the angles and the area.

(2) a=52,b=175C = 37°10; find ¢, 4, and B and area.

(3) b =628, a =737 A = 35°45; find ¢, B and C and the
area.

(4) Given A = 75°25', B = 37°45’, ¢ = 455; find a, b, C
and the area.

2. Given b = 875, ¢ = 458, A = 72°20’; find B, C and a, using
the theorem of tangents.

3. Given @, b, A; write down the proper equations for obtaining
the unknown parts, including the area.

4. In order to find the distance between two points, 4 and B,
separated by a high hill, a point C was taken where both A and B
could be seen. CA, CB and angle ACB were measured and found to
be 2521 feet, 3623 feet and 70° 45’ respectively. Find the distance
from A to B.

6. To determine the distance of a point A across a lake from a point
B on the near shore, a line BC and the angles ABC and BCA were
measured and found to be 2562 yd. 75° and 62° 20/, respectively.
Find the distance AB.

6. Two streets meet at an angle of 80°10’. How much land is
there in the triangular corner lot which fronts 425 feet on one street
and 315 feet on the other?

7. From the top of a hill 650 feet high the angles of depression of the
top and bottom of a tower are 52° and 65° respectively, what is the
height of the tower?

8. Two forces of 200 lbs. and 175 lbs. act at an angle of 50° with
each other. Find the resultant force and also the angle that the
resultant makes with the 200 Ib. force,



CHAPTER XIV
THE DERIVATIVE AND SOME APPLICATIONS

101. The meaning of a tangent to a curve. In Fig. 52 we
have a curve C cut by a line [
in the two points P and Q.
Now assume that P is a fixed
point and that @ moves along
the curve towards P. As @
moves towards P the line [
turns about P and approaches,
in general, a limiting position
(PT in the figure), and at the
instant when @ coincides with
P the line ! coincides with
PT. Theline PT s called the
tangent to the curve C at the Fio. 52.
point P.

l

102. The derivative. Let us consider the curve, Fig. 53,
whose equation is y = f(z). Take any point P(z,y) on the
curve and increase the abscissa of the point by an amount Az
(read delta z, and not delta times z) and let Ay denote the cor-
responding increase of y. We notice that this gives us a second
point Q(z + Az, y + Ay) on the curve. We note that y has
changed by an amount Ay while z was changing by an amount

A
Az. The ratio —A—Z is the average rate of change in y with respect

to z within the interval Axz. We also observe that this ratio is
153
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the slope of the chord PQ. (See Art. 36.) If we now let Az
) A
approach 0, the ratio B—Z generally approaches a fixed value

which is defined as the rate of change of y with respect to x at
the point P. 1t is also evident that as Az approaches 0, the

Y V
Q(z+az,y+4y)

Ay

e

P(zy A R

Fig. 53.

point @ approaches the point P, the chord PQ approaches the

A
tangent ¢, and the ratio A—‘Z approaches as its value the slope

A
of the tangent at the point P. The limiting value of A_Z as Az

approaches 0 is defined as the derivative of y with respect to z at
any point P(z,y). The derivative is designated by the symbol

dy .
77 and we write,

Lim Ay _dy
Az —0Az dz



ART. 102] THE DERIVATIVE AND SOME APPLICATIONS

We shall now find % for y = 2. We have,
y =z
Y+ Ay = (z + Az)2 = 22 + 2zAr + Az2.
Subtracting (1) from (2) we have,
Ay = 2zAz + Ax2.
Dividing (3) by Az,

ﬁ=%+m
dy Lim Ay  Lim

and £=A.’I:-—)0A—x—‘A$—)0

Exercises

(22 + Az) = 2.

155

1)

@)

®3)

(C)

1. Find the slope of the curve y = 3x2 — 5z + 2 at the point (2, 4).

Solution.
y = 3x2 — bz + 2.
¥+ Ay = 3(z + Az)?2 — 5(x + Az) + 2.
Ay = 6xAz + 3Ax% — 5Ax.

2Y _ 6z + 34z — 5.
Ax

dy
= =6z —5.
dz

The slope at any point (z, y) is (6x — 5).

()
@
)

4

)

The slope at the point (2, 4) is oljtained by substituting 2 for z in (5),
which gives us 7. Hence the tangent to the curve, y = 322 — 5z + 2,

at the point (2, 4) has 7 for its slope.

2. Find the derivative of y = L
z
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Solution.
: 1
y=- 1
x
+ Ay = 1 @)
Y Y z + Az
1 1 — Az
Ay_:c+Ax_;—x(x+Ax). ®
ay_ =1
Az z(z + Ax) @
dy _ =1
iz (5)
3. Find the derivative of y = Vz.
Solution.
y = V. 1N
y+ ay = Vz + az. @)
Ay='\/x+A:c——\/;. 3)
_(Vatm - VoVrt+a+ Vi)
(Vz + a2z + V)
(See Ex. 21, page 78)
_ (z+ az) — 2 - Az
Ve+az+Vz Vz+az+Vz
Az '\/:v+Az+\/;:
dy 1
—_—— — 5
e 24/z g ©)

Find the slopes of the following curves at the points indicated.
4. y = 2 — 3z + 2, at the point where z = 3. Trace the curve.
6. y=223+ 2+ z,atz = 2.
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6. y= 1 l,atz=1.

xz

7. At what point does the curve y = z? + 3z + 5 have the slope 5?
Ans. (1, 9).

8. At what point does the curve y = 22 — 4z + 10 have the slope
0? Trace the curve and notice carefully its shape at the point where
the slope is 0. (See Art. 48.) Ans. (2, 6).

9. If 1 is the length of the side of a square, the area A is given by
A =12 1If | is changing, find the rate at which A is changing when
l=4ft.

Solution.
A =1 (1)
A+ 2A = (I + a2 2
AA = 2lAl + Al @3)
AA
— l.
o 21+ A ()
dA
— = 2I,
¥ ®)
When I = 4, the rate of change is %i;-] =8. That is to say,
1 =4

the rate of change of A with respect to [ when ! = 4, is 8 times the rate
at which ! is changing.

10. If the radius of a circle is changing, what is the rate of change
of the area A when the radius is 3 feet? (See 5, Art. 29.)

103. Derivative of a constant. If y = ¢, then it does not
matter what the values of z and Ax are; y will remain
unchanged, and Ay = 0.

d
Hence, &y =0, and @ _ 0.
Ax 2
d
Thus, Z_o. )
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104. Derivative of a sum. If » and v are functions of z,

then,
d du dv
T =+ (8]
Proof. Lety = u + v.
y+ Ay = u+ Au+ v+ Av. (1)
Ay = Au + Av. @)
A Au . Av
=t ®)
r Ar Az
dy_du do @
de dx dx
105. Derivative of a product. If u and v are functions of z,
then
d dv du
;i:_t(uv) = ud—:c— + vd_x (III)
Proof. Lety = u-v.
y + Ay = (u + Au)(v + Av) 1)
= uv + ulv + vAu 4+ Aulv.
Ay = ulv + vAu + Audwv. )]
Ay Av Au Av
- = y— Au—- 3
vl v ®
dy dv  du
b AN e f 4
i iz + Ydz @
. Lim Av 0 dv
since, Az —0 Au--A—x = .d—:; =

If v = ¢ (constant), we have from (III),
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2 () = oo
dz- " = ‘az

159

(II1)

108. Derivative of a quotient. If » and v are functions of z,

then,
du dv

4(4). Yz~ Ydm
dz\v/ v?

Proof. lLety =

(SRS

u+Au.
v+ Av

y+Ay =

_u + Au %
v+ Av v
_uv+vAu—uv—uAv
v(v + Av)
vAu — uAv.
v(v 4 Av)
Au Av

r— — —

w
Ay Az Ar

Az v(v + Av)
du _ _@
fig _ Ydz udx.
dr v2
If u = ¢ (constant), we have from (IV),
dv

_d_<9>_ S
dz\v/  ?

Iv)

¢y

@

6)

C)

(Iv')
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10%. Formulas stated in words.

1. The derivative of a constant is 0.

II. The derivative of the sum of two functions is equal to the
sum of their derivatives.

II1. The derivative of the product of two functions is equal to
the first function times the derivative of the second plus the second
times the derivative of the first.

III'. The derivative of a constant times a variable is equal to
the constant times the derivative of the variable.

IV. The derivative of the quotient of two functions i3 equal to
the denominator times the derivative of the numerator minus the
numerator times the derivative of the denominator, divided by the
square of the denominator.

IV’. The derivative of a constant divided by a function is equal
to minus the constant times the derivative of the function divided
by the square of the function.

108. Derivative of u”. If y = u", where u is a function of z
and n is a positive integer, then,

By _ -1,
o = nw T 4%)
Proof:
¥y + Ay = (u + Au)"
= u" + nu""'Au + n(nz-’— D) "2Au+ ...+ Aut. (1)
(See Art. 52.)
Ay = nu""'Au + mzzi'lzu"—’&su2 + ...+ A @)
Ay  ._Au (n—1) ., Ay n-1A%
Ax—nu Ax+ 20 u Aqu+...+Au Az 3)
d du
Ey = nu""‘%! 4)
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.

. Lim _1Au du
since Ax-»O(A " A:c> =0 = 0.
If y = 2"(u = z), (V) takes the particular form,
% = nz*" )

Although the above proof is valid only for positive integral
values of n, formulas (V) and (V') are true for all values of the
exponent. This we shall assume without proof.

Exercises
Find the derivative of the following functions:

1 y=3:c’—5:c=+2z+4.
Solution. %— = 3 (x’) - 5—( ?) + 2——(x) (See (IT) and (III').)
= 9z — 10z + 2. (See (V’).)
Hence, %(3.1:’ — 5zt 4+ 2z + 4) = 922 — 10z + 2.
2. y = (z2 4 2) (323 + 4z).
Solution. ‘—l-— = (22 + 2) (33':a + 4z) + (3=* + 4:::) (a:2 + 2).

(See (1I1).)
= (z2 + 2) (922 + 4) + (3z® + 4x) 2z.
= 15z¢ 4+ 3022 4 8.

Hence, éix(:c’ + 2) 3z + 4z) = 15z¢ + 3022 + 8.

z2 4+ 3z
zx—2
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(o — 2% + 32) — (= + 39 2@ — 2)
dz dz

Solution. oz = F—
(See (IV).)
_@—-2)@2z+3) — (22 + 32)
(z —2)2
_ =4z — 6_
(z—2)t
2?4+ 3z 2 —4r —6
Hence, dx( p— ) w2

4. y = (223 4 3z + 2)s.
Solution. This function is of the form u”, where u = 223 + 3z + 2
and n = 3.
Hence, using (V) we obtain,
Z—ix = 3(2z% + 3z + 2)2(622 + 3).

B. y =V/3z* + 22 + 5.
Solution. y = (3z? + 2z + 5)/3.

ZZ —(3:lc2 + 2z + 5)7%3(6z + 2). (See (V).)
6x + 2

3(3z? + 2z + 5)*

Hence, 7 \3/3:5’ +2r+5=

6. y=1— 3z — 5x? — z3.
7.y =2 — 33 — 225,

8. y= 1 1 + ..3_ (Use (IV').)
T x2 xs
3z -1

S v=o o

10. y = (423 — 5z)(z? — 5z + 2).
11. y = (22 + 3z)*(x® + 5z + 2).
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12. y = Vo3 — 922 + 4.
_(+9 -2

x2

13. y

Find the slope of each of the following curves at the point indicated:
14. y = 322 4+ 2z + 5, wherex = — 1.

Solution. The slope at any point (z, y) is;l—% =6z + 2. (SeeEx.1,

page 155.)
The slope at the point where £ = — 1 is therefore — 4.

16. y = ——x——,wherex=3.
x+3

16. y = (x + 2) (z*2 + 1), wherez = — 1.

Find the equation of the tangent to each of the following curves at
the points indicated:

17. y = 222 + 3z 4+ 1, wherex = — 2.
Solution. At the point where z = — 2, y = 2(— 2)2 + 3(— 2) +
1 = 3. The slope of the tangent at the point (— 2, 3) is — 5.
Hence, the equation of the tangent is
y—3

5z +y+7
18. y = x3 — 32* + 4x + 5, wherez = 2.
19. y = 223 — x2 — 4, wherez = 1.

20. Find the tangent to the curve ¥y = 3x2 — 2z which shall have 5
for its slope. Ans. 5z —y — 3 =0.

— 5(z + 2). (See equation (7), page 53), or,
0.

109. Increasing and decreasing functions. A function,
y = f(z), is said to be increasing when it increases as x increases
and s said to be decreasing when it decreases as x increases.
Assume that figure 54 is the graph of y = f(zr). Going from
left to right, we notice that the curve is rising between the
points P; and P, falling between the points P2 and Ps, and
rising to the right of P3. In other words, the function f(z) is
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increasing as x increases from 1 to x2, decreasing as x increases
from z2 to z3, and increasing as z increases from z3 to s, and
so on. We notice also that the slope of the tangent is positive
when the curve is rising and negative when the curve is falling.
(See Figs. 18a and 18b.) That is, the derivative of f(z)

Y

E, (z3,)

Py (zq9,)

Lx (zp3y)

is positive when f(z) is increasing and negative when f(z) is
decreasing.
Hence, we conclude,

Fia. 54.

dy :
If i > 0, y = f(x) increases.

If j_lz <0, y = f(x) decreases.

Example. Show that y = 22 + 4x + 3 is decreasing when
z =— 4 and increasing when £ = 0. Graph the function.
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Solution. Y
= 72
y =22 + 4z 4+ 3. -5.8) 1.9)
dy
—= =2 4,
dz z+
d
When 2z =-—4, Y
dx “4:3) 0,3)
Hence, y is decreasing. /
d X
When z =0, . 4, 0
dx -2,-1)
Hence, y is increasing. Fie. 55.

110. Maxima and minima. Maxima and minima values of
quadratic functions were discussed in Art. 49, Maxima and
minima values in general will now be discussed. A mazimum
value of a function is that value where the function ceases to
tncrease and begins to decrease. A minimum value of a function
is that value where the function ceases to decrease and begins to
increase. A maximum point is that point on the graph of a
function where the graph ceases to rise and begins to fall. A
minimum point 18 that point where the graph ceases to fall and
begins to rise.

Observing Fig. 54, we notice that P; is a maximum point
and Pj3 is a mintmum point. It is evident that at such points
the tangent is parallel to the X-axis; that is,

dy

=0.

dx
However, the vanishing of the derivative does not mean that
the function necessarily has a maximum or a minimum. The
tangent is parallel to the X-axis at the point Py, but the function
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has neither a maximum nor a minimum there. It appears
from the figure that the test is as follows:

d d
At a point wher EZ =0, if ;l—i! changes from positive to nega-

. . . . . dy
tive (as x increases), y s a maximum; if iz changes from nega-

. . . . . QY .

tive to positive, y is a minimum; if P does not change sign, y
dx

18 metther @ maximum nor a minimum.

Example. Find the maximum and minimum values of the

B 2
function, y = 3 "9~ 6z + 5. Graph the function.
Solution.
3 2P
y=3 -3 ~6+5 ¢y
gg=x2—x—6=(x+2)(:c—3) 2)
dz ’
dy
When o =0, z=—2,3.

When z=—2 y =12}

When z =3, y =— 8%.

d
When z < — 2, we notice that d—Z > 0 and when z >— 2

d
we find that (-l_i!: < 0. Hence, the point (— 2, 12}) is a maximum

point on the graph of the function and 12} is a maximum
value of the function.
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d d
When z < 3, ,—1% < 0; and when z > 3, E% > 0. Hence,

the point (3, — 8%) is a minimum point on the graph and — 8}
is a minimum value of the function. (See Fig. 56.)

Y
212%)

(0.5)

4y o X110

(3-8%)

Fia. 56.

Exercises
In the following exercises determine the value of = for which Z——z = 0.

Determine the corresponding values of y and show whether these
values are a maximum or a minimum,

1. y=2?—4zx+ 5. Minimum at (2, 1).

2. y=—2z*+ 6z + 7. Maximum at (3, 16).

3. y = 2%+ 322 — 9z — 27. Maximum at (— 3, 0), minimum at
@, —32).

4, y = 3z — 9x2 — 27z + 30. = — 1, gives y = 45, maximum.

z = 3, givesy = — 51, minimum.
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b. y = 23 — 8,z = 0, gives neither a maximum nor a minimum.
6. y = 28 — 322 4 62 + 10. Neither maximum nor minimum.
11—z 4 22

7. §y=——— 2z =14 givesy = £, minimum.
Y 1+z—2 2 8 y 1)
2 — 6 . . . . . .
8 y= ———-Zx—l(_)*_— z = 4, gives maximim; z = 16, gives mini-
w —
mum.

111. Applications of the theory of maxima and minima.
It was shown in Art. 110 that, at a point where the first deriva-
tive is 0, a function has either a maximum or a minimum value
(provided the derivative changes sign at the point). This
theory will now be applied to some practical problems.

Example. A box is to be made of a piece of card board 8
inches square by cutting equal squares out of the corners and
turning up the sides. Find the volume of the largest box that
can be made in this way.

Solution. Let x = the length of the side of each of the
squares cut out. Then the volumne of the box is

V =28 — 20)2. (1)
g_f_: - 8 — 22)(8 — 62). (2)
Making %g = 0, we find,
z=4,4%

When z =4, V = 0. Hence, the value £ = 4 can not be

used.
When z = 4, V = 1§34, and this is a maximum value.
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Problems

1. Solve problems 5, 6, 7, 8, and 9, pages 70 and 71, making use of
the derivative.

2. A box with a square base and open top is to hold 108 cubic feet.
Find the dimensions that will make its construction most economical.

Solution. Let us assume one side of the base to be z and the alti-
tude to be y. It is evident here that the thing desired is to minimize
the surface. Now the surface consists of the four sides and the base.
Hence, we may write:

S = 4xy + x2. (1)

Since the volume is to be 108 cubic feet, we may write
108
z?%y = 108, 0ory = e )

Substituting the above value of ¥ in (1) we obtain,

S =—+ =z 3)
z
dS — 432
— = 2.
dz x? + @)
When d3 =0,
dz
273 = 432, ¢ = 6. )

Making z = 6 in (2), we see that y = 3. Hence, the dimensions
of the box are 6 X 6 X 3.

8. A silo is made in the form of a cylinder, with a hemispherical roof;
there is a floor of the same thickness as the wall and roof. Find the
most economical shape. Ans. Diameter = total height.

Silos are not built this way. Why not?

4. A watering trough is to hold 500 gallons. Find the dimensions
that will make its construction most economical if its base is to be a
rectangle with one side three times the other. (There are 231 cubic
inches in one gallon.) Ans. Base 3.1 feet by 9.3 feet.

Altitude 2.32 feet.



CHAPTER XV
STATISTICS AND APPLICATIONS

112. Introduction. In Chapter V it was pointed out that
many functional relations that can not be expressed by an
algebraic equation may be exhibited by mecans of a graph.
The graph usually gives a better view of a numerical situation
than a table. By letting the eye follow the graph we get at
once an approximate picturc of fluctuations in the series of
values. If we want to study such variations more closely or
make comparisons between two or more sets of data, numerical
methods are usually clearer and more convenient. The branch
of mathematics that deals with quantitative data affected to a
marked extent by a multiplicity of causes is called statistics.

113. Frequency tables. The simplest way of presenting a
series of numerical values is simply to list the values in their
natural order in a table. As for instance Average Farm Prices
December First on pages 37 and 38. We may, however, group
the values and get what we call a frequency table. The price of
corn in the table referred to varies from 21.5¢ in 1896 to 136.5¢
in 1918. We divide the total range into classes, for instance
20¢ but less than 30¢, 30¢ but less than 40¢, and so on, and
count the number of cases in each group. We find 5 cases
between 20¢ and 29.9¢, 16 cases between 30¢ and 39.9¢,
15 cases between 40¢ and 49.9¢, 5 cases between 50¢ and 59.9¢,
10 cases between 60¢ and 69.9¢, 1 case between 70¢ and 79.9¢,
1 case between 80¢ and 89.9¢, 1 casc between 90¢ and 99.9¢,
0 case between 100¢ and 109.9¢, 0 case between 110¢ and

170
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119.9¢, 1 case between 120¢ and 129.9¢, and 2 cases between
130¢ and 139.9¢. These facts are recorded in a frequency
table as follows:

Price Number of Cases Price Number of Cases
20-29 9 5 80— 89 9 1
30-39.9 16 90- 99.9 1
40-49 9 15 100-109.9 0
50-59 9 5 110-119.9 0
60-69.9 10 120-129.9 1
70-79.9 1 130-139 9 2

The size of the class, or the class interval, is arbitrary, but
should be governed by the total range and the number of cases.
Exercises

Construct similar frequency tables for prices on the other farm
products listed, using the following class intervals:

1. Wheat, 10¢. 4. Rye, 10¢.
2. Oats, 5¢. 6. Potatoes, 10¢.
3. Barley, 5¢. 6. Hay, 50¢.

114. Measures of Central Tendency. If we study, for
instance, two tables giving prices for a certain grade of hogs
day by day for two years, we will find that there is much over-
lapping in prices. The question in which year were hog prices
higher could not be answered directly from such tables. To
make a comparison we must have a single price that is in some
measure representative of the prices for the year, or what we
call a measure of central tendency. We shall consider three
such measures: arithmetic mean, median, and mode.

Arithmetic mean (or what is commonly called the average)
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i8 simply the sum of the measures divided by their number. Or,
expressed in a formula,
_zX

M
N

(1)
Median s the middlemost measure, when the measures have
been arranged in order of magnitude. For cxample, in the

series
1, 3,5,9, 10, 12, 15, 19, 24, 30, 35

12 is the median, for there are five measures smaller than 12
and five measures larger than 12,

If the series has an even number of terms there is no middle-
most measure, and we define the median as a measure halfway
between the two middle measures. Ior example in the series

1,3,5,9, 10, 12, 15, 19, 24, 30

11 is the median, because it is halfway between 10, the fifth
measure, and 12, the sixth measure.

Mode s the measure that occurs most frequently in the series.
Consider for example the following table of representative hog
sales at Sioux City Stock Yard, January 4, 1926:

Number | Weight Price Number | Weight Price
14 233 $10.90 4 237 $11.00
33 208 10.90 27 163 11.10
35 226 10.95 50 153 11.25
22 240 11.00 36 162 11.25

6 250 11.00 2 165 11.30
6 245 11.00 11 175 11.30

$11.25 is the mode, because the greatest number of hogs, or
86, were sold at this price. In market reports a modification of
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the mode is often used, namely the bulk of sales. For instance
in the above report, bulk of sales is $10.95 to $11.25.

115. Determination of the arithmetic mean from a frequency
table. We here make the assumption that the measures within
the class are all concentrated at the midpoint of the class interval.
For example, in the frequency table of prices of corn (Art. 113)
there were 5 cases where the price was between 20.0¢ and
29.9¢. We here assume the price for all five cases within this
class to be 25¢, the price for all 16 cases within the next class to
be 35¢, and so on. We then obtain the following table
(f stands for frequency, or number of cases in the class):

Class Interval I X X
20~ 29.9 5 25 125
30- 39.9 16 35 560
40— 49.9 15 45 675
50— 59.9 5 55 275
60— 69.9 10 65 650
70—~ 79.9 1 75 75
80- 89 ¢ 1 85 85
90- 99.9 1 95 95

100-109 9 0 105 0
110-119 9 0 115 0
120-129.9 1 125 125
130-139 9 2 135 270
X =| 2935

2ZfX

2935
= =—=F.
M M 57 51.5¢

N

This value of the arithmetic mean is only approximate and
usually differs somewhat from the value obtained from the
summation of the original values divided by their number.
In our example we would have found 51.9¢ from the original
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data. The values computed by the two methods become more
nearly equal as the number of cases increases and the size of
the class interval decreases.

Example. Compute the average prices of wheat, oats,
barley, rye, potatoes, and hay for the years 1870 to 1926 from
the original data and from the frequency tables.

118. Determination cf the median from a frequency table.
If the values are arranged in a frequency table we make
the assumption, when computing the median, that the values
within an interval are uniformly distributed in the interval.
For example take the frequency table showing the price of corn.
There are 57 cases and according to the definition %% or 28.5
measures must be below and 28.5 measures above the median.
If we start at the lower end we find that there are 21 cases
below 40¢ and 15 cases in the class 40 — 49.9¢. The median
must therefore be somewhere in this interval. Subtracting 21
from 28.5 we obtain 7.5, and the median must be the 7.5th
measure in the class 40 — 49.9¢. As there are 15 measures in

this class the 7.5th measure must be %5—5-10 or 5. Add this

value to 40 and we get 45¢ as the median. The same value

would be obtained if we started at the higher end. In the

groups above 50 there are 21 measures, and the median must be

the (28.5 — 21) or 7.5th measure in the interval 40 — 49.9¢
7.5

counting from the top. T 10 = 5, which value should be sub-

tracted from 50¢ which again gives us 45¢.

11%. Variability. It is often desirable to have some measure
of the variability of a series of values; for instance, prices of
some farm product during a year. We have several such
values of variability. Those considered here are the range,
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the mean deviation, the quartile deviation, and the standard
deviation.
The range. Take the two scries

1) 5, 9,10, 14, 16, 16, 18, 24, 31.
@) 9,12, 14, 15, 16, 17, 19, 20, 22.

Both have a mean of 16 and a median of 16; hence they are
alike as far as central tendency is concerned. Yet, they are
rather different. Series (1) includes measures from 5 to 31,
while (2) varies only from 9 to 22. The difference between the
highest and the lowest value in a series of measures is called the
range. Series (1) has a range of 26, while series (2) has a range
of only 13. The range is a measure of variability but gives a
very incomplete picture of a series, being dependent only upon
the highest and lowest measures.

The mean deviation. If we determine the amount that
each of the terms in series (1) varies from the mean, we get the

series
11, 7,6,2,0, 1, 2, 8, 15.

the mean of which is £ 78. This value is called the mean
deviation. For series (2) we get a mean deviation of 3.11.
The mean deviation is a measure of the tendency of the individual
measures 1n a series to scatter. The mean deviation may be
calculated from any measures of central tendency, the mean,
median or mode. It should, therefore, always be indicated
from which measure of central tendency the mean deviation
is calculated.

Exercise

Calculate the mean deviation from the mean for prices of corn,
wheat, oats, barley, rye, potatoes, and hay for the years 1870-1926.
Try to do this with prices arranged in frequency tables and compare
the value so determined for one of the products with the value obtained
from the use of the original tabulation,
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The quartile deviation or semi-interquartile range. As we
determined the median as a point on a scale of values below
which half of the number of cases are found and above which the
other half are found, so we may determine two other points
such that one-fourth of the number of values are found below
and three-fourths above one of these points, and three-fourths
below and one-fourth above the other point. Half of the
difference between these two measures is called the semi-inter-
quartile range and is a measure of the spread or variability of the
sertes.

If the series of values are given in order of their magnitude
we may simply count off one-fourth of the number of cases from
the top and one-fourth from the bottom of the scries and take
the mean of the values so obtained. If the serics is given as a
frequency table the work is done practically the same way as in
calculating the median. In our previous example on prices of
corn we have 57 cases or 14.25 in cach quartile. The first

1425 — 5

quartile point is at 30 + 6 X 10 or 35.8¢ and the third

. . 14.25 — 6
quartile point (first from the top) at 70 — ———-I)O—-— X 10 or
61.8 — 35.8

61.8¢. The semi-interquartile range is therefore

or 13¢.

Exercise

Calculate the semi-interquartile ranges for prices of wheat, oats,
barley, rye, potatoes and hay for the years 1870-1916.

The standard deviation. The most generally used measure
of variability is the standard deviation, obtained in the following
way: Calculate the deviations from the mean, square these devia-
tions, add the squares, divide by the number of cases, and extract the
square root of the quotient. The standard deviation is usually
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designated by the Greek letter ¢ (sigma) and may be expressed

by the following formula,
2
o= \/%’ (2)

where d represents deviations from the mean, and N the number
of cases.

As the deviations are usually rather awkward numbers to
handle the formula may be expressed in the original measures X.

X X .
By substitutingd = X — M; M = —; d =X — — in (2)
N N
we have
zX)z
z — —
) _<X__1Y__
7= N
2X2X <2X>2>
2 _ —
e
= 7 ,
\/zxz 22(X2X)  Z(ZX)?
g = —_— -I- )
N N N3
=X?2 =X\2
o=\ - () ®

since, Z(XZX) = (2X)?,

(X)) (2X)?
N3 N2

Although formula (3) looks more formidable than (2), it is
in reality much simpler. Expressed in words, the operations
are as follows: Square the original measures, add the squares,

2

and divide by the number of cases. This gives %—VX— Next,

and
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add the original measures, divide the sum by N, and square the
) zX\2 ZX\2 X2
quotient. This gives (7> - Subtract <W> from N and
extract the square root of the difference. This gives o.
If the series of values is given in the form of a frequency table,

we must multiply each value by its frequency, and our formulas

become
Q) d2
g = \’Z{V ) 4)
X2 X\ 2
-EEE e

The chief objection to the range as a measure of variability
has already been illustrated. The addition of one or two ex-
treme cases may increase the range to scveral times its former
value without actually causing any great change in the tend-
ency of the cases to group themselves about some central value.
The quartile deviation almost entirely eliminates the effect of
extreme cases, a condition which is not always wholly desirable.
It is also unreliable in those instances in which the distribution
of the items under discussion departs decidedly from symmetry.
In such situations the mean deviation is much more useful.
The standard deviation, making use, as it does, of the squares
of the deviations of all items from the mean, is affected strongly
by extreme cases but reduces the effect somewhat by taking the
square root of the sum. The greatest advantage of this measure
is the ease with which it lends itself to algebraic manipulation.
In making use of any of these measures of variability to com-
pare distributions, the size of the objects involved must be kept
in mind. As an example, suppose we consider the physical
measurements of a group of men. A range of two inches in their
heights would be almost negligible, while a range of two inches
in the lengths of their feet would indicate a wide variety of sizes.




ART. 118] STATISTICS AND APPLICATIONS 179

If we divide the quartile measure by the sum of the two values
which were used in its computation, and divide each of the
other measures by the arithmetic mean of the distribution to
which they are applied, our measures become coefficients and
allow us to compare more conveniently distributions of items of
widely different magnitudes.

Example. Calculate the standard deviation of prices of
corn for 1870-1926.

Class Interval S X X fX?
20- 29.9 5 25 125 3,125
30-39 9 16 35 560 19,6C0
40- 49 9 15 45 675 30,375
50- 59 9 5 55 275 15,125
60- 69.9 10 65 650 42,250
70- 79.9 1 75 75 5,625
80- 89 9 1 85 85 7,225
90- 99 9 1 95 95 9,025

100-109.9 0 105 0 0
110-119.9 0 115 0 0
120-129 9 1 125 125 15,625
130-139 9 2 135 270 36,450
Bf=57 X =2035 | 184,425=3fX?

184,425 (20352
= A= (222) 2 252
’ \[ 57 ( 57 ) ¢

Exercises

1. Calculate the standard deviation of prices of wheat, oats, barley,
rye, potatoes, and hay during the years 1870-1926.

2. Show that formula (3) follows from (2).

118. Correlation. In the physical sciences the value of a
variable is usually dependent upon, or, as we say, is a function
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of a single variable or at least very few other variables, and one
or more constants. For example, the electric current that flows
through a conductor depends upon the electromotive force and
the resistance of the conductor. Expressed as a functional
relationship we may write

C = f(E,R).

In the laboratory we are usually able to keep all of the inde-
pendent variables except one constant and allow this one to
vary at will, thus arriving at a mathematical formula for the
relationship. We may for instance keep the electromotive
force constant and vary the resistance; we than find that the
current varies inversely as the resistance. Again we may keep
the resistance constant and vary the electromotive force, thus
finding that the current varies directly as the electromotive
force. By properly selecting the units in which we measure we
may reduce all the constants to the value 1 and establish the
formula,

E

C = 7

where C = the current in amperes, £ = electromotive force in
volts, and R = resistance in ohms.

In the biological and still more so in the social sciences the
number of variables is usually large and it is difficult or in many
cases impossible to keep certain variables constant while vary-
ing others in the course of an experiment. We often have to
measure the various factors of a phenomenon as it occurs with-
out our controlling influence and by means of statistical analy-
sis of the observed values draw conclusions regarding their
interdependence. We may be able to establish a degree of rela-
tionship even if we are unable to determine the nature of this
relationship.
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The degree of relationship between two series of values of
two variables is usually measured by the coefficient of corrclation.
This coefficient may have values from +1 through 0 to —1.
If there is a perfect agreement between the variation of the two
variables so that both increase or decrease together the correla-
tion is said to be perfect and positive. Such a correlation exists
between the values of current and electromotive force if the
resistance is kept constant. The coefficient of correlation
would in this case be +1. If on the other hand an increase in
one variable always is accompanied by a decrease in the other
variable the correlation is perfect and negative, = —1. Such
would be the relationship between current and resistance if
voltage is kept constant. If there is no relationship between
the variables but an increase in one is just as likely to be accom-
panied by a decreasc as by an increase in the other variable,
the coefficient of correlation is 0.

There may, however, be a tendency for one variable to
increase or decreasc as the other variable increases or decreases,
although the correspondence is not perfect. In such a case we
get a coefficient of correlation between 0 and +1. If, on the
other hand one variable tends to increase as the other variable
decreases although imperfectly, we get values of the coefficient
of correlation between 0 and —1.

After this description of the meaning of the term coefficient
of correlation we shall give the two most commonly used
methods of computing said coefficient, omitting the rather com-
plicated mathematical theory on which they are based.

119. The rank method of correlation. This coefficient is
usually designated by p (rho, Greek letter) and differs slightly
from the coefficient r determined by the product-moment
formula as described below.

Let the following two series of values be the mean prices of
wheat and corn for ten weeks:
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Wheat Corn

Ist week. .............. $1.25 $0 67
2nd week........... ... 1.28 0.65
3rd week......... ..... 1.33 0.75
4th week............... 1.40 0.76
5th week............... 1.36 0.74
6th week........... ... 1.41 0.77
7th week............... 1.34 0.72
8th week......... ... 1.30 070
Othweek............... 1.35 0.73
10th week............... 1.38 0.71

Rank the prices of each, assigning to the lowest price the rank
1 and to highest price the rank 10. We then get

Rank of Wheat
Vl‘;};zf g::l‘( Minus Rank of | a2
Comm =d

1st week........... 1 2 -1 1
2nd week.......... 2 1 1 1
3rd week.......... 4 8 —4 16
4th week.......... 9 9 0 0
5th week.......... 7 7 0 0
6th week.......... 10 10 0 0
7th week.......... 5 5 0 0
8th week.......... 3 3 0 0
9th week.......... 6 G 0 0
10th week.......... 8 4 4 16
Zd? = 34

The coefficient of rank correlation, C, is then obtained by the

formula,

C=1

62d?

NN -1

(6)
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where N is the number of cases and d is the differences in rank.
6 X 34

10(102 — 1)

=1-—32% =1-— 0206 = 0.794.

C=1-

The coefficient of rank correlation takes into account the ranks
of the variables only, but not their magnitude. If two or more
terms are equal they are given the same rank. For instance,
if the 12th and 13th terms are equal, they are both given the
rank 12.5. If the 12th, 13th, and 14th are alike, all three are
given the rank 13, etc.

Exercise

Determine by the rank method the correlations between prices of
wheat on the one hand and prices of (a) corn, (b) oats, (c) barley, (d)
rye, (¢) potatoes, (f) hay, on the other hand, as given on pp. 37ff.

120. The product moment formula or the Pearson cor-
relation coefficient. This formula is

Zxy
- N-a','a'y’ (7)

where z are the deviations of the terms in the X-series from their
mean (with proper signs), ¥ the variations of the terms in the
Y-series from their mean, N the number of cases, o, the stand-
ard deviation of the X-series, and ¢, the standard deviation of
the Y-series.

r

P

> 2
Recalling that ¢, = \’Tv— and o, =\’~% we may substitute

these values in (7) and get
Zxy

)
\/x Zy

=
=]
=[S
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Zzy
or r = —— (8)
VZg2- 2y
Example
Price of Price of
Wheat Corn X _rM" Y ;r]‘[" B 22 1
in Cents | in Cents ° v v
X Y ’ v
1st ... 125 67 -9 -5 +45 81 25
2nd. 128 65 -6 -7 +42 36 49
3rd . 133 75 -1 +3 - 3 1 9
4th 140 76 +6 +4 +24 36 16
5th 136 74 +2 +2 + 4 4 4
6th 141 77 +7 +5 +35 49 25
7th . 13% 72 0 0 0 0 0
8th 130 70 —4 — + 8 16 4
9th 135 73 +1 +1 + 1 1 1
10th 138 71 +4 -1 - 4 16 1
X =1340 XY =720 >z =240 Zy? =134 Zzy = +152
X Y
M, === =134 M, == =72
N N
Sxy +152
, 0.847.

T VIzzyr V240 X 134

If the means of the X- and Y-series come out with decimals,
this method involves considerable numerical work. We may
then employ to advantage a modification of the formula that
uses the original X- and Y-values.

Recalling that

r=X-M,=X— —

zY
Y- M, =Y -

<
I
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and substituting these values in (8), we get,

i =X Y
“(X_ N)(Y" N)
s(ox - 2X)'3(y - 2LY

\/“<X N) 2<Y N

e EX3Y
XY ~

The work can be further reduced due to the fact that the sub-
traction of a constant term from either series does not affect
the coefficient of correlation. We could, for instance, in our
example subtract 124 from all the X-values and 64 from all the
Y-values, thus materially reducing the size of the figures with
which we have to operate.

Exercise

Determine by the product moment formula the correlations between
prices of wheat, on the one haqd, and prices of (a) corn, (b) oats,
(c) barley, (d) rye, (e) potatoes, (f) hay, on the other hand, as given on
pp. 371f.



CHAPTER XVI
PROBABILITY

121. Meaning of probability. A box contains four white
and five black balls. One ball is drawn at random and then
replaced and this process is continued indefinitely. What
proportion of the balls drawn will be black? Here there are
nine balls to be drawn or we may say there are nine possibilities,
and either of the nine balls is equally likely to be drawn or any
one of the nine possibilities is equally likely to happen. Of the
nine possibilities, any one of four would result in drawing a
white ball and any one of five would result in drawing a black
ball. We would say, then, that four possibilities of the nine
are favorable to drawing a white ball and the other five possibili-
ties are favorable to drawing a black ball. We put the above
statement in another way by saying that in a single draw the
probability of drawing a white ball is 4 and the probability of
drawing a black ball is §. This does not mean that out of only
nine draws, exactly four would be white and five black. But it
does mean that, if a single ball were drawn at random and were
replaced and this process continued indefinitely, 4 of the balls
drawn would be white and § would be black. Or the ratio of
the number of white balls drawn to the number of black balls
drawn would be as 4 to 5.

Reasoning similar to the above led LaPlace to formulate the
following definition of probability: If h ¢s the number of pos-
sible ways that an event will happen and f is the number of possible
ways that @t will fail and all of the possibilities are equally likely,

186
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the probability that the event will happen s and the prob-

h
k+f
ability that it will fail is

/.
h+f

It is evident, then, that the sum of the probability that an
event will happen and the probability that it will fail is 1, the
symbol for certainty.

In analyzing a number of possibilities we must be sure that
each of them is equally likely to happen before we attempt to
apply the above definition of probability.

Example. What is the probability that a man, age 30 and in
good health, will die before age 35? In this case we might
reason thus: The event can happen in only one way and fail in
only one way, and consequently, the probability that he will
die before age 35 is 3. But this reasoning is false for we are
assuming that living five years and dying within five years are
equally likely for a man now 30 years old. But this is not the
actual experience. This example will be discussed in Art. 122.

122. Probability based upon observation or experience.
There are many events in which it is impossible to enumerate
all the equally likely ways in which the event can happen or
fail. Yet by means of experience we may determine to a fair
degree of accuracy the probability that a future event will
happen at a certain time. If we have observed that an event
has happened & times out of n possible ways, where = is a large
number, we conclude that A/n is a fair estimate of the prob-
ability that the event will again happen and our confidence in
this estimate increases as the number of possibilities, =,
increases.

We are now ready to solve the problem which was stated in
Art. 121. The American Experience Table of Mortality shows
that out of 85,441 men living at age 30, the number of living
at age 35 will be 81,822. Then the number dying before age
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35 is 85,441 — 81,822 or 3619. Hence the probability that a

3619 )
85,441 = .04235. In this

man aged 30 will die before age 35 is

problem n = 85,441 and A = 3619.

We have previously stated that the value A/n is only an
estimate, but it is accurate cnough (when n is large enough)
for many practical purposes.

123. Meaning of mortality table. If it were possible to
trace a large number of persons, say 100,000, living at age 10
until the death of each occurred, and a record kept of the number
living at each age 2 and the number dying between the ages «
and z + 1, we would have a mortality table.

However, mortality tables are not constructed by observ-
ing a large number of individuals living at a certain age until
the death of each, for it is evident that this method would not
be practicable, but would be next to impossible, if not impos-
sible. Mechanical methods have been devised for the con-
struction of such tables, but the scope of this text does not
permit of the discussion of these methods.

Table IV (back of book) is known as the American Experi-
ence Table of Mortality and is based upon the records of the
Mutual Life Insurance Company of New York. It was first
published in 1868 and is used by life insurance companies in
America to determine the premium to charge for their policies.
It will be used in this book as a basis for all computations
dealing with mortality statistics. It consists of five columns
as follows: The first gives the ages running from 10 to 95, the
different ages being denoted by «; the second gives the number
living ot the beginning of each age « and is denoted by I.; the
third gives the number dying between ages z and = + 1 and is
denoted by d.; the fourth gives the probability of dying in the
year from age z to age  + 1 and is denoted by ¢.; and the
fifth gives the probability of living a year from age = to age
z + 1 and is denoted by p..
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Exercises

1. What is the probability that a man aged 40 will live to be 65?
What is the probability that a man of the same age will die before
reaching age 657 What is the sum of the two probabilities? (See
solution of problem in art. 122.)

2. Supposc 100,000 lives age 10 were insured for one year, by a com-
pany for $1000 each. Using the American Experiencc Table as a
basis and not figuring interest, what would be the cost to each indi-
vidual? Ans. $7.49.

3. What would be the cost of $1000 insurance for one year on the
life of an individual 30 years old? (Assume for convenience that 85,441
individuals are insured by the same company.) Ans. $8.43.

124. Permutations. Number of permutations of things
all different. Before discussing permutations we state the
following principle, which is fundamental: If one thing may be
done in p ways and after it has been done in one of these ways,
another thing may be done in q ways, then the two things together
may be done in the order named in pq ways.

It is evident that for each of the p ways of doing the first
thing there are ¢ ways of doing the second thing and the total
number of ways of doing the two in succession is pq.

This principle may be extended to three or more things.

Example. A man may go from A to B over any one of 4
routes and from B to C over any one of 7 routes. In how many
ways may he go from A to C through B? Ans. 28.

Each of the different ways that a number of things may be
arranged 1s known as a permutation of those things. For example
the different arrangements of the letters abc are—abc, acb, bac,
bea, cab, cba. There are 3 different ways of selecting the first
letter and after it has been selected in one of these ways there
remain 2 ways of selecting the second letter. Then the first
two letters may be selected in 3 X 2 or 6 ways. It is cleer
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that we have no choice in the selection of the third letter and
consequently the total number of permutations (or arrange-
ments) of the three letters is 6.

Now suppose there are n things all different and we wish to
find the number of permutations of these things taken r at a
time, n > r.

Since only r of the n things are to be used at a time, there
are only r places to be filled. The first place may be filled
by any one of the n things and the second place by any one of
the n — 1 remaining things. Then, the first and second places
together may be filled in n(n — 1) ways. The third place may
be filled by any one of the n — 2 remaining things. Hence the
first three places may be filled in n(n — 1)(n — 2) ways.
Reasoning in a similar way we see that after » — 1 places have
been filled, there remain n — (r — 1) things from which to fill
the rth place. Applying the fundamental principle stated
above we have

Po=nn—1)n—-2)...(n—r+1) (1)
When r = n, (1) becomes,
aPn=nn-=1)n-—-2)...3-2:1 =n! (2)

Note. The symbol n*r is used to denote the number of permutations
of n things taken 7 at a time. =!is a symbol which stands for the product
of all the integers from 1 up to and including n, and is read “factorial”’ n.

Exercises

1. A man has two suits of clothes, three shirts, four ties and two
hats. In how many ways may he dress by changing suits, shirts, ties
and hats?

2. How many arrangements of the letters in the word “Vermont”
can be made, using in each arrangement

(a) 4 letters? (b) all the letters?
3. How many signals could be made from 4 different flags?
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2

4. Four persons enter a street car in which there are 7 vacant seats.
In how many ways may they be seated?

125. Combinations. Number of combinations of things all
different. By a combination we mean a group of things without
any regard for order of arrangement of the individuals within
the group. For example abe, acb, bac, bea, cab, cba are the same
combination of the letters abc, but each arrangement is a differ-
ent permutation.

By the number of combinations of n things taken r at a time
is meant the number of different groups that may be formed
from 7 individuals when r individuals are placed in each group.
For example ab, ac, bc are the different combinations of the
letters abc when two letters are used at a time.

The symbol ,C; is used to stand for the number of combina-
tions of n things taken r at a time. We will now derive an
expression for ,C;. For each one of the ,C; combinations there
are r! different permutations. And for all of the ,C; combina-
tions there are ,C,r! permutations, which is the number of
permutations of » things taken r at a time. Hence,

nCrr! = nPn
and ACr = ol
r!
Since, Pr=nn—1n—-2)... (m—1r+1),
nn—1n—-2)... m—7r+1)
we have ,C, = I . @)
Exercises

1. Find the number of combinations of 8 things taken 5 at a time.
Solutton. Heren = 8 and r = 5.
8-7-6-5-4 _

Then, s =
T 5 e

56.
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2. How many committees of 5 men can be selected from a group of
12 men?
3. Out of 7 Englishmen and 6 Americans, how many committees of

3 Englishmen and 2 Americans can be chosen? Ans. 525.
4. How many different sums can be made up from a cent, a nickel,
a dime, a quarter, and a dollar? Ans. 31.

6. An urn contains 4 white and 9 black balls. If 5 balls are drawn
at random, what is the probability that (a) all are black, (b) 2 white
and 3 black?

Solution. (a) The total number of ways that 5 balls may be drawn
from 13 balls is 15C; or 1287 ways. And the number of ways that 5
black balls may be drawn is (s or 126 ways. Hence, the probability

of drawing 5 black balls is T5%% or 1'cs.

(b) 2 white balls may be drawn in 4, ways or 6 ways. And for
each one of these 6 ways of drawing 2 white balls, 3 black balls may
be drawn in 4C; or 84 ways. Then 2 white balls and 3 black balls
may be drawn together in 6-84 or 504 ways (see fundamental principle,
art. 124). Hence, the probability of drawing 2 white and 3 black balls
is Yo% or 1y

6. A bag contains 5 white, 6 black and 8 red balls. If 4 balls are
drawn at random, what is the probability that (a) all are black, (b) 2
white and 2 red, (c) 2 black and 2 white, (d) 1 white, 1 black and 2 red?

126. Compound events. We may think of an event as
composed of two or more simpler events. These component
simpler events may be tndependent, dependent or exclusive.
Two or more events are said to be independent or dependent when
the occurrence of any one cf them at a given trial does not or does
affect the occurrence of the others. Two or more events are said
to be exclusive when the occurrence of any one of them on a par-
ticular occasion excludes the occurrence of another on that occasion.
We give now three theorems without proof.

Theorem I. If pi1, p2 ... p. are the separate probabilities
of r independent events, the probability that all of these events will
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happen together at a given trial is the product of their separate
probabilities, that is,
P=p1p2p3 ... DPr @
Theorem II. Let p1 be the probability of a first event; let p2
be the probability of a second event after the first has happened;
let ps be the probability of a third event after the first two have
happened; and so on. Then the probability that all of these
events will occur in order s

D =DP1°P2°P3 +.. Dr %)
Theorem III. If pi, p2, . . . p-are the separate probabilities
of r mutually exclusive events, the probability that one of these events
will happen on a particular occasion when all of them are in ques-
tion is
P=pr+p2+ps... +pn (6)
Exercises

1. The probability that A will live 15 years is 4, the probability that
B will live 15 years is §, and the probability that C will live 15 years
is 3. What is the probability that all three will live 15 years?

Solution. We have here three independent events, where p, = %,
P2=%Ds =%

Hence, P = %-%-% = 333

2. Find the probability of drawing 2 white balls in succession from
a bag containing 5 white and 6 black balls, if the first ball drawn is not
replaced before the second drawing is made.

Solution. We have here two dependent events. The probability
that the first draw will be white is = 1—51 the probability that

5+6
the second draw will be white is 4 _ g Then p, = i and
156 5 =1 ps
-2 Hence,
5
52 2
P=—.-=— Art. 12
s 11 ((®) Art. 126)
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3. Five coins are tossed at once. What is the probability that all
will be heads?

4. A bag contains 3 white, 4 black, and 6 red balls. One ball is
drawn and not replaced, then a second ball is drawn and not replaced
and then a third ball is drawn. What is the probability (a) that a ball
of each color will be drawn, (b) that 2 blacks and 1 red will be drawn,
(c) that all will be red?

6. Suppose that in example 4 the balls were replaced after each draw.
Then answer (a), (b), and (c).

6. Three men of ages 25, 30, 32 respectively form a partnership.
What is the probability (a) that all three will be living at the end of
8 years, (b) that the first two will be living, (c) that one only of the
three will be living? TUse the American Experience Table of Mor-
tality.

7. A man and wife are 24 and 23 when they marry. What is the
probability that they will both live to celebrate their Golden Wedding?



CHAPTER XVII
ANNUITIES AND INSURANCE

127. Meaning of life annuity. In Chapter X annuities
certain (those that continue a certain time regardless of any
future happening) were discussed. By a life annuity we mean
a succession of periodical payments which continue only during
the life of the individual concerned. It is clear then that the cost
of such an annuity will depend upon the probability of living as
well as upon the rate of interest. Before computing the cost
of a life annuity we will discuss pure endowments.

128. Pure endowments. A pure endowment is a sum of
money payable to a person aged x, at a specified future date,
provided the person survives until that date. We will now find
the cost of an endowment of 1 to be paid at the end of n years
to a person whose present age is . The symbol, n®z, will
stand for the cost of such an endowment.

Suppose I, individuals, all of age xz, agree to contribute
equally to a fund that will assure the payment of one dollar to
each of the survivors at the end of n years. From the mor-
tality table we see that out of the I, individuals entering this
agreement, l,,, of them would be living at the end of n years.
Consequently, it would require I, , dollars at that time. But
the present value of this sum is

V' logn (Equation (1), Art. 70)

and since I, persons are contributing equally to this fund, the
share of each will be
Vlyn + L
195
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Lo n
Hence, ° WEr = 0_7+_ 1)
If the numerator and the denominator of (1) be multiplied
by v., it becomes
Uz+nl,+n,
v¥l,

and if we agree that the product +*l, shall be denoted by D.,
then (1) becomes,
D z+n
nEa: =" 2
5 @
D. is one of four symbols, called commutation symbols,
that are used to facilitate insurance computations. See
Table V in the back of this book. This table is based on the
American Experience Table of Mortality and a 319, interest
rate is used. There are other commutation tables based upon
different tables of mortality and different rates of interest are
used.

129. Present value (cost) of a life annuity. We now pro-
pose to find the present value of a life annuity of one dollar per
annum payable to an individual, now aged z. The symbol,
a., is used to denote such an annuity. We sec that the present
value of this annuity is merely the sum of pure endowments,
payable at the end of one, two, three and so on years. Con-
sequently,

a; = 1E, + 2E, + 3E. + . . . to end of table.

_ Dz+l Dz+2 Dz+3
=D, + D. + D =+ ... to end of table.
= Dz+l + Dz+2 + D:+3 + “ee ((2), Art. 128.) (3)
D,
Nz+1

Az =

o @
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where
*Nz+1 = Dz+1 + Dz+2 + Dz+3 + o e tO end Of table. (5)

130. Life annuity due. When the first paymenl under an
annuity is made immediately, we have what 7s called an annuity
due. The present value of an annuity due of 1 per annum to a
person aged z is denoted by a,. An annuity due differs from an
ordinary annuity (Art. 129) only by an immediate payment.
Consequently e have

a, =1+ a,,
Nz+1 D: + N::+1
=1+ D, D,
_ D:+ Day1 + Day2 + Doys + . . . toend of table. (6)
= D.
-3 ™
waere
N:=D;,+ D:p1+ D 2+ ...toend of table. (8)

131. Temporary annuity. When the payments under a life
annuity stop after a certain time although the individual be still
living, we have what is called a temporary annuity. Such an
annuity which ceases after n years is denoted by the symbol
Gz

Ii!, is clear that the present value of a temporary annuity is
equel to the sum of present values of pure endowments payable
stendof 1,2,3,...,nyears. Thus,

* See Table V.
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azn_l = lEz+2E1+-..+nE,,
Dz+1 +D:+2 + . --+ Dz+n

D,
D,y + D..2+ ...toend of table
= b,
Dipwit+ Doyny2+ ... toendof table
- 5 ©)
Az = Mot = Nepnyr, (10)

D,

If the first of the n payments be made immediately and the
last payment be made at the end of n — 1 years, we then have
a temporary annuity due. Letting a.;7 represent such an
annuity, we get,

8:5 = 1 + az-r,
Dz+1 + Dz+2 + N + Dz+n_1

D, + D, D, oo+ Dopna.
- + +1 + +2 + + +n-1 (11)
D.
N, - N:+n
D, (12)
Exercises

1. Find the cost of a pure endowment of $5000 due in 15 years and
purchased at age 25, interest at 33%,.

Solution. Here =z = 25,n = 15, and

Hence, 5000 15E25 = $2618.20.
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2. What is the cost of a life annuity of $500 per annum for a person
aged 50, interest at 339,?

Solution. From (4) Art. 129,

a0 = Mo _ 1691650
7 Dy 12498.6
= 13.534716.

The annuity of $500 has a cost of
500a5, = 500(13.534716) = $6767.36.

3. A man aged 60 has $10,000 with which to buy a life annuity.
What will be his annual income on a 33% basis?

Solution. Here we have the cost of an annuity and are required
to find the annual rent. Hence, from (4) Art. 129, we have,

Ras, = $10,000,
$10,000.
Qso

But o = No _ 737547
’ " De  7351.65

10,000
10.032401

R:

= 10.032401,

= $996.77.

4. An heir, aged 14, is to receive $30,000 when he becomes 21.
What is the present value of his estate on a 339, basis?
6. What would be the present value of the estate in Ex. 4 on a 49}
basis? Ans. $21,597.30.
8. According to the terms of a will a person aged 30 is to receive a
life income of $6000, first payment at once An inheritance tax of
3% on the present value of the income must be paid immediate'y.
Find the present value of the income and the amount of the tax.
Ans. $117,632.40, $3,528.97.
7. A man carrying a $10,000 life insurance policy arranges it so that
the proceeds at his death shall be payable to his wife in annual install-
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ments for 20 years certain, first payment upon due proof of death.
What would he the annual installment?

8. What would be the annual installment in Ex. 7, if payments were
to be made throughout the life of his wife, assuming that she was 55
years of age at his death?

9. What would be the annual installment in Ex. 8, if the wife took a
twenty-year temporary annuity?

132. Life insurance definitions. Lifc insurance is funda-
mentally sound only when a large group of individuals is con-
sidered. Each person contributes to a general fund from which
the losses sustained by individuals of the group arc paid. The
organization that takes care of this fund and settles the claim
for all losses is known as an insurance company. The deposit
made to this fund by the individuals is called a premium.
Since, the payment of this premium by the individuals insures a
certain sum or benefif at his death, he is spoken of as the insured
and the person to whom the bencfit is paid at the death of the
insured is called the beneficiary. The agreement made between
the insured and the company is called a policy and the insured
is sometimes spoken of as the policy holder. If all of those
insured were of the same age all premiums would be the same,
but since the policy holders are of different ages it is evident
that the premiums vary. One of the main problems is to
determine the premium to be paid for a certain benefit. It is
clear that the premium will depend upon the probability of
dying and also upon the rate of interest to be paid on funds
left with the company. The premium based upon these two
things only is known as a net premium. However, the insur-
ance company has many expenses, in connection with the
securing of policy holders, such as advertising, commissions,
salaries, office supplies, et cetera, and consequently, must
make a charge in addition to the net premium. The net
premium plus this additional charge is called the gross or
office premium. The premium may be single, or it may be
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paid annually, and this annual premium may sometimes be
paid in semiannual, quarterly or even monthly installments.
All premiums are paid in advance.

133. Ordinary life policy. An ordinary life policy is one
wherein the benefit is payable at death and at death only. The
net single premium on an ordinary life policy is the present
value of this benefit. The symbol A, will stand for the net
single premium of a benefit of 1.

Let us assume that each of I, persons all of age z, buys an
ordinary life policy of 1. During the first year there will be
d. deaths, and consequently, at the end of the first year * the
company will have to pay d, in benefits. Hence, the present
value of these benefits will be vd,. There will be d,,,; deaths
during the second year and the present value of these benefits
will be v?d., 1, and so on. The sum of the present values of all
future benefits will be given by the cxpression,

vd, + v?d,, + v’d.., + . . . to end of table.

Since I, persons buy benefits of 1 cach, we will obtain the
present value of cach person’s benefit by dividing the above
expression by .. Therefore,

_vd, +v3d,, + v*d, 5 + . . . to end of table. (13)
= L
If both numerator and denominator of (9) be multiplied by

v°, we get,
_ "7, 4 v"d, ., + . . . to end of table,

A.

A vl
_ Cz + Cz+l + Cz+2 + ) to end Of table.
= Dz
M.
z = T ! 14
4 D, (14)

* In reality claims are paid upon due proof of the death of the insured,
but we here assume that they are not paid until the end of the year.
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where,
C:r.* = vz+ldz; Cz+1 = vz+2d.t+l) and S0 On,

and M.*=C,+C,,, + C,,, + ... to end of table.

Life insurance policies are seldom bought by a single premium.
The common plan is to pay a fixed annual premium throughout
the life of the policy. We denote the annual premium of an
ordinary life policy of 1 by the symbol P,. The payment of
P,, at the beginning of each year, for life forms a life annuity
due and the present value of this annuity must be equivalent
to the net single premium. Thus we have,

Pa, = A,. (15)
Solving for P,, we get,

A, M.,
, = — = —— 16
P o N (16)
M, N.
since, A, = 3; and a, = E
Exercises

1. What is the net single premium for an ordinary life policy for
$10,000 on a person aged 25?

2. What is the annual premium on the policy of Ex. 1?

3. Compare annual premiums on ordinary life policics of $10,000
for ages 20 and 21 and for ages 50 and 51. Note the annual change in
cost for the two periods of life.

134. Limited payment life policy. The limited payment
life policy is like the ordinary life policy t in that the benefit is
payable at death and death only, but differs from it in that the

* See Table V.

t The ordinary life policy and the limited payment life policy, are often
spoken of as whole life policies in that the benefit of either is not payable
until death.
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equivalent of the net single premium is arranged to be paid in n
annual payments. Here n is the number of annual payments
that are to be made unless death should occur earlier. The
standard forms of limited payment policies are usually for ten,
fifteen, twenty or thirty payments but other forms may be
written.

It is evident that the » annual premiums on the limited
payment life policy form a temporary life annuity due. It is
also evident that this annuity is equivalent to the net single
premium A.. Hence, if the net annual premium for a benefit
of 1 be denoted by .P., we may write,

2Pz 8. = A, ((11), Art. 131.) amn
Solving for ,P. and substituting for a.;7and 4., we get,
M,
wPo =7
Nz - Nz + n (18)
Exercises

1. Find the net annual premium on a twenty-payment life policy
for $2500 on a person aged 30.

Solution. Using (18), Art. 131, we have,

b Mu 10,259
T Naw— Ny 596,804 — 181,663
5
= 10259 4 hoar12,
415,141

250050P3, = $61.78.
2. Find the net annual premium for a fifteen-payment life policy of
$10,000 issued at age 45.
3. Find the net annual premium on a twenty-payment life policy of
$5000 for your age at nearest birthday.

4. Compare annual premiums on twenty-payment life policies of
$20,000 for ages 25 and 26 and for ages 50 and 51. Note the annual
change in cost for the two periods of life.
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135. Term insurance. Term insurance i8 temporary insur-
ance as it provides for the payment of the benefit only in case death
occurs within a certain period of n years. After n years the
policy becomes void. The stated period may be any number
of years, but usually term policies are for five years, ten years,
fifteen years and twenty years.

The symbol A!;;- is used to denote the net single premium on
a m-year term policy of benefit 1, bought at age z.

If we assume that each of I, persons all of age z, buys a term
policy for n years, the present value of the payments made by
the company will be given by

vd, + v¥d, , +vd s+ .. V. (19)

Since each of 1, persons buys a benefit of 1, the present value
of the benefit of each person will be gotten by dividing expres-
sion (19) by I, Hence,

vd, + v2dx+1 + . + vndz+'n—- 1. (20)
L.

If both the numerator and the denominator of (20) be multi-
plied by v*, we get,

1 +2
N+, L T
vl,

Al =

Al =

B w*t'd, + v**%d.+1 + . . . to end of table)
h vl
("1, 0 + 4", ., + to end of table)
vl

M; - z4n
Al = ————Dil-—i- ((14), Art. 133.) (21)

When the term insurance is for one year only, the net pre-
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mium is called the natural premium. It is given by making
n = 1in (21) Thus,

M,— M, C,
Alg ===l (22)

The net annual premium for a term policy of 1 for n years
will be denoted by the symbol P!;;7. It is evident that the
annual premiums for a term policy constitute a temporary
annuity due. This annuity is equivalent to the net single
premium. Thus,

Pliriazm = Al (23)
Solving for I!;, and substituting for a,;7 and A',,, we get,

 M.—M.. ((12),Att. 131and
Pl = N.TN... (@), Art. 135)) 24)

Exercises

1. Find the net single premium for a term insurance of $1000 for 15
years for a man aged 30.

Solution. From (21), Art. 135, we have,
M, — My 10259 — 7192.81

Aiaoﬁl = =

Dao 30,440.8

~3066.19
" 20440.8

and 1000 A's, 15 = $100.72.

2. Find the net single premium for a term insurance of $25,000 for
5 years for a man aged 50.

3. What is the net annual premium for the insurance described in
Ex. 2?

4. What are the natural premiums for ages 20, 30, 40, and 50 for
an insurance of $1000?

6. A person aged 35 buys a $10,000 term policy which will terminate
at age 65. Find the net annual premium.

= 0.10072,
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136. Endowment insurance. In an endowment pclicy the
company agrees to pay a certain sum in event of the death of the
insured within a specified period, known as the endowment period,
and also agrees to pay this sum at the end of the endowment period,
provided the insured be living to receive #. From the above
definition it is evident that an endowment insurance of 1 for n
years may be considered as a term insurance of 1 for n years
plus an n-year purc endowment of 1. (Sce Art. 128 and Art.
135.)

Thus, if we let the symbol A.;; stand for the net single
premium for an endowment of 1 for n years we have,

Az = Alom + LB

Mz - Mz+n Dz+n
= D, + D, (25)
Mz - Mz n D.z n
Az = tot Devs, (26)

D,

We shall now find the net annual premium for an endowment
of 1 for n years, the premiums to be payable for k years. The
symbol P.;; will stand for the annual premium of such an
endowment. It is clear that these premiums constitute a
temporary annuity due that is equivalent to the net single
premium. Hence,

wPeiaa = Az 27)
Solving for ; P.;7 and substituting for a.z; and A4.;7, we get,

Mz - M.t+n + Dz+n.

Nz - z+k

szi—l = (28)

If the number of annual payments are to be equal to the
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number of years in the endowment period, then ¥ = n, and
(28) becomes,

P _ Mz'_ Mz+n+Dz+n.
Zﬂ B N;c - N:+n

(29)

Exercises

1. Find the net annual premium on a $10,000 20-payment, 30-year
endowment policy taken at age 25.

Solution. TFrom (28), we have,

M25 - MES + DEE

zopar. B0 = _}V_%———m—
_11,631.1 — 5510.54 + 9733.40
N 770,113 — 253,745
_ 15,853.96
516,368

10,000 50P25 557 = $307.03.

2. Find the net single premium on a $1000 20-year endowment
policy for a person aged 35.

3. Find the net annual premium for a $10,000 20-payment endow-
ment policy maturing at age 60, taken at age 25.

4. Find the net annual premium on a $20,000 15-year endowment
policy taken at age 55.

= 0.0307028.

137. Meaning of reserves. By observing the table of
mortality, we see that the probability of dying within any one
year increases each year after the tenth year of age. Conse-
quently, the natural premium will increase with each year’s
increase of age. The net annual premium will be much larger
than the natural premium*during the earlier years of the
policy, but finally for the later years the natural premium will
become larger than the net annual premium.
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During the earlier years the difference between the net
annual premium and the natural premium is set aside at
interest annually. This fund grows from year to year and is
held intact to meet the heavier mortality of the later years.
This amount so held by the company is known as the reserve *
or the value of its policies. This is unlike the reserve of a bank
for it is not held to meet some unexpected emergency but it is a
real liability of the company to be used to settle the claims of
its policy-holders.

The above remarks may be illustrated as follows: Suppose
a man aged 35 takes out a $1000 ordinary life policy. His net
annual premium for that age on a 3319, basis would be $19.91.
The natural premium for that year would be $8.65, leaving a
difference of $11.26 1 to be placed in the reserve. However,
at age 60 the natural premium would be $25.79, which is $5.88
larger than the net annual premium, this deficiency being
cared for by the reserve.

Let us assume that each of 81,822 persons, all aged 25, buy
an ordinary life policy of $1000. The total net annual pre-
miums would amount to $1,629,076.02. This amount would
accumulate to $1,686,093.68 by the end of the first year.
According to the table of mortality the death losses to be paid
at the end of the first year would amount to $732,000.00,
leaving $954,093.68 in the reserve. This would leave a terminal
reserve of $11.77 to each of the 81,090 survivors. The pre-
miums received at the beginning of the second year amount to
$1,614,501.90, which, when added to $954,093.68, makes a
total of $2,568,595.58, and so on. The following table is self
explanatory.

Table showing terminal reserves on an ordinary life policy
for $1000 on the life of an individual aged 35 years.

* The reserve on any one policy at the end of any policy year is known
as the terminal reserve for that year, or the policy value.
1 This is the initial reserve for the first year.
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Funds on Funds Amount of
Policy | Hand at |Accumulated] Death Funds at | Credit of
Year | Beginning at 35% Losses |End of Year| Each
of Year Survivor
1st..... 1,629,076.02 | 1,686,003.68 | 732,000 | 054,003.68| 11.77
2nd....| 2,568,595.58 | 2,658,496.43 | 737,000 |1,921,496.43| 23.91
3rd. ...| 3,521,324.66 | 3,644,571.02 | 742,000 |2,902,571.02| 36.46
4th. ..| 4,487,625.03 | 4,644,692.94 | 749,000 | 3,895,692.94 49.40
5th. .. .| 5,465,835.36 | 5,657,139.60 | 756,000 |4,901,139.60 | 62.75

The above table illustrates what we mean by a reserve.
Reserves, however, are not figured in this way. Formulas for
finding the reserves on different kinds of policies and for any
year may be derived but we shall not attempt this discussion

here.
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35 | 37 107| 125 144 | 162| 181 199 | 218 236 | 254 | 273 4| 7.2
36 291 | 310 328| 346| 365 383 | 401 | 420 438 457 g ,g;g
37 475 493 | 511 | 530| 548 | 566 | 585 | 603 | 621 | 639 7(12.6
38 658 676| 694 | 712| 731 749| 767 | 785| 803 | 822 8|14.4
39 840 858 | 876 | 894 | 912 931 | 949 | 967 | 985 |*oo3 9|16.2
240 38 021 039 057 | 075 | 093] 112 | 130 | 148 | 166 | 184

41 202 | 220 238 256 | 274 | 292 | 310 328 346 | 364 17
42 382 399| 4171 435 | 453 471 489 | 507 | 525| 543 1| 1.7
43 561 | 578 | 596 | 614 | 632 | 650| 668 | 686 | 703 | 721 2| 3.4
44 739 757| 775 | 792 | 810] 828 846 863 | 881 | 899 31 &2
45 917 | 934 | 952 | 970| 987 J*oos [¥023 [¥041 [*o58 [¥076 Iy
46 39 094 | 111 | 129 146 | 164§ 182 | 199 | 217 | 235 | 252 gxo'g
47 270 ( 287| 305 | 322 340 358| 375 | 393 | 410 428 71119
48 445 | 463 | 480 498 515 535 | 550 | 568 | 585 | 602 8|13.6
49 620 637 | 655| 672 | 6g0| 707 | 724 | 742 | 759 | 777 9115.3
250 794 | 811| 829 | 846 | 863 ] 881 | 898 | 915| 933 | 950

N. o 1 2 3 4 5 6 7 8 9 Prop. Pts.
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N. o 1 2 3 4 5 ) 7 8 9 Prop. Pts.
250 | 39 794 811| 829 | 846 | 863 | 881 | 898| 915| 933| 950

51 967 | 985 |*002 [*o19 |*037 [*054 |*O7T [*088 [*106 [*123 18
52 40 140| 157 | 175| 192 | 209 } 226 | 243 | 261 | 278 | 295 1| 1.8
53 312| 329| 346 | 364 | 381 | 398| 415 432 449 | 466 2| 3.6
54 483| 500| 518 5351 552 569 | 586 | 603 | 620 | 637 3| 54
55 654 | 671 | 688| 705 | 722 | 739 | 756 | 773| 790 | 807 4| 7.2
56 824 | 841 858 875 | 892 | 909 | 926 943| 960 976 g Ig-g
57 993 |*o10 |*027 |*044 [*061 |*078 |*09F |*111 |*128 [*145 7 12:6
58 41 162 179| 196 | 212 | 229 | 246 | 263 | 280 | 296 | 313 8| 14.4
59 330| 347 363 | 380 397 | 414 | 430, 447 | 464 | 481 9| 16.2
260 497 5'4| 531 | 547 | 564 ] 581 | 597 | 614| 631 | 647

61 664 | 681 | 697 | 714 | 731 | 747 | 764 | 780| 797 | 814 17
62 830| 847 863 | 880| 896 ] 913 | 929| 946 | 963 | 979 1| 1.7
63 996 [*o12 [*029 (*045 |*062 [*078 [*og5 |*111 [*127 |*144 2| 3.4
64 | 42 160| 177| 193] 210| 226 | 243 | 259| 275| 292 | 308 3 5-;
65 325/ 341 357 ( 374 | 390 496 423| 439 | 455 | 472 4 g'
66 488| 504 | 521| 537| 553 ] 570| 586 | 602 | 619 | 633 g m-g
67 651 667 | 684! 700| 716 | 732 | 749 | 765 | 781 | 797 71119
68 813 830 846, 862 878 *894 111 927 943 959 8|13.6
69 | 975/ 991 |*008 |*o24 |*odo |*056 *072 [¥088 104 |¥120 91153
270 | 43136/ 152| 169| 185 201 | 217 | 233| 249 | 265 | 281

71 297| 313 | 329 345| 361 | 377 | 393 | 409 | 425| 441 16
72 457 | 473 | 489| 505| 521 537 | 553| 569 | 584 | 600 1| 1.6
73 616| 632| 648 | 664 | 680 | 696 | 712| 727 | 743 | 759 2| 3.2
74 775| 79t | 8oy | 823 | 838 | 854 | 870| 886 | goz | 917 348
75 933| 949 | 965 | 981 | 996 [¥o12 [*028 |*044 *059 [*075 4 8'4
76 44 o91 | 107 | 122| 138 | 154} 170 | 185| 201 | 217 | 232 g 9-2
77 248 | 264 | 279| 295 | 311 | 326| 342| 358| 373 | 389 7| 11.2
78 404 | 420| 436 451 | 467 | 483 | 498 | 514 | 529 545 8|12.8
79 560 576| 592| 607 | 623] 638 654 | 669 | 685! 700 9| 14.4
280 _716| 731 | 747 762 | 778] 793 | 809 | 824 | 840 855

81 871 886 9o2| 917 | 932 ] 948 | 963 | 979 | 994 [*o10 15
82 45 025 | 040 | 056 | o71| 086 102 117 | 133| 148 | 163 1| 1.5
83 179| 194 209 | 225 | 240} 255 | 271 | 286| 301| 317 2| 3.0
84 332 347 362| 378 303 | 408| 423 439 | 454 | 469 3] &5
85 484 | 500 | 515| 530 | 545| 561| 576! 591 606 | 621 4( °
86 637 | 652 667 | 682| 697 | 712| 728| 743 | 758 | 773 3 ;g
87 788 | 803 | 818 | 834 | 849 864 879| 894 | 909| 924 7|10.5
83 939 | 954 969 | 984 | ‘ovo [*o13 [*030 |*045 [*060 |*075 8| 12.0
89 | 46 090| 105| 120| 135) 150 165) 180| 195| 210 | 22§ 9/13.5
290 .240| 255 270 285) 300 315| 330 345| 359| 374 .
91 389 404 | 419| 434 | 449| 464 | 479 494 | 509 | 523 4
92 538 5531 563 | 583 | 598 | 613! 627 | 642 | 657 | 672 1| 1.4
93 687 | 702| 716| 731| 746} 761 | 776| 790 805 820 2| 2.8
94 835 | 850 | 864 | 879| 894 | 9o9| 923| 938 | 953| 967 3 42
95 982 | 997 [*o12 |*026 |*041 *056 [¥o70 |*085 |*¥100 [*114 4| 5.6
96 | 47 129| 144 159 173| 188 | 202 | 217 | 232 | 246 | 261 g g:
97 276 | 290| 305 | 319| 334 349 | 363 | 378| 392 | 407 7| 9.8
98 422 436 | 451 | 465| 480] 494 | 509| 524 | 538 553 8|11.2
99 5671 582| 506 | 611 | 625 640 | 654 | 669) 683 698 9|12.6
300 712| 727| 741 | 756 | 770 | 784 | 799 | 813 | 828 | 842

N. o|1|2|3|a]s]|e| 7|89 Prop. Pts.
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N. o|1(2|3|4a4]5|6|7]|8]09 Prop. Pts.
800 | 47 712| 727| 741 | 756 | 770) 784 | 799 813 | 828 842

or 857| 871| 885] 900 | 914 | 929| 943 | 958 | 972 | 986

02 48 oor | or5( 029 | 044 | 058 073! 087 | 101 | 116| 130

o3 144 | 159 173 | 187 | 202 § 216 | 230 | 244 | 259 | 273 15
o4 287 302 316| 330| 344 | 359 | 373 | 387 | 401 | 416 1| 15
o5 430| 4441 458| 473 | 487 501 | 515| 530| 544 | 558 2| 30
ob 572) 586| 601 | 615 | 629 643 657 | 671 | 686 | 700 3 4:5
o7 714| 728| 742 | 756 | 770 ] 785 799 | 813 | 827 841 4| 6.0
o8 855| 869 | 883| 897 | 911 | 926| 940| 954 | 968 | 982 50 7.5
09 996 [*o10 |*024 *038 | *052 [*066 | *080 |*og4 |*108 | ¥122. 6| 90
810 | 49 136 150 164| 178 192 | 206 | 220 | 234 | 248 | 262 Z; 10.5
11 276|290 | 304 | 318 | 332 | 346 | 360 | 374 | 388 | 402 ol1ss
12 415| 429 443 | 457 | 471 ] 485| 499| 513 | 527 | 541 "
13 554 | 568 | 582| 596 | 610} 624 | 638 | 651 | 665 679

14 693 707 | 721| 734 | 748 | 762 776| 790| 803 | 817

15 831 845| 859 | 872 | 886 | goo| 914 | 927 | 941 | 955 14
16 969 | 982 | 996 [*or0 |*024 J*037 |*051 |*065 |*079 [¥0g2 1| 1.4
17 50 106 | 120| 133| 147 | 161 | 174 | 188 202 | 215| 229 2| 2.8
18 243 | 256 | 270 | 284 | 297 | 311| 325| 338| 352| 365 3| 4.2
19 379 393| 406| 420| 433 447 | 4 1| 474 | 488 sor 4| 5.6
820 | 513|520 542| 556| 560 | 583 | 596| ‘10| 623 637 A
21 651|664 | 678 | 691 | 705 | 718| 732 | 745| 759 | 772 71 o8
22 786 | 799 | 813 | 826 840] 853 | 866 | 880 | 893 | 907 8l11.2
23 920| 934 | 947 | 961 | 974 | 987 |*oo1 |*o14 |*028 |*041 0|12.6
24 5I 055 | 068 | 081 | 095 | 108 ] 121| 135 | 148 | 162 | 175

25 188 | 202 | 215| 228 | 242 255| 268 | 282 295| 308

26 322 335| 348 362 375 388 402 | 415| 428 | 441 .
27 455| 468 | 481 495 508 | 521 | 534 | 548| 561 | 574 8
28 587 | 601 | 614 627 | 640] 654 | 667 | 680 693 | 706 1| 1.3
29 720| 733 | 746| 759 | 772 786 | 799 | 812| 825 | 838 2| 2.6
380 851 865 | 878 | 891| 904 | 917 | 930 | 943 | 957 | 979 3139
31 983 | 996 |*009 |*022 |*035 [*048 [*061 [*075 |*088 |*101 4 g
32 52 114| 127 | 140 | 153 166 179 | 192 | 205 | 218 | 231 g 7'3
33 244 | 257 | 270| 284 | 297 | 310} 323| 336| 349 | 362 71 o
34 375 | 388| 401 | 414 | 427 440 453 | 466 479 | 492 8|10.4
35 504 | 517 530| 543 | 556 | 569| 582| 595| 608 | 621 9|11.7
36 634| 647 | 660 | 673| 686 | 699 | 711 | 724 | 737 | 750

37 . 763| 776| 789 | 802 | 815 827 | 840| 853 | 866 | 879

38 892 | 905 | 917 930| 943 | 956 | 969 | 982 | 994 |¥007 12
39 | 53020/ 033) 046| 058 o71| 084 | og7| 110/ 122| 135

840 148 | 161 | 173| 186| 199 212 | 224 | 237 | 250 | 263 ; ;-2
41 275| 283 3o1 | 314 | 326 339 | 352| 364| 377 | 390 3 323
42 403 | 415| 428 | 441 | 453] 466 | 479 | 491 | 504 | 517 1| 4.8
43 529 | 542 | 555 | 567 | 580 | 593| 605| 618 631| 643 5| 6.0
44 656 | 668 | 681 | 694 | 706 | 719 | 732 | 744 | 757 | 769 6| 7.2
45 782! 794 | 807 | 820 832] 845 | 857 | 870 882 895 7| 84
46 908 | 920 | 933 | 945| 958 | 970 | 983 | 995 *008 020 8 9-3
47 | 54 033| 045) 058 | o70| 083 | 095 | 108 120 133 145 9} 50
48 158 | 170] 183 | 195| 208 | 220 | 233 | 245 | 258 | 270

49 283 295 307 | 320 332 345 | 357 | 370| 382 | 394

850 407 | 419 432[ 444 | 456 | 469 | 481 | 494 | 506 | 518

N. o123 |4 |[6]|7|[8]09 Prop. Pts.
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N. o 1 2 3 4 5 [}] 7 8 9 Prop. Pts.
850 | 54 407 | 419| 432 | 444 | 456 469 | 481 | 494 | 506! 518
51 531 | 543 555| 568 | 580} 593 | 605 | 617 | 630 | 642
52 654 | 667 | 679 | 691 | 704 | 716 728 | 741 | 753 | 765
53 777 | 790 | 802 | 814 | 827 | 839 | 851 | 864 | 876 | 888 13
54 900 | 913 | 925 | 937 | 949 ] 962 | 974 | 986 | 998 *or1 1| 3
55 55 023 | 035 047 | 060 | 072 | 084 | 096 | 108 | 121 | 133 2| 2.8
56 145| 157 | 169 | 182| 194 | 206 | 218 | 230| 242 | 255 3 3'9
57 267 | 279 291 | 303 | 315] 328 340 352| 364! 376 4| 5.2
58 388 400 | 413 | 425| 437 | 449 | 461 | 473 | 485 497 5| 65
59 599 | 522| 534 | 546 558 570 | 582 | 594 | 606! 618 6 7.8
360 _630| 642 654 | 666 | 678 | 691 | 703 | 715 | 727 | 739 g I(9)-11
61 75t | 763| 775| 787 | 799 | 811 | 823 | 835 | 847 ( 859 9 nj‘;'
62 871 883 895| 907 | 9191 931 | 943 | 955 | 967 | 979
63 991 [{#003 [*o15 [*027 [*038 [*o50 [*062 [*074 [*086 |*0g8
64 56 110| 122 | 134 | 146 | 158 ] 170| 182 | 194 | 205 | 217
65 229 | 241| 253 | 265 | 277 | 289 | 301 | 312| 324 | 336 12
66 348| 360| 372| 384 396 | 407 | 419| 431 | 443 | 455 il 1.2
67 467 | 478| 490 502 | 514 526| 538| 549 | 561 | 573 2| 2.4
68 585| 597 | 608 | 620| 632 644 | 656! 667 | 679 | 691 3| 3.6
69 703 | 714 | 726| 738 750 | 761| 773| 785 | 797 | 808 4| 4.8
870 | 820 832 8aa| 855| 867|879 | Bo1 | 902 | 914| 926] 5| &0
71 937 | 949| 961 | 972 | 984 | 996 =008 |"019 X031 7043 7 §:4
72 57 054 | 066 | 078 | 08g| ToI | 113| 124 | 136 148 | 159 8 6
73 171 | 183 | 194 | 206 | 217 ] 229 | 241 | 252 | 264 | 276 9 xg:S
74 287 | 299 310| 3221 334 | 345 357 | 368 380| 392
75 403 | 415| 426| 438| 449 461 | 473 | 484 | 496 | 507
76 519 | 530| 542 | 553| 565 576| 583 | 600 | 611 | 623 -
77 634 | 646| 657 | 669 | 680 692 | 703| 715 | 726| 738
78 749 | 761 | 772| 784 | 795 ) 807 | 818 | 830 | 841 852 1| I.x
79 864 | 875| 837 | 898 | 9ro | 921 | 933| 944 | 955 | 967 20 2.2
830 978 | 990 |*ooI |*013 |*024 |*035 |*047 |¥058 [*o70 |* 081 3| 33
81 | 58002 104| 115| 127 | 138 | 149 161 | 172 | 184 195 4| 44
5| 58
82 206 | 218| 229 | 240| 252 | 263 | 274 | 286 | 297 | 309 6| 6.6
83 320| 331 343 | 354| 365 377 | 388| 399 410 422 71 7.7
84 433 | 444 | 456 467 | 478 490 | 501 | 512 | 524 535 8| 838
85 546| 557 | 559 580| 591 ) 602 | 614 | 625 636 | 647 9f 9.9
86 659 | 670| 681 | 692 | 704 ] 715 | 726| 737 | 749 | 760
87 771| 782 | 794 | 805 | 816 | 827 | 838 850 | 861 | 872
88 883| 894 | 906 | 917 | 928 | 939 | 950| 961 | 973 | 984 10
89 995 |¥006 | *o17 |*028 [*040 f*o5T [*062 |*073 [¥0B4 *095
890 | 59 106| 118 120 140 151|162 173| 184|195 207|  X| IO
91 218 | 229 | 240 | 251 | 262 273 | 284 | 295| 306 | 318 3 3:0
92 329| 340 351 | 3621 373| 384 | 395 | 496 | 417 | 428 4| 20
93 439 | 450 | 461 472 483 494 | 506 | 517| 528 539 s| 5.0
94 550| 561 | 572| 5831 594 | 605 | 616 | 627 | 638 | 649 6| 6.0
95 660 | 671| 682 | 693 704| 715| 726| 737 | 748 | 759 7| 7.0
96 770| 780 | 791.| 802 813 | 824 835| 846 | 857 | 868 8| 8.0
' = 9| 9.0
97 879| 890| gor| 912 923] 934 | 945 | 956 | 966 | 977
98 988 | 999 [*or10 [*021 *032 [*043 [*054 [*063 [*076 [¥086
99 | 60097| 108| 119 | 130" 141 152| 163| 173 | 184 | 195
400 206 | 217 | 228 | 239 . 249 260| 271 | 282 | 293 | 304
N. o|1|/z|3|a]s|e6|7|8]09 Prop. Pts.




N. o|l1|z2|3|afls]e|7|8]09 Prop. Pts.

400 60 206 | 217 | 228 | 239 | 249 ] 260 | 271 | 282 293 | 304

o1 314} 325| 336 347 | 358} 369 379 | 390/ 401 | 412

02 423 433 | 444| 455| 466 | 477 | 487 | 498 509 | 520

o3 531| 541 552 563 | 574 | 584 | 595| 606 617 | 627

o4 638 649 | 660 | 670| 681 | 692 703 | 713 | 724 | 735

o5 746 | 756 | 767 | 778| 788] 799 | 810| 821 831 | 842

o6 853 | 863| 874 | 885 895] 906 | 917 | 927 | 938 | 949 b

o7 959| 970| 981 | 991 [*002 [*o13 |¥023 |¥034 |*045 |*055 I|LI

o8 61 066 | 077 087 | 098 | 109 119 | 130| 140 | 15T | 162 2|2.2

o9 172 183 194 | 204 215 | 225 236 247 | 257 | 268 3(33

410 278| 289| 300| 310 321 331| 342 | 352 | 363| 374 gg‘;

I 384| 395 | 405| 416| 426 437 | 448 458 469 | 479 6)6.6

12 490| 500| 511 521| 532 | 542| 553 | 563 | 574 | 584 7177

13 595| 606 | 616| 627 | 637 | 648| 658 | 669 679 | 690 8(8.8

14 q00| 711 | 721 | 731 | 742 | 752 763| 773| 784 | 794 9199

15 805 | 815) 826 836 847 | 857 | 868| 878 | 888 | 899

16 909 | 920 930 | 941 | 951 ] 962 | 972| 982 | 993 *003

17 62 o14| 024 | 034 | 045 | o55| 066 | 076 | 086 | 097 | 107

18 118 | 128 138 149| 159 | 170| 180 | 190 | 201 | 2II

19 221 232 | 242 252 263 | 273 | 284| 294| 304 | 315

420 325 335| 346 356 366 | 377 | 387 | 397 | 408 | 418

21 428 439 449 | 459| 469 ] 480| 490 500| 5II| 521 10

22 530| 542 | 552 | 562 | 572]°583| 593| 603 | 613| 624 1|10

23 634 | 641| 655| 665| 6751 685 696 706 | 716 726 2|20

24 737 | 747 | 757 | 767| 778 | 788 | 798 | 808 | 818 829 3|30

25 839 | 849 | 859 | 870| 880 8go| goo| 910| 921 | 931 4|40

26 941 | 951 | 961 | 972 | 982 | 992 [¥002 |*oI12 |*022 [*033 g g-o
.0

27 | 63 043| 053] 063 | 073 | 083] 094 | 104 | T14| 124 134 717.0

28 144 | 155| 165| 175 | 185 195| 205 | 215 225| 236 8!8.0

29 246 | 256 266 | 276 | 286} 296 | 306| 317 | 327 337 9l9.0

430 _347| 357 | 367 377 | 387 397 | 407| 417| 428 438

31 448 458 468| 478 | 488 498 | 508 | 518 | 528 | 538

32 548 | 558 | 568 579 589 599 | 6og| 619 629| 639

33 649 | 659 | 669| 679 6891 699 709| 719 729 739

34 749| 759 | 769 | 779| 789 799| 809 | 819 829 839

35 849| 859| 869 | 879| 839] 899 909] 919 929 | 939

36 949| 959 | 969 | 979| 988 | 998 [*0o8 |¥018 [*028 [*038 9

37 64 048 058 | 068 | 078 | 088 | 098 | 108 | 118 | 128 137 1]o.9

38 147| 157 167 | 177| 187 197 | 207 | 217 | 227 | 237 2|1.8

39 246 | 256 | 266 | 276| 286 | 296 | 306 | 316 326| 335 3|27

440 345/ 355 365 375 | 385 | 395 | 404 | 414 | 424 | 434 4|3.6

41 444|454 | 464 473| 483 ] 493 | 503| 513| 523 | 532 2|45

42 542| 552 | 562| 572 | 582 | 591 | 601 | 611 | 621 | 631 5-4

43 640 650 | 660 | 670 | 680 | 689 | 699 | 709 | 719 | 729 gg-g

44 738 | 748 758 | 768 777| 787 797 | 807 | 816 826 9|81

45 836| 846 | 856 865 875 885 | 895 | 904 | 914 | 924

46 933 | 943 | 953| 963 | 972 | 982 | 992 *0oz |*oIT |*o21

47 65 031 | 040 | 050 | 060 | o70] 079 | 089 | 099 | 108 | 118

48 128 | 137 | 147| 157 | 167] 176 | 186 | 196 | 205 | 215

49 _225| 234 | 244 | 254| 263 273 | 283| 292 | 302 312

450 321 | 331| 341| 350| 360 369 | 379 | 389 | 398 | 408

N. 0| 1|2 |3|4|]5|6|7 8|09 "Prop. Pts.




219

N. o|l1]z2|3]|a]ls5]6|7]|8]09 Prop. Pts.
450 | 65 321 331| 341! 350| 360 369| 379 | 389| 398 | 408

5t 418 | 427 | 437 | 447 | 456 ] 466 | 475| 485 | 495| 504

52 514 523 | 533 | 543 | 552 | 562 571| 581 591 | 600

53 610 619 | 629 | 639 648 | 658 | 667 | 677 | 685 | 696

54 706 | 715| 725 | 734 | 744 ] 753 | 763 | 772| 782| 792

55 8o1 | 811| 820 830 839 849 | 858 | 868 | 877 887

56 896| 906 | 916 | 925 | 935 | 944 | 954 | 963 | 973 | 982 1o
57 992 |*oor |*or11 [¥020 |*030 [*039 |*049 [*058 |*068 |*077 Iir.o
58 66 087 | 096 | 106 | 115 124 134 | 143 | 153 | 162 | 172 2|20
59 I8 191 | 200 210 219} 229 238 247 | 257 | 266 3132
460 | 276[ 2851 203| 304/ 314f 323} 332| 342 3571 | 361 tlEe
61 370| 380 389 | 398| 408 | 417 | 427 | 436| 445 | 455 6|6.0
62 464 | 474 | 483 | 492 | 502] 511| 521| 530| 539 549 717.0
63 558| 567 | 577| 586 | 596] 605| 614 | 624| 633| 642 8|8.0
64 652 | 661 | 671 | 680| 689 | 699 | 708| 717 | 727 | 736 9190
65 745| 755 | 764| 773| 783 792 | Bo1| 811 820 829

66 839| 848 | 857 867 | 876 | 885 894 | gog | 913 | 922

67 932 | 941 | 950 | 960 | 969 978 | 987 | 997 |*00b *o1§

68 67 025 | 034 | 043 | 052 | 062] 071 | 080 | 089 | 0gg | 108

69 117 | 127 136 | 145| 154} 164 173 182 191 | 201

470 _210| 219 228 237 | 247 256 | 265| 274 | 284 | 293

71 302| 311 321| 330| 339 348 357 | 367| 376| 385 9
72 394 | 403 | 413| 422| 431 | 440 | 449 | 459| 468 477 1|0.9
73 486| 495| 504 | 514| 523 | 532 | 541 | 550| 560 | 569 2[1.8
74 578 | 587 | 596 605 614 ) 624 | 633| 642 | 651 | 660 3(27
75 669 | 679| 688 | 697 | 706 | 715| 724 | 733 | 742 | 752 413.6
76 761, 770| 779 | 788 | 797 | 806 | 815 825 | 834 | 843 g‘;g
77 852| 861 | 870( 879 | 888 | 897 | 906 | 916| 925 | 934 7163
78 943 | 952 | 961| 970| 979 988 | 997 [*006 [*o15 [*024 8|7.2
79 | 68.034| 043 | 052 | 061 | 070] 079| 088 097 | 106 115 9l8.1
480 124 133 | 142 | 151| 160} 169 | 178 | 187 | 196| 205

81 215 | 224 | 233 | 242| 251§ 260| 269 278 | 287 | 296

82 305 | 314 | 323 332| 34t | 350| 359 | 368 | 377 | 386

83 395| 404 | 413 | 422 431 | 440 449 | 458 | 467 | 476

84 485| 494 | 502 | 511 | 520) 529 538 547 | 556 | 565

8s 574 | 583! 502 | 601 | 610] 619 628! 637 | 646 | 655

86 664 | 673| 681 | 690 | 699 | 708| 717 | 726 | 735 | 744 8
87 753 | 762 | 771 780| 789 797 | 806 | 815| 824 | 833 1{0.8
88 842 | 851 | 860 | 869 | 878 | 886 | 895| 904 | 913 | 922 21.6
89 931|940 | 9491 955 | 966 | 975 | 984 | 993 |¥002 %011 3| 2.4
490 69 020 | 028| 037 | 046| 055) 064 | 073 | 082 | ogo | 099 4]3.2
9t 108 | 117 126 135 | 144 152| 161| 170| 179 | 188 Si40
92 197 | 205 | 214 223 | 232 241 | 249 258 | 267 | 276 6 4-2
93 285 | 294 | 302 311| 320 329 | 338 | 346| 355| 364 g g' .
94 573 | 381 | 390| 399 408 417 | 425| 434 | 443 | 452 9|7.2
95 461 | 469 | 478 | 487 | 496 | 504 | 513 | 522 | 531 | 539

96 548 | 557 | 566 | 574 | 583 ] 592 | 601 | 609 | 618 | 627

97 636 | 644 | 653 | 662 671 | 679 | 688 | 697 | 705 | 714

98 723 | 732| 7401 749 | 758 767 | 775 | 784 | 793 | So1

99 810 819| 827 | 836 | 845 | 854 | 862 87r | 880 | 888

300 897 | 996 | 914| 923| 932 | 940 | 949 | 958 | 966 | 975

N. o 1 2 3 4 5 6 ki 8 9 Prop. Pts.




I ~ o|l1|2|3|a]s|e6e|7|s8]|09 Prop. Pts.
1300 | 69 897/ 906| 914 923| 932] 940 949] 958 966 | 975
or1 984 | 992 |*oo1 |*oI10 |*018 |*027 [*036 [*044 |¥053 |*062
02 70 070 | 079 | 088 | 096 | 105 | 114 | 122 | 131 | 140 | 148
o3 157 | 165| 174 | 183 | 191 ] 200 | 209 | 217 | 226! 234
04 243 252 | 260 | 269 | 278 ] 286 | 295 | 303 | 312 321
o5 329| 338| 346| 355 364 | 372 | 381 | 389 | 398 406
o6 415| 424 | 432 | 441 | 449 458 | 467 | 475 | 484 | 492 9
o7 501 509 | 518 526 535 544 | 552 561 | 569 | 578 1 °-g
o8 86| 595 | 603 | 612 621 | 629 | 638 | 646 | 655 | 663 2L
09 672| 680 689| 697 | 706 | 714 | 723| 731| 740 749 | i;-g
510 _757| 766 774 | 783| 791 | 8o | 808 | 817 | 825| 834 slas
11 842| 851 | 859| 868 | 876 | 885 | 893| 9oz | 910 919 6|5.4
12 927 | 935 944 | 952 | 9611 969| 978 | 986 | 995 |*003 7|6.3
13 71 o12| 020 | 029 | 037 | 046 | ©54 | 063 | 071 | 079 | 088 8(7.2
14 096 105 | 113| 122 | 130 139| 147 | 155| 164 | 172 9/8.1
15 181 | 189 198 | 206 | 214 | 223 | 231 | 240 | 248 | 257
16 265 | 273 | 282| 290 299 3071 315| 324 332 341
17 349 357 | 366| 374 | 383 ] 391] 399 | 408| 416 425
18 433| 441 450 458 | 4661 475 483 | 492| Soo | 508
19 517 | 525| 533! 542 | 550 ] 559 ' 567 | 575| 584 | 592
520 600 | 609 | 617 | 625| 634] 642 650 | 659 | 667 | 675
21 684| 692 700| 709 | 7i7 | 725 734| 742 | 750| 759 8
22 767| 775| 784 | 792 | Boo | 89 817 | 825| 834 | 842 1|08
23 850 858 | 867 | 875 883 | 892 900 908 | 917 | 923 2|16
24 9331 941 | 950 958 | 966 | 975 983 | 991 | 999 |¥oo8 3|24
25 | 72 016| 024 | 032 | 041 | 049 ] 057 | 066 | 074 | 082 | ogo 432
26 o099 | 107 | 115] 123 132 | 140| 148 | 156 165 173 gjg
27 181 | 189 | 198 | 206 | 214 | 222| 230| 239 247 | 255 7 5:6
28 263 | 272 280 288 | 296 | 304 313| 321 329 337 8|6.4
29 346| 354 | 362 370| 278 387| 395| 403 | 411 419 9|7.2
580 428 436 | 444 | 452| 460 | 469 | 477 48."| 493| 501
3t 509 | 518| 526 | 534| 542 550| 558 | 567, 575 | 583
32 591 | 599 | 607 | 616| 624 ] 632 | 640| 648 | 656 | 665
33 673 | 681 | 689 697 | 705 | 713| 722| 730 738 | 746
34 754| 762 770| 779| 787 | 795 | 803 | 811| 819 | 827
35 835! 843 | 852| 860| 868 ] 876| 884 892 | goo | go8
36 916 | 925| 933 941| 949 | 957 | 965 | 973 | 981 | 989 7
37 997 [*006 |*o14 |*022 |*030 [*038 [*046 |*054 [*062 |*070 1|07
38 73'078| 086 | 094 | 102 | 111§ 119| 127 | 135 | 143 | 151 2|1.4
39 159 167 | 175] 183 191 199 | 207 | 215 223| 231 3far
540 239 | 247 | 255| 263 | 272 | 280 | 288 | 296| 304 | 312 4{°8
41 320| 328 336| 344| 352 360 368 | 376 | 384 | 392 a8
42 400 | 408 416| 424 | 432 | 440| 448 | 456 | 464 | 472 ; 1‘
43 480 488| 496 | 504 | 512 520 | 528 536 | 544 | 552 & 5:2
44 560 | 568 | 576 | 584 592 | 600 | 608 | 616 624 | 632 9/6.3
45 640| 648 656 | 664 | 672 679| 687 | 695 | 703 | 711
46 719 | 727 735| 743 | 751} 759 | 767 | 775 | 783 | 797
47 799 | 807 | 815 | 823 | 830] 838| 846 | 854 | 862 | 870
48 878 | 886| 894 | 902 | 910} 918 | 926 | 933 | 941 | 949
49 957 | 965 | 973 | 981 | 989 | 997 [*005 [*o13 [*020 *028
580 | 74 036| 044 | 052 | 060 | 068 | 076 | 084 | 092 | 099 | 107
N. o|l1]2]|3fa]s5]|6|7]|8]|0 Prop. Pts.
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N. o 1 2 3 4 5 6 71| 8 9 ¥rop. Pts.
360 74 036| 044 | 052 | 060 | 068 ] 076 | 084 | 092 | 0g9 | 107

134 115| 123 131| 139| 147 ] 155| 162 | 170 | 178 | 186

52 194 | 202 | 210 | 218 | 225 233 241 | 249 | 257 | 265

53 273 | 280 288 | 296 | 304 | 312| 320 327 | 335| 343

54 351| 359| 367 | 374| 382] 390| 398 | 406| 414 | 421

55 429 | 437 | 445 | 453 | 461 ] 468 | 476 484 | 492 | 300

56 507 | 515| 523( 531| 539 | 547 | 554 | 562| 570| 578

57 586 | 593 | 601 | 60g| 617] 624 | 632 | 640| 648 | 656

58 663 | 671| 679| 687 | 695 702 710 718 | 726 733

59 _741| 749| 757 | 764 772 | 780| 788 796| 803 | 811

560 819 827/ 834 842 850 858 865 | 873 | 881 889

61 896| 904 | 912| 920| 927 935 | 943 | 950 | 958 | 966 8
62 974 | 981 | 989 | 997 *005 [¥012 *020 |*028 *035 |*043

63 75 051 | 059 | 066 | 074 | 082 | 089 | 097 | 105 113 | 120 1({0.8
64 128 136| 143| 151 | 159 ] 166 | 174 | 182| 189 | 197 2 ;'6
65 205 | 213 | 220 228| 236 243 | 251 | 259 | 266 | 274 3 g‘
66 282 289 297 | 305 | 312§ 320 328| 335/ 343 | 35T 5“;}'0
67 358 | 366 374| 381 | 389 397 | 404 | 412 | 420] 427 614.8
68 435 | 442 | 450 | 458 | 465 473 | 481 | 488 | 496 | 504 7156
69 _51T| 519 526 534| 542 | 549 | 557 | 565 | 572 | 580 816.4
570 587|595 | 603 | 610| 618 | 626 | 633 | 641 | 648 | 656 917.2
71 664 | 671| 679| 686| 694 702 | 709 | 717 | 724 | 732

72 740 | 747 | 755| 762! 770 778 | 785| 793 808

73 815|823 | 831| 838 | 846 853 | 861 | 868 | 876 | 884

74 891 | 899 914 | 921 ] 929 | 937 | 944 952 | 959

75 967 | 974 | 982| 989 | 997 [*005 |*o12 [*020 [*027 [*035

76 76 042 | o0 | 057 | 065| 072 ] o8Bo| 087 | 095 | 103 | 110

77 118 | 125| 133 | 140 148 155| 163| 170 178 | 185

78 193 | 200 | 208 | 215| 223 | 230| 238 | 245| 253 | 260

79 2681 275)| 2831 290 298] 305| 313 | 320 328 335

580 343|350 358 3€5| 373 380 388 395| 403| 410

81 418 | 425| 433 440 448 | 455 | 462| 470| 477 | 485

82 492 | 500| 507 | 515} 522 | 530| 537 | 545| 552 | 559

83 567 | 574 | 582 | 589 | 597] 604 | 612| 619| 626| 634 7
84 641 | 649 | 656 | 664 | 671 678| 686 693 | 701 | 708 10,7
85 7161 7231 730 738 745] 753 | 760 | 768 | 775 | 782 2|14
86 790| 797 | 805 | 812| B1g| 827 | 834 842 849 856 2:;
87 864 | 871| 879| 886| 893 gor | 9o8| 916| 923 | 930 5135
88 938| 945| 953 | 960| 967 | 975 | 982 | 989 | 997 |*oo4 6|32
89 | 77 o1z or9} 026| 034| 041 ] 048 | 056| 063 | 070 | 078 7149
290 085 | 093| 100 | 107| 115 122| 129 137 | 144 | 151 8|5.6
o1 159 | 166| 173 | 181 | 188 | 195 | 203 | 210 217 | 225 916.3
92 232| 240| 247 | 254 | 262 ] 269 | 276 | 283 | 291 | 298

93 305| 313| 320| 327| 335| 342 | 349 357 | 364 371

94 379 | 386| 393| 401 | 408 415 422 | 430 | 437 | 444

95 452 459| 466 | 474 | 481 | 488 495| 503 | 510 517

96 525 | 532 | 539 546| 554 ] 561 568 576 | 583 | 590

97 597 | 605 | 612 619 627 634 | 641 | 648 | 656 | 663

98 670| 677| 685| 692| 699 706 | 714 | 21| 728 735

99 743 | 750| 757 764 | 772) 779| 786 793 | 8o1 | 808

600 815| 822 830 837| 844 851| 859 | 866| 873 | 880

N. o|1|2|3|4a4]5]|6]|7|8 |0 Prop. Pts.
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- -

N. 0|1 4|5 |6 7|89 Prop. Pts.
600 77 815| 822 820/ 837 8441 851 | 859 866 | 873 | 880

o1 887 895| 902 | 909 | 916 | 924 | 931 | 938| 945| 952

02 960 | 967 974 | 981 | 988 | 996 |*003 |*o10 |*017 |*025

o3 78 032| 039 | 046 | 053 | 061 | 068 | 075 | 082 097

04 104| 110| 118 125 132 140 147 | 154| 161 168

05 176 | 183 | 190 | 197 | 204 | 211 | 219 | 226| 233 | 240

[ 247| 254 | 262 | 269 | 276 283 | 290 | 297 | 305| 312 8
o7 3157 326| 333 | 340| 347 355 | 362| 369| 376 383 108
o8 390| 398| 405 | 412| 419 426 | 433 | 440 | 447 | 455 21
9 462 469 476 | 483 | 490 497 | 504 | 512| 519 526 i 2-‘;
610 533 540 547 | 554 | 561 ] 5691 C7€| 583 | 590| 597 5 i:o
11 604 | 611| 618 625 63| 640 647 | 654 | 661 | 668 6|4.8
12 675| 682 | 689 696 704} 711 718 | 725| 732| 739 715.6
13 746| 753 | 760 767 774 781 | 789 | 796 803 | 810 8(6.4
14 8r7| 824 ( 831 838( %45] 852 859 866 | 873 880 917.2
15 8881 895 9oz{ 909 916 | 923| 930 937 | 944 | 95I

16 958| 965 | 972| 979 | 986 | 993 (*o00 [*007 [*o14 (021

17 79 029 036 | 043 | 050 057 | 064 | o71| 078| 085 | 092

18 099( 106 113| 120 127 | 134 141 | 148| 155 162

I9 _169 176| 183 | 1go| 197 ] 204 211 218 225| 232

620 _239| 246 253 | 260| 267 274 | 281! 288| 295| 302

21 309 316 | 323 | 330 337 | 344 35I| 358| 365/ 372 7
22 379| 386| 393 | 400 407 | 414 | 421 428 435 | 442 1|07
23 449| 456 463 | 470| 477 | 484 | 491 | 498| 505 | 511 2|14
24 518( 525 | 532| 539| 546 | 553 560 567 574 | 581 3|22
25 588 | 595| 602 | 60g| 616 ] 623 | 630| 637 | 644 | 650 42
26 657 €64 671| 6781 685 692| 699| 706 713 | 720 gig
27 727| 734 741 | 748 754 | 761 768| 775/ 782| 789 7149
28 796 | 803 | 810| 817| 824 ] 831 837 844 851 858 8]5.6
29 865| 872| 879 886] 893§ goo| 906 | 913| 920 927 916.3
630 934|941 | 948| 955| 962 ] 969 | 975| 982 | 989 | 996

31 80 003 | o10| 017 | 024 030 | 037 | V44| o51| 058 065

32 o72] 079| 085| 092 | ogg | 106| 113| 120]| 127 | 134

33 140| 147 | 154 | 161| 168 ] 175 | 182| 188 195| 202

34 209 | 216| 223| 229| 236 243| 250| 257 264 | 271

35 277| 284 291 | 298| 3051 312| 318| 325 332 339

36 346 353| 359| 366| 373 380 387 393| 400 407 6
37 414 421 | 428 434 | 441 ] 448 455| 462 | 468 475 1{0.6
38 482 489 496| 502| 509 | 516| 523 | 530| 536 | 543 2|12
39 _550 557 | 564| 570| 577 ] 584 | 591 598 | 604 611 3|18
040 618 625| 632| 638| 645 652 | 659| 665| 672 | 679 4]2.4
41 636 | 693 | 699| 706| 713} 720| 726| 733 | 740| 747 212e
42 754| 760| 767| 774 781 ) 787 794 | 8or| 808 814 3
43 821 | 828 835 841 848 855| 862 | 868 875| 882 gzg
44 88| 895| 902 | 909 | 916] 922| 929 936 | 943 | 949 9l5.4
45 956 | 963 | 969 | 976 | 983 ] 990 996 [*o03 ¥o10 |¥o17

46 | 81 023| 03o| 037 | 043 | 050 | 057 | 064 | 070 | 077

47 0go | 097 | 104 | P11 | T17] 124 | 131 | 137 | 144 | 151

48 138 | 164 | 171 | 178| 184 ] 191 | 198 | 204 | 211 | 218

49 _224| 231| 238 245 251 258 265 | 271 | 278| 285

650 291 | 298| 303 | 311 | 318 325| 331| 338 | 345| 351

N. o|1]|2|3|4|s]e6ejr|8 |0 Prop. Pts.
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N. o|1|z2|3|4a]5]|6] 8 |9 Prop. Pts.
650 | 81 291| 298| 305 | 311 318 325° 331! 338| 345 351

51 358|365 | 371| 378 | 385 | 391 . 398 | 405 | 411 | 418

52 423] 431 438 445 | 451 4581 63| 471 | 478 | 483

53 491| 498 | 505 | 511 518 525 531 | 538| 544 | 55¢

54 558 | 564 | 571 | 578 584 | 591 598 604 | 611 | 617

55 624 631| 637 | 644 | 651 657»6641671 677 | 684

56 690 | 697 | 704 | 710| 717 ] 723 | 730 737 | 743 | 750

57 757 | 763 | 770 776 | 783 ] 790 803 | 8og| 816

58 823 | 829 | 836| 842 | 849 856 862 869 | 875 | 882

59 8891 895| 902| 908 | 9I5| 921 | 928 935| 941 | 948

(1) 954 | 961 | 968| 974 | 981 | 987 | 994 |¥o00 [*o07 *o14

61 82 020 027 | 033 | 040 | 046 053 | 060 | 066 | 073 | 079 ”
62 086 | 092 | 099 | 105| 112] 119| 125| 132 | 138 145

63 151 | 158 164 | 171 178] 184 | 191 | 197 | 204 | 210 1|07
64 217 | 223 | 230 | 236| 243} 249! 256 | 263 | 269 | 276 2 ;‘;’
65 282 | 289 | 295| 302| 308 3132321 328 334 341 22.8
66 347 354 360| 3671 373 380 387 | 393} 400 | 406 5l3s
67 4131 4191 426 | 432 439 445 | 452 | 458 | 465 | 471 64.2
63 478 | 484 491! 497| 504 ] 510) 517 | 523 | 530 | 536 7149
69 _543| 549 556 | 562| 569 575| 582 | 588 595 | 601 8156
670 607 | 614 620 | 627| 633] 640| 6461 653 | 659 | 666 916.3
71 672 | 679 | 6Rs | 692 | 698|705 | 711 718 724 730

72 737| 743 | 750| 756 | 763 | 769 776! 782 789 | 795

73 802 | 8o8| 814 | 821 | 827 834 | 840 847 | 853 | 860

74 866 | 872 879 | 885 | 892 898 | go5 | 911 | 918 924

75 930| 9371 943| 950! 956 ] 963 | 969 | 975| 982 | 988

76 995 |*001 [*008 1*014 [*020 J*027 |*033 |*040 [¥046 [¥052

77 83 o59| 065 c72| 078 | 083 091 | 097 | 104 | 110| 117

78 123 | 129, 136| 142 | 149 | 1551 161 | 168 | 174 | 181

79 | 187| 193] 200| 206| 213|219 225| 232| 238 | 245

680 251 | 2571 264 | 270 | 276 28;; 289 | 296 | 302 | 308

81 315 | 3211 327| 334 | 340 347 353 | 359 | 366 372

82 378| 385 391 | 398 404 | 410 417 | 423 | 429 | 436 s
83 442 4481 455 | 461 | 467 | 474, 480 487 | 493 | 499

84 506 | 512, 518 525 | 531 537| 544 | 550| 556 | 563 106
85 5691 575 582 588 | 594 | 6or| 607 | 613) 620 626 2|12
86 632 | 639, 615| 651 | 658 | 664 | 670| 677 683 | 689 i ;-2
87 696 | 702 708 | 715 | 721 727 734 | 740| 746 | 753 5/3.0
88 759 | 7651 771 | 778 | 784 | 790| 797 | 803 | 8og| 816 6,3.6
89 822 828, 835| 841 | 847 853 | 860 | 866 | 872| 879 7|4.2
690 _885) B9t 897 904 | 90| 916| 923| 929 935| 942 8148
91 948 | 954 960 | 967 | 973 | 979 | 985 | 992 | 998 [Foos 9154
92 84 o11| o17| 023| 029 | 036 | 042 | 048 | 055 | 061 | 067

93 073| 080 | 086| 092 | 098] 105 | 11X | 117| 123| 130

94 136| 142 | 148 | 155 | 161] 167 | 173| 180 186 192

95 198 | 205 | 211 | 217 | 223 230| 236 | 242 | 248 | 255

96 261 | 267 | 273 | 280 | 286 292 | 298| 305| 311 | 317

97 323| 330 336| 342 | 348 354 | 361| 367 373| 379

98 386 392| 398 404 | 410 417 | 423 | 429 435 | 442

99 _448 | 454 460 | 466 473 ) 479 | 485| 491 | 497 | 504

700 510| 516| 522 528 535 541 | 547 | 553 | 559 | 566

N. o 1 2 3 4 5 6 7 8 9 Prop. Pts.
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N. o|1|2|3[4af]s]|6|7][8]09 Prop. Pts.
700 | 84 510 516| 522| 528! 535 ] 541 547| 553| 559 566

or 572 | 578 | 584 | 590 | 597 ] 603 | 609 | 615 621 | 628

02 634 | 640| 646 | 652 658 | 665 | 671 | 677 | 683 | 689

03 696| 702| 708 714 | 720 726 | 733| 739| 745| 751

o4 757| 763 770| 7761 782 788 794 | 800 | 807 | 813

05 819 | 825! 831 | 837! 844 ] 850 856| 862 | 868 | 874

06 880 887 893| 899 | 905 ] 911| 917 | 924 | 930| 936 7
o7 942 | 948 954 | 960 | 967 973 979| 985 | 991 | 997 roz
o8 85 003 | cog | 016 | 022 | 028 ] 034 | 040 | 046 | 052 | 058 2/ 1.4
09 _065| o71| 077 | 83| 089 og5| 101 107 | 114 120 3 2%
710 126 | 132| 138| 144 | 150 | 156 | 163 | 169 | 175 181 g ;'5
1 187 | 193 199 | 205 211 f 217 | 224 | 230| 236 | 242 6 4:2
12 248 | 254 260| 266 | 272 | 278 | 285 | 291 | 297 | 303 7149
13 309 | 315| 321 327 | 333] 339 345| 352 358| 364 8|56
14 370 376 | 382 | 388 394 | 400 | 406 | 412 | 418 425 9163
1§ 431 | 437 | 443 | 449 455 ] 461 | 467 | 473 479 485

16 491 497 | 503 509 | 516 | 522! 528 534 540| 546

17 552 | 558 | 564 | 570 576 | 582 | 588! 594 | 600 | 606

18 612 | 618| 625 | 631 | 637 | 643 | 649 | 655 | 661 | 667

I9 6731 679| 685 691 | 697 | 703| 709 | 715| 721 | 727

720 _733| 739 745] 751 | 757 | 763 | 769 775| 781 | 788

21 794 | 800 | 806 | 812 | 818 | 824 | 830| 836 | 842 | 848 6
22 854 | 860| 866 | 872 878 884 | 8go| 896 | 9oz | go8 1{0.6
23 914| 920( 926 | 932| 938 | 944 | 950| 956 | 962 | 968 2|1.2
24 974 | 980 986 | 992 | 998 }¥004 |*o10 [*016 |¥022 [¥028 3|18
25 | 86 034| 040| 046| 052 | 058 | 064 | 070 | 076 | 082 | 088 4(2.4
26 094 | 100 106 | 112| 118 124 130| 136 | I4I| 147 g 3-2
27 153 | 159 | 165| 171 | 177 | 183 | 189 | 195| 201 | 207 7 22
28 213 | 219 | 225| 231 237 | 243 | 249 | 255 | 261 | 267 8(4.8
29 273 | 279 | 285| 291 297 | 303 | 308 | 314| 320 326 9154
730 332| 338| 344 | 350 356 | 362 | 368 | 374 | 380| 386

31 392 398| 404 | 410 415 | 421 | 427 | 433 | 439 445

32 451 | 457 | 463 | 469 | 475] 481 | 487 | 493 | 499 | 504

33 510 516| 522 528 534 ] 540 546 552 | 558 564

34 570| 576 | 581 | 587 | 503 | 599| 605| 611 | 617 623

35 629| 635| 641! 646| 652 ] 658| 664 | 670 | 676 | 682

36 688| 694 | 700 705 | 71X | 717 | 723| 729| 735 | 741 5
37 © 747 | 753 759| 764 | 770| 776 | 782 | 788 | 794 | 800 1|0.5
38 806 | 812| 817 | 823| 829} 835| 841 | 847 853 | 859 2|1.0
39 864 870| 875 882 838 894 | 900 906 | 911 | 917 3|1s
740 923|929 935| 941 947 ] 953| 958 | 964 | 970 | 976 4|20
41 982 | 988 | 994 | 999 |*005 |*o11 [*o17 [*023 |*029 [*035 52§
42 | 87 040| 046| 052 | 058 | 064 | 070 075 | 081 | 087 | 093 6(3.0
43 o099 | 105| 111| 116| 122 128 134 | 140| 146 151 373 22
44 157 | 163 | 169 | 175 | 181 | 186| 192 | 198 | 204 | 210 9 4:5
45 216 | 221 | 227 | 233 | 239 | 245 | 251 | 256 | 262 | 268

46 274 | 280| 286 | 291 | 297 | 303 | 309| 315| 320 326

47 332 338 344 | 349 355 361 | 367| 373 | 379 | 384

48 390 | 396| 402| 408 | 413 419| 425 | 431 | 437 | 442

49 448| 454 | 4601 466 | 471 ) 477 | 483 | 489 | 495 | 500

750 506| 512| 518 523| 529 535| 54| 547 | 552 558

N. (1] 1 2 3 4 5 (] 7 8 9 "Prop. Pts.
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N. o|1|2|3]a)ls|e6e|[7]|8]0e Prop. Pts.
750 | 87 506 512 518 523 | 529 535| 541 | 547 | 552 | 558

51 564 | 570| 576| 581 | 587 ] 503 | 599 | 604 | 610 | 616

52 622| 628 | 633| 639 | 645 651 | 656 | 662 | 668 | 674

53 679 | 685 691 | 697 | 703 | 708 | 714 | 720 726| 731

54 737 743 | 749 | 754 | 760 766| 772 | 777 | 783 789

55 795| 800 | 806 | 812| 818 823 | 829 | 835]| 841 846

56 852 | 858 | 864 | 869 | 875 881 | 887 | 892 904

57 910 915 | 921 927 | 933 | 538 | 944 | 950| 955 | 961

58 967 | 973 | 978 984 | 990 | 996 [*ooI *007 [*o13 |*018

59 88 024 | 039 | 036 | 041 | 047 053 | 058 | 064 | o70| 076

760 081 0871 093| 098| 104 | 110 116! 121 127 133

61 138 | 144 | 150 156| 161 ] 167 | 173 | 178 | 184 | 190 6
62 195| 201 | 207 | 213 | 218 224 | 230| 235| 241 | 247 1|/0.6
63 252 | 258 | 264 | 270 275 281 | 287 | 292 | 298| 304 2(1.2
64 309( 315| 321| 326 | 332| 338 | 343 349 355 | 360 3|18
65 366 372 377 383 | 389 395 | 400| 406 | 412 417 5|30
66 423 | 429| 434 | 440 | 446 451 | 457 | 463 | 468 474 6|36
67 480 | 485 491 | 497 | 502 | 508 | 513 519| 525 530 7142
68 536| 542 | 547 | 553 | 559 ] 564 | 570| 576 581 | 587 8148
69 593 598 | 604 | 610| 615 621 627 | 632 638 643 9|54
770 649 | 655 | 660 | 666| 672 | 677 | 683 | 689 | 694 | 700

71 705| 711 | 717 | 722 | 728 734 | 739| 745| 750 | 756

72 762| 767 | 773| 779| 784 790| 795| 8o1| 8oy | 812

73 818| 824 | 829 | 835| 840 846| 852 | 857 | 863 | 868

74 874| 880 | 885| 891 | 897 | 902 | 98| 913| 919| 925

75 930 936 | 941 | 947 | 953 | 958 | 964 975 | 981

76 986 | 992 | 997 [*003 {*00g J*014 |¥020 |*025 [*031 [¥037

77 | 89 042| 048 | 053 | o59| 064 | 070| 076 | 081 | 087 | 092

78 098 | 104 | 109| 115 120 f 126| 131 137 | 143 | 148

79 154 159 | 165| 170| 176 | 182| 187 | 193] 198 | 204

780 _209| 215 | 221 | 226 232 ] 237 | 243 | 248 | 254 | 260

81 265| 271 | 276 ) 282| 287 ] 293 | 298| 304 | 370| 315 5
82 321| 326| 332 337| 343| 348 354 | 360 365 371 1|05
83 376| 382 | 387 | 393 | 398 | 404 | 409 | 415| 421 426 2|10
84 432 437, 443| 448 | 454 ] 459 465 470| 476 481 3| L5
85 487| 492 498| 504 | 509 | 515 520 526 531| 537 4|2.0
86 542 | 548 | 553| 559 564 | 570| 575| 581 | 586 592 g ;g
87 597 | 603| 609 614 | 620 625| 631| 636| 642| 647 7 3:5
88 653 | 658 | 664 | 669 | 675] 680| 686| 691 | 697 | 702 8|40
89 708 713| 719 724| 730 735| 741 | 746 | 752 757 9l4s
790 _763| 768 774 779 785 ] 790| 796 | 8or | 807 | 812

91 818 | 823 | 829| 834 | 840 845| 851 | 856 | 862 | 867

92 873 | 878| 883 | 889 | 894 [ goo| 9o5| 911 | 916 | 922

93 927 933| 938| 944 | 949 955 | 960 | 966| 971 977

94 982 | 988 | 993 | 998 [*oo4 J*00g [*015 |*020 [¥026 *o31

95 | 90 037| 042| 048 | 053| 059 | 064 | 069 | 075 | oBo| 086

96 o091 | 097 | 102| 108 | 113} 119| 124 | 129| 135 | 140

97 146 | 151 | 157 | 162| 168 ) 173 179 | 184 | 189 | 195

98 200| 206 211 | 217| 222} 227 | 233| 238 | 244 | 249

99 255| 260 266 | 271 | 276 | 282 | 287 | 293 | 208 | 304

800 309| 314 | 320/ 325| 331 | 336 342 347| 352 | 358

N. 1] 1 2 3 4 5 6 7 8 9 Prop. Pts.
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N. o|1]2|3|a]s5|e6e|7]|8]09 Prop. Pts.
800 | go 309| 314| 320 325| 331 336| 342| 347 352 358

o1 363 | 369 | 374 | 380| 385 390| 396 | 401 | 407 | 412

02 417 423 428 | 434 | 439 | 445| 450 455| 461 466

o3 472| 477 482 488 493 499| 504 | 509 | 515 520

o4 526 | 531 | 536] 542 | 547 ] 553 | 558 | 563 | 569| 574

o5 580! 585 | 500 | 596 | 601 ] 607 | 612 | 617 | 623 | 628

06 634 | 639 | 644 | 650| 655] 660 | 666 | 671 | 677 | 682

o7 687 | 693| 698 | 703 | 709 714 | 720| 725 730| 736

o8 741 | 747 | 752 | 757 | 763§ 768| 773 | 779 | 784 | 789

o9 795 | 8oo| Bo6 | 811 816) 822, 827 832 838 843

810 849 | 854 859 865| 870 875 881 | 886 8o1| 897

I 902 | 907| 913| 918| 9241 929| 934 | 940 | 945 | 950 6
12 956 | 961 | 966 | 972 | 977 | 982 | 988 | 993 998 [*004

13 9I cog | or4| 020/ 025| 030 | 036 | 041 o46|052 057 1/0.6
14 062 | 068 | 073 078| 084 ] 089 | 094 | 100, 105| 11O 2 Ig
15 116 | 121 | 126 132 137 | 142 | 148 153§ 158 | 164 22'
16 169 | 174 | 180 185 | 190 196 | 201 206’212 217 5 3:2
17 222| 228 233| 238 243 | 249| 254 | 259, 265| 270 6|3.6
18 275 281 | 286 291 | 297 | 302 | 307 | 312 318 323 714.2
19 328 334 339| 344 | 350| 355 360 3651 371| 376 8(4.8
820 387 3871 392) 297 403 408| 413 | 418 424 | 429 9154
21 434| 440 | 445 4> | 455 461 | 466 | 471 477 | 482

22 487 | 492 | 498 | 503 | 508 514| 519 | 524 | 529 535

23 540 | 545 | 551 | 556 | 561 ) 566| 572| 577 | 582 587

24 593 | 598 6031 6og| 614 | 619 | 624 | 630! 635 ( 640

25 645| 651 | 656 661 | 666 672 677 | 682 687 | 693

26 698 703 | 709 714| 719} 724 | 730| 735 | 740| 745

27 751 | 7561 761" 766 | 772| 777 | 782 787 793 | 798

28 803 | 808 | 814 81g| 824 829| 834 | 840| 845 | 850

29 _855| 861 865 871 876 882 887 892 8g7 | 903

830 _908| 913| 918 924 | 9291 934 | 939 | 944 | 950 955

3r 965 | 971 976| 981 ] 986 | 991 | 997 |¥002 |*007

32 92 o12| 018 | 023 028 033 ] 038 | 044 | 049 | 054 | 059

33 065 | 070| 075 080 085} og1 | g6 | 101 | 106 1II 5
34 117 | 122 127, 132! 137 143 ] 148 153| 158 163 Io.5
35 169 | 174| 179| 1841 189 195| 200 | 205 | 210| 215 2|10
36 221 226 | 231 236! 241 247 | 252 | 257 | 262| 267 i;g
37 273 | 278 283 | 288 293 | 298| 304 | 309 | 314| 319 512.5
38 324| 330| 335] 340! 345| 350| 355 | 361 | 366 | 371 6|3.0
39 376|381 387 | 3921 397 | 402 | 407 | 412| 418 423 7|35
840 | 428) 433 438 443 | 449 454 459 464 469 474 814.0
41 480| 485 | 490| 495 500 | 505 | 511 516 521 526 914.5
42 5311 5361 542 | 547 | 552 557 | 562! 567 | 5721 578

43 583| 588 593 | 5981 603 | 609 | 614 | 619 | 624 629

44 634 | 639| 645! 650 | 655 660 | 665| 670 | 675| 681

45 686 | 691 | 696, 701 | 706 | 711 | 716| 722 | 727 | 732

46 737| 742 747i 752| 758 763 | 768| 773| 778| 783

47 788 793| 799. 804 | 8og | 814 | 819 | 824 | 829 834

48 840| 845 | 850 855 | 860 | 865| 870 | 875 | 881 | 886

49 891 896| go1 9051 911 | 916| 921 | 927 | 932 | 937

850 942 | 947 | 952 | 957 | 962] 967 | 973 | 978 | 983 | 988

N. o| 1| 2 3 4|5 e | 7| 8 [ Prop. Pts,
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N. o 1 2 3 4 5 6 7 8 9 Prop. Pts.
850 | 92 942 947| 952 | 957 | 962 967 | 973 | 978 | 983 | 988

51 993 | 998 |¥003 [¥008 |*o13 [*018 [¥024 [*029 |¥034 [*039

52 | 93 044 049| 054 | 059 [ 064 | 069 | 075 | oBo| o8F | ogo

53 095| 100| 105| 110| 115] 120 125| 131 | 136 141

54 146 151 | 156 | 161 | 166 171 | 176| 181 | 186 | 192

55 197 | 202 | 207 | 212 | 217 | 222 | 227 | 232| 237 | 242

56 247 | 252 | 258 | 263 | 268 | 273 | 278 | 283 | 288 | 293 6
57 298| 303 | 308 | 313| 318] 323| 328 334 | 339 344 110.6
58 349 354 | 359 364 | 369 | 374 | 379| 384 | 389 | 394 2 ’-g
59 399|404 | 409 414 420§ 425 | 430 | 435 | 440 | 445 B
860 _450| 455 | 460 | 465 | 470 475| 480 485 490 | 495 5|30
61 500| 505| 510| 515 520 | 526| 531 | 536 | 541 | 546 6/3.6
62 551 | 556 | 561 566 | 571 | 576 | 581 | 586| 591 | 596 714.2
63 60o1| 606 | 611| 616 621 | 626 | 631 | 636 | 641 | 646 84.8
64 651 | 656 | 661 | 666 | 671 676 | 682 687 692 | 697 954
65 702 707 | 712 | 717| 722 727 732| 737 | 742 | 747

66 752| 757 | 762 | 767 | 772§ 777 782| 787 | 792| 797

67 802 8o7| 812 817| 822 827 | 832 837| 842 847

68 &52| 857 | 862 | 867 ( 872) 877 | 882 887 | 892 897

69 902 907 | 912 | 917 | 922 | 927 | 932 | 937 | 942 | 947

870 952 | 957 | 962 967 | 972 | 977 | 982| 987| 992 | 997

71 94 002 007 | 012 017 | 022 ] 027 | 032 | 037 | 042 | 047 5
72 052 | 057 | 062 | 067 | 072} 077 | 082 086 | 091 | 0g6 1|0.5
73 101 | 106 111 | 116 121 | 126 131 | 136 141 | 146 2| 1.0
74 151 156 161 | 166| 171) 176, 181 | 186 | 191 | 196 3| LS
75 201| 206 | 211 | 216 221 | 226 | 231| 236 | 240 | 245 4|20
76 250| 255 260| 265| 270] 275 280| 285| 290| 295 g :";g
77 300| 305| 310 315| 320 325 | 330| 335 | 340 | 345 7135
78 349| 354 | 359 | 364 | 369 374 | 379 | 384 | 389 | 394 8|4.0
79 _399 | 404 409 | 414 | 419] 424 | 429 433 | 438 443 914.5
880 448 453] 458 | 463| 468 ] 473 478 | 483 | 488 | 493

81 498 503 | 507 | 512 517 ] 522| 527 | 532 537 | 542

82 547 | 552| 557 | 562| 567 571 | 576| 581 | 586 | 591

83 596 | 601 | 606 611 616] 621} 626 630 | 635 | 640

84 645| 650 | 655| 660 | 665] 670| 675 | 680 | 685 | 689

85 694 699, 7041 709| 714| 719 724 72¢| 734 | 738

86 743 | 748| 753| 758 | 763 768 773 | 775 | 783 | 787 4
87 792 | 797 | 802 | 807 812 817 | 822 | 827 832 836 1{0.4
88 841 | 846 | 851 | 856 | 861 ] 866 | 871 | 876 | 830 | 885 2/0.8
89 80| 895 900 905 | 910 915| 919 924| 929 | 934 3|12
890 939 | 944 949 | 954 | 959 | 963 | 968 | 973 | 978 | 983 4|16
91 988 | 993 | 998 [*002 [¥007 [*or12 [*o17 [*022 (*027 [¥032 5|20
92 | 95 036| 041 | 046| o51| 056 | 061 | 066| 071 | 075 | 080 6|2.4
93 o85| ogo| 095 | 100| 105 | 109 | 114! 119 124 | 129 57; ;3
94 134 | 139| 143 | 148 | 153 158 | 163 | 168 | 173 | 177 ¢)3.6
95 182 | 187 | 192 197 | 202 | 207 | 211 | 216 | 221 | 226

96 231 | 236 | 240| 245| 250 ] 255 | 260 | 265 | 270 | 274

97 279| 284 289 | 294 | 299 303 | 308 | 313 318 | 323

98 328 332| 337 342| 347 352 | 357 | 361 366 | 371

99 376 | 381 | 386| 390| 395 400 405 | 410 415 | 419

900 424 | 429| 434 | 439| 4441 448 | 453 | 458 | 463 | 468

N. o|l1]2|3|a|s]e6]7|8]|09 Prop. Pts.
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Prop. Pts.

N. o|1]|2|3|4|5 |67 |8]09

900 | 95 424 429 434 | 439| 444 ] 448 | 453 | 458 | 463 | 468

ot 472 477 | 482| 487 492 497 | 501 | 506| 511 516

02 521| 525| 530 535| 540 545| 550 554 | 559 | 564

03 569 574 | 578 | 583 | 5881 503 | 598 | 602| 607 | 612

o4 617! 622 626 | 631| 636 | 641 | 646 | 650| 655 | 660

05 665 | 670| 674| 679 | 684 ) 689 694 | 698 | 703 | 708

o6 713| 718 722 727 732 737 | 742| 746 | 751 | 756

o7 761| 766| 770| 775| 780 785| 789 | 794 | 799 | 8o4

o8 8og| 813| 818 823 | 828 832 837 842| 847 | 852

o9 856 861 | 866 | 871 875 880 | 885 | 890 895 | 899

910 _904) 909 | 914 | 918| 923 928 | 933 | 938 | 942 | 947 5

11 952| 957 | 961 966 | 971 | 976 | 980 | 985 995

12 999 [*004 |*00g [*o14 |*0I9 [*023 [*028 |*033 |¥038 [*042 1|0.5

13 96 047 | 052 | o57| 061 | 066 | o071 | 076 | 080 | 085 | ogo 2| 1.0

14 095| 099 | 104 | 109| 114 | 118 123 | 128| 133 | 137 3 ;g

15 142 147 | 152| 156 | 161] 166 171 | 175| 180 | 185 4 2

16 1g0| 194 | 199 | 204 | 209 | 213 | 218 | 223 | 227 | 232 gs'g

17 237 | 242 | 246| 251| 256 ) 261 | 265 | 270 | 275 | 280 713.5

18 284 289 | 294 | 298 | 303 | 308 | 313 | 317 | 322 327 8| 4.0

19 332 336 341 | 346| 350 355| 360 365 369 | 374 914.5

920 _379| 384 388| 393 | 398 | 402 | 407 | 412 417 421

21 426 | 431 | 435( 440| 445 | 450 | 454 | 459 | 464 | 468

22 473 | 478 | 483 | 487 | 492 497 | 501 | 506 | 511 | 515

23 520| 525 530| 534 | 539 544 | 548 553 | 558 | 562

24 567 | 572 | 577| 581 | 586 591 | 595 | 600 | 605

25 614 619| 624 | 628| 633 638| 642 | 647 | 652 656

26 661 | 666| 670| 675 680 | 685| 689 | 694 | 699 | 703

27 7081 713| 717 | 722| 727 731| 736| 741 | 745| 750

28 755 | 759 764 | 769| 774 | 778| 783 788| 792 797

29 _802| 806 811 816) 8201 825 830) 834 | 839 844

930 .848| 853 858 | 862 867 | 872 | 876/ 881 | 886 890

31 895 | 900| 904 | 909 | 914 ] 918| 923 | 928| 932 | 937 4

32 942 946| 951 | 956 | 960} 965 | 970| 974 | 979 | 984 1|04

33 988 | 993 | 997 |*002 [*007 | ‘011 |*016 |¥o21 [*025 (*o30 2lo8

34 | 97 035| 039| 044 | 049 | 053] 058 | 063 | 067 | 072 | 077 3|12

35 o81| 086| ogo| oc5| 100 104 | 109| 114 | 118 123 4|1.6

36 128 | 132 137| 142| 146 151 | 155| 160 | 165 | 169 5|20
6|2.4

37 174| 179| 183 | 88| 192 ) 197 | 202 | 206 | 211 | 216 7128

38 220 | 225 | 230| 234 | 239 243 | 248 | 253 | 257 | 262 8132

39 _267| 271 276 | 280| 285] 290 | 294 | 299 | 304 | 308 9|36

940 _313| 317 322 | 327| 331 ] 336 | 340| 345| 350 | 354

41 359 | 364 | 368 373| 377 | 382 387 | 391 396 | 400

42 405 | 410| 414 | 419| 424 | 428 | 433 | 437 | 442 | 447

43 451 | 456 | 460 ( 465 | 470 | 474 | 479 | 483 | 488 493

44 497 | 502 | 506 | 511| 516) 520 525| 529 | 534 | 539

45 543 | 548 552 557 | 562 566| 571 | 575| 580 585

46 589 | 594 | 598 | 603| 607 ] 612| 617 | 621 | 626 630

47 635 | 640| 644 | 649 | 653 658 663 | 667 | 672 676

48 681 | 685| 690 695| 6991 704| 708 | 713| 717 | 722

49 727|731 | 736 | 740| 745 | 749 | 754 | 759 | 763 768

950 772 | 777 | 782 | 786| 791 | 795| 800 | 804 | 809 | 813

N. o| 1|2 |3 |45 |6| 7|8 ]| 9] . Prop.Pts
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N. of(1]|=2|3|a|s|6]|7 |89 Prop. Pts.
950 | 97 772| 777| 782 | 786 791 ] 795 | 800 | 804 | 809 | 813
5I 818 | 823 827 | 832 836 841 | 845| 850 855 | 859
52 864 | 868 | 873| 877 | 882 886 | 891 | 896 | goo | 905
53 909 | 914| 918 | 923 | 928 932 | 937 | 941 | 946 | 950
54 955 | 959| 964 | 968 | 973 ] 978 | 982| 987 | 991 | 996
55 000 | 005 | 009 | 014 | o19{ 023 | 028 | 032 | 037 | 041
56 046 | 050 | 055 | 059 | 064 | 068 | 073 | 078 | 082 | 087
57 09I | 096 | 100 | 105 | 109 114 | 118 123 | 127 | 132
58 137| 141 | 146 | 150 155] 159 | 164 | 168 | 173 | 177
59 182| 186 | 191 | 195 | 200 | 204 | 209, 214 | 218 | 223
960 227 232| 236| 241 | 245] 250 | 254 | 259 | 263 | 268
61 272| 277 | 281 | 286 | 290 295 299 | 304 308 | 313 5
62 318 322| 327| 331| 336 340 345 | 349 | 354 358 1|05
63 363 | 367 | 372 | 376 381 ] 385| 390| 394 | 399 | 403 2| 1.0
64 408 | 412 | 417 421 426 | 430| 435 | 439 | 444 | 448 3as
65 453| 457 | 462 | 466 | 471 | 475 480 | 484 | 489 | 493 5|25
66 498 s02| 507 | 511 516 520| 525 | 529| 534 | 538 8l30
67 543 | 547 | 552 | 556| 561 565 570 | 574 | 579 | 583 7135
68 588 | 592 | 597 | 601 | 605] 610| 614 | 619| 623 | 628 8/4.0
69 632 | 637 | 641 646 | 650 | 655 | 659 | 664 | 668 | 673 9145
970 _677] 682 686 | 691 | 695 700| 704 | 709 | 713 | 717
71 722| 726 731 | 735| 740 | 744 | 749| 753 | 758 | 762
72 767| 771 | 776 | 7801 784 | 789 | 793 | 798 | 802 | 807
73 811 | 816| 820, 825 829 834 | 838 | 843 | 847 | 851
74 856 | 860 | 865 ' 869 874 878 883 | 887 | 892 | 896
75 900 | go5| 909, 914 | 9181 923 | 927 | 932 | 936 | 941
76 945 | 949 | 954 | 958 | 963 | 967 | 972 | 976 | 981 | 985
77 989 | 994 | 998 |*003 [*0o7 [*o12 |¥016 *021 [*025 |*¥029
781 99 034 038 | 043 | 047 | 052 ] 056 | 061 | 065 | 069 | 074
79 078 0831 087 | 092| 096 | T00| 105| 109 | 114 | 118
980 | 123 127] 131 136] 140] 145| 149| 154 | 158 162
81 167 | 171 | 176 | 180 | 185 | 189 | 193 | 198 | 202 | 207 4
82 211 | 216| 220 224 | 229 | 233 | 238 | 242 | 247 | 251 1lo.4
83 255| 260 | 264 | 269 | 273 | 277 | 282 | 286 | 291 | 295 2/0.8
84 300 304 308 313 317 322| 326 | 330| 335| 339 310
85 344 | 348| 352 | 357 | 361 366 | 370| 374 | 379 | 383 411
86 388| 392 | 396| 4o1 | 405] 410| 414 | 419 423 | 427 g:z
87 432| 436| 441 445 | 449 454 | 458 | 463 | 467 | 471 7 2.8
83 476 480| 484 | 489 493 | 498 | 502 | 506 | SII| 5I5 813.2
89 520| 524 | 528 533| 537 | 542 | 546 | 550 | 555 | 559 9]3.6
990 564 | 568 | 572 | 577 | 581 | 585! 590| 594 | 599 | 603
91 607 | 612 616 621| 625 629 634 | 638 | 642 | 647
92 651 | 656 | 660 | 664 | 669 673 | 677 | 682 | 686 | 691
93 695| 699 | 704| 708 | 712 717 | 721| 726 | 730| 734
94 739| 743 | 747| 752| 756 760 | 765 | 769 | 774 | 778
95 782 | 787 | 791 | 795| 800 ] 8Bo4 | 808 | 813 | 817 | 822
96 826 | 830 835 839| 843 ] 848 | 852 | 856 | 861 | 865
97 870| 874 | 878| 883 | 887 891 | 896 | goo | go4 | go9
98 9131 917 | 9221 926 | 9301 935 | 939 | 944 | 948 | 952
99 957 | 961 | 965| 970 | 974 ] 978 | 983 | 987 991 | 996
1000 | 00 0oo| 004 | 0og| 013 | o17 [ 022 026 | 030 | 035 | 039
N. (] 1 2 3 4 5 (1] 7 8 9 Prop. Pts.
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TABLE II.

LOGARITHMS

OF 1HF
SINE, COSINE, TANGENT, AND COTANGENT
FOR

EACH MINUTE OF THE QUADRANT.




232 0°
s | L¢ Sin. | d. JL.Tang./c. d.| L. Cotg.| L. Cos. Prop. Pts.
(] e e ... .| ccooco | 60
1 | 6.46 373 6.46 373 3.53 627 | o.cooco | 59 d i
30103 30103 N PP
2 | 676 476 17609 6.76 476 27609 3.23 524 | o.0oo00 | 58 30103 | 501.72
3 6.‘9)2 [ 12494 6.22 o83 12494 3.05 915 | ©.00 occo 52 1760 | 293.48
4 | 7.90 579 790 579 2.93 421 | oc.0coo000 | 5
969z |- 9691 - - 12404 | 208 23
g 7.16 zgg 7918 7.16 2;:81 7918 2.83 gso 0.00 000 | 55 0691 | 161.52
. . X 0.00 000
7 ; ;g ;82 6694 ;;g ;Bz 6694 : 67:3 xig 0.00 000 z; Z?,Ia 1397
8 | 7.36 682 53‘:’-" 7.36 682 53‘]” 2:63 318 | o.cooco | 52 sggg 1;;2;
9 | 741707 { 515} 7.41 707 | 55| 2.58203 | 000000 | 51 5115 8525
4576 4576
10 } 746 373 7.46 373 2.53 627 | 000 o000 | 50 4576 | 76.27
11 | 750512 | 4%39 ) 7.50 512 | 4*39 | 2.49 488 | 0.00000 | 49 4139 | 68.98
12 | 7.54 291 [ 3779 | 7.54 291 | 3779 | 2.45 709 | 0.00 000 | 48 3779 | 62.98
13 | 7.57 767 | 3978 | 7.57 767 | 3476 | 2.42 233 | 000000 | 47 3476 | 57.93
14 | 7.60 985 3‘218 7.60 986 g“g _2.3g90r4 | o.cocoo | 46 3219 | 53.65
15 | 763082 | 27 763982 | 2% | T2.36 018 | 6.00 000 | 45 3218 | 53.63
16 | 7.66 784 | 252 | 766 788 | 223 | 233 215 | 000000 | 44 2997 | 49.95
17 | 7.60417 | 2933 ] 769 318 [ 2633 | 230582 | 999900 | 43 2996 | 4993
18 | 7.7t 900 | 2483 771 goo | 2482 | 2.28 100 | 999 999 | 42 2803 | 4672
19 | 7.74248 [ 2348 ] 774248 [ 2348 | 225752 | 999000 | 4t 2802 | 4670
20 | 776475 | 7| 776475 | 2 | 223524 | 999 090 [40~ 23| 4358
: S 1 2483 | 41.38
2119 - | 2119
AR A B R R e {
23 | 7.82 545 vaas | 7782546 | 0% | 217454 | 999999 | 37 2228 | 37.13
2417 g 323 1773 7._.2 432_4_ 1773 |2 25090 1 9:99999 § 3 2227 | 37.12
25 | 7.86 166 . 7.86 167 1 2.13 833 | 9.99 999 | 35 2119 | 35.32
26 | 7.87870 | '7%4] 7.87 871 794 | 212129 | 999999 | 34 2021 33.68
27 | 7.89500 | 3] 7.80 510 | ¥639 | 210400 | 999999 | 33 2020 | 33.67
28 | 7.91088 | '579 ] 7.91 089 | 579 | 2.08 911 | 9.99 999 | 32 1931 | 32.18
29 | 792 612 If;: 7.02 Grq ;:;; 207387 | 999908 | 31 1930 | 32.17
30 | 7.94 084 7.94 086 205914 | 999998 | 30 1848 | 30.80
31 | 7.05508 | 1424} 795 510 | 424 | 2043490 | 999998 | 29 1773) 29.55
32 | 796887 | 379 796889 | 379 | 203 111 | 999998 | 28 1704 | 28.40
33 | 7.98223 | 336} 798 225 | 1336 | 201 775 | 9.99 998 | 27 1639 ( 27.32
34 | 799 520 ::‘;; 7 99 522 ”g; 200 478 | 9.99 998 | 26 1579 | 26 32
| 1250 |- — et aue 1524 | 25.40
H B3 Bt = T B 1473 | 24.55
37 | 8.03 192 :;zg 8.03 194 i:z; 1.96 806 | 9.99 997 | 23 ;:Z: :g ;g
3 | Got 5 | e ol | xue | TECH ) 330507 | o Z579| 22.98
433 8.06 ;78 et I og 581 Hee =y ngg _9—1 o7 20
B . 99 997
41 | 87650 | 178] 807653 | 19| 192347 | 9.99907 | 19 | 4. PR dijppt”
42 | 8.08 696 1022 8.08 700 mz: 191 300 | 999997 | 18 |1336|22.27 || 915 15.25
43 | 8.09 718 8.09 722 s | T9° 278 | 999997 | 17 |1297|21.62 || 914| 15 23
44 | 8.10717 g‘;g 8 10 720 936 189 280 | 099996 | 16 |1250|20.98 (| 896] 14.93
45 | 8.11 693 8 11 696 9 1.88 304 | 999996 | 15 | 1223 20.38 || 895 14.92
46 | 812647 | 954] 812651 | 95| 1.87349 | 999996 | 14 | 1190 19.83 || 878| 14.63
47 | 813581 | 93| 813585 | 934 | 1.86412 | 999996 | 13 | 1159 19.32 || 877| 14.62
48 } 814405 | 941 B.13500 | 9%5| 1.85500 | 990996 | 12 1158| 19 30 || 860| 14.33
49 | 8.15301 | 6] 815305 | 5| 1384605 | 0.0 996 | 11 |1128( 1880 843 14.05
50 | 816263 | 77| 816 273 &8 11 83727 | 990 095 | 107|119 18.33 || 828 13.80
st | 817128 | 8] 817133 | 8| 182867 | 900 gg; o |%072|17-87 || 827) 13.78
52 | 817071 | 843 817076 | 843 | 182024 | 999995 g | 1047|17:45 ) 812 13.53
53 | 818798 | 827 818 8og | 28| 187196 | c.09005 | 7 |F046|17-43 797 13.28
54 | 8.19610 | 82] 819616 | 872 | 1.80384 | 9.99 903 6 | 1022 17-93 782| 13.03
8.20 —| o7 ,8',. — | 797 .1 T 95955} _ 7 | 999] 16.65 || 769| 12.82
s | B2oder | o | B20413 | G| 179 o7 ] 959904 | 5 | o98| 1663 756 1260
§7 81058 | 79| 8 922 7| 178058 | 999904 | 3 | 3¢ rearl 7ss b
58 | 822713 | 755) 822720 | 76| 177380 | 909004 | 2 e 1o00 783 1237
59 | 823456 | T3] 823462 | 799 176538 | 999994 ) T | 934l 15.57! 730! 1277
60 | 8.24 186 8.24 192 1.75 808 | 9.99 993 0
L. Cos, | d. JL. Cotg. |c. d.|L.Tang.| L. 8in. | ~ Prop. Pta.

89°




1° 233
s | L. 8in. | 4. |L.Tang.!c. d.| L. Cotg.| L. Cos. Prop. Pts.
O ] 8.24 186 8.24 192 g | 175 808 | 9.99 993 | 60
1| 824903 | 771 824910 | 72 | 175000 | 9.99993 | 59
2 | 8.25609 | 76 | 8.25616 | 76 | 1.74384 | 9.99 993 | 58
3| 826304 | 95| 8.26312 | 695 | 173688 | 9.99 993 | 57
4 | 8.26 988 284 8.26 996 284 1.73004 | 999992 | 56
5 8.27 661 6;3 8.27 669 6;3 1.72 331 | 9.99992 | 55
6 | 8.28 324 e 3 | 8.28 332 p 3 | 1.71668 | 9.09992 | 54
7 | 828977 553 8.28 986 54 | 1.71014 | 9.99992 | 53
8 | 8.29 621 6“ 8.29 629 2‘3 1.70 371 | 9.99 992 | 52
9 | 8.30 255 6;: 8.30 263 6:; 1.69737 | 9.99991 | 51 a |ppt”|| d. ppt”
10 § 8.30879 66 8.30 888 617 1.69 112 | 9.99 991 | 50 718 | 11.97 || 485 | 8.08
Ir | 8.31405 | 10| 831505 | (7| 1.68495 | 9.99991 | 40 | 71. | 1305 || 480 | 8.00
12 | 8.32 103 8.32 112 7 | 1.67 888 | 9.99 990 | 48 706 | 11.77 || 475 | 7.92
13 | 8.32702 | 599 | 832711 | 599 | 1.67 289 | 9.99 990 | 47 696 | 11.60 || 474 | 7.90
4 | 833302 | 39| 8.33302 | 3% | 166698 | 999990 | 46 | 655 | 1158 || 470 | 7.83
15 | 833875 | >0 | 8.33 886 1.66 114 | 9.99 990 | 45 | 684 | 11.40 || 464 | 7.73
16 | 834450 | 575 | 8.34461 | ST5 | 165539 | 9.99989 | 44 | 673 | 11.22 | 460 | 7.67
17 | 835018 | 5| 8.35029 | 5 | 1.64971 | 9.99989 | 43 | 663 | 1r.05 || 459 | 7.65
18 | 8.353578 | 52°] 8.35590 | 3T | 1.64410 | 9.99989 | 42 | 654 | 10.90 || 455 | 7.58
19 | 8.36 131 | 593 | 8.36 143 | 553 | 1.63857 | 9.99 989 | 41 | 653 | 10.88 | 450 | 7.50
20 | 836678 | 3% | 836689 | >*° | T.63311 | 0.099088 [40 | 6414|1073 | 436 |7.a3
21 | 837217 | 339 | 8.37229 | 34° | 1.62771 | 999988 | 39 | 643 |10.72 || 445 | 7.42
22 | 8.37 730 532 8.37 762 | 533 | 1.62 238 | 9.99988 | 38 | 634 |10.57 || 441 | 7.35
23 | 8.38276 | 52| 838289 | 5°7 | 1.61 711 | 9.99 987 | 37 | 625|10.42 || 437 | 7.28
23 | 8.38 796 :"‘: 8 38 809 ::: 161191 | 9.99987 | 36 224 l°~4<8> 436 | 7.27
235 [ 830310 | 34| 8.39 323 1.60 677 | 9.99 987 | 35 | 017 | 1028|433 7.22
28 | s308is | 8] 83085 | 52 | 10168 | 099986 | 34 810|107 || 432 7.20
27 | 8.40320 | 592 | 8.40334 | 5°% | 1.59666 | 9.90986 | 33 P !0.12 42 7'12
28 | 8.40816 | 496 ] 8.40830 | 49 | 159170 | 999986 | 32 07 | 10 s 427 7.
29 | 8.41 307 4’;‘ 8.41 321 4%; 158 679 gg? ggs :ag ;gg
30 | 8.41 792 432 8 41 807 4ED 1.58 193 590| 9.83 || 419 |6.98
31 | 8.42272 | 4 8.42287 | ¢ 1.57 713 584 | 9.73 || 416 | 6.03
32 | 8.42746 | 474 | 842762 | 475 | 1.57 238 583 | 9.72 || 412 [ 6.87
33 | 843216 | 472 ] 843232 | 47° | 156768 | 999984 | 27 | 55| .58 || 411|685
34 | 8.43 680 :65; 8.43 696 :6: 156304 | 999984 | 26 | 68| .37 || 408 | 6.80
35 | 8.44 139 8.44 156 155844 | 999983 | 25 | 561 | 9.35| 404 |6.73
36 | 8.44504 | 455 | 844611 | 455 | 155389 | 9.99983 | 24 | 560! 9.33 | 401 |6.68
37 | 845044 | 452 ] 845061 | 452 | 154939 | 9.99983 | 23 | 553( 9.22 || 400 6.67
38 | 8.45489 | 445 | 845507 | 47| 154493 | 9.99 982 | 22 | 547| 9.12 | 397 | 6.62
39 ) 845930 | 440 ) 8.45948 | 44° | 154052 | 9.99982 | 31 | 546| 9.10| 396 6.60
40 | 846366 | ** | 846388 | *7 | 153615 | 999982 [ 20 | 54°| 9.00 /393 g~55
41 | 8.46 799 | 433 | 8.46 817 43; 1.53 183 | 9.99 981 | 19 | 539 392 386 6-50
42 | 8.47 226 | 427 | 8.47 245 | 4* 1.52755 | 999981 | 18 | 533 8.88 38 6-42;
43 | 8.47650 | 434 | 8.47669 | 44 | 152331 | 9.99 981 | 17 5:2 -7 383 6-3
44 | 8.48 obg 4:2 8 48 089 ::g 1.51 911 | 999 980 | 16 520 227 38: 6~37
a5 | 848485 | 4 |8aBSos| ¥ |\ Txsra08 | 999080 | 15 | 350 g7 [l 3o 633
46 | B.48 896 4;8 8.48 917 408 1.51 083 | 0.99979 | T4 200 | 8.48 || 376 | 6.37
47 | 8.49304 | # 8.49 325 | ¢ 150675 | 999979 | 13 | tog | gl4r || 373 | 6.22
48 | 849708 | 424 ] 849729 | 44 | 150271 [ 9990970 | 12 | 2o | g7 370 617
49 | 8.50 108 4°g 8.50 130 ;;; .49 870 | 9.99 978 | 1r 496 8:27 360 6:15
50 | 850504 | ¥ | 850527 1.49 473 | 999978 | 10 | 4o1| 8.18 || 367 | 6.12
st | 8.50897 | 393 | 850920 | 393 | 149080 | 999977 | 9 | 486| 8.10|| 363 |6.05
52 | 8.51 287 | 39° [ 8.51 310 3§‘g 1.48 690 | 999 977 8
53 | 8.51673 | 3% | 851606 | 35 | 148304 | 999977 | 7
S4 | 8.52055 | 3% | 8.52079 | 303 | 147021 | 999076 | 6
s5 | Bsza3s | 20 | Bsaase | 20 | Trarsax [ o997 | 5
56 | 8.52810 | 37> | 8.52835 | 37° | 147165 | 999975 | 4
s7 | 853183 | 373 | 8.53208 | 373 | 1.46792 | 9.99975 | 3
58 | 8.53552 | 3% | 853578 | 37° | 146422 | 9.99074 | 2
59 | 853019 | 37| 853945 | 37 | 146055 | 099974 | 1
60 | 8.54 282 8.54 308 1.45692 | 9.99974 | O
L. Cos. | d. JL. Cotg.|c. d.| L. Tang.| L. Sin. | - Prop. Pts.
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234 2°
7 | L. Sin. | d. |L.Tang.|c. d.| L. Cotg.] L. Cos. Prop. Pts.
0 ] 8.54 282 260 8.54 308 6t 1.45 692 | 999 974 J 60
1§ 854642 " 8.54 669 s | 145331 | 9.99973 | 59
2 | 8.54999 | 37 | B.55027 | 350 | 44973 | 9.99973 | 58
3 | 855354 | 355 | 855382 | 355 | 144618 | 9.99972 | 57
4 | 855705 | 35| 855734 gig 1.44 266 | 9.99 972 | 56
5 | 8.56 054 6 | 556083 w6 | 143917 | 999971 | 55
6 ] 856400 | 3 8.56 429 1.43 571 | 9.99971 | 54
7 | 856743 | 343 | 856773 | 34 | 1.43227 | 9.99970 | 53
8 § 8.57084 | 341 | 857114 | 34T | 1.42886 | 9.99 970 | 52
9 | 857 4ar | 337) 857452 | 338 | 142548 | 9.09969 | 51 | d [p-pt & jppd”
10 | 857757 | > 1857788 | 3° [T132212 | 999969 | 60 | 361|6.02| 291 |4.85
11 | 858089 | 332 | 858 121 | 333 | 141879 | 9.99968 | 49 | 360 6.00 290 4.83
12 | 8.58 419 | 33° | 858 451 | 33° | 1.41549 | 9.99968 | 48 | 358|597 289 |4.82
13 | 858747 | 328 | 8.58 779 | 328 | 141221 | 9.99967 | 47 | 357|595 288 | 4.80
14 | 8.59072 | 325 ] 8.59 105 316 1.40 898 | 999967 | 46 | 3555.92 287 (4.78
15 | 859305 | 3 | 850428 | 33 |Tri0572 [ 999967 [ 45 | 352|537 2851475
16 | 8.50715 | 3*° | 859749 | X | 140251 | 999966 | 44 | 3571|5051 2041473
17 | 860033 | 38 | 860063 | 39 | 139932 | 9.99 966 | 43 342 5.82 28? 423
18 | 860349 | 316 | 8.60384 | 30 | 130616 | 999965 | 42 | 34° (577 28 4.67
19 | 8.60662 | 33 | 8.60608 | 3™ | 1.30302 | 9.99 964 | 41 gig g;i :7; :-65
+ I 1 |—= f————7—— . 3
20 | 86og73 | 3 861009 | 37 [T138 991 | 909964 [20 | 337|268 || 278 | 4.63
2r | 861282 | 399 | 861319 | 30 | 138681 | 999963 | 39 8|:6 6
o o7 338 |5 63| 277 | 4.62
az | 8.61 589 8 61 626 1.38 374 | 999963 | 38 | 337|5.62|| 276 | 4.60
23 | 861894 | 395 | 8.61931 | 395 | 138069 | 9.99962 | 37 6 | = 6
> 336 | 560 || 274 | 4.57
24 | 862196 | 3°2 | 862234 | 3°3 | 137766 | 9.99 962 | 36 333 5.55 || 273 | 4.55
301 301 - — - :
25 | 862 497 g | 862535 | | 1.37 465 | 9.99 961 | 35 | 332|5.53|(272|4.53
26 | 8.62 795 | 29 8.62 834 99 | 137166 | 9.99961 | 34 | 330|5.50|| 271 | 4.52
27 | 8.63001 | 296 | 8.63 131 | 297 | 136869 | 9.99 960 | 33 | 328]|5.47]|| 270 4.50
28 | 8.63385 | 294 ] 8.63426 | *95 | 136574 | 9.99960 | 32 | 326|35.43 269|448
29 | 8.63 678 :gg 8.63 718 :g: 136282 | 9.99959 | 31 | 325|5.42| 268 4.47
30 | 8.63 968 8 64 00y “135991 | 999959 |30 | 323538267 | 4.45
31 | 8.64256 | 288 | 864298 | 2% | 1.35702 | 9.99 958 | 29 | 321|535 266)4.43
32 | 864543 | 87| 8.64585 | %7 | 1.35415 | 9.99 958 | 28 | 320|533 204 4.40
33 | 864827 | 2 | 8.64870 | %85 | 135130 | 9.99957 | 27 | 319|532 (/263 4.38
34 | 8.65110 ’:3 8.65 154 ::4 1.34 846 | 999956 | 26 312 5~Z° 22; 4-35
281 =% — x |- ST I . 2 .
35 | 8.65 391 865435 | g, | 34565 [ 999956 | a5 | 31,327 (%50 | 432
36 | 865670 | * } 865715 | 20| 134285 | 999955 | 24 | 3135|5221 238 | 4.30
37 | 865947 | 7] 865993 | 270 | 1.31007 | 9.99955 | 23 | 37518 257 | 4.28
38 | 8.66 223 | 27 8.66 269 | 27 133731 | 9.99954 | 22 | 3, 5'17 256 | 4.27
39 | 866497 | 274 | 8.66543 | 274 | 1.33457 | 999954 | =21 . :
272 273 =270 309 [ 5.15 || 255 | 4-25
40 | 8.66 769 . 8.66 816 20e | 133184 | 990 953 20 | 307|5.12|| 254 | 4.23
41 | 8.67 039 7° | 8.67 087 Zg 1.32 913 | 9.99 952 19 305 | 5.08 || 253 | 4 22
42 | 8.67 308 229 8.67 356 768 132644 | 999952 | 18 | 303 s.05 || 252 | 4.20
43 | 8.67 575 ’Ez 8.67 624 266 1.32376 | 999951 | 17 302 | 5.03 || 251 | 4.18
44 | 8.67 841 :6 _8.67 890 :64 1.32 110 | 9.99 951 | 16 301 | 5.02 || 250 | 4.17
25 | 868 104 263 868154 | .- | 131846 | 9.99950 | 15 | 299 | 4.98 || 249 | 4.15
46 | 8.68 367 3 | 8.68 417 ’63 1.31 583 | 9.99049 | 14 | 298|4.97| 248 413
47 | 868627 | 2% | 868678 | 26* | 131322 | 999049 | 13 | 297|4.95]| 247 |4.12
48 | 868886 | 259 | 868938 | 26° | 131062 | 999948 | 12 | 296|4.03 || 246|410
49 [ 8.69 144 ::g 8.69 196 ::: 1.30804 [ 999948 | 11 | 295|4.92( 245 (408
0 ] 8.6 K . .99 947 294 | 4.90 || 244 | 4.07
| sadss | e | ueatsd | = | rasn | 559535 | 1S | 203|488 | 243|408
52 | 869907 | 253 | 869962 | 254 | 130038 | 999046 | 8 | 2921487 112421403
53 | 8.70159 | 252 ) 8.70214 | 5% | 1.29786 | 9.99 943 7
54 | 870400 | 25° ] 8.70 465 S | 129535 | 999944 | 6
55 | 870658 | ™ I'870714 | % |T1.29286 | 9.99 044 [ 5
56 | 8.70903 | 247 | 870962 | 241 | 120038 | 999943 | 4
57 | 87r15t | 246 ]| 871208 | 246 | 128792 | 999942 | 3
58 | 8.71395 | 244 | 8.71 453 | *45 | 128547 | 9.99942 | 2
59 | 8.71 638 ::3 8.71 697 ::; 1.28 303 | 999 941 1
60 | 8.71 880 8.71 940 1.28 060 | 9.99 940 (1]
L. Cos. | d. ]L. Cotg.|c. d.|L.Tang.| L. Sin. | ~» Prop. Pts.
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3° 235
Prop. Pts.
s | L. Siu. | d. |L.Tang./c. d.| L. Cotg.| L. Cos. =
. o 1.28 060 | 999 940 238 | 234 | 229
° 2-7! ?ig 40 g-;; e | 1.27 819 | 999 940 321 6| 238| a3.4| 220
2| 87250 | = | 67aa0 | = | 127580 | 550030 | 5 7| 27.8| 27.3| 267
2 3'7: 3 ? 238 | 872659 | 23 | 127341 | 9.99 938 52 8| 31.7| 31.2] 30.5
3 5';2 334 237 | 8.72896 | 37 | 1.27104 | 9.99 938 | § 9| 357| 35.1| 342
4 8. <6 235 1 873132 | =3 1.26 868 | 9.99937 | 55 | 2 39.7| 39.0| 38.2
313739 | 8.73 366 | 234 | 1.26 634 | 9.99936 | 54 | .0 79.3| 780 76.3
6 | 8.73 303 232 8'73 600 | 234 | 1.26 400 | 9.99 936 | 53 30| 119.0|117.0 (114§
7] 873 525 232 8'73 832 | 232 | 1.26168 | 999935 | 52 40| 158.7 | 156.0 | x52.7
8 : ;g ;Q; 230 | g74 063 | 2% | 125937 | 9.99934 | 5= 50| 198.3 | 195.0 | 1g0.8
9 874226 | “® 1874202 | - | 1.25 738 | 9.99 933 [ 50 225 | 20 | 216
10 g2 228 | 824521 | 2% | 1.25479 | 9.99 933 421 6| 225| 220| 216
12 | 8788 | =6 | 873538 ad | 123252 | 990 32l 4| 7| 263 257] 252
4 226 | g 229 | 125026 | 9.99 9 ol 2 28.8
R e7sve | = a7i%s | s | xaiee | So0ok | % o| 38| 359| 524
i lsisnl = s 75423 | ot (123577 | 999930 | 45 |9 37.5| 36.7| 36.c
15 +75 353 | .. 875645 | **® | 1.24355 | 999929 | 44 20| 750/| 73.3| 720
16 | 8.75 575 220 8.75 867 | 2** | 1.24133 | 9.99 929 | 43 30| 112.5 | 110.0 | 108.0
| 878005 | == | 828 osy | =0 | raden | Sogoam | 2 40|150.0| 146 7 | 144.0
18 8.76 :32 219 | 876306 | 29 1.23 694 9.99927 | 4r so| 187.5 | 183 3 | 180.0
-, 19 B-76 -1 |3 76 533 219 |~ 23475 | 999 926 | 40 212 208 204
0 8 76 gg 216 ) 876742 | 17 | 123258 | 9.99 926 33 6| 21.2| 20.8| 204
:; 8.;5 88; 216 | 876958 | 26 | 123032 | 9.99 95i 27 7| 247| 243| 238
y 214 215 | r.22 827 | 999 92 . 27. 27.2
2| 57750 | = 87738 | e | x2aend [ S50 em | 3% o| 23| 37| 72
= 3 2 | 2 1877600 | **3 | 122 400 | 999023 | 35 10| 35.3| 34.7| 34.0
25 .77 52 21z 8.77 811 211 1.22 189 9 99 922 34 20| 70.7| 693| 68.0
26 | 877733 | 7% 878022 | #* | 121978 | 999 921 | 33 30| 106.0 | 104.0 | 102.0
27 | 8.77 943 7 210 68 9920 | 32 128.7 | 136.0
8.78 152 | 29 | 8.78 232 1.21 7 9999 1 |40 141.3]138.7 13
28 8'78 360 | 28 1 878 431 | 29 | 1.21 559_1.99992° § 31 )| 1767 173.3 | 170.0
o -;-78 68| 22 | 878639 | 22 [Tt 351 | 909 910 |30 sor | 197 | 193
e AR 26 | 121133 200wl 2| 6| 01| 197| 193
: 205 | 8.79 061 120939 5| 27 0| n23
32 3'78 979 | 204 3_;59, 266 | 2°5 | 1.20734 | 9.99 917 271 7| 223 263 | 257
EH 8"713 382 x| 879470 | 24| 120530 | 999016 | 26 o| 302 20.6( 29.0
3 3 = 588 | 2 | 879673 | 3 [T1.z0327 | 999 015 25 10| 33.5| 32.8( 32.2
35 | 8.79 58 2ot | 8700875 | 22 | 120125 | 990 914 | =t |0 67.0| 657| 643
36 | 8.79 789 20t | 532 078 | 2ot 1.19 924 | 999913 § =3 30|100.5| 08.5| 96.5
37 | 879 9g° 99 | 880277 | *°* | 1.19723 | 999913 | 22 20| 134.0 | 131.3 | 128.7
3; g-g‘o’ gag 199 | &'%0 476 1998 1.19 524 | 999 912 __;‘}’_- 50| 167.5 | 164.2 | 160.8
3 197 19 6 Ir
6 1.19 32 9999 185 181
4:: g.gg ;gg A g gg 8;2 :gg 1.19 128 | 999 91; w1l :?9 185| 181
X 39° | 8.81 068 1.18 932 | 9 99 9o 22.1| 21.8] 21.1
31 503 | 15 | sisoes | 96 | Fiasee | Ss0ne | ir | 7| sas| a. 241
43 gg: :g; 194 gg: :;; 195 1.18 541 ]| 999 908 16 g :g: :;g 2;.2
s s8rs60 | 2 [aar 653 | o |"118347 [ 999907 I35 10{ 31.5( 30.8| 30.2
i | 8817ss | 22 | sisrasd | w3 | Tiaes | 599908 | 1 20| 30| 17| bo.3
46 '8 75 292 1 882038 | % | 117962 | 999505 | 13 30| 94.5| 92.5| 9o.5
47 g-sl 944 190 | 882230 | 92 | 117770 | 999 gos | 12 30 | 1260 | 123.3 | 1207
po 8'8: ;22 192 ] 882420 | ° | 117580 | 9.99904 | 11 | eo|157.5| 154 2| 150.8
_49 8-8 . 189 882610 | ° 117390 | 9.99 903 | 10 wl313]1
50 .82 503 198 ] 882799 | %89 | 117201 | 999 902 3 6/0.4|0.3|02|01
S | saades | o | 882080 | 2 | 137 ans [ 000 g0r 7005 |04 |02 |ox
52 8.8 078 871 g 83175 | ™8 | 1.16 825 | 999 goo g 8 0‘5 0.4|03]01
53 8'83 253 | 186 8.83 361 ‘gg 1.16 639 | 9.99 899 olodlotlos|oz
e 883547 | o | 116453 | 990808 | 5 | 9 0705|0302
55 -83 g4 184 8.83 732 185 | 116 268 999 898 4 20/ 1.3]|1.0{07 |03
56 3-83 8?0 183 8.83916 | ™ | 116084 | 999 297 3 30l 2.0 1.5]1.0|0.5
57 8.83 g 183 | 885100 | ™4 | 115900 | 999 896 21 i0l27]20 1.3
gg 3'31 237 181 L_S 84 282 lz‘ I.I5 718_ 999 895 1 50| 3.3/2.5/1.7/0.8
i 102
80 | 8438 | [ 584464 1.15536 | 9.99894 | © -
- in. Prop. Pts.
L. Cos. | d. |L. Cotg. |c. d.|L. Tang.| L. Sin. | ~
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236 4°
s | L. Sin, | d. |L.Tang.|c. d.l L. Cotg.| L. Cos. Prop. Pts.
O | 8.843s8 8.84 46 1.1 6 | 9.99 894 | 60
x | oei30 | | sagaad | o | in3 3l | 330605 | so o | 177 | 174
2 | 884718 | ' | 884826 | % | 115174 | 9.99802 | 58 | 6| 180 17.7| 17.4
3 | 884897 | ' | 885006 | ¥ | 1.130994 [ 9.99801 | 57 | 7| 210| 207 203
3 | 885075 | 78 ] 8.85 183 ‘7g 114815 | 99980r | 56 | 8| 24.0| 236| 23.2
5| 885252 | 77| 885363 | 70 |T114637 | 990800 | 55 | 9| 270 206| 261
6 ]| 885429 | *77 1 885540 | *77 | 114460 | 999889 | 54 | X° g°'° 29-5 32'°
7 | 885605 | 751 885717 | 177 | 115283 | 999888 | 53 |2°| %00 59.0| s8.0
8 | 88578 | 75 | 885893 | 70 | 114107 | 9.09887 | 32 |3°| 9°° 88.5 BZ‘O
9 | 885055 |. 75 | 8.86060 | 176 | 1.13931 | 9.99886 | 51 '*2 ;22‘2 :’8'0 ;” 'g
10 | 886128 | ' 886243 | 7* 113757 | 999 885 |50 501159.01147.5 1 145.
71 | 886301 | '73 | 8.86417 | ' | 1.13583 | 999884 | 49 7z 169 | 167
12 | 8.86474 | 73 | 8.86591 | ¥4 | 113400 [ 999883 | 48 | 6| 171, 169 167
13 | 886645 | 7' | 886763 | 7* | 1.13237 | 999882 | 47 | 7| 20.0| 19.7| 19.3
14 | 886816 | 7' | 886935 :;’;‘ 1.13065 | 9095881 | 46 | 8 22.8 22.5| 22.3
15 | 8.86987 | ‘7' | 8.87 106 1.12 894 880 | 45 | 9| 257| 254| 25.1
16 | 8.87 ?56 169 | 887277 | 7' | 112 723 ggg 879 | 43 [10] 285 22'2 27.8
17 | 887325 | 19| 887447 | *7° | 112553 | 999879 | 43 }2°| 57°| 363/ 557
18 | 88749; | ' | 887616 | % | 112381 | 999878 | 42 [3°] 855| 845| 835
19 | 887661 | 67 1 887785 | 10 | 112215 | 999877 | 41 [4°|1140| 1127 1113
F ——| 168 168 - B -fsol142.5 14081 139.2
20 | 887 829 8 87 953 1.12 047 | 999 876 | 40
21 | 887995 | | 888120 | 7 | 1.1188 | 999875 | 39 165 163 | 160
22 | 888161 | *6 | 888287 | "7 | 111713 | 999874 | 38 | 6| 16.5| 16.3| 16,0
23 | 888326 | 65| 8.88 453 | "6 | 1.11547 | 999873 | 37 | 7| 19.3| 190| 187
24 | 8.88 490 :g: 888 618 :gg 111382 | 999872 ) 36 | 8| 220 21.7| 213
25 | 888 654 8.88 783 1.I1 217 | 9.99 871 35 9| 24.8| 24.5| 24.0
26 | 888817 | '3 )1 888948 | 5 | r1rosz | 9.99870 | 33 J1°| 27.5| 27.2| 267
27 | 888980 | 3 | 889111 | 3 | 110889 | 999869 | 33 |2°| $5°| 543| 533
28 | 889142 | 2 | 889274 | ™3 | 110726 | 999868 | 32 | 30| 825 815| 8o.o
29 | 889304 | 12 | 889437 | 13 | 110563 | 9.69867 | 31 |40] 1100 10871067
30 | 8.89 464 ! 8 89 598 S EET) 402 | 9.99 866 | 30 501137.5 11358 11333
31 | 889625 | ' | 889760 | 2 | 1.10240 | 999865 | 29 157 | 155 | 153
32 | 889783 | "9 | 8.89920 | ¥ | 110080 | 999863 | 28 | 6| 157 155 153
33 | 889943 | *9 | 8.goo80 | % | 109920 | 999863 | 27 | 7| 18.3| 18| 179
34 | 8.92 102 '53- 8.90 240 “f° 109 760 | 999 862 | 26 8| =20.9( 20.7| 204
35 | 890260 | ") 8.90309 | ™ |T1.09601 | 999861 | 25 | 9| 236 23.3| 230
36 | 890417 | 57 | 8.90557 | ¥ | 109443 | 999860 | 24 [ 10| 26.2| 258 255
37 | 890574 | 57| 8.90715 | *8 | 109285 | 999859 | 23 | 20| 523 s17| sLo
38 | 890730 | '56 ]| 8.90872 | 57 | 109128 | 999858 | =22 |3°| 78.5| 77.5| 76.5
39 | 890885 | S5 ) 8.91029 | *57 | 1.08 971 | 999857 | 21 49 |1047 | 103.3|I02.0
40 | 8.91 030 155 91 183 156 - 1.08 815 | 999836 |20 sol130.81129.2]127.5
41 | 8.9t 195 | 'S5 155 | 1.08660 | 999855 | 19 151 149 | 147
42 | 8.91 349 | 154 155 | 1.08 505 | 999853 | 18 6| 15.1| 149 14.7
43 | 891502 | 133 | 8.91650 | 55 | 108350 | 999853 | 17 | 7| 176| 17.4| 17.2
44 ] 891655 | 53 | 801803 | 53 | 108197 | 999852 | 16 [ 8| 201| 199 19.6
45 | 8ordoy | 5 |Tdgigs7 | ** [TToBo43 | 9oo8sr |15 | 9f 227 224 221
46 | 891959 | 52 | 8.92110 | *53 | 1.07890 | 999850 | 14 | 10| 25.2) 24.8| 24.5
47 | 892110 | 57 | 8.92262 | 5% | 107738 | 9099848 | 13 20| 50.3| 49.7| 49.0
48 | 8.92261 | 'S § 892414 | '5? | 1.07586 | 999847 | 12 |3°| 755} 74.5| 73-5
49 | 392411 | 5° ] 892565 | IS' | 1.07435 | 999846 | 11 J40|100.7| 99.3| 98.0
50 | 8.9z 561 150 8.92 716 st 1.07 284 | 9.99 845 | 1V 5011258 ] 124.2 1 1325
51 | 892710 | 9§ 892866 | *° | 1.07134 | 999 844 9 46 | 3 | 2
52 | 8.92859 | 9 | 893016 | *5° | 1.06984 | 999843 8 6| 14.6|0.2|0x
53 | 893007 | 8 ]| 893165 | 49 | 1.06835 | 9.99842 | 7 7] 1700201
5¢ | 893154 | 147§ 893313 | 48| 106687 | 999841 | 6 8| 195|030z
55 | Bo3gor | 17 1893462 | * |"106538 | 099840 | 5| 9| 219/03|02
56 | 893448 | 47 | 8.93 609 | 147 | 106391 | 999839 | 4 | 10| 243/03]02
57 | 893504 | 6| 8.93756 | 147 | 106244 | 999838 | 3] 20| 487|07|03
58 | 893740 | 46| 893903 | 47 | 1.06097 | 9.99837 | 2| 30| 73.0|10|05
59 | 893885 | 45| 8.94 049 | ™6 | 105951 | 999836 | 1 40| 97.3(1.3|07
—= | 145 |~ -=—| 146 |—— T - ——] s5o|12r7|1.7/08
60 | 8.94 030 8.94 195 1.05 805 | 999 834 o
L. Cos. | d, JL.Cotg.|c. d.|L. Tang.] L. Sin. | - Prop. Pts.
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5° 237
s | L. Sin. | d. |L.Tang./c. d.| L. Cotg.| L. Cos. Prop. Pts.
O | 8.94 030 894 I 1.05 80; .99 8. 60
b3 3-34 174 | | 8 gi 3?;2 45 :.og 66<§> gg 8;‘3'; 59 45 | 143 | I
2 | 894317 | 31894485 | ™5 | 105515 | 9.99832 | 58 | 6| 145| 14.3| I41
3 | 894461 | 1 ] 894630 | 45 | 105370 | 9.99831 | 57 | 7| 69| 16.7| 165
4 | 8.94 603 ::; 8.94 773 :3 1.05227 | 9.9983 | 56 | 8 xg.g 19.1| 18.8
5 | 894746 8.04 oL " 1.05 08 .99 82 9| 218 21.5| 21.2
é 1 s. 34 8;7 ur ) g g;’ gé 143 1.03 943 ggg Sag gi 10! 24.2| 23.8| 335
7 | 895020 | ™2 | 895202 | ™ | 1.04708 | 9.99827 | 53 |2° 48.3| 47.7| 470
8 | 895170 | ' | 895344 | ™% | 1.04656 | 999825 | 52 |3°| 72:5| 71.5| 70.5
9 | 895310 | M| 895486 | M2 | 104514 | 999824 | 51 |40| 967 953] 940
10 [Bos 430 | *° | 503657 ™ [Tou373| 909525 |30 50| 120.8 | 119.2 | 117.5
11 | 895589 | 139§ 895767 | 14° | 1.04233 | 999822 | 49 139 | 138 | 136
12 | 895728 | *3 | 895908 | ™* | 104092 | 9.99821r | 48 | 6| 13.9| 13.8| 13.6
13 | 8.95867 | 39} 896047 | ™9 | 1.03953 | 999820 | 47 | 7| 16%2| 16| 159
14 | 896 oos :;g 8 95 187 :;g 103813 | 999819 | 46 | 8| 185| 18.4| 181
15 | 8961 896 32 1.03 675 | 999 81 7| 9| 209| 207| 204
16 8.96 2gg 137 1 g 36 iéi 139 I.og Sgg ggg 812 :2 10| 23.2( 23.0| 22.7
17 | 896417 | 37| 896602 | 38 | 103398 | g.099815 | 43 |2°| 40:3| 460 453
18 | 806553 | "3 | 896739 | 137 | 1.03261 | 9go81g | 42 |3°| 69:5| 690/ 68.0
19 | 8.96 689 | 3¢ | 596 877 381 103123 | 999813 | 41 [4° 927/ 920/ 907
20 | 896825 | 3°| 8ig7013 | ° [T1o2987 | 999812 |40 |5°' 1158 1115011133
2t | 896960 | '35 | 897150 | ™37 | 102850 | 999810 | 39 135 | 133 [ I3r
22 | 897003 | *35 | 8.97285 | 35 | 102715 | 999809 | 38 | 6 135| 13.3| 13.1
23 | 897220 | ¥3* | 897421 | 3 | 1.02579 | 9 99 808 37 ) 7] 158]| 155| 153
24 | 897363 | ™| 897556 o |.102444 | 999807 | 36 | 8| 180 177| 175
25 | 8.97 496 8.97 691 1.02 30 99806 | 35 | 9| 20.3| 200/ 19.7
26 | 897629 | '3 | 8 37 828 | 3% | 1.02 ::7? g gg 804 gi 10| 22.5| 22.2| 218
27 | 8.07762 | 33 ] 897959 | 34 | 10204t | 999803 | 33 [2°| 45°| 443| 437
28 | 897894 | 32 ] 898092 | ™33 | rorgo8 | g.99802 | 32 [3°| 67.5| 66.5| 65.5
29 | 898026 | 132 ] 808225 | 33 | 101775 | 999 80x | 31 J40| 90° 88.7| 87.3
30 [8o8157 | 2 [ 98358 | 33 |10t 642 099 800 |30 50l 112.5 i 110.8 | 109.2
31 | 898288 | "3 ] 898490 | '3 | 101510 | 999798 | 29 129 | 128 | 126
32 | 893419 | 3T 1 898622 | *3* | 101378 | 999797 | 28 | 6| 12.9| 12.8| 126
33 | 8983549 | 13° 1 898753 | 13" | 101247 | 9.99796 | 27 | 7| 15.1| 149 147
34_| 8.98 679 ;i; 898 884 ;;: 101116 | 999795 | 26 | 8| 17.2| 171 168
35 | 8.98 808 8.99 013 1.00985 | 9997 2 9| 194| 19.2| 189
36 | 898037 | 9| 899145 | ¥ | 1.00 35§ 3 33 732 2i 10| 21.5| 213 21.0
37 | 899066 | 9 1 899275 | ¥3° | 100725 | 999791 | 23 |2°| 43°| 427| 420
38 | 895194 | 2] 899 405 | ° | 100505 | 999790 | 22 {3°| 645| 640 63.0
39 | 8.99 322 ": 899534 | 12| 1.00466 | 999788 | 21 |40 86.0| 85.3| 84.0
20 | 899430 | | 899662 | **° | T.00338 | 999787 120 |S° 75 106.7 105.0
41 | 899577 | 7 | 8.99 791 | ™ | 1.00209 | 999786 | 19 | 135 | 1a3 | 1
42 | 899 704 ”g 899919 | 8 | 100081 | 999783 | 18 | 6! 12.5| 12.3| 122
43 1 899830 | 1} 900016 | 127 | 099954 | 9.99783 | 17 | 7| 14.6| 14.4| 142
44 | 899956 | %0} 900174 ‘:3 099826 | 999782 | 16 | 8| 16.7| 16.4| 163
45 | 900 082 > ] 9030t | ¥*7 |To.09699 | 900781 | 15 | 9| 188| 185 | 183
46 | 900207 | ™5} googzy | 6 | 099573 | 999780 | 14 |10| 208| 205/ 203
47 | 900332 | ™5 | 900553 | 26 | 0.99447 | 5.99778 | 13 |2°| 417 | 410| 407
48 | 000456 | 4| g.00679 | 6 | 0g93er | 999777 { 12 |3¢| 62.5| 61.5| 610
49 | 9.00 581 "’5 9.00 805 | 126 0.99 195 | 999776 | 11 J4°o| 83.3| 820( 813
50 | ooo 705 | ™3| 900030 | * |Tog9 070 | o9 775 10|50 1042 1025 3017
51 | 9goo828 | 41 gorosg | *5 | 098945 | 9.99 773 9 mr | 10 | oz
52 | 900951 | 3 ] gor 179 | **¢ | 098 821 | 9.99 772 8 6| 12.1| 12.0(0.I
53 | 9ot o7y | 23| g.o1303 | %4 | 0.08 697 | 9.099 771 7 7| 14.1| 14001
AS_‘L‘ 9.0I 199 ::: 9.01 427 ::4 098573 | 999760 6 8| 16.1| 16.0|0.1
55 | g.o1 318 9.0I 550 3 175.98 430 | 9.99 768 5 9| 18.2| 18.0|0.2
56 | 901440 | 2 | 901673 | 3 | 0.98 327 | 9.99 767 2 | 10| 202| 200|0.2
57 | 901561 | *** ] gor795 | 23 | 098 204 | 999765 3 20| 40.3| 40.0|0.3
58 | 9.01 682 | I | gorqi8 | 2 | 098082 | 999 764 2 30| 60.5| 60.0|0.5
59 § oorBo3 | 01902040 | | 097960 | 999763 | 1 | 40| 807 Bo.o|o7
80 | g.01 923 9.02 162 097838 | 999761 | O solroo8lroo0fo.
L. Cos. | d. |L. Cotg.|c. d. L.Tang-! L. 8in. | Prop. Pts, J
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238 a°
7 | L. Sin. | d. |L.'rang./c. d.| L. Cotg.| L. Cos. Prop. Pts.
‘: 32; g:g 120 g.g: :gg 2t g.g; ;f; gg ;g; 6;; 121 | 120 | 119
2 | go2163 | ™ | goz404 | ' | 0.97 505 | 9.99759 | 58 6| 12.1| 120|119
3] 902283 | *° | gozges | *' | 097475 | 9.99757 | 57 | 7| 41| 14.0|13.9
4 | 902402 | 9] 902645 | '*° | 097355 | 9.99756 | 56 § 8| 16.1| 160159
s Goasmo | % | 00a766 | " | Gorazs | ooo7ss |55 | 2| 12| 1Boiize
6] 902839 | M9 002885 | ™0 | 097115 | 999753 | 54 | 10| 20:2| 2001198
7 | 902757 | "8 ] 903005 | 2 | 096995 | 9.99752 | 53 | 20| 49-3| 4001397
8 | 902874 | M7} 903124 | 9 | 096876 | 9.99751 | 52 | 3° 22 > ggg 33'3
o | 902902 | 10| 903242 | 110 | 096758 | osozuo | 51 | 83, 0F] 000|503
10 | 9.03 109 9.03 361 T0.96 639 | 9.99748 | 50
11 | 903226 | 77| 903479 | M8 | 0.96 521 | 9.99747 | a9 18 | 1y | 116
12 | 003342 | ¥ | 003507 | "8 | 0.96 403 | 9.99 745 | 48 6| 118|117 | 11.6
13 | 903458 | 18| 903714 | "7 | 096286 | 999741 | 47 | 7|138[137|135
14 | 903574 | ™| 003832 | "8 | 096168 | 009742 | 46 | 8|15.7|156]|153
~1_5— 9.03 690 w6 903 948 6 0.96 052 399 741 ‘45 9117.7|17.617.4
16 | 903805 | 5| 903065 | ™7 | 095935 | 999740 | 44 | 2|97 |19:5(193
17 1 903920 | M5 | goy181 | ¥'6 | 095819 | 009738 | 43 | 2°|39-3|390387
18 | 901034 | ¥ | 9og297 | 6 | 0.95703 | 9.09737 | 42 30|590|58.5]58.0
19 | c.04130 | *5 | 9og413 | 6 | 095587 | 999736 | 41 | 4°(787|780(77:3
20| gosaba | 13 |gorsas | 5 Toosaa [ooo73s 40| 3 531975 1907
21 | 904376 | 41 904643 | M5 | 095357 | 999733 | 39 15 | 114 | 113
22 | 904490 | T4 ] goq758 | TI5 | 095242 | 999731 | 38 6|115|11.4|11.3
23 | 904603 | *3 ] 9.04873 | **S | 0.95127 | 9.99 730 | 37 7(%3-4(133|132
24 | 904715 | 112 | 9os 087 | 14| oosor3 | 999728 | 36 | 8153152 15X
_72_ k .04 82 o5 101 14 _‘;‘Aé X Q;A [ 3: 9{17.3|17.1| 17.0
2 3.01 942 12 gog 21y | 113 0-31 780 | 500 ;22 gi 10, 49.2 190 18.8
27 | 905052 | "2 | go5328 | T4 | 094672 | 0.00724 | 33 | 2°|383 (3801377
28 | gog164 | "2 | g.o5 441 | I3 | 094559 | 999723 | 32 30|57.5|57.0/56.5
29 | 9os 275 | 1| 905553 | 112 | oo44a7 | 99972r | 31 | 47 ;‘;g ;g-g =3
30 Y ; 113 (- "o o0 730 130 A .
el EST SR b Rl EL-Eerll Rl IRy
32 | 905607 | '™ f gog 890 | ¥*2 | og4 110 | 999717 | 28 6 I1.2|ILI[IIO
33 | 905717 | "™ | gobooz | % | 0.93 998 | 9.99716 | 27 7 13.1|130|128
34 | 905827 | Y° go6113 | *'* | 093887 | 999714 | 26 8 149|14.8| 147
35 | 905937 | 2| 90622y | ¥ |To03 776 | 999713 |25 | O 10:81167|105
36 | 906046 | 91 906333 | I | 093665 | 999711 | 23 | 10 187|185)183
37 | 906155 | ™ | 906345 | "™ | 093555 | 999710 | 23 | 20 37-3;37.0|367
38 | 906264 | 19 | 906556 | ¥ | 093434 | 9go708 | 22 | 3° s6oisss) S50
39 | 906372 | 18} 9.06866 | ° | 093334 | 999707 | 21 | 4° 747 749733
40 | 906 ;g.sx 947966775 | ' |Too3 ;25 999 705 |20 50 93-3 9251917
41 | 906589 | ™8| g.o06885 | 093115 | 999 704 | 19 109 | 108 | 107
42 | 906696 | 7 ) go6g9} | ' | 093006 | 99970z | 18 6|10.9 | 10.8 | 10.7
43 | 906804 | 8 | 907103 | 9 | 0g2 897 | 999 701 | 17 7| 12.7 | 12.6 | 12.5
44 | 9.06 911 ::; Q 07 2II ::; 0.92 789 | 9.99 699 | 16 8 lg.s 12.4 :g .3
“o.07" BT 9|16.4|16.2) 16.1
:g gg; 2:3 196 gg; if; 108 23: gsg ggg ggg ii 10|18.2| 180 17.8
47 | 907 231 107 | 907 536 108 0.92 464 | 9.00 608 13 20136.3|36.0(35.7
48 | 907337 | 6| 907613 | 7 | 092357 | 999693 | 12 | 3°|54:5|540|535
49 | 907442 | 15 ) 907751 | 8 | 092249 | 90.99 692 | 11 | 40|727172.0]71.3
50 | 9.07 548 106 5.07 858 107 |5 o142 | 999 BOR 501908 1go.0|8g.2
51 | 9.07653 | %5 | 9.07964 | * | 0.92036 | 9.99689 | o 106 | 105 | Io4
52 | 9go7758 | 5 | 9.08 071 | *7 | 0.91 929 | 999 687 8 6| 10.6 | 10.5 | 10.4
53 ] 9007863 | 5| 908177 | ™6 | 091823 | 999686 | 7 7|12.4|12.3 | 12.1
54 | 907968 | 5 | 908283 | 6 | ogr717 | 999684 | 6 | 8|141|140139
55 } 9.08 072 o4 9.08 3?5— 106 0.91 611 | 9.99 683 5 9159|158 | 15.6
56 | 9.08 176 | 94 | 9.08 493 106 0.91 505 | 9.99 681 2 10| 17.7 | 17.5 [ 17.3
57 | 908280 | !9 | go8600 [ 195 | o0.91 400 | 6.99 680 3 | 29|353|35034.7
58 | 9.08 383 ::3 9.08 705 :‘:: 091 298 | 9.99 678 2 43; ;g ; ;: g g;g
59 | 9.08 486 xog 9.08 810 ro4 091 190 | 999677 b ol 883 | 7.5 | 867
60 | 9.08 589 9.08 914 091 086 | 9.99 675 0
L. Cos. | d. |L. Cotg.|c. d.|L.Tang.] L. Sin. | ~ Prop. Pts.
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7° 239
7 | L. Sin. | d. |L.Tang.]c. d.| L. Cotg.| L. Cos. Prop. Pts.
O | 908589 9.08 914 0.91 086 | 9.99 675 | 60
1 | 908692 | 3 | g.0g 019 | *5 | o0.90 981 | 9.99672 | 59 105 104 | Io3
2 | 908798 | ¥3 | 909123 | ™+ | 090877 | 999672 | 58 6| 10.5]|10.4 | 10.3
3 | 908897 | 1% | g.09 227 | *°¢ | 090773 | 9.99670 | 57 7|12.3 1211120
4 ]| 908999 | 1% | 909330 | 23 | 090670 | 0.99669 | 56 | 81401139 137
5 | 9.09 101 9.09 434 | o4 |T0.90566 | 0.99667 | 55 | 2|158150|155
6] 909202 | ™ | 509537 | 3 | 0.90463 | 9.99 666 | 54 10| 17.5,17.3 | 17.2
7 9.09 304 102 9 09 630 103 0.90 360 9.99 664 53 20(35.0 347|343
8 9.00 405 101 9.00 742 102 0.90 258 9.99 663 52 301525 52.0 g;s
9 | 9.09506 | 1t | 509845 | 13 | ogo1ss | ogger | sx | 420|700 0931587
10 | 9:00606 | ' | 900047 | *°* |To.00 053 | 0.90 659 [BO| 5°!°7:5 07155
11 | 909707 | 1°* | 910049 | %% | 089951 | 999658 | 49 103 | 101 | 100
12 | 909807 | ¥ | 910150 | * | ©.89850 | 9.99 656 | 48 6| 10.2 | 10.1 | 10.0
13 | 909907 | ' | g9.10252 | 2 | 0.89 748 | 9.99 655 | 47 7|19l 11.8|11.7
14 | 9.10 006 12 _9.10 353 ::: 089647 | 999653 | 46 8.136|135|13.3
15 | 9.10 106 9.10 454 089 546 | 9.99 651 | 45 9,153 152|150
16 | 510208 | 99 | 910555 | " | 080445 | 999650 | 4y | 10)17:0)1681167
17 | 910304 | 9 | 910636 | * | 0.8934%1 | 9.99648 | 43 | 2°(34°0]337)333
18 | 910302 | 98 | 910756 | 1 | 0.89244 | 999647 | 42 30 gx.o (‘)0'5 2°'°
19 | g9.10 501 93 910856 :‘: 089144 | 999645 | 41 42 es'g 87 g Sg;
20 | 9.70590 | 2 9.10 956 0.89 044 | 999 643 |40 50185.0184. i
21 | 910697 | 98 | 911056 | " | 0.88 94t | 0.00642 | 39 99 | 98 | 97
22 | 910795 | 98 | 911155 | 99 | 0.88 845 | 9.09640 | 38 6| 99! 98| 9.7
23 § 910803 | 9 |l oxresy | 9 | 088746 | 999638 | 37 | 7|11.6| 114|113
24 | 910990 | 97 | gx1353 | 99 | 088647 | 999637 | 36 8113.2|13.1 | 129
25 | 917087 | %7 |oxrasz | % | 088548 | 9.90635 | 35 9 lg 9 ‘2'7 ’g'é
26 | 911184 | 97 | garsst | 99 | 088449 | 999633 | 34 | 10105163152
27 | grx 281 | 97 | gx1b39 | 98 | 088351 | 999632 | 33 | 20339327 3’;'3
28 | 0.11377 | 95 | o11747 | 98 | 088253 | 999630 | 32 | 39|49:51499)4%5
| 20 Jotxaza | 57 | oxr8ss | 50| 088155 | 900620 | 3x | 4315001533587
30 | 911570 | ? 911943 | 7 0.88 057 | 999627 |30 5 - 7 180
3t | g1z666 | 96 | 9120430 | 97 | 0.87 960 | 9.99 625 | =29 96 | 95 | 94
32 | 9.11 761 95 | 9.12 138 98 | .87 862 999 624 | 28 6 96| 9.5| 9.4
33 | 9.11 857 96 | 912235 | 97 | 0.87765 | 999 622 | 27 7|7w2|1L1| 110
34 | 9.11 952 9: 9.12 332 9; 087668 | 9ggg9 620 | 26 8| 128|127 12,5
3 9 9 1 14.3 | 14.1
35 | 9-12 047 912 428 0.87 572 | 999618 | 25 9144114
36 | 012142 | 95 | 912525 | 97 | 087475 | 9.99617 | 24 | 10| 1001581157
37 | 912236 | 94 | 912621 | 9 | 087370 | 999615 | 23 20320317313
38 | 9.12 331 95 | 912717 | 96 | 087283 | 999613 | 22 30| 48.0(47.5 | 47.0
39 | 9.12425 | 94 | .12 813 92 087187 | 999612 | 21 42 gé‘g 63'2 63'7
40 | 912519 | 9.12 gog 9 0.87 91 | 999 610 [20 5 -0179-21783
41 | 912612 | 93 | 913004 | 95 | 0.86996 | 999608 | 19 93 | 93 | 91
42 | 9.12 706 94 1 9.13 099 95 0.86 gor | 999 607 | 18 6| 93| 92| 91
43 | 9.12 799 93 | 913194 | 95 | 0.86806 | 999 605 | 17 7! 104 | 107 | 10.6
44 | 9.12 892 93 | 9.13 289 95 | 0.86711 | 999603 | 16 8! 124|123 | 121
45 | 9.12 985 93 1"533384 | %5 | 086616 999 601 | 15 9!14.0|13.8|13.7
46 | 913078 | 93 | 913478 | 9% | 0.86522 | 999600 | 14 | I°|I5.7 153|152
47 | 913171 | 93 | 913573 | 95 | 086427 | 999598 | 13 | 22|31 307393
48 | 913263 | 92 | 0.13667 | 94 | 0.86333 | 9.99506 | 12 | 3040514601455
49 | 913355 | 97| 013761 | % | 086239 | 999505 | 1x | 49|52 |6%3 %07
50 |} 9.13 447 9 9.13 854 93 17586 146 | 999593 | 10 50177:5170.7175:
51 | 913539 | 92 | 013948 | 94 | 086052 f 999591 | 9 ® | 2|z
52 | 9.13630 | 9 J grgo4r | 93 | 0.85959 | 999589 8 6| go|o.2|0.x
53 | 913722 | 9% | 9.14134 | 93 | 0.85866 | 999 588 7 7|105 02|01
54 | 9.13 813 g: | 0.14 227 gg 085773 | 999586 | 6 8| 12.0 w‘ o.3|o.x
55 | 9-13 904 9.14 320 085680 | 9.99584 | 5 913510302
56 | 0.13994 | 9° | ox4412 | 9% | 085588 | 9.99582 | 4 10| 15003 0.2
57 | 914085 | 9 | 914504 | 9% | 085496 | 999581 | 3 20|30.0/07|03
58 | 914175 | % | 914597 | 93 | 085403 | 999579 | 2 | 321450110105
59 | 9.14 266 g; 9.14 688 g; _0.85 312 | 9.99 577 x ;g ;gg ‘ :;7-1 z.g
60 | 9.14 356 9.14 780 0.85220 | 9.99575 | © s
L. Cos. | d. JL.Cotg.|c. d.|L.Tang.| L. Sin. | ~» Prop. Pts.
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240 8°
s | L. 8in. | d. |L.Tang.|c. d.| L, Cotg.] L. Cos. Prop. Pts,
(1] .14 356 9.14 780 0.85 220 | 999 575 | 60
1 3-11 3445 9.14872 | 9% | 0.85128 | 999574 | 59 9 | ot | g
2 0914535 | 3° | 914963 | 97 | 085037 | 999572 | 58 6| 92| 91| 9o
3914623 | ¥ | orsosy | 9 | 084936 | 599570 | 57| 7[107|105 105
4914714 | 3° | 915145 | 9% | 0.84855 | 999568 | 56 8|12.3 | 12.1 | 12.0
s [ 914803 | 2 |To15236 | ¥ |To84764 | 909566 | 55 | .2|138|137|135
6 1oxs8or | B | o532y | 97 | 084673 | 999565 | 54 | I0|153 152|150
7 | ora080 | B | oxsar7 | 9° | 084583 | 999563 | 53 | 29|327|303 300
8 | 915060 | 8 | 015508 | 9 | 0.84202 | 999561 | 52 | 3°[4%° gs.s gg
9 | 915157 %8 | 915508 | % | 084402 | 999550 | 51 | 49[S%3 60700
10 | 9.15 245 88 915688 | %° | 084312 | 999557 |50 5017071758175
11 [ 935333 | 8 | or5777 | ¥ | 084223 | 999536 | 49 89 | 88
1z | 915421 | 88 | 915867 | 9° | 084133 ) 999554 | 48 6| 89| 88
13 | 915508 | 87 | 915056 | % | 084044 | 999552 | 47 7| 10.4| 10.3
14 | 9015506 | 8 | 9.16 036 g° 0.83 954 | 999550 | 46 8 119|117
15 | 915683 | 7 | 916135 | 0 |083865 [ 909548 | 45 911341132
16 | 915770 | 87 | 916224 | % | 083776 | 999546 | 44 sl byl
17 | 915857 | 87 | 916312 | %8 | 0.83688 | 9.99543 | 43 201297 93
18 1915914 | 37 | 916501 | 3 | 083599 [ 9993543 | 42 30 445 4%
19 | 9.16030 | 8 ) 916489 | 88 | 0.83511 | 999541 | 41 gg ! ;9 g ;3;
20 | 9.16 116 86 9.16 577 88 083 423 | 9.99 539 |40 4
a1 | 916203 | 87 | 916665 | 88 | 083335 | 999537 | 39 8 ’ 8 | 85
22 | 916289 | 86 | 916753 | 88 | 083237 | 999535 | 38| 6] 87( 86| 85
23 | 916373 | 8 | ou6831 | 38 | 083159 | 9.99333 | 37 | 7[102 100| 99
24 | 9.16 460 :: 9 16 928 257; 083072 | 999532 | 36 8|11.6 ‘ I1.5 u.g
.16 o _AO}? 082 g8 X o 9| I3.I|I2.9]| I2.
:g 3:6 g‘;i 86 g i; 103 | 8 | 082 gg; g g gis gi 014.5 14.3 | 14.2
27 | 916716 | & | 9.7 190 87 0.82810 | 999526 | 33 20| 290 |28.7|28.3
28 | 916801 | 8 | 917277 | 87 | 082723 | 9.99 524 | 32 301435|43.0|42.5
29 | 916886 | 8 | 917363 | 8 | 082637 | 999522 | 31 40580 | 57 3|56.7
30 | 9.16 970 84 917 438 8 “o8z550 | 999520 (30| S°!7*5'7%7 70.8
3t | 917055 | 85 | 917536 | ¥ | 082464 | 999518 | 29 8| 8
32 | 917139 | % | 917622 | 8 | 082378 | 9.99 517 | 28 6| 84| 83
33 917223 | ¥ ]| 917708 | ¥ | 0.82292 | 9.99 515 | 27 7| 98| 9.7
34 | 917307 | 84 917 794 gg 082206 | 9.99 513 | 26 8112|111
35 | 9.17 301 8 9.17 880 082120 | 9.99 511 | 25 9126 ug
36 | 917474 | 8 | 917965 | 8 | 0.82035 | 9.99 509 | 24 lo| 14013
37 | 9173558 | % | 918051 | ¥ | o8ros9 | 9.99507 | =23 20 280277
38 | 917641 | 8 ] 918136 | & | 081864 | 999 505 | 22 30 4g'° 41.5
39 917724 | 8 | 918221 | 8 | 081779 | 999503 | 21 40 | 50.0 253
40 | 9.17 807 8 918306 | & | %8: 694 | 999 sor [20 50 170.01069.2
41 | 917890 | 8 | 918301 | &5 | 081609 | 9.99499 | 19 8 | 81 | &
42 | 917073 ; 83 1 918375 | 8 | 081525 | 999497 | 18 6| 82| 81| 8o
43 | 918055 | 8 1 9185% | 8 | 081440 | 999495 | 17 ] 7| 96| 95| 93
44 | 9.18 137 82 | 518644 | 84 0.81 356 | 9.99 494 16 8| 10.9|10.8 | 10.7
45 | omaz0 | 3 | 918728 ® 081272 [ 000492 | 15 9|12.3|12.2| 12.0
46 | 918302 | & | 918812 | 84 | 081188 | 999490 | 13 1013713513
47 | 918383 | & | 918896 | 84 | 081104 | 9.99 488 | 13 | 20|27.3|27.0[267
48 | 918465 | 8 | 918979 | 83 | 081021 | 999486 | 12 | 30({410|405]400
49 | 038547 | 32 | 919063 | 34 | 080937 | 999484 | 1 do1887 24'; gg-;
50 ] .18 628 8 9.19 146 83 0.80 854 | 9.99 482 | 10 5 -3167. .
51 | 9.18 709 8 9 19 229 3 0.80 771 | 9.99 480 9 2 b
52 | 018790 | 8 | 919312 | 83 | 0.80688 | 9.99 478 8 6lo.2|ox
53 | 018871 | & | 919305 | & | 0.80605 | 999476 7 7020z
54 | 9.18 952 g‘ 9 19 478 :3 0.80 522 | 9.99 474 6 8|o.3(0x
55 | 919033 | .° | 919561 | 3 |0Bo439 | 909472 | 5 9|0.3|0.2
56 | 919113 | 3 } 519643 | 32 | 080357 | 0.09470 | 4 1003 0.2
57 | 919193 | % | 919725 | 5 | 0.80275 | 599 468 3 20)0.710.3
58 | 919273 | 8 | 919807 | 8 | 0.80193 | 999 466 2 30(10]05
50 } 919353 | 3 ) 019880 | 32 | oBorrr | 9.99464 | 1 5‘3 ;; o7
60 | 90.19 433 9 19 971 0.80 029 } 9.99 462 o
L. Cos. | d. ]L.Cotg.|c. d.|L. Tang.] L. Sin. | ~ Prop. Pts.
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7 | L. Sin. | d. |L.Tang./c. d.| I.. Cotg.] L. Cos. Prop. Pts.
0 J 9.19 433 9.19 971 0.80 029 | 9.99 462 | 60
1 | 919513 | % | oao0s3 | 5 | 079047 | 900460 | 59 8 | & | &
2]orgsoz | 79 ) ozo13s | 2 | 079866 | 9.99.458 | 58 6| 82| 81 8o
3 | 919672 9.20216 | 22 | 079784 | 9.99436 | 57 | 7| 96| 93| 93
4 | 9.19 751 ;’? 9.20 297 8: 079703 | 9.99 454 | 56 8|109 (108|107
=1 0.0 830 53207378 0.79 622 | 0.99 452 | 55 9| 12.3|12.2 12,0
6| 919909 | ™ f ga0459 | 5 | 079541 | 999450 | 53 | 10|237|73-5/733
7 | 919988 | 7 | 920550 | & | 079460 | 999448 | 53 | 22|27:3|27.01207
8 ] 920067 | 7 | gaober | % | 079379 | 9.90 446 | 52 | 39[41:0) 495400
9 | 9z0145 | 78 | gao70x | % | 079200 | 9.99444 | 51 | #3|347| 342|333
10 | 920223 | 7 9.20 782 o 0.79 218 | 999 442 [ 50 s 31975 7
11 | 920302 | 79 | 9.20862 | % | 0.79 138 | 9.990 440 | 49 7 | 78
12 | 0.203% | 78 | 920942 | 8 | 0.79058 | 9.99 438 | 48 6| 79| 7.8
13 | 920458 | 78 | g.21022 | 80 0.78 978 | 9.99 436 | 47 71 92| o1
14 | 9.20 535 ;g _9.21 102 :: 078 893 | 9.99434 | 46 8105|104
15 | 9.20 613 9.2I 182 0.78 818 | 9.99 432 | 45 9|11.9 | IL.7
16 | 9.20 691 78 9.21 261 ” 0.78 739 | 9.99 429 | 44 10 12‘2 xg.o
17 | 920768 | 77 | 921341 | 8 | 078659 | 9.99 427 | 43 2231200
18 | 920845 | 77 | 9.21 420 | 79 0.78 580 | 9.99 425 | 42 301395 39.0
19 | 9.20922 | 77 | 9.21490 | P | o078 01 | 9.99 423 | 41 15271320
20 | 920999 | 77 | g2r578 | P | 078 422 | 999 421 [40 501053105
2t | 921076 | 77 | 921657 | ™ | 078343 | 999479 | 39 77 | 76
22 | 921153 | 77 | 921736 | P | 0.78 265 | 9.99 417 | 38 6| 77| 7.6
23 | 921229 | 7% | g.2r 814 78 0.78 186 | 9.99 415 | 37 7| 90| 89
21 | 921306 | 77 | gar893 | 73 | 078107 | 999413 | 36 8 103 1o
25 | 9.21 382 g2rg971 | ’ 0.78 029 | 9.99 411 | 35 9|110]11.4
26 | 921458 | 76 | 922049 | 78 | 077051 | 999400 | 34 Io|128 127
27 | 921534 | 76 | 922127 | 7® | 077873 | 9.99407 | 33 1257|253
28 | g2rb10 | 76 922203 | 8 077795 | 999 404 | 32 30138.5 | 38.0
39 | 921685 | 75 | 922283 | 7 | 077717 | 999 402 | 31 pod Phd e
30 | 921 761 | 7 9.2z 361 | 7 0.77 639 | 9 99 400 [30 5016421033
31 1921836 | 75§ 922438 | 77 | 077562 | 999398 | 29 75 | 74
32 | g.2r912 | 76 9.22 516 78 077 484 1 999396 | 28 6| 75| 74
33 | 9219087 | 75 | 922593 | 77 | 077407 | 9.99394 | 27 7| 88| 86
34 | 922062 ;: 9.22 670 77 077330 | 9.99 392 | 26 8|100( 99
— 77 I1.3 | 11X
35 | 9.22 137 9 22 747 077253 | 999390 | 25 2
36 | 922211 | 74 | 922824 | 77 | 077176 | 999388 | 24 10125 12.3
37 | 9.22286 | 75 | gazgor | 77 | 077099 | 999385 | 23 20250247
38 | 9.22 361 75 9.22 977 76 0.77 023 | 999 383 | 22 301375370
39 | 922435 | 74 | 923034 | 77 | 076946 | 999381 | 21 pod Pl b 4
40 | 9.22 509 74 9.23 130 76 0.76 870 | 9.99 379 |20 5 & 7
41 | 922583 | 7+ | 923206 | 7° | 076794 | 999377 | 19 73| 73 |7
42 | 922657 | 74 | 923283 | 77 0.76 7217 | 999 37 18 6| 73| 72| 7.1
43 | 92273t | 7¢ | 923359 | 75 | 076641 | 9.99372 | 17 7| 85| 8.4/ 83
44 | 9.22 803 ;; 9.23 435 ;5 076565 | 999370 | 16 8! 97 9-‘; 95
45 | 922 878 923 510 076490 | 999368 | 15 | 9[II0|I9-% 107
46 | 922652 | 7+ | 9.23 586 76 0.76 414 | 999366 | 1% 10| 12.2 | 12.0 [ I1.8
47 | 923025 | 73 | 9.23661 | 75 | 076339 | 999364 | 13 | 201243 240|237
48 | 9.23008 | 73 1 923737 | 76 | 076263 | 999362 | 12 | 32)30-51300]35.5
49 | 923171 | 73 | 9.23812 | 75 | 076 188 | 9.99 359 | 1 4: go.g go.g 47'2
50 | 923244 | > | 923887 | ° |06 113 | 9.99 357 | 10 5 ’ 0159
51 | 923317 | 73 | 923962 | 75 | 076038 | 9.99355 | 9 [ 312
52 ] 923390 | 73 J 923037 | 75 | 075963 | 9.99353 | 8 6 03|oa
53 1 923462 | 7 | 924112 | 75 | 075888 | 999 351 7 7 1 0.4 |0.2
S+ 1623535 | 73 | 924186 | ™4 | 075814 | 099348 | 6 8log4l03
55 | 923607 | - |'9E4a6r | ”* |To75739 | 099346 | 5 2198103
56 § 9.23679 | 7% | 0.34335 | 7* | 075665 | 9.99344 | 4 %518
57 1923752 | 73 | 924410 | 75 | 075500 | 999342 | 3 el b
58 1 923833 | 7" | 924484 | 74 | 075516 | 9.99340 | 2 30, 551 1.0
59 | 033805 | 7 | 924558 | 7 | 075442 | 9.99337 | 1 oiasl1s
60 | 9.33 967 9 24 633 075368 | 999335 | O
L. Cos. | d. |L. Cotg.|c: d.|L.Tang.| L. Sin. [ ~, Prop. Pts.
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)
7 | L.Sin. | d. |L.Tang.|c. d 10
.e
0 | 923 957 . do| L. Cotg.] L. Cos. | d
I § 9.24 039 73 9.24 632 o . Prop. Pts
2| 924110 | 7 9.24 706 | T4 °~75 368 | 9.99 335 rm .
3| 924181 | 7 9.24779 | 3 o-;S 294 | 999333 | 2 5
4 ) 924253 | 7 9.24 853 | 74 0'72 :2‘ 9.99 331 2 52 6 74 73
N oz 32. 7 9.24 926 73 °~75 47 | 999 328 3 37 7.4| 7.3
6192y 39§ 7 9.25 000 74 o. 074 | 9.99 326 2 % g 8.6 8.5
7| 024466 | 7 925073 | 73 075 000 | 999 324 2 ° 291,97
8 | 924536 | 7° 9.25146 | 73 o7 327 0.99322 | 2 ss 1 15 124 1.0
o |52t | 7 | 223252 73 | Q74854 1 999319 i I I by 12.2
10 | 9236 7 |o=5292 | 73 074781 | 9.99 317 2 ]33] s 4.7 | 24.3
Al E S B | o74798 | 999315 | 7 21 31383
13 | oaiiis | o | 223 ET 7 | 074085 | 999313 s 55| 5° &3 487
13 | 9.24 888 | 7° 9.25510 | 73 oot 563 | 9.99 310 | 3
14 | 924958 | 7° 9.25582 | 72 0'74 493 0.99 308 | 2 43 p 72 | 7
15 | 925 o2 ] 7° 925655 | 73 0:7': 418 | 9.99306 | 2 :7 7.2| 7.1
16 | 925098 | 7° 925727 | ~°—' 345 | 999304 | 2 | 46 g B.g 8.3
17 | 925168 | 7° 9.25799 | 72 o74 273 1 9.99 301 3 pS e 9.5
18 | 9.25 237 69 9.25 871 72 0-74 201 | 9.99 299 2 45 10012 10.7
19 | 9.25 307 70 9 25 943 72 o.;'* ;29 9.99 297 2 44 20 2 'g 11.8
20 | 9.25 3 | o 926015 | 72 °~74 37 9.99 204 3 42 30| 33.0 23.7
0| sz ae] o osgese T e AR I b Rkt
oy | g |90t | Tt o 73914 [ 099200 | 2 fa0| *° léoolina
23 | 925583 | @ 936335 | ™ | o073 842 | 999288 | ? 59.2
23 | 925652 | © 926301 | 72 o‘;3 771 | 999 285 s | 8] s 70 | 69
25 | 9.25 721 69 9.26 372 | * 0:73 693 9 99 283 2 :‘337 70| 6.9
26 | 9.25790 | ¥ 9a643 | |0 28 | 9.99 281 2 | 3% Z 8.2 8.1
27 | 925858 | 8 9.26 514 | 7t 0'73 557 [ 990278 | 3 9-3| 9-2
28 [ 9.25 927 69 9.26 585 | 7% o 73 86 | 9.99 276 2 35 1(92 10.5 | 10.4
29 | 9.25 995 | %8 9.26 655 | 7° 075 415 | 9-99 274 i TS S B B
HIEEIRE i el
3t 9.26 1 68 9.26 797 7t .99 269 3 o | 2
32| a6 1og | 68 Sacser | o | ol ] 5% 267 | ° Fo S §§.§ 4.0
33 | 926267 | B S260mr | ™ | orsoss | 250 26q | 3 12 575
34 | 926335 | 8 9.27008 | 7% o'gg 3 | 9.99 262 | 2 22 P 68 | 67
35 | 026403 | & 927078 | ™ | 072 992 | 999260 | 2 | 2 68| 6.7
Rl oaei | o7 | 027 | ° | 2922 | 999257 | 3 27 | 71 79| 78
37 | 926538 | 68 927218 | ° | o 72852 | 999255 | - 9.1| 89
38 | 926 605 | &7 9.27 288 | T° o 782 | 9.99 252 | 3 25 | 9|102| 101
39 | 926672 | &7 9.27357 | % O';z g” 999250 | * :4 o 21.3 11.2
40 | 9.26 739 | 67 927 427 | 70 0'72 43 | 999 248 2 zg 20 32-3 22.3
41 | 9.26 ggg 67 | 227 496 69 -—04— 573 | 999 245 3 ot 30 4;' 335
42 | 9268 o |oz7se6 | 7asos | 990243 | 2 |20 | 5° 53| 447
73| [ | o276 0.72 434 20 567 | 55.8
43 | 926930 | &7 927635 | 9 | 072365 999 241 2 T
43 | 927007 | &7 927704 | ® | 072 3 5129 238 | 3 b 6 66 | 65
a5 Voaroms | © 027773 | ¥ | 072 296 | 999 236 | 2 | 17 6.6| 6.5
46 | 9.27 ;4(3, 6 | 927 842 6 5 2227 | 999233 | 3 | 16 g 77| 7.6
47 | 0.27 206 | 66 927911 | 9 072158 | 999 231 T T 8.8| 87
48 ) 927273 | ©7 02798 | 9 | o 72¢c89 | 9.99229 | 2 5 21,9919 8
49 | 927 339 66 9.28 049 | 6 0.72 020 | 9.99 226 3 14 20 11.0 | 10.8
50 | 9.27 4;,‘ 66 |2 28 117 | 68 °~;: ggz 999 224 2 12 % 22.0 | 21.7
51 | 9.27 47‘,5: e | 928186 6 |~ 3| oggzer | 3 | xx | 4° 22‘3 325
52 | 9.27 537 66 9.28 254 68 0-7I 814 | 9.99 ,,9— 2 10 50 55.0 43.3
53 | 9.27 602 | 6 9.28 333 | & 0'7: 246 9.99 217 2 -0 | 54.2
51 | 9.27668 | 66 9.28 301 | 8 P 877 | 999 214 s | 3 3|2
55 | 927 734 66 9.28 350 | 8 0:71 < ? 9.99 212 2 ’ 6l0.3]|0.2
56 | 927799 | 928327 | & |To 41 | 999209 | 3 [ 6 7|04 02
57 | 9.27 863 65 9.28 595 68 0'71 473 | 9.99 207 2 0.4|03
58 | 9.27930 | 5 9.28 662 | 67 o.7x 405 | 9.99204 | 3 5 l9 0.5 (0.3
59 | 9.27993 | 65 9.28 730 | 68 o 7: 338 | 999 202 2 4 22 | 0.5|0.3
60 65 9.28 708 | 68 0'7 270 | 999 200 2 3 1.0 (0.7
9.28 o6o o.28 863 67 .71 202 | 9.99 197 3 : ig ;,5 1.0
- .0 | 1.
L. Cos. | d 071 138 | 9.99 195 ? o 50 2.5 1.3
« | L. Cot 7
8. [Co d.|L.Tan -
ge] L. Sin. | 4
ol 4 Prop. Pts.
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7 | L. Sin. | d. |L.Tang.'c. d.! L. Cotg.] L. Cos. | d. Prop. Pts.
0 | 9.28 060 9.28 865 0.71 133 | 9.99 195 60
1 | 9.23 125 :5 928933 | %8 | 071067 | 999192 | 3 | 59 68 | 6
2 | 928 190 65 9.29 000 27 071000 | 999190 | 2 | 58 6| 68| 6.7
3| 928254 | 4 ] 920067 | 7 | 070933 | 9.99 187 L 7| 79| 78
4§ 928319 | &5 | 920134 | ¢7 | 070866 | 9.99185 | 2 | 56 8| 91| 89
5 | 9283dy | o | o200t | 7 |Toz0799 |9go 82 | 3 [Ts5 | 2|%0-2|Io1
6 | 9.28 448 4 1 9290268 7 | 0.70732 | 9.99 180 | ? 54 10/ 11.3 | I1.2
7 938512 | % | 920335 | &7 | 070665 | 999177 | 3 | 53 | 2°|227|223
8 |o0a8577 | & | 929402 | 67 | 070508 | 999175 | 2 | 52 | 39[34.0|335
9 | 928631 g‘ 9.29 468 26 0.70 532 | 9.99 172 : 51 42 223 ggg
10 | 9.28 705 M 9.29 535 6; 0.70 465 | 9.99 170 50 5 7 .
11 | 9.28 769 g‘ 9.29 601 070399 | 999167 | 3 | 49 66 | 65
12 | 9.28 833 4 | 929668 | 7 | 070332 | 9.99168 | 2 48 6( 66| 6.5
13 | 9.28896 | 93 | 929734 | % | 0.70266 | 9.99 162 | 3 47 7| 77| 7.6
14 | 9.28 gbo 2: 9.29 800 gg 0.70 200 | 9.99 160 | 2 46 8| 83| 8.7
15 [ 9a90ar | ot 029866 | o [To7013a |ooots7 | 2 a5 | ,2/,29].28
16 | 9.29087 | 3 | 9.29 932 070068 | 999153 | 2 | 44 | 320|110
17 | 929150 | %3 | 9.29998 | % | 0.70 002 | 9.99 152 3 43 | 3°|2%2°|317
18 | 929214 | %4 | 9.30064 | 0.69 936 | 9.99 150 2 42 30|33.0132.5
19 | 939277 | € | 930130 | % | 069870 | 999 1a7 | 3 | 41 | #0144:01433
20 | 9.29 330 53 93195 z 0.69 805 | 999 145 10 | 3° 55054
21 | 929403 | 8 | 930261 | % | 069739 | 999142 | 3 | 39 G | 63
22 | 9.29 466 23 930326 | 95 | 069674 | 999140 | ? 38 6| 6.4 6.3
23 | 9.29 529 | %3 | 930301 | & | 0696og | 909137 | 3 | 37| 7| 73| 74
24 | 92950t | & | 930457 | b | 069543 | 099135 36| 8| 85| 84
a5 | 92965) | 2 |o30522 | ° |T06oaz8 | 909132 | 2 [3s| 9] 99|95
26 | 9 29 716 930587 | %5 | 069413 999130 | 2 | 33 | I0|107)105
27 929779 | 8 | 930652 | 6 | 069348 | 999127 | 3 | 33| 20|3:3|210
28 | 929 841 62 930717 | 65 0.69 283 | 9.99 124 3 32 30| 32.0] 31.5
29 | 929903 g’ 930 782 25 0.69 218 | 9.99 122 | 2 31 | 49|427|420
30 | 9.29 966 3 9.30 846 4+ 0.69 154 | 9.99 119 3 I'so 5015331525
31 § 9.30028 | % | 930911 | 5 | 069089 | 999117 | 2 | 29 62 | 61
32 | 930000 | 62 | 930975 | ¢ | 069025 | 9oo114 | 3 | 28] 6| 6.2 61
33 [ 930151 | 6* | 931040 | 65 | 068960 | g.99112 | 2 | 27 7| 72| 71
34 | 9-30 213 2: 9 31 104 2: 068 896 | 9.99 109 g 26 8| 83| 81
35 | 9.30 27§ 9.31 168 0.68 832 106 2 9| 93| 92
1330558 | & | 331233 | ¢ | o878y | 99010s | 2 | 23 | 10|03 |02
37 | 930398 | & | 931297 | % | 068703 | gg91or | 3 | 23 | 2°|207|203
38 | 9304359 | 8 | 931361 | % | 068639 | 9.99099 | 2 | 22 | 39|31.0(305
39 | 930521 | % | 931428 | & | 068575 | 9.09 3 e | 40|4r3]ac7
40 | 9.30 532 6l 9.31 489 64 0.68 511 | 9 99 093 3 0 501517 " 50
41 | 930613 | °F 931552 | 93 | 068448 | 999001 | 2 | 19 Go | 5
42 | 930704 | 6 | 931616 | % | 068 384 | 999 088 3 18 6| 60| 5.9
43 | 930765 | S ] 931679 | 83 | 068321 | 999086 | 2 | 17| 7| 70| 69
44 | 930825 | & | 931743 g‘ 068257 | 999083 | 3 | 16 8| 80| 79
45 | 9.30 887 9.31 806 3 | 068194 [ 999080 | 3 15 9| 90| 89
46 | 930047 | & | 931870 | % | 068130 | o908 | * | 12 | 1o|100| 98
47 | 931008 | & | 931033 | %3 | 068067 | goc w75 | 3 | 13 | 20(200(197
48 | 031068 | 6 | 931996 | 63 | 068004 | 9ot 072 | 3 ] 12 | 30[300 [ 295
49 | 9.3t 129 g; 932059 | 9 | 067941 | 9ag070 | 2 | 1z | 40]4001393
50 | 9.31 139 6 932 122 3 0.67 878 | 9 99 067 3 10 50150.0"49.2
51 | 9.31 23> 6: 9.32185 | 63 | 067515 | 9.99 064 3 9 ] 3, 2
52 | g 3I 310 ~ 9.32 248 23 0.67 752 | 9.99 062 2 8 6'0.3 0.2
53 | 931370 | ©° ]| 932311 | 3 | 067689 | 999059 | 3 7 7 0.4 0.2
54 | 931430 | ° ] 932373 | 2 | 067627 | 909036 | 3 | 6 8 o4 03
55 | 937 490 912436 | 2 7067564 | 999052 5 o5 03
56 1 931549 | 9 | 932498 | 2 | 067502 | 999051 | 3 | 4] 0,05 o3
57 | 931 o | 932561 | 8 | 067239 | 999048 | 3 | 3| 20|10 o7
58 | 9.31669 | S }' 932623 | 62 | 067377 | 9.99046 | 2 2| 3915 Lo
59 | 931728 | ¥ | 9.32 685 g: 0.67 315 | 909 043 g x ;g 2o :;
60 | 9.3r 738 | 9 32 747 0.67 253 | 9 99 040 0 5
L. Cos. | d. |L.Cotg.|c. d.[L.Tang.] L. Sin. | d&. | » | Prop. Pts.
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12°
s | L. 8Sin. | do L. Tang.|c. d.| L
e e do| s Cotg.] L. Cos. | d. Prop. P
b 4 9.31 847 59 9-32 747 6; 067 253 9 —
AR 9 32 810 3 | 067 190 .99 040 | 160
2lonst| s 032872 | & | 067128 9.99 038 3 59 63 | 62
4 | 9320285 | ¥ 9-32 933 :x 0.67 067 3.99 o3s 3 g 2| 23| 72
5| o320 | 2 '2::: 995 | ¢, | 067005 S350 | 2 |36 5 &3] 53
s : s .33 057 0.6 '9.99 027 | 3 .
IEEIREEEE S S HHEE :
8 | 93226x | 5 6 68 om0 ‘ 3 3 HE
> (23 2| o8 099 023 53 20 | 21.0 | 20.
o 2232 5 | 933303 o | o6 | 55l S H R e
11 9.32 378 so | 233 365 6 |66 645 | 299015 3 B2 Y b s
12 3:35: 437 | g | 933 426 | 5 | o6 5;5 sued | = % T
12 9:32 ggg ® .33 487 g: 066 51; 399 01; 3 49 61 | 6o
14 | 932612 | 99 933548 | & | 0.664s2 | o gg o ) | 5 2| 73| 79
15 | 9.33 670 58 | 233 609 5: 0.66 391 9.99 002 3 % & x| &5
o3| =53 670 | 4 | 066330 R
ol s 9.33 731 ﬁl 066 269 9 93 000 3 45 9| 92| 90
18 | 932844 | S8 o0 &% 6r | 066 208 oo | 3 |4 20203 a00
19 | 932902 | 58 ' 60 0.66 147 | 998 99 3 I HES
s | 933913 0.66 5% 42 | Zo|io7 | 400
2:; 9.32 960 :a s3397¢ | o | o 6?5%82" 9585% | 3 42; 501508 500
eI e 1 E T
a3 | 933 xsg 8 | 931995 6 | 965905 25800 | 3 | 38 e
B lo3s | g, 9:34155 | o> | 0.65845 9-98 980 | - | 38 6 5.9
e 2 |2 34215 | & | 0065785 S| 2 | % il 72
28 | 9.33 :gs 57 | 934276 1 ¢ 0.65 724 8 | 3 2 o %3
27 | 933362 | 37 9.34 336 5: 0.65 664 H 93 o | 3 3 3 o8
28 | 933420 | 58 9-34396 | (0 | 065604 H 98 929 = | 3 x| 157
20 | 933477 | 57 | 334 458 063 s | 555 564 > 0|55
30] 93 o |-2:34516 g‘: 0.65 484 g'gﬂ 92‘1' : b fo|395
o8 o |93 “ots 12t | oetass| 3 [P0 Solis3
32 | 9.33 2w | 93¢ 855 | 2 | o5 368 soisse | 3 | T
33 | 933704 | 37 9 34 695 2: 0.65 305 9'98 el N L 55| ¥
il BN B 755 063 243 | 598 550 2| 783 87
35 | 93388 | ¥ 931814 | 2 | 065186 958 547 2 | 2] 5|57 2
5336 | = | 5315 (065136 [ookou | | 2| B
o oar | 57 | 03 5as o | o5 067 soten | 3 | = 0 5; o8
7 . o6 )

B 5 % oasosr | 2 063 910 | 956 936 2|2 30|02 22
3 7 s T b4 7 3.98 936 3 22 30| 29.0 | 28.5
o 2.34 e o [$3m 5 [-oke 98933 | 3 | ar 40|38.7|38.0
AR E SR T E T e
: " 35 3 06 8 ®
A SR EEAREE ptindl BEEN I I B e
15 | 93 24| 635405 | 5% | 064595 998 915 S H1EE: o4
46 0131 332 6 | 935464 %9 170,64 536 | 9.98. . 2 s s of 83| &3
JEEHE IR e RHE

°. .
AR et I
80 [ o.34658 | *° 9:35 698 :: 0.64 302 | 555 504 ) 73| %7
: 235 098 0.64 r 1r | 40|37.3(367
e I FEE AR £ He R B Rt
53 | 9-3¢4 822 55 33,? 87% :: 064 127 3.33 ggg : g 5o
B odiere | s | 93353 | 8 064069 § 998893 | 2 | 7 7|03 |03
) ESER 55 |os60sr | ¢ P ) K e
° .4 | o.
1EHHESHE  IEFHEHER:
58 § 9.35 o44 55 9.36 163 | 58 | 063837 9.98 s | o 3 20| 70|07
213 199 s 936 aas s o6 s 9.98 881 3 3 20| 1.0|0.7
35 154 936279 | 58 | 06 4l EE 3o I : 30|20t
60 | o. 55 b |203721 | 908875 | 3 2|z3
9-35 209 9-36 336 ? > Solasli?
235 0.63 664 | 9.98 872 o solaslrz
« Cos. | d. JL.Cotg.|c. d.|L
o|L. Tang.] L. Sin. | d
. ’ Prop. Pts.




13° 245
7 | L. Sin. | d. |L.Tang.|c. d.| L. Cotg.| L. Cos. | d. Prop. Pts,
()] .35 209 .36 336 0.63 66. .98 872 (1]
1 ;3? 263 | 54 3-26 334 8 0»63 6ot 398 869 | 3 | 359 58 | &7
2 | 935318 | 55 | 936452 | 58 | 063548 | 998867 | 2 58 6| 58| 57
31935373 | 35 ] 936509 | 37 | 063491 | 9.98864 | 3 | 57 7| 68| 67
4 | 935427 | 3% ] 936566 | 57 | 063434 | 998861 | 3 | 56 8| 77| 7.6
5 | 935481 | ot |Tos662s | ° | 063376 [oo88ss | 2 [s5 | 9| 87| 86
61935536 | 3 | 03668: | 57 | 063319 | 998855 | 3 | 54 | 100 97| 95
7| 935590 | 3 1936738 | 57 | 063262 | 998852 | 3 | 53| 20 193|190
8| 035644 | | 036705 | 57 | 063205 | 9.08849 | 3 | 52 | 30 290|285
9 ] 935698 | 5* | 936852 | 57 | 0.63148 | 998846 3 51 42 | 32'7 38.0
10 |o3s5752 | ¥ | 936000 | ¥ [Tob3oor [o088az | 3 [s07| 5°!4%3147:5
11 | 935806 | % | 936966 | 57 | 0.63034 | 9.98840 | 3 | 49 s6 | s5
12 | 9.35860 | % 1 937023 | 57 | 062977 | 9.98837 | 3 | 48 6| 56| 5.5
13 935014 | 5% | 937080 | 57 | 062920 | 998834 | 3 47 7| 6.5| 6.4
13 | 935968 | 54 | 9.37 137 52 0.62 863 | 9.98 831 g 46 8| 75| 7.3
15 | 9.36 022 54 937193 | ° 0.62 807 | 998 828 45 9| 84 83
16 | 936075 | 33 | 937250 | 57 | 062750 | 9.98825 | 3 | 44 | °f 93| 93
17 | 036129 | * | 937306 | 56 | 062604 | 998822 | 3 | 43 | 20187183
18 [ 036182 | 53 | 937363 | 57 | 062637 | 098819 | 3 | 42 | 3¢(280|275
19 | 936236 | 54 | 937419 | ¢ | 062581 | 998816 | 3 | 41 #° 32-3 36-;/;
20 | 9.36 289 53 9.37 476 57 0.62 524 | 9.98 813 3 T30 501407145
21 | 936342 | 3 | 937532 | ¢ | 062468 | go8810 | 3 | 39 54
22 | 936395 | 53 | 937588 | 5 | 062412 | 998807 | 3 | 38 6| 5.4
23 | 936419 | 3 | 937644 | 3 | 062356 | 9.98804 | 3 | 37 7| 63
24 | 936502 | ¥ | 937700 56 | 0.62 300 | 998 8or N 8| 7.2
25 | 9.36 535 937756 | 3 | 062 244 | 9.98798 35 9| 81
26 | 936608 | 53 | 937812 | S 062188 | 998705 | 3 | 33 104 9.0
27 | 936660 | 52 | 937868 | ¥ | 062132 | 998792 | 3 | 33 20 [ 18.0
28 | 9.36713 | 53 | 937924 | 5 | 062076 | 998789 | 2 | 32 30127.9
29 | 936766 | 53 | 937080 | 6 | 0.62020 | 9.98 786 | 3 31 42 36':
30 | 9.36 819 53 9.38 035 S 17561 965 | 9.98 783 3 130 50145
31 | 9.36 871 52 9.38 og1 56 0.61 gog | 998 780 3 29 53 53
32 | 936024 | 53 | 038137 | 6 | 061853 | 998777 | 3 | 28| 6| 53| 52
33 | 936976 | 5% | 9.38202 | 55 | 0.61798 | 9.98 774 | 3 27 7| 62| 6.
34 | 937028 | 5% | 938257 | 55 | 061743 | 998771 | 3 | 26 8| 71| 69
35 | 937081 | 2 | 93833 | = |o6res; | ogszes | 2 [z | 9| 89| 78
36 | 037133 | 5 | 038368 | 55 | 061632 | 908765 | 3 | 24 | 10| 88| 87
37 | 937185 | 5% | 938423 | 55 | 061577 | 998762 | 3 | 23 | 2°|17.7|17.3
38 | 037237 | 52 | 938470 | % | 061521 | 908759 | 3 | 22 | 3°|26.5|2060
39 | 937289 | 52 | 938534 | 55 | 061466 | 9.98756 | 3 | 21 | 4°/353)347
20 | 937341 | * | 938380 | 5 [Tobr4ix [9oB7s3 | 1 [RO| °' 4421433
41 | 937393 | 3 | 938644 | 55 | 061356 | 998750 | 3 | 19 5t | 4
42 | 937445 | 5 ] 9.38699 | 55 | 061301 | 998746 | 4 | 18 6| 51|04
43 | 937497 | 5% ] 938754 | 55 | 061246 | 998743 | 3 | 17 7| 6.0|05
44 | 937549 | 52 | 9.38808 | 54 | 0.61 192 | ¢.08 740 3 16 8| 68|05
45 | 937600 | ¥ | 038863 | 55 |Tobrizs | eo8737 | 2 [ 15 9| 7706
40 | 937652 | 5% | 9.38018 | 55 | 061 082 9 98 734 3 14 10| 8507
47 | 937703 | 3" | 938972 | 5% | 061028 | 998731 | 3 | 13 | 20|17.0 1.3
48 | 037755 | 5 | 939027 | 55 | 060973 | 998728 | 3 | 12 | 3°|25.5 2.0
49 | 9.37806 | 5 | 9.39082 | 55 | 0.60918 | 9.98 725 3 11 40| 34.0 | 2.7
50 | 937858 s 9.30 136 5¢ 17560 864 | 998 722 3 I10 50142.513:3
5t | 937909 | 5 | 939190 | * | 060810 | 998719 | 3 9 | 8|3
52 | 9.37960 | 5! ]| 939245 | 55 | 060755 | 9.98 715 | 4 8 6|03 |02
53 | 9.38011 | 5' | 939299 | 54 | o.6070x | 9.98 712 3 7 7 04|02
54 | 9.38 ofz :: 9.39 353 :4 0.60 647 | 9.98 709 g 6 804 |03
55 | 938113 939497 | ** | 060593 | 998 706 5 9|95(93
56 | 938164 | 5% )| 939461 | 34 | 060539 | 998703 | 3 4 Iojos|o.3
57 | 938215 | 5 | 9.39515 | 54 | 0.60485 | 9.98 700 | 3 3 20 1.0/ 07
58 | 938266 | 51 ] 939569 | 54 | 060431 | 9.9%697 | 3 | 2| 30|15 1.0
59 | 9.38 317 :: 9.39 623 g: 0.60 377 | 998 694 i 1 543 | :g :3
60 | 9.38 368 9.39 677 0.60 323 | 9.98 690 o
L. Cos. | d. |L. Cotg. |c. d.|L.Tang.| L. Sin. | &. | ~ Prop. Pts.
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! 7 JL.8in. | a. |u.Tang.|c. d.[L. Cotg.| L. Cos. | a. Prop. Pts.
O | 9.38 368 9.39 677 0.60 323 | 9.9. bgou 60
1 | 9.38 418 5‘: 9.39 731 :‘ 0.60 269 | 9.98 687 : 59
32 | 9.38 469 50 9.39 788 4 | 0.60 215 | 9.98 684 3 58 54 | 53
3} 938519 5 9.39 838 | 53 | 0.60162 | 9.98 681 57 6| 54| 5.3
4] 938570 | 51 ] 939892 | 5 | o.60108 | 998 678 3 Lss 7| 63| 6.3
5 | 938635 | *° ["9.39945 ? 170600535 | 9.98 675 + |55 8] 72| 7.1
6] 938670 | 5 | 9.39999 [ 54 | o0.60001 | 9.98 671 54 o| 8x| 8o
701938721 | 5 | 9.40052 | 53 | 0.59948 | 9.98668 | 3 53 10| go| 8.8
8 1938771 | 5° | 9.40106 | 54 | o.59 894 | 998 665 3 52 20| 18.0 | 17.7
9§ 93882t | 5° | g40159 | 53 | 0.50841 ]| 9.98662 | 3 st | 30|27.0l265
10 [ 938871 | *° |9q0arz | 2 [050788 | 098639 | > [B0O | 40360353
1x | 938021 | 5° § 940266 | 5% | 059734 | 90986356 | 3 | 49 | SCi4501443
12 | 938971 | 5° | 940319 | 53 | 059681 | 9.98652 | ¢ | 48
13 | 9.3902r | 5° | 940372 | 33 | 050628 | 998649 | 3 | 47
14 | 939071 | 3° | 940428 :3 ©0.59 575 | 998 646 ; 46 52 | st
15 | 939121 | *° 930478 3 | o.59 522 | 0:98 643 45 6| 52| 5.1
16 | 939170 | 4 | 940531 | 3B | 059469 | 9.98640 | 3 | 45 ] 7| 61| 6c
17 ] 939220 | 5° | 940584 | 53 | 050416 | 998636 | * | 43 8| 69| 6.8
18 | 9.39270 | ° | 940636 | 5* | 059364 | 998633 | 3 | 42| 9| 78| 77
19 | 939319 | ¥ 1940689 :; 0.59 311 | 998 630 g 41 | 10 ;; 1;2
p . 8 | 9.986 a0 | 2017
IR IR IR I E AR Rk
22 G 49 9.40 847 52 059 153 | 9.98 620 3 38 40| 34.7  34.0
23 ggg ;1; so 9::0 930 53 | o30100 | 008617 | 3 | 37 | 5014331435
23 | 939566 | 4} 940952 | 3 | 059048 | 998614 | 3 | 36
25 | 939615 | * [ 941 003 : 0.58 995 | 9.98 610 35
26 | 9.39663 | 49 | 941057 [ 52 | 058013 | 998607 | 3 | 34 s | 4
27 | 039713 | 49 | 9.41109 | 3% | 0.58 891 | 9.98 604 3 33 6| 50| 4.9
28 | 939762 | 49 | 9.41161 | 5* | 058839 | 998601 | 3 | 32 7| 58| 57
29 } 9.3981x | 49 | g41214 | 53 | 058786 | 998597 | 4 | 31 8| 67| 6.5
30 | 939860 | ¥ [ 041266 5: 0.58 734 | 9 98 594 : 30 xg gg g:
3t 1 939909 | 2 | 941318 | 57 | 058682 | .98 501 29 6.7 | 16.
32 | 939958 | 4 | 941370 | 3 | 058630 | 998588 | 3 | 28 | 2°|X07|103
33 | 9.40006 | 4 | 041422 | 52 | 058578 | 0083584 | ¢ | 27 | 30|72 245
34 ) 9.40058 | g | 9-41 47; 52 0-5: 526 | 9 9; 58; 3 :6 50|21.7 ) 30.8
35| odosa | #5357 | 3 | oSeda | ooesre | ¢ | =
37 | 940200 | 4 | 9.41629 | % | 0.58 371 | 9.98 571 b "
38 | 940249 43 9.41 681 | 5 058319 | 9.983568 | 3 | 22 6 s 47
30 | 9402097 | 3 | 941733 :: 058267 | 998565 | 3 | =21 7 ;-6 ;’%
40 | 9.40 346 9.41 784 0.58 216 | 9.98 561 20 8| 84l &
4t | 940304 | 44 | o4r836 | 52 os8u6s | og8sse | 2 x| Jf 74| 03
42 | 9:.40 442 42 9.41 887 53 0.58 113 | 998 555 ‘4‘ 18 10| 8o 7:8
43 | 940 490 :8 9 41 939 :, 0.58 ob1 9~9g 55; 3 lg 20 | 16.0 | 15.7
44 ]} 940 §:;: 8 [ 94199 | _:-53 oro 9-98 548 | 3 :s 30 | 24.0 | 23.5
@ | Sdots | @ 1 ohos | = [ 05700 [osese | ¢ | x| Llsanlss
47 | 940682 | *° } 942144 | * | 057856 | 9.98 538 13
48 | 940730 [ 48 L 942195 | 5* | 057805 | 998535 [ 3 | 12
49 | 940778 | 48 | 9.42246 5t |o57754 | 008831 | 4 | 11 4ls
B0 | 940825 | ¥ |9az297 | 3 0.57 703 | 9.98 528 10 6| 04|03
51 | 940873 | 43 } 9.42348 | 5T | 057652 | 9.98 528 IR 7103 |og
52 | 9.40921 | # 9 42 399 5: 0.57 601 | 9.98 521 8 8|os|og
53 | 940968 | 47 § 9.42450 | 5 0.57 550 | 998518 | 3 7 9|06|0Z
54 | 941016 | 43 | 943501 | 57 | 057499 | 9.98 518 3 6 10| 0.7 | 0.5
55 | 941063 | *7 Io4assa | ¥ |Tos7 448 [ 008 511 5] 20|13|10
56 | 94111z | 48 | 942 603 | 5* | 0.57 397 | 9.98 508 3 4 30| 20|15
57 1 941158 | 47 | 9.42653 | 5° | 0.57347 | 9.98 505 | 3 3 40| 2.7 |20
58 | 941205 | 4° | 942704 | 5% | 0.57296 | 9.98 501 ; 2 5013.3/25
59 | 9.41 252 :, 9.42 758 io 0.57 245 | 9.98 498 : 1
60 } 9.41 300 4 9-42 805 0.57 193 | 9.98 494 o
L. Cos. d.—IL. Cotg.|c. d./L. Tang.] L. Sin. | d. ’ ‘Prop. Pts.
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‘18° 247
s | L. Sin, | d. |L.Tang.|c. d.] L. Cotg.| L. Cos. | d. Prop. Pts.
O ] 941300 | | 94285 | | 057195 | 9.98494 60
1 | 941347 942856 | 5% | 057144 | 998491 | 3 | s9
2| 941394 | ¥ | 942906 | 5° | 057094 | 998488 | 3 | 58 st | 5
3 | 94144t | 47 1 942957 | 5T | 057043 | 998484 | 4 | 57 6| 51| 50
4 ] 941488 | 47 ] 943007 | % | 056993 } 9.98481 | 3 | 56 | .| 6o 5.8
5 ) 941533 9.43 057 0.56 943 | 9.98 477 55 8| 68| 6.7
6041582 | 47 943108 | 5T | 056802 | 998474 | 3 | 5a]| 9o 77| 75
7 1 941628 | # .43158 | 5° | 0.56 832 | 9.98 471 3 |53 10 85| 83
8 | 941675 | 47 | 9.43208 | ° | 0.56792 | 998467 | 4 | 52 | 20|17.0|167
9 | 941722 | 47 1 943258 | 5° | 056742 | 998464 | 3 | 51 | 30(25.5]|23.0
10 | ¢ 41 703 4 9.43 308 S 0.56 692 | 998 460 * I50 40| 34.0|33.3
1z | 941815 | 47 | 943358 5 [ 056642 | 9098457 | 3 | 49 | 501425 417
12 | 94181 | ¥ 1 943308 | 5° | 056592 | 998453 | 4 | 48
13 | 941993 | 47 [ 943458 | 2 | 056542 | 998450 [ 3 | 47
14 | 941954 | L0 ] 943508 | O _©0.56 492 | 9.98 447 i 46 | 49| o
15 942001 | o | 943558 | | | 056442 | 9.98 443 3 | 45 6 49| 4.8
16 | 942047 | Lo | 9430607 | (7 | 056393 | 9.98440 | T | 44 7| 57| 56
17 | 9.42 093 9.43 657 056 343 | 9.98 436 43 8| 6.5| 6.4
18 fo4zrio | 47 | o43707 | % | 056203 | 998433 | 3 | 42 9! 74| 7
19 | 9.42 186 :6 9.43 756 g 0.56 244 | 998 429 ; 41 10| 8.2| 8.0
20 | 9.42 232 6 | 943856 0.56 194 | 998 426 10 | 20(16.3|16.0
at | 942278 | 4 ) 943855 | ¥ | 056145 | 998422 | ¢ | 39 | 390|245 240
22 | 942324 | 40 ] 943005 | % | 056095 | 998419 | 3 | 38 | 490|327 320
33 | 942370 | 2 | 943954 | ¥ | 0.56036 | 998415 | ¢ | 37 | 501408]400
24 | 9.42 416 :? 9.44 004 i; 0.55 996 | 998 412 : 36
25 | 9.42 461 6 | 944033 0.55 947 | 9.98 409 35
26 | 9.42 507 ” 9 44 102 49 055898 | 998 405 4 34 47 46
27 | 942353 | 4 | 944151 | ¥ | o55840 | 998402 | 3 | 33| 6| 47| 46
28 | 942590 | L0 | 944201 | 2 | 055799 | 9.98398 | * | 32 7| 55| 5.4
29 | 9.42 644 6 | 944282 oo | 055750 | 998395 | | | 3t 8| 63| 6.1
30 ] 942690 | . | 9.44 299 0.55 701 | 998 391 30| 9| 71| 69
3t | 942735 | 45 | 944348 | ¥ | 055652 | 9.98388 | 3 | 29 | | 78| 77
32 | 942781 | %2 | 944307 | ¥ | 055603 | 9.98384 | * | 28 | 20|157|153
33 | 942826 | 43 1 94146 | ¥ | 035554 | 998381 | 3 | 2y | 309|235 230
3¢ | 942872 | 10| 9.44 493 jg 055505 | 9.98 377 } 26 gg 3‘-2 37
35 | 942917 | . | 944544 | ;o (055456 [ 998373 | , | =5 39-213%3
36 | 942962 | (g | 944592 | L) | 055408 | 998370 | U | 24
37 | 943008 | L] 9.44 541 o | 955359 19 98 366 P ]
38 9.43 053 p 9.44 690 3 0.55 310 | 9.98 363 : 22 45 “
39 | 943008 | 42 | 944738 | 4 | 055262 | 998350 | } | a1 6| 45| 4.4
40 | 943143 9.44 787 0.55 213 | 9.98 356 20| 7! 53| 51
41 | 043188 | 4% 1044836 | ¥ | 055164 | 998332 | 4 | 10| 2| 60 59
42 [ 943233 | ¥ | 044884 | © | 055116 | 008349 | 3 | 28 | 9| 68) 60
43 | 943278 | ¥ | 944933 | 4 | 055067 | 9.98345 | ¥ | 17 | I°] 75| 73
44 | 943333 | | 944981 | 4 | 055019 | 998342 | 3 | 16 ;g ;i‘s’ g4
45 | 943367 | o | 945029 | | os4971 | 998338 | | |15 | 35|300| 203
46 | 943412 | 15 | 945078 | 13 | 054922 | 998334 14 | Sol37.51367
47 | 9.43 457 9.45 126 034874 | 998331 | 3 | 13
48 ] 943502 | 45 | 945174 | 48 | 054826 | 9.98327 | 4 12
49 | 943545 | 44 | .45 222 :: 054778 | 998324 | 3 | 11 o ls
60 } 943 501 9:45 271 0.54 729 | 9.98 320 10
51 | 943635 | * | 945319 | 4% | 054681 | 998317 | 3 | o 6|o4]03
52 | 943680 | 45 | 943367 | 4% | 054633 | 998313 | 4 | 8 7|05 |04
53 | 943724 | # L 945415 | 4 | 054585 | 998309 | 4 | 7 23104
sa | 943769 | 45 | 945463 | % | osa537 | 98306 | 3 | &) 9)°F o‘§
55 | 9.43 813 gassir | 4 |Tosa480 [ og830a | * 75| oli5|7e
56 | 9.43857 | 4 | 945559 | 47 | 054441 | 998299 | 3 4 30|2.0| 13
57 | 94390 | 4 | 945606 | 47 | 054394 | 9.98295 | 4 3 4©|27]|20
58 1 943946 | 45 | 945654 | 42 | 054346 | 9.98 201 | 4 2 sol3.3l23
59 | 9.43 990 :: 9.45 702 :g 0.54 293 | 9.98 288 i T
80 | 9.44 034 9.45 730 0.54 250 | 9.98 284 o
L. Cos. | d. | L. Cotg.|c. d.|L.Tang.] L. 8in. | d. | ~ Prop. Pts. |
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s | L. Sin. | d. L.’l‘ang.lc. d.|L. Cotg.| L. Cos, | d. Prop. Pts.
0 | 944034 9.45 750 0.54 250 | 9.98 284 ' 60
1l o4a078 | ¥ | 945797 | 47 | 054203 | 9.98281 | 3} 59
2 | 944122 | ¥ 1045845 | 4 | 054155 | 998277 | 4 | S8 8| &
3| 944166 | * | 945892 | 47 | 054108 | 998273 | 4 | 57 6| 48| 47
4 | 944 210 :; | 945 940 :7 054060 | 9.98 270 3 56 71 56| 5%
5944253 | 1945987 | o | 054013 | 998 266 | | ss 8 64| 6.3
6 | 9-44 297 9 46 03§ 0.53 965 | 998 262 54 9! 7.2| 7.1
7 | 94434 | ¥ 946082 | 47 | 053018 | 998259 | 3 ] 53] 10| 80| 78
8 § 944385 | 4 | 946130 | # 053870 | 998255 | * 52 | 20|16.0'15.7
| 9 § 944428 |'43 | 946177 | 47 | 053823 | 998251 | 4 | 51| 30|2400233
10 | 9.44 472 bt 9.46 224 47 0.53 776 | 998 248 3 50 401320 31.3
1 f o4as16 | 4 ) g46a71 | 47 | 053729 | 998244 | 4 | 49 | SOl400 I39.2
12 | 9443550 | 43 | 946319 | 4° | 053681 | 998230 | 4 | 48
13 | 944602 | 3 | 946366 | 47 | 053634 | 998237 | 3 | 47
| 14 | 944646 | 34 | 946413 | #7 | 053587 | 008233 | 3 | 46 46 | 45
15 | 9-44 689 9.46 460 ©0.53 540 | 9.98 229 45 6| 46| 4.5
16 | 944733 | ** | 946507 | ¥ | 053493 | 998226 | 3 | 44 7| 54| 53
17 | 944776 | %3 | 946554 | 47 | 053446 | 998222 | 4 | 43| 8| 61| 6o
18 | 944819 | 43 ]| 946601 | 47 | 053399 | 998218 | * 42 9| 6.9| 6.8
| 19 | 944862 :g 9 46 648 :g 053352 | 998215 3 | 41| 10 7.7] 7.5
20 | 9.44 905 . 9.46 694 0.53 306 | 998 211 40 20 15.3 | 15.0
21 1 944948 | 3} 946741 | ¥ | 053250 | 998207 | 1 | 39 | 30|23.0)22.5
22 | 9.44 992 9.46 788 47 0.53 212 | 9.98 204 3 38 40| 307 | 30.0
23 | 945035 | 43 | 0.46835 | 47 | 053165 | 9.98 200 | * 37 | sol38.31375
23 | 945077 | 42 | 946881 :5 053119 | 998196 | 4 | 36
25 | 945120 | = | 9.46 928 4: 053072 | 998192 | _ | 35
26 1 9.45 163 9-46 975 6 | 053025 | 998 189 34 4 | 43
27 1 945206 | 43 } g47021 | 4° | 052979 | 998185 | ¢ | 33 6| 44| 4.3
28 | 9.45249 | 43 | g9.47 068 ‘Z, 0.52932 | 998 181 4 32 7| 51! 5.0
| 29 | 9.45 292 :3 9.47 114 :6  0.52886 | 998177 ; 3r 8| 59| 57
30 1945334 | , | 947160 | 1 |os2840 [ 998174 | | |30 | 9 6.6 6-5
3t | 945377 | 5 | 947307 | W | 052793 | 998170 | T | 29 o 17-3 17'
32 | 9.45 419 947253 | 4 | 052747 | 9.98166 | L | 28 | 20| 747143
33 | 945462 | 43 | 947209 | 41| 052701 | 998162 | T | 27 | 30)229) 205
34 | 9.45 504 :3 947346 | 47| 052654 | 908159 | 7 | 26 go ;g ; 2 5'871
35 | 945547 | . | 947392 | . | 0520608 | 998155 | | 25 7135
36 | 9-45 589 947438 | 4 | 052562 | 908151 | 1 | 22
37 | 945632 | 3 | 947484 | 40 | 052516 | 998 147 23
38 | 945674 ‘, 9-47 530 ‘6 0.52 470 | 998 144 2 22 42 | 4
39 | 9.45 716 :,  9.47 576 :6 052424 | 998140 | T | ot 61 42| 4.1
40 | 945758 9.47 622 s | 052378 | 998136 20 7] 49| 48
41 | 945801 | B | 947668 ‘6 052332 | 998132 | ¢ | 19 8 g 6 -2'5
42 | 945843 | +° | 047714 | 4 | 032286 | oo8129 | 3 | 18| 9] 53| 23
43 | 945885 | ¥ | oua7760 | 4 | 052240 | 998125 | 4 | 17 | 704 704 >
44 | 9.45 927 :2 9.47 806 :6 0.52 194 | 9.98 121 : 16 i 2‘;"0 zgg
45 | 9.45°959 42 | 947852 | | o52148 | 998117 | 15 | Zo0|280|273
46 | 9.46 orx s 9.47 897 ) 0.52 103 | 998 113 3 14 5013501342
47 | 9.46 053 9.47 943 0.52 057 | 9.98 110 13
48 | 946095 | 42 | 9.47989 | 46 | o.52 011 | 9.98 106 | 4 12
49 ] 9.46136 | 4% | 9.48035 | 46 | 0.51965 | 998 102 | 4 11
50 | 9.46 178 42 9.48 o080 45 0.51 g20 | 998 098 4 110 6 4 3
st | 946220 | 42 | 9.48 126 | 46 | 051874 | 9.98 094 4 9 04| 03
52 | 9.46262 | 42 | 948 171 | 45 | 0.51829 | 998 0go | # 8 g 2-5 2-4
53 | 946303 | 4% | 948217 | 46 | 051783 | 9.08 087 | 3 7 o'g o'g
54 1646345 | 42 | 9.48262 | 45 | 051738 | 9.98083 | 4 61 .2 o7 | o
55 | 946386 | | 9.48 307 6 | 51693 | 9.08 079 51 20| 3| 10
56 | 946428 | 4% | 948353 | 4° | 051647 | 998075 | * 4| 3| zo| 15
57 | 946469 | 4* 1 048398 | 45 | os51602 | 9.98 071 | * 3| 20| 27| 20
58 § 946511 | 42 1 948443 | 43 | 051557 | 9.08067 | 4 21 sl 33 2.3
59 | 946552 | 41 | 948 489 :: osr5r | 9.98063 | 4 | 1
80 | 9.46 504 9.48 534 0.5T 466 | 9.98 o6o o
L, Cos. | d. JL. Cotg.|c. d.|L.Tang.] L. Sin, | d. | | Prop. Pts.
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17° 249,
s | L. Sin. | d. |L.Tang.|c. d.| L. Cotg.} L. Cos. | d. Prop. Pts.
0 | 9.46 594 9.48 0.51 466 .98 o6o 60
1 | 946635 | 4* | 9.48 g% 45 021 421 3-98 o6 | 4 | s9
2 | 946676 | 4* | 9.48624 | %5 | 0.51376 | 998052 | + 58 45 | «“4
3| 946717 | 4* | 948669 | 45 | 051331 | 998048 | 4 ] 57 6| 45| 4.4
41946758 | | 948714 | 45 | 051286 | 998044 | 4 | 56 71 53| s.1
5 ] 9.46 8oo 4 9.48 759 4 ©.51 241 | 9.98 040 4 55 8| 6.0/ 59
6 ] 946841 | 4* | 948804 | 45 | 051196 | 9.98036 | 4 54 9| 6.8| 6.6
7 ] 946882 | 4* | 948849 | 45 | 051151 | 9.98032 | 4 | 53| 10| 75| 7.3
8 ] 946023 | 4 | 948893 | 45 0.51 106 | 998 029 3 52 20 | 15.0 | 14.7
9 | 946964 | 4* } 948939 | 45 | o51061 | 998025 | 4 51 | 30(22.5|220
10 [ 047005 | ** 9.48 984 45 17551016 9 98 oz1 4+ I50 40 | 30.0} 29.3
1t [ 947045 | 4° | 949029 | 45 | 050971 | 998017 | 4 | 49 | 5013751367
12 | 9.47086 | 4* | 949073 [ 4 [ 050927 | ggBo13 | 4 | 48
13 | 9.47127 | 4* | 949118 | 45 0.50 882 | 9.98 cog 4 47
14 1 947168 | 4% | 949163 | 45 | 050837 | 998005 | 4 | 46 43
15 [ 947200 | ¥ ITog0207 | ¥ |Tos0703 [90800r | * [4s 6| 4.3
16 | 947249 | 4 | 949252 | 45 | 050748 | 997997 | 4 | 44 7| 5©
17 1 947290 | 4 | 949296 | * | oso704 | 997993 | ¢ | 43 8l 57
18 | 947330 | #° | 949341 | 45 | 050659 | 997989 | 4 | 42 9| 63
19 | 9.47371 | 4* | 949385 | 4 | 050615 | 997986 | 3 |} 41 10| 7.2
20 | 947411 | * |o4o430 | ¥ [Tosos7o [oo7o82 | * |40 20| 14.3
a1 | 947452 | 4 | 949474 | ¥ | 050526 | 997978 | 4 | 30 30|23
22 | 947492 | ©° | 949519 | 45 | 050481 | 997974 | ¢ | 38 pod Ry
23 | 947533 | 4 | 949563 | 4 | 050437 | 997970 | 4 | 37 5013s-
24 | 947573 | 40 | 949607 | 4 | 050393 | 997966 | 4 | 36
25 | 9.47 613 . | 949652 650348 | 997962 | * |35
26 | 947654 | 4 | 949696 | 4 | 050304 | 997958 | * | 34 4 | &
27 | 947694 | % | 949740 | ¥ | 050260 | 997954 | 4 | 33 6| 42| 41
28 1 047734 | *©° | 949783 | ¥ | 050216 | 997950 | 4 | 32 71 49 48
29 | 947774 | 40 | 949823 | ¥4 | oso172 | 997946 | 4 | 31 8| 56| 55
30 [ 047812 ; ¢ 04087z | ¥ |os0128 | 007042z | * [30 9| 63 22
31 | 047854 | *° | 040016 | ¥ | 050084 | 0.07038 | 4 | a0 | °| 70| 68
32 | 947894 | 4° | 949960 | ¥ | osoos0 | 9.9703¢4 | 4 | 28 | 22|140|137
33 | 947934 | * | 950004 | ¥ | 049996 | 997030 | 4 | 27 | 3012501205
34 | 947974 | 4 | 9.50048 | # | 049952 | 097926 | 4 | 26 | 30|%00|273
35 [ 948013 | *© | o000z | * [Toa0908 [ooroma | * [as | 573513
36 | 948054 | 4 | 9.50136 | ** | 049864 | 9.97018 | 4 | 24
37 | 948004 | 4 | 950180 | 4 | 049820 | 997014 | 4 | 23
38 | 948133 | 39 | 950223 | 43 [ 049777 | 997910 | 4 | 22 4 | 39
39 | 948173 | 4° ]| 9.50267 | 4 | 049733 | 9.97906 | 4 | 21 61 40| 39
20 | 948213 | *° | o.50 311 4 0.49 689 | 997 goz ¢ 20 g 47| 46
41 | 948252 | 39 | 930355 | 4 | 049645 | 997808 | ¢ | 19 33| 52
42 | 9.48292 | 4° | 9.50308 | 43 049 60z | 997 894 4 18 xg 6.0 29
43 | 948332 | 4° | 9.50442 | 4 | 049558 | 907850 | ¢ | 17 | 10| 7| 5
44 | 048371 | 3 | 950485 | 43 | 049515 | 997886 | 4 | 36 | 7317331732
45 | 948411 | ¥ |os0529 | * [ougarr|oorsez | * |15 | j0!|267|260
46 | 948450 | 3 J 950572 | 43 | 049428 | 997878 | 4 | 14 | co(333]325
47 | 948490 | 4° ] 9.50616 | 44 | 049384 | 997874 | 4 | 13
48 | 948529 | 39 | 950659 | 43 | 049341 | 997870 | 4 | 12
49 | 948568 | 39 | 950703 | 44 | 049297 | 997866 | 4 | 11
50 | 9.48 607 » 9.50 746 43 0.49 254 | 9.97 861 s 10 6 os o‘ 3
51 | 948647 | % J 950789 | 43 | o4921r | 997857 | ¢ | 9 28| ad|o3
52 | 048686 | 39 | 950833 | 4 | 040167 | o783 | ¢ | 8] 7[95| 5|04
53 | 948725 | 3 | 950876 | 43 | 049124 | 997849 [ 4 | 7 b Abe] -
54 | 048764 | 3 | 950019 | 43 | 04go8r | 997843 | 4 | 6] 310010 102
55 | 948803 | ¥ |os0062 | ** |ca9038 | o9784r | * | 5 |z0|1.7|13|10
56 § 9.48842 | 39 | g.51005 [ 43 | 048995 | 9.97837 | 4 4 |30|25|z20|15
57 1 9.48881 | 39 ] 951048 | 43 | 048952 | 997833 | 4 3 |30]3.3] 27|20
58 | 9.48920 | 39 | g.51092 | 4 | 0.48 go8 | 9.97 829 4 2 lsolg2133125
59 | 9.48 950 g 9.51 135 :; 048 865 | 9.97 825 : x
60 | 9.48 998 9.51 178 0.48 822 | 9.97 821 (1]
L. Cos. | d. |L.Cotg. |c. d.|L. Tang.} L. Sin. | d. | ~ Prop. Pts.
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250 18¢
4 L. Sin. ] d. |L.Tang.|c. d.| L. Cotg.| L. Cos. | d. Prop. Pts.
0 9 43 993 9.51 178 o 48 822 | 997 8z1 60
1| o49037 | ¥ | osrzzr | ¥ | 048779 | 997817 | 4 | 59
2| 949076 | 3 | gsr264 | 43 | 048736 | 997812 | 5 | 58 43 | 4
3 | 9.49 113 33 951306 | 42 | 0.48 694 | 997 808 4 57 6| 43| 42
|+ | odors3 | 30| 951349 | 43| 048651 | 9o78oy | * ] 561 7] sof 49
5|o4102| ¥ | gsi302 | ¥ | 048608 | 997800 55 8| 57| 56
6| 949230 | 32 | 951335 | 43 | 048565 | 997796 | * | 54 9| 65| 6.3
7| 949269 | 38 | 951478 | 43 | 048522 | 997792 | ¢ | 53| 10| 72| 70
8 1949308 | 39 | gsrs520 | 42 | 048 480 | 997 788 4 52 20|143 /140
9 | 949 347 3'; 951563 | 43 | 048437 | 90778+ | 4 | 51| 30|=215|210
10| 94973857| > | 951606 | *3 [T048 304 | 097770 | 3 |50 | 40|2B7|a80
11 | 9942y | 39 | osr648 | 4 | 048352 | go7775 | ¢ | a9 | 5013581350
12 | 940462 | 3% | 951601 | 43 | 048300 [ 907771 | ¢ | 48
13 0493500 | 3¥ L gsry3y | 43 | 048200 | og7i67 | 4 ) 47

14} 949539 33 9.51 776 | 4 | 048 22y Fg 97 763 : 46 4x
15 | 9wgs77 | 3 | 9si8i9 | ¥ 1Tous s [0z 759 45 6| 41
16 | 94615 38 | gsrsor | 42 | 048139 | 997754 | 3 | 4a 7| 48
17 1 949654 | 3 [ 951903 [ 2 | 048097 | 097750 | * | 43 81 55
18 | 049692 | 3 | o5t | 43 | 048oss | gurzae | 4 | a2 9| 62
19 | 940730 | 38 f 951088 | 4 | o480tz | 907742 | 4 | ar Iof 68

20 [ 949768 3 9 52 03I 43 047 909 | 997738 + 10 20 | 13.7
21 | 949806 3® | 952053 | 42 | 047927 | 907731 | * | 30 301205
22 | 949844 38 logserrs | 4+ | 047885 | 997729 | 5 | 38 1573
23 | 949882 38 logs2157 | 42 | 047843 | 997725 | ¢ | 37 sel3i=
23 | 9 19 920 33 9 52 200 43 0.7 800 | 997 721 4 36
25 | 940038 2 | osz2gz | * | ou7758 Joor7z | * | as
26 | 949996 | 38 | 9352281 | 42 | 047716 o977z | 4 | 3 3 | 38
27 | 950034 | 38 | 952326 | 42 | 047674 | 997708 | 5 | 33| 6] 39| 38
28 9 50072 38 052 368 42 047 632 9 97 704 4 32 7 46| 44
29 | 950110 38 | 952410 | 42 | 047590 | 9a7700 | 4 | 31 8| 52| 51

30 | 9sorg8 , ¥ | 9524527 | oursit [ouroe| * [BO| o) 59| 27
3t | 950185 | 37 | 952494 | 42 | 047506 | 997691 | 5 | 29 | 1O} 051 3
32 | 950223 | 3% | 952536 | 42 | 047364 | ooz 687 | 4 | 28 ]| 200130127

8 2 30|195|190
33 | 950261 | 3 9.52 578 | 4 047 422 | 9970683 | 4 27 o | 20«
34 | 050208 | 37 } 952620 | 42 | 047380 | 997679 | 4 | 26| 1O 3 s j?g
35 | 950330 | > foszeor | ¥ | 047330 [vezore | P |Tas
36 | 950374 | 3% | 9552703 | 42 | 047297 | 997670 | 4 | 24
37 | 950411 | 37 | 952745 1 42 | 047255 | 997606 | 4 | 23 5
38 | 950449 | 38 | 952787 | 42 | 047213 [ 9970662 | 4 | 22 ¥ |3
39 | 950486 | 37 | 952829 | 42 | 047171 | 907 657 5 21 6| 3.7 32

40 | 950523 37 952870 | 4x 0.47 130 | 997 653 * 1o g 4314 ;;
41 | 950561 | 38 | 9352912 I 4 047088 { 997 649 4 19 ‘:g :4
42 [ 050508 | 37 | 952053 | 4* | oazouz | 997645 | ¢ a8 | 2] 20| 3d
43 |1 950635 | 37 | 952995 ; 4% | 047005 | 997640 | 5 F 17 | 0.3 ]120
4+ | 950673 38 | 953037 | 42 046063 | 997 636 4 16 3018 g 18.0
45 | 930710 | 7 | 953078 | ** | o462z [9are3z | * | 15| Jo'247]|z240
46 | 950747 | 37 1 953120 | 4 | 046880 | 997628 | 4 | 14| s50308! 300
47 | 950784 | 37 | 9.53 161 | 4T 046839 | 997623 5 13
48 | 950 821 37 953 202 41 0.46 798 | 997 619 4 12
49 | 950858 | 37 ) 953244 | 42 | 0.46756 | 997 615 M IR 3 .

50 | 930 896 3 9.53 285 4x 0.46 715 | 9 g7 610 5 10 6 osq o‘
51 ] 950933 | 37 | 953327 | 4* | 046673 | 997606 | 4 9 ob|ot
52 | 950970 | 37 | 953368 | 4% | 0.46632 | 997 602 | 4 8 7 0.7 o'é
53 | 951007 | 37 | 953409 | 4T | 046591 | 997 507 | 5 7 0|08 |o0b

5+ | 9stoas | 3 | 953450 | 4T | 046550 foorsos | 4 | 6 ) Z2log|a,
55 | 9sto8o | ¥ 953402 | ¢ 046 508 | 997 589 M 5 20'1.7| 1.3
56 | ostar7 | 37 | 953533 | ' | 046467 | 997584 | S 4 30,2520
57 | 951154 | 37 | 953574 | 4 | 046426 | 997580 | 4 3 30 .33(27
58 | 951191 | 37 | 953615 | 4* | 046385 | 997 576 | * 2 50' 4213.3
59 | 95T 227 ;‘7’ 9.53 656 :: 046 344 | 997 571 j 1

60 | g.51 264 953 697 046 303 | 9.97 567 0

L. Cos. | d. |L. Cotg. |c. d.|L.Tang.] L. Sin. | d. ’ Prop. Pts.
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19° 251
s | L. 8Sin. | d. |L.Tang,|c. d.| L. Cotg.]| L. Cos. | d. Prop. Pts,
O | g9.51 264 953697 | | 046303 | 9.97 567 6o
1 |gstgor | 37} 953738 | 47 | a4626z | 9.97563 | ¢ | s9
2 | 9.51 338 :g 953779 | 4T | 046221 | 997558 | 5 | s8 “| e
3 | 951374 9.53820 [ 4* | 046180 | 997554 | * | 57 6! 41! 40
4 | 9-51 411 gg 9.53 861 :: 0.46 139 | 9.97 550 ; 56 21 a8l 47
5 | 9-51 447 9:53902 | /| 0.46098 | 997 545 55 8 53 53
6 105148; | 37 1 953943 | 4* | 046057 | 9973541 | 4 | 54 9| 62 6.0
71 951520 | 36 | 9539085 | 0.46 016 | 9.97 536 5 53 10| 6.8| 6.7
8 | 951557 | 37 | 954025 | 4 | 045975 | 9.97532 | 4 | 52 | =0)137)|133
9 } 9.51 593 ;6 9-54065 | 4° | 045035 | 907528 | ¢ | 51| 30|205)200
10 | 9.51 629 9.54 106 4 0.45 894 | 9.97 523 5 50 40 (27.3 | 26.7
11 | 951666 | 37 | o54147 | 4 | 045853 | 9.97519 | ¢ | 49 | 5013421333
12 | 951702 | 3 | 954187 | 4° | 045813 | 9973515 | 4 | 48
13 | 951738 | 35 | 954228 | 4T | 045772 | 997510 | 5 | 47
14 | 9.51 774 ;7 9.54 269 :; 045731 | 9.97 506 ; 46 39
15 | ost8rr | "o | 9.54309 0.45 691 | 9.97 501 45 6| 3.9
16 | 951847 | 3 ] 954330 | 4° | 045650 | 9.97497 | * | 44 7| 46
17 | 951883 | 30 | 954300 | 42 | 045610 | 9.97492 | 5 | 43 8| 5.2
18 | 951919 | 3% | 954431 | 4 | 045569 ] 9.97488 | ¢ | 42 9! 59
19 | 9.51 955 36 9354471 | 47 | 0.45 529 | 9.97 484 4] a4t 10| 6.5
20 | 95t 901 % | 953512 | ¥ [Toas488 [ 9orazg | ° [40 2013.0
ar | 952027 | 32 | 954552 | 4 | 045448 | 997475 | 4 | 39 30|95
22 | 952063 | 32 | 954593 | 41 | 045407 | 9.97470 [ 5 | 38 4 '
23 | 952099 | 3° 1 9.54633 | 4 | 045367 | 9.97466 | 4 | 37 sol32.5
24 | 9.52 135 36 9-54 673 :f 0.45 327 | 9.97 461 _ i | 36
25 | 952170 | . | 954714 ©0.45 286 | 997 457 35
26 | 952207 | 3° 1 954754 | 4° | 045246 | 997453 | * | 34 37| 6
27 | 952242 | 35 | 954794 | 4 | 045206 | 997448 | 5 | 33 6| 37| 36
28 | 952278 | 3 9.54835 | 4' | 035165 | 097444 | 4 | 32 7| 43| 42
29 | 952314 | 35 | 954875 | 42 | 045125 | 907439 | S | 31 8| 49| 4.8
30 [ 9352330 | % | 954915 | *° |Toqsoss | 9o7a3s | ¢ [B0T| 2 2'2 24
31 | 952385 | 35 1954955 | 4 | 045043 | 997430 | 5 | 29 '
32 | 952421 | 35 | 954995 | 4° | 045005 | 997426 | ¢ | 28| 230|123 129
33 | 952456 | 35 | 9.55035 | 4° | 044965 | 9.97421 | 5 | 27 | 30|2%5|70
33 | 952492 | 3 J 955075 | 4 | 044925 | 907417 | 4 | 26 go 33‘§ 33'0
35 | 9.52 527 36 955115 | * | 044885 | oo7412 | 3 [ =5 ’ ’
36 | 9.52563 | 3 1 955155 | 4° [ 044845 | 997408 | 4 | 24
37 | 952598 | 33 | 955195 | 4° | 044805 | 997403 | 5 | =23
38 | 952634 | 3° § 955235 | 4 | 044765 | 997399 | 4 | 22 35| A
39 | 9.526% | 3% | 955275 | 4° | 044723 | 997394 | 3 | 2t 6| 35| 34
40 | 952705 | % |ossar3 | © |oaa68s | 907300 | * 2O | 7| 1) 4°
4t | 052740 | 35 | 955355 | 4° | 044645 | 997385 [ 5 | 19 71 &
42 | 952775 | 3 | 955395 | 4 | 044605 | 997381 | 4 | 8] 9| 33| 3
43 | 952811 | 3 } 955434 | 3 | 044566 | 997376 | 5 | 17 S .57
44 1 952846 | 35 | 955474 | 4 | 044536 | oo7372 | 4 | 16 | 01771003
45 | 9-52 881 955514 | *° 170,44 486 | 997 367 15 | 40|233] 2217
46 | 952916 | 35 1 955554 | 4° | 044446 | 997363 | * | 14 | sol29.2/283
47 | 952951 | 35 ] 9.55593 | 39 | 044407 | 997358 | 5 | 13
48 § 9.52086 | 35 | 955633 | 4° | 044367 | 997353 | 5 | 12
49 ] 9.53021 | 35 | 955673 | 4° | 044327 | 997349 | 4 | 11 514
80 | os3056 | % L9557t | ¥ (7044288 [ 907344 | > |10 6]os|og
5t | 953092 | 3° | 955752 | 4° [ 044248 | 9.97340 | * 9 7108|03
52 | 953126 | 34 | 955701 | 3 | 044209 | 997335 | 3 8 8lo7|os
53 ] 953161 | 35 | 9.5583r | 4 | 044169 | 9.97331 | 4 7 08lod
54 § 953195 | % | 955870 | ® | ossxsofoor3a6 | 5| 6] ,3|58|0;
55 | 9-53 231 9.53 910 044090 | 9.97 322 5 20(17|13
56 | 9.53266 | 35 I 955949 | ¥ | 044051 | 997317 | 3 4 30|25 20
57 ] 953301 | 35 | 955989 | 4° | 044011 | 997312 | 5 3 /33|27
58 1 9.53336 | 35 | 956028 | 3 | 043972 | 9.97308 | * 2 solg.213.3
59 | 9.53 370 ;; 9:56067 | ¥ | 043933 | 997 303 : x
80 | 9.53 405 9 56 107 043893 | 997 299 0
L. Cos. | de |L. Cotg.|c. d.|L.I'ang.] L. Sin. | d. ’ Prop. Pts.
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252 20°

s { L. Sin. | d. |L.Tang.|c. d.| L. Cotg.] L. Cos. | d. Prop. Pts.
O | 9.53 405 9-56 107 0.43 893 | 9.97 299 60
1] 953440 | 35 | 956146 | 3 | 043855 | 997294 | ¥ | 59
2§ 953475 | 35 | 956185 | 39 | 043815 | 9.97289 | 5 | 58 4o | 30
31953500 | 3% | 956224 | 3 | 043776 | 997285 | 4 | 57 6| 40| 39
4 Y9.53544 ;j 9.56 264 ;;‘ 0.43 736 | 9.97 280 i 56 7| 47| 3.6
5 ] 953 578 s 9-56 303 0.43 697 | 9 97 276 55 8 53| 5.2
6 1953613 | 35 | 956342 | 3 | 043658 | 997271 | 5 | 54 ] of 6of 59
71953647 | 3* | 956381 | ¥ | 043619 | 997266 | 5 | 53| 10| 67| 6.5
8 ]| 9053682 | 35 | 9.56420 | 39 | 0.43 580 | 9.97 262 4 52 20| 13.3(13.0
9 | 953716 | 3 ] 956450 | ¥ | 043541 | 9.97 257 5} st | 30/200(195
10 | 053751 | ® | 056408 | ¥ [Toa3508 | 997252 | ° [50°| 40[267|260
1r | 953785 | 3#* | 9563537 | ¥ | 043463 | 997248 | 4 | 49 | S°!3331325
12 | 9.53819 | 3¢ | 9.56576 | ¥ | 043424 | 997243 | 3 | 48
13 | 953854 | 35 | 956615 | 3 | 043385 | 997238 | 5 | 47
14 | 9.53 888 g: 9 56 654 gg 0.43 346 | 9.97 234 ; | 46 38 | 37
15 | 9.53 922 9-56 693 0.43 307 | 9.97 229 45 6| 38| 37
16 | 053957 | 35 | 956732 | 39 | 043268 | 9.97224 | 5 | 4s ] 7| 44| 23
17 | 953991 | 34 | 95677t | ¥ | 043229 | 997220 | 4 | 43 8| 51| 49
18 | 9.54025 | 3¢ | 9.56810 | 39 | 0.43 190 | 997 215 5 42 9| 57( 56
19 | 9.54 059 g: 9 56 849 gg 043151 | 997 210 f q1 | 10| 63| 6.2
20 | 9.54 093 9.56 887 043 11 9.97 206 40 | 20(127|123
a1 | ogte | % | 956026 | ¥ | adzors | ooraer | 5 |30 | 30[100( 185
22 | 954161 | 3¢ | 956965 | 39 | 043035 | 997106 | 5 | 38 | 491253 247
23 | 054195 | 3¢ | o57003 | 3 | 042096 | 997192 | 4 | 37| 5°13171308
24 | 954220 | 3¢ | 957042 | 3® | 042958 | 997187 [ 5 | 36
25 | 954363 | >* | 957081 | ¥ (o401 [oo718a | ° [35
26 | 954297 | 3% | 957120 | 3 | 042880 | 997178 | ¥ | 34 35
27 | 954331 | 3* | 957158 | 3% | 042842 | 997173 | 5 | 33 6| 3.5
28 | 9.54365 | 3¢ | 957197 | 39 | 042803 | 9.97168 [ 5 | 32 7| 41
29 | 9.54 399 :: | 957235 | ¥ | 042765 | 997 163 j 31 8| 47
30 | 954 433 957274 | 3 042726 [ 997150 30 91 33
3t | 954466 | 3 ) gs57312 | ¥ | 042688 | 997154 | 5 | 29 ol s
32 { 954500 | 3* 1957350 | 3 | 042649 | 997149 | 5 | 28 20|27
33 | 954534 | 3* | 057380 | 38 | 042611 Joo7 145 | 4 | 27 301 17.5
34 | 954567 | 33 | 957428 | 39 | 042572 | 997140 H gz :gg
35 | 95460t | 2 |To57366 | 2 [0z s34 [ 907 135 25
36 | 954635 | 3* | 957504 | ¥ | 0422496 | 997130 | 5 | 24
37 | 954663 | 33 | 957543 | 3 | 042457 | 9.97126 | 4 | 23
38 | 954702 | 3% | 957581 | 30 | 042419 | 997121 | 5 | 22 34 | 3
39 | 9.54735 | 3 | 957619 38 | 5.42381 | 90.97 116 5 e 6| 34| 33
20 | 953769 | * 17057638 | ¥ |Toqeage [oozrix | 3 [20| 7| 4°] 39
41 | 954802 | 3 | 957696 | # | 042304 | 997107 | 4 | 19 45| 44
42 | 954836 | 34 | 957733 | ¥ | 042266 | 9.97 102 | 5 18 Ig 51| 5.0
43 | 9.54869 | 33 L g57772 | ® | 042228 | 9o7097 | 5 | 17| 10| 87| S5
44 | 954003 | 3 | 957810 | 3¥ | 042190 | 997002 | 5 | 16 | 2°|7%-3)720
45 | 054036 | ¥ |osr830| ¥ [Touaist [oorosr | 5 [xs| 350|227 228
46 | 954969 | 3 | 957887 | ¥ | oyz1r3 | 997083 | 4 | 13| Sol283|27s
47 | 955003 | 3% | 957025 | 3% | 042075 | 9.97078 | 5 | 13
48 ] 055036 | 3 L 957963 | 3B | 042037 | 997073 | 5 | 12
49 | 9.55069 | 33 | g 58 cor 3§ 041 999 | 9-97 068 5 I
50 | 955102 | 3 9.58 039 SB 0.41 961 | 9.97 063 5 I'70 6 05 04
st | 955136 | 3¢ 058077 | ¥ | 041923 | 007059 | 4 | o o3 oF
52 | o.55169 | 3 losens | 3B [ 041885 | 9o7054 | 5 | 8 [ bl by
53 | 955202 | 33 | 958153 | 3B | o4r847 | 007089 | 5 | 7 4]
54 | 055235 | 33 | o5810r | % | 041809 | 9070ae | 3 | 6| 2105|5,
55 | 955268 | ¥ [os8az9 | 3 [Toar771 [ 997030 | 2 [75| a20f17|13
56 | 9.5530r | 33 | 958267 | 3 [ 041733 | 997035 | 4 4 30|2.5| 2.0
57 | 955334 | 33 | 9.58304 | 37 | 0.41696 | 9.97030 | 3 3 10/3.3|27
58 § 955367 | 33 ] 958342 | 3% | 041658 | 9.97025 | 5 2 s0l4.2]|3.3
59 | 9.35 400 -;7; 9 58 380 g: 0.41 620 | 9.97 020 : 1
80 | 955433 9.58 418 041 582 | 9.97 oI5 (4
L. Cos. | d. |L.Cotg.!c. d..L.Tang.] L. Sin. | d. ’ Prop. Pts,
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s | L. sin. | a. |L.rang.e. a.|L. Cotg.| L. Cos. | d. Prop. Pts.
O | 955433 9.58 418 0.41 582 | 9.97 01§ 60
1] 955466 | 3 | 958455 | 37 | 04r545 | 9.97010 | ¥ | 59
2 | 9.55499 | 3 | 9.584093 | 31 | 041507 | 9.97005 | 5 | 58 38 | 37
3| 955532 | 3 | os8s3r | 37 | 0o4ra6g | 997001 | 4 | 57 6| 3.8 3.7
4 | 955564 | 3% | 9.58560 | 2| 041431 | 9.96 996 S lse | 70 24| 43
5 | 9:55 597 9.58 606 | o | 0.41 394 | 9.96 991 55 8| 51| 49
6 )o35563 | 3 ]| o958649 | 3 | 041356 | 996986 | 5 | 5% 9| 57| 5.6
7 1 955663 | 33 | 9.58681 | 37 | o.41 319 § 996 981 s 53 10| 6.3 6.2
8 | 055695 | 3° | 9058719 | 3 | o.41281 | 9.96976 s 52 20| 12.7 | 12.3
o | 955728 | 33 ] 938757 | 3® | o4rzy3 | 996971 5 st | 30|19.0|18.5
10 | o.55 761 319 58 794 37 0.41 206 | 9 g6 966 5 I's0 4012531247
11 | 955793 | 32 | 958832 | ¥ | 041168 [ 996962 | 4 | 49 | S°I3r-71308
12 | 955826 | 33 | 958869 | 37 | 041131 | 996957 5 48
13 [ 955858 | 3° [ 958957 | 3 | o4rogy | 996952 [ 5 | 47
14 | 9.55 891 33 9.58 944 g; 041056 | 9.96 947 : _46 36 | 33
15 | 9.55923 9.58 981 g | 41019 | 996942 45 6| 36| 3.3
16 | 955956 | 33 | 959019 | 3® | 040981 | 996937 | 3 | 4a 7| 42| 39
17 | 9.55988 | 32 | 959056 | 37 | 040944 | 996932 | 5 | 43 8| 48] 4.4
18 | 9.55021 | 33 | 950094 [ 3% | 040906 | 9.96027 | 5 | 42 9| 54| 5.0
19 | 956053 | 3 | 950131 | 37 | 040859 ) 99692z | 5 | 41 | 10| 60| 55
20 | 956085 | > | 950108 | ¥ | 040832 V996017 | > |40 | 20;120 110
2t | 956118 | 33 | g50205 | 37 | 030705 | 996012 | 5 | 30 | 30)180|16s
22 | 956150 | 3 | 959243 | B | 040757 | 996907 | 5 | 38 | 4°|240|220
23 | 956182 | 32 | 959280 | 37 0.40 720 | 9 96 go3 4 37 501300275
24 | 936213 | 3 | 959317 | 37 | 040683 | 096898 | 5 | 36
25 | 956247 | > | 9593547 ¥ | 040640 | 906803 | ° |35
26 | 956279 | 32 | 9.5903091 | 37 | 040609 | 996888 | S5 | 33 32
27 | 956311 | 3 | 959429 | 38 | 040571 | 996883 | 5 | 33 6| 3.2
28 | 956343 | 32 | 959466 | 37 | 040534 | 996878 | 5 | 32 7| 37
29 | 956375 | 3 | 950503 | 7 | 040497 | 996873 | 5 | ar 8| 43
30 | 9056408 B | o5903550 | 37 |[Tog0460 | 9on868| ° [30 9| 48
31 | 956440 | 3° } 959577 | 37 | 040423 | 996863 | 5 | 29 104 53
32 | 956472 | 3% | 9050614 | 37 | 040386 | 996858 | 5 | 28 20 12‘7
33 | 956504 | 32 | 9.59651 | 37 | 0.40349 | 996853 | S | 27 30| 10.0
34 | 986536 | 32 | 950688 | 37 | 040212 | 996848 5 26 42 :é 3
35 | 956568+ ¥ | os9725 | ¥ |Toa0275 [9908a3 | 1 |ss sol=67
36 | 0.56599 | 3* | 9.59762 | 37 | 040238 | 996838 | 5 | =23
37 | 956631 | 3 | 950799 | 37 | ogqoz01 | 996833 | 5 | 23
38 | 9.56663 | 32 | 0.59835 | 35 | o.40 165 | 9.96 828 s 22 3t | 6
39 | 9.566935 | 32 | 959872 | 37 | o.40 128 | 996 823 5 21 6| 31/0.6
40 | 9.56 727 32 9.59 909 37 040091 | 996 818 5 |20 g 36 o.g
41 | 956759 | 3 1 959946 | 37 | 040054 | 996813 | 5 | 19 4T 10
42 | 9.56 790 | 3 | 9.50983 | 37 | o4o017 | 996 808 5 18 91 47|09
43 | 956822 | 32 | g.6oo1g | 35 | 0.39981 | 996 803 5 17 o, 5210
44 | 956854 | 32 | 96003 | 37 | 039044 | 096798 | 3 | 16| 721733170
a5 | 056886 | ¥ |'o60005 | ¥ |To39907 ['9.06703 | 7 | 15 | 4o|207|i0
46 1 956917 | 37 | g6oxgzn | 37 | 039870 | 996788 14 | s50|258]s.0
47 | 956949 | 3% | 960166 | 3% | 039834 | 996783 | 5 | 13
48 | 956980 | 3T | 960203 | 37 | 039797 | 996778 | 3 | 12
49 | 9.57 o12 32 | g60o 240 3; 0.39 760 | 9.96 772 6 I
50 | 957044 32 9 60 276 3 0.39 724 | 996 767 5 1 6 S|4
st | 957075 | 3 | 960313 | 37 | 039687 | 996762 | 5 | o o2lod
52 | 957107 | 3 | 960339 | 3 | 039631 [ o067y | S | 8| 702533
53 | 957138 | 3* | 960386 | 37 | 039614 | 906752 | 5 | 7 b ibs
54 | 957169 | 3 | 96042z | 3 | 039578 | 906737 | 2| 6 10 o8| o7
55 | 9.57 201 960439 | “0 | 03)541 | 996742 5 20|17 | 1.3
56 | 957232 | 3 | 9.60495 | 3° | 039505 | 9.96737 | 3 4 30! 2.5 (2.0
57 | 957264 | 3% | 960532 | 37 | 039468 | 996732 | 3 3 20|33 |27
58 | 9.57205 | 3* | 960568 | 3 | 039432 | 9.96727 | 5 2 5014.2.3.3
59 | 9.57 326 :: 9.60 603 ;g 039 395 | 9.96 722 ; T
60 | 9.57 358 9.60 641 0.39 359 [ 9.96 717 0
L. Cos. | d. |L. Cotg. c. d.|L, Tang.| L. Sin. | d. ’ Prop. Pts,
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0900
’ L. Sin. | d. |L. Tang [c d.| L =
. . . >
‘: g 5; 358 3 L 40 Colg.| L. Cos. | d. r
' : rop.
219 :’27 izg P 6o 677 36 g 39 359 | 995717 6o =
3 o575t | 3 960714 | 37 o3 20 g7t | 2
Cafos7as2 | X 96ozso | 3% | o o ol IS 706 | 3 sg
sfos7sie | ¥ gboz8e | 3" | o j; i | 596 bos : z T 5
6 1os7515 | 9 00 823 37 o ol St 5 %Z’ 7| 33 s
7 ] os7576 | 3 960859 | 3 | o 3 85 eae 5 » BHEE
8 957607 | 3 96o8gs | 3° | o 39 141 | 9 g6 686 s o o 32] 4 :
957638 | 3! 9hog3r | 3% | o j(i (1);)5 2 o0 g6 ; 5 2| &2 50
g 5 eoost | X 030 0 {996 676 5 53 10| 6.2| 60
957 700 | 3! 9 01 004 37 o el N : gf ARHES
A IO IS orose | 3 | o 3;3 990 | 996 005 B do 247 540
957 702 | 3T 961076 | 3¢ | 038 9:0 9 9t 600 s | 50 251300
AT AR
‘ . ers W 3 ° 8t 9 90O 650 5
gs7in | 3 | oorimy ) Sartorl ORI 12
957885 | 3° goraz | 3¢ | o 33 wo lomow | o 3
957916 | 3t 9612356 | 3 38 780 | 9 4o o o | 5 M
78 o ; A 34 44
957917 | ¥ 61 292 3 038 708 ge | Sl | i
os7 978 | 961328 | 3% | o38 672 gonbed | g p o) 33
958008 | 3 9 61 34 BTy 72 | 990 614 5 j; I
958039 | 06100 | 3 | o 38 23” swen | ¢ [0 Sk :
9 58 o070 I I 61436 | 36 | o 38 Pl Do : e
9 58 101 [ 961 472 36 o 33 5“4 9 96 603 5 3(8) to|233
astan 3 fooises | St | omin | s a| P
S o % | X lf—v— 4 90 503 5 ;g 29 2
958 192 + 3° 961579 | 3% | o 38 156 | ooos88 | ° |3
958 223 3x Q61 OIg 36 o.gB 431 992 sha p 5
958253 ¥ 961651 | 36 | 038 385 | 996577 | 5 P 6] 32| 3
95828y | > 961687 | 36 | 038 3 e | s » 1R
9s83ry | ¥ gbizas 3 | o s,-3 990507 | a R
958345 | ¥ 961758 | 36 (,38 278 | 996502 | ° |30 91 i8] 47
9 52 373 | ¥ 22: 794 3: o:ga ale 92 so | o |z m! ‘;3 :7
9 58 406 3r 30 3 v92 55 : ; o3
RN IR R A ARt
138 4L " loorgon 38135 | 9gbsyr | 3 o ;
ggs i;; I ;«; 961936 | 35 233 099 | 9 9h 535 o . 5‘0‘ :L 7 J =54
958 52 P I 6ro7z | ¥ | o o o0y | 096 530 s | 5 v
058337 | 9bz008 | 46 | o ¥ podl [ B
558618 , P ovzorg | P | o 97 | o005ty | 6 | 2 6| Tol 2
2| 938648 1 30 962114 | 35 03702l | 090 500 5o | 7 35| 54
33| ossers i » | o prria L8 | oz | oo sos 5 ARTInt:
41 | 958709 1 3 Soaids | 35 | o3 ars gosqos | 6 || 3303
45 | 958739 1 *° 962 221 | 30 037 815 1 990493 | 3 7 ")] L
1o | 062256 ¥ | o 37779 | 990488 | S o | = 30, 37
7| os8700 | ® 962202 | 36 | o 37743 [oo0483 | 2 | 0150 i s
A EEE ol 62327 | 3 037 (7()8 996477 | 6 15 | Jo|z00] 148
49 19 58 859 30 g 62 3h2 35 o 37 6]73 990 472 5 ) Solese " 29 :
o 558 55 * o 00 Jof 3 o 37 (38 9 96 467 5 13 1242
st | 958 ()13 ooz B olo ol KR ‘o
sz | 958919 | 3° 962468 | 35 | o wser [ oonast | D Y
il I 962504 | ¥ | o 37532 | 990451 | 3 ) 6 5
54 | 959009 | 3 3?‘ 539 | 35 | o ;g :2? 990 48 . g ‘ g: 22
o 0% oég_ o h2 574 35 037 426 9 9H 440 5 8lo08
56 9.62 ho 35 T o g g o3
% g :; zzg i;’ o 042 j g 37391 | 99b 42; 6 o 12 ? Z 08
58 | 959128 | 3° 962680 | 35 o 355 1 994z 3 : 3030 i
59 | 959158 | 3° 962715 | 35 37 320 | 996 419 5 3 3 25
59 158 962 o037 25 . : HE
o oo pot 2750 | 35 | 0.37 250 996 413 | © 2 40(40(33
062785 | | oy a1 096408 | 3 I solselas
L. Cos. | a4 TR 1o
« L. Cotg. e d.|L.'T : .
L. Tang.} L Nin. | d
. ’ Piop. Pt
. 8o

67°




23°, 255
7 | L. 8in. | d. L. Tang.|c. d.{ L. Cotg«} L. Cos. | d. Prop. Pts,
O | 9.59 188 9.62 785 0.37 213 [.9.96 403 60
1 | 9.50 218 23: 9.62 820 g; 0.37 180 | 9.96 397 6 59
21950347 | 2 | 962855 | 35 | 037145 ] 996302 | 3 | 58 3 | 35
3959277 | % | o62890 | 35 | o37110] 066387 | I | 57| 6| 36| 35
4 | 959307 | 2 9.62 926 3 |-237074 9.96 381 s 56 7| 22| 31
5 | 9:59 336 3 9.62 961 a5 | 037039 996376 [ 1 55 8| 48] 4.7
619359366 | 20 | 962996 | - | 0.37 004 | 9.96 370 54 9| 54| 53
7 | 959396 | 3° | 9.63 031 0.36969 | 996365 | * | 53 ]| 10| 60| 58
8 | 9.50 425 9 | 9.63066 | 35 | 0.36 934 | 9.96 360 g 52 20 | 12.0 [ 1L7
9 | 9:59 455 23; 9.63101 | 35 | 0.36 899 | 996 354 51 | 30[18.0/17.5
10 [ 050484 | 7 | 983135 | 3 [To36865 [ 9o6349| § [50 | 40|240|233
x| 9.59514 | 3 | 963170 | 35 | 036830 | 996343 49 | s°l30olia9a
12 | 959543 | 70 | 963205 | 35 | 036795 | 9.96338 | ¥ | 48
13 959573 | 20| 963240 | 2 | 036760 ] 9.96333 | o | 47
14 | 9.59 602 4 9.63 275 a 0.36 725 | 9.96 327 s 46 K7}
15 | 9-59 632 9.63 310 0.36 690 | 9.96 322 45 6| 34
16 | 9.59661 | 0 | 9.63 343 3 | 036655 | 9.96 316 i 7| 4°
17 | 959690 | 2 | 963379 | 31 | 036621 | 996311 H RS 8| 45
18 | 9.59 720 9.63 414 | 35 | 0.36 586 | 996 305 42 9| 51
19 | 9.59 749 z 963 449 3: 03655t | 996300 | 3 | 41 10/ 57
20 | 9.59 778 30 9.63 484 ;5 0.36 516 | 9.96 294 5 40 20| 11.3
21 | 9.59 808 29 9.63 519 " 0.36 481 9.96 289 s 39 30/ 17.0
22 | 959837 | 2 | 063553 | 3 | 036447 | 006284 | 3 | 38 pod A
23 | 9.59 866 29 9.63 588 e 0.36 412 | 9.96 278 37 50128.3
24 | 9.50805 | ¥ | 063623 | ¥ | 036377 | 996273 | 7 | 36
25 | 9.59 924 9.63 657 | 0.36 343 | 996 267
26 | 9.59954 | 32 | 9.63692 | 3 | 036308 | 996262 | 3 gi ® | »
a7 | 950083 | 2 | 963726 | 3 | 036274 | 9.96 256 33| 6| 30| 29
28 | 9.60 012 2 9 63 761 3 036 239 | 996 251 g 32 7| 35| 34
29 | 960041 - 9.63 796 | :i 0.36 203 | 996 245 s L3 8| 40| 39
30 | 9.60 070 9.63 830 0.36 170 | 9.96 240 30 9| 45| 44
31 | 960099 | 2 | 063865 | 35 | 036135 | 996234 | S |20 | 29|59 48
32 | 9.60128 | *9 | 9.63 899 34 0.36 101 | 996 229 g 28 0.0 9.7
33 | 960157 | ® | 963934 | 35 | 036066 | 9.96 223 a7 | 3%|152|145
34 | 9.60186 | 9 9.63 968 34 0.36 032 | 9.96 218 5 26 40 | 20.0 [ 19.3
= > 29 3 |- 23 6 50| 25.0 [ 24.2
35 | 9:60 215 29 9.64 003 0.35997 | 996 212 25
36 | 9.60 244 964037 | 3* | 035963 | 996207 | 3 | 24
37 | 960273 | *9 | 964072 | 35 | 0.35928 | 9.96 201 23 -
38 | 960302 | 29 | 964106 | 34 | 035894 | 9.96196 | 5 22
39 | 9.60 331 :g 9.64 140 i; 0.35 860 | 9.96 190 g 21 2 ;g
40 | 9.60 359 9.64 175 " 035825 | 996 183 (20 §
41 | 960388 | 29 | 9.64 209 3% | 035791 | 996179 i 3 37
4z | 9.60 317 964 243 035757 [ 996174 | 5 | 18 ol ¥
43 | 9.60 446 :g 964278 | 35 | 035722 | 9.¢6 168 17 ° 47
44 | 9.60 474 29 __gf.t“ 312 ;: 035688 | 996 162 6 16 ;o xz'g
45 | 060503 | = loby3s6 | % To3s6s4 [90b1s7 | ¢ | 15 20|187
46 [ 9.60 532 9.64 381 3 0.35 619 | 996 151 14 50 | 23.3
47 | 960561 | 2 | 964413 | M | 035585 | 906146 | 2 | 13
48 | 9.60 589 964449 | 3* | 035551 | 996140 12
49 | 9.60618 | "3 | 964483 g: 035317 ) 006135 | 5 | 1 6 s
80 | 9.60 646 .64 ST o. 8 6 12
sz | 9.60 6;5 29 9.64 552 35 0.35 4 g 4 36 129 6 10 6| o6 os
29 9.64 5 34 35 44 9 3 5 9 7| 07| 06
52 | 9.60 704 e 64 586 0.35 414 | 996 118 p 8 8| 08| 07
53 | 9.60732 9.64 620 | 3* | 035380 | 9.96 112 7 9| 09| 08
54 | 960761 | 23 | 964654 | 3% | 035346 | 996107 | 2 ]| 6| 15| 10|08
55 | 9.60 789 29 9.64 688 " 0.35 312 | 9.96 ior 6 5 20| 20| 1.7
56 | 9.60 818 a8 9.64 722 3 0.35 278 | 9.96 095 s 4 30| 3.0| 2.5
57 | 9:60 846 ol I 64 756 0.35 244 | 9.96090 | ¢ 3 40| 40| 3.3
58 | 9.60 87§ b4 9.64 790 | 34 0.35 210 | 9.96 084 2 50| 5.0| 4.2
59 | 960903 | 0 | 964 824 :: 035176 | 996079 | 2 T
60 | 9:60 931 9.64 858 0.35 142 | 9.96 073 (1]
L. Cos. | d. |L. Cotg. c. d.|L. Tang] L. Sin. | d. ’ Prop. Pts.
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256 . 24°
s | L. 8in. | d. JL.Tang.|c. d.| L. Cotg.| L. Cos. | d. Prop. Pts.
0 | 9.60 931 9.64 858 - 035142 | 996073 | . |60
1| 960960 | 9 | 964892 | 34 | 0.35 108 | 9.96 067 59
2| 960988 | 28 | 9.64926 | 34 | 0.35074 | 9.96 062 g 58 34 | 33
3 | 961016 28 9.64 960 | 34.| 0.35 040 | 9.96 056 6 57 6| 3.4| 3.3
4961015 | 2 | 964994 | 34 | 0.35006 f 996050 p 56 7| 30| 39
5 | 961073 “ 9.65 028 34 0.34 972 | 9.96 045 6 55 8| 45| 4.4
6] g6rt0or | 28 | 965062 | 34 | 031938 | 9.96 030 54 9| 5.1| 3.0
7 | 961129 | 2 | 965006 | 34 | 034004 | 0.96034 | 3 | 53| 10| 57/ 55
8 | 9.6r138 | 2 | 9.65.130 | 34 | 0.34 870 | 9.96 028 M 52 20| 11.3 | I1.0
9 | 9.61 186 2: 9.85 164 g 0.34 836 | 996022 i | st 30| 17.0|16.5
10 | 961214 | ° 9.65 197 0.34803 | 996017 |  [50 42 :;7 :3"5’
11 | 961242 | 28 | 965231 | 34 | 034769 | 996011 e | 4o 5 -3127.
12 [ 961270 | 28 | 9.65265 | 34 | 0.34735 | 9.96 cos 48
13 | 9.61 298 | 28 | 9.65299 | 34 0.34 701 | 9 96 coo g 47
14 | 961326 | 2B | 965333 | M | 034667 | 995094 | ¢ | 46 29
15 | 96r3ss | - 17965366 | ¥ [To3a634 [905988 | ( |45 6| 29
16 | 9.61 382 28 9.65 400 | 34 | 0.34 600 | 995982 s 44 7| 34
17 | 9614xx | % [ 965434 | 3 | 034566 | 995077 | 5 | 43 8| 39
18 | 961438 | 27 | 9.65467 | 33 | 034533 § 99597L | | 42 9| 44
19 | 9.61456 23 § 965501 | 3¢ | 034499 | 995965 | ¢ | 4t lo| 48
20 | 961494 | o | 965535 | * |To34465 [995960 | [ [0 pod .44
a1 | 961522 | 2 965568 | 33 | 034432 | 995954 | . | 39 30| 193
22 | 9.61 550 28 9.65 602 34 ©0.34 398 | 9.95 948 6 38 5o 24'2
23 | 961578 | 28 | 965636 | 3+ | 034364 | 9.95942 37 g
24 | 961606 | 2 | 9.65669 | 33 | 034331 | 995937 | & | 36
25 | 9.61 634 965703 | * [T0.34297 [ 9.95 931 6 | 35 28
26 | 961662 | 28 | 965736 | 33 | 03426 | 9.95 925 31
27 | 9.6168g | 27 | 965770 | 3¢ | 034230 | 995920 | 5 | 33 6| 2.8
28 | 961717 | 28 | 965803 | 33 | 034197 | 9.95914 ¢ | 32 7| 33
29 | 9.6t 713 ’g 965837 | 34 | 034163 | 995908 | . | 37 8 3-2
30 | 9.61 773 | 2 9 65 870 33 0.34 130 { 9.95 9oz s 30 Ig 17
31 | 961800 | 27 | 965904 | 34 | 034096 | 995897 | 2 | 29 20| o3
32 | 961828 | 28 | 965937 | 33 | 034063 | 9.95 801 ol =8 o I
33 | 961856 | 8 | 965071 | 3¢ | 034029 | 995885 e | 2 20| 187
34 | 9.61 883 :g _9.66 004 | 33 0.33 996 | 995 879 6 26 s0l233
35 | 96rorr | oo |'966038 | ** |"o33g62 [995873 | |5
36 | 961939 | 2 | 966071 | 33 | 033929 | 995868 | 2 | =24
37 | 961966 | 37 | 966 104 | 33 033 896 | 9.95 862 P 23
38 | 961994 | 2 | 9.66138 | 34 | 033862 | 9.95856 el = 27
39 | 6.62 021 :g 9.66 171 33 0.33 829 | 995850 ¢ L2t 6 2~‘;
40 | 9.62 049 9 66 204 33 0.33 796 | 9.95 844 s 20 g gﬁ
41 | 9.62 075 ’g 9.66 238 | 34 | 033 762 | 995 839 : 19 ol a1
42 |} 962104 | ? 966271 [ 33 | 033729 | 995833 6 18 0| 48
43 | 962131 | 77 | 9.66 304 | 33 | 033606 | 9.05827 | [ | 17 20| 9.0
44 | 962130 | ® ) 966337 | 33 | 033663 | 9.05821 | & | 16 (195
45 | 9621507 2 [98637r | 3 "6.33Gag | 9.05 815 15 30| 1850
46 | 962214 | "% ] 9.66404 | 33 | 033596 | 995810 | 2 | 14 50]22.5
47 ] 962241 | 27 ] 9.66437 | 33 | 033563 | 995804 | o | 13
48 | 962268 | 27 | 9.66 470 | 33 | 0.33 530 | 9.95 798 6 12
49 | 962 295 :a | 9.66 503 33 033497 | 995792 | o | II 61 s
50 | 9.6a 323 7 1 9.66 537 3 0.33 463 | 9.95 786 6 10 6|06|og
5t | 962350 | %7 ] 9.66 570 | 33 | 0.33 430 | 9.95 780 9 710708
52 | 962377 | 7 | 9.66603 | 33 | 033397 | 995775 | 2 8 8|08 |0z
53 | 962495 | %8 | 966636 | 33 | 033364 | 995769 | ¢ 7 olog|ok
54 § 962432 | *7 | 9.66 669 g: 033337 | 995763 | . 6 10]1.0]08
55 | 962459 | 27 [9:66 702 033 298 | 9.95757 | 5 20|20|17
56 | 962485 7 ] 966735 | 33 | 033263 | 995751 | 4 30(3.0]25
57 | 962515 | 7 ] 9.66768 | 33 | 0.33232 | 9.95745 | 3 20| 4.0/33
58 1 962541 | "' | 966 8or | 33 | 033199 | 995739 | 2 50l50|4.2
59 | 9.62 568 :;' 9.66 834 ;; 0.33 166 | 9.95 733 . I
80 | 9.62 505 9.66 867 0.33 133 | 9.95 728 o
L. Cos. | ‘'d. L. Cotg.|c. 4.|L.Tang.] L. Sin. | d. | , Prop. Pts.
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25° ) 257
7 | LeSin, | d. |L.Tang./c. d.| L. Cotg.] L. Cos. | d. Prop. Pts,
[4] .62 595 9.66 867 0.33 1 X 28 80
T 3.62 622 | 27 | 9.66 goo | 33 o.gg rc3x3> ggi ;zz : 59
3} 062649 | 7 | 9.66933 | 33 | 033067 |'9.95716 | C | B | 33 | m
3| yb2676 | 27 | 966986 | 33 | 033034 | 995710 | © | 57 6] 33| 3.2
4 | 5.6z 703 2; 9-66999 33 | 033001 | 995704 | o | 56 7| 39| 37
5 f 962730 | - |o67032 | 33 [To3ag6s 995608 | . [ 55| 8| 24| 43
6] 962757 | 27 | 967065 | 33 | 032935 | 995692 | . | 54 9| 30| 4.8
7 ]| 962784 | 27 | 967098 | 33 | 032902 | 995686 | 2 | 53] 10| 55| 5.3
8 | 962811 | 27 | 967131 | 33 | 032869 | 995680 | . | 52 | 20|11.0|107
9 ] 9.62 838 :7 967163 | 3 | 0.32837 | 9.95 674 a 51 30| 16.5]| 16,0
10 | 962865 | 7 [ 067196 | 3 |[T03280; | o8k 668 50 | 40220213
9
11 | 962892 | 27 | 967229 | 33 | 032771 | 9.05663.| 5 | 49 | 50127.5[267
12 | 962018 | 26 | 967262 | 33 | 032738 995 657 6 48
13 | 962945 | 77 | 967205 | 33 | 032775 | 995651 | S | 47
14 | 9.62 972 :; 967 32 :; 032673 | 995648 | . | 46 a7
15 | 962999 | Y 9.67 360 032640 1 995639 | . | 45 6| 2.7
16 | 963026 | 7 | 9.67393 | 33 | 032607 | 995633 | | 44 7| 3.2
17 | 963 052 967426 | 33 | 032574 | 9.95627 | | 43 8| 36
18 | 963079 | "7 | 9.67458 | 3° | 032542 | 995621 | C | 42 9| 41
19 | 963106 | 27 | 967491 | 33 | 032509 | 95718 | o | 4 10| 4.5
20 | 963 133 ,; 967 524 3: 032476 | 995 609 | o |40 20| 9.0
21 | 9.63 159 9.67 556 | 3 032444 | 995603 | . | 39 30135
22 § 063186 | ?7 | 967589 | 33 | 0.32 411 | 9.95 597 38 40 18.0
33 | 963213 | 27 | 667622 | 33 | 032378 | 905501 | S | 37 50 225
24 | 9.63 239 :7 967 654 g; 032346 | 995583 | . | 36
25 | 963266 | . | 9.67 687 032331995579 | ¢ | 35
26 } 963292 | 2> | 967719 | 32 | 032281 | 995573 | . | 34 36
27 | 963319 | 7 ) 967752 | 33 | 032248 | 995567 | . | 33 6| 2.6
28 | 9.63 345 9.67 785 | 33 | 032215 | 9.95561 | . | 32 7| 3.0
29 | 963372 | 27 | 967817 | 37 | 032183 | 995555 | , | 3t 8 35
30 } 9.63 393 9.67 850 3 0.32 150 | 9.95 549 6 30 9| 39
31 | 963425 | 27 | 967882 | 3 | 032118 | 995543 | o | 29 10| 4.3
32 | 963451 | 2 ] 967915 | 3 | 032085 | 995537 | | 2B 20| 8.7
33 | 963478 | 27 | 967947 | 37 | 032053 | 995531 | o | 27 30| 13.0
34 | 963504 | 2 9.67 9% | 33 | 032020 | 995525 | . | 26 40|17.3
35 | 9.63 531 :; 9.68 o012 32 0.3I 988 995 519 6 25 Soiz17
36 | 963557 | 20} 968044 | 37 | 0310956 | 995513 | . | 24
37 | 963583 | 2 | 968077 | 33 | o.31923 | 9.95 507 23
38 | 963610 | 27 | 9.68 109 32 0.31 ¥91 | 995 500 7 22 7
39 | 963636 | 26 | 968142 |