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PREFACE

The word system may have different meanings for different people. In the
scientific community, a system is usually said to be an arrangement, set, or collection of
things connected in such a manner as to form an entirety or as to act as an integral unit.
In 2 more mathematical sense, a system is defined as a physical or abstract object that,
over the time scale, receives inputs from outside its boundaries, responding with changes
of state and with outputs. An important implication of this definition is the awareness of
a dynamic condition, the awareness of changes and evolution of the system over time.

With the new breakthroughs in computers and computer software for data
processing, it is feasible and necessary to improve the existing thinking and research
procedures. Thus, the objective of this work is to present a methodological foundation for
research and analysis of biological systems, based on a system theoretical approach. It is
intended as an aid to the scientist in his quest for improving the accuracy of research.

The book is essentially a proposal of procedures for mathematical modeling, as
it applies to the design and analysis of biological systems. It is a guideline for the scientist
to match mathematical models to working hypotheses, for selecting the most appropriate
mathematical model and for matching experimental treatments and designs to models. For
such, the book includes a mathematical background, theoretical definitions in system
engineering and specific applications of mathematics to modeling procedures. It also
includes procedures for the evaluation of mathematical models as they apply for
experiments in agricultural systems. Specific features, related to the design of
experimental tests in the research of agricultural systems and the processing and analyses
of related experimental data, are also discussed.

The first chapter of this book is a general outlook of basic definitions and
modeling procedures for system analysis in agricultural research. The next four chapters
include selected topics from algebra, calculus and nonlinear curve fitting, which are
directly related to the understanding of models in the subsequent chapters. Without the
necessary skills in these topics, the manipulation of subjects in those chapters could
become difficult and even frustrating.

The following four chapters contain specific applications of mathematics to the
modeling and analysis of systems. Chapter 6 is a general outlook of the modeling process,
aimed mainly at the utilization of linear mathematical models. Also explained in this
chapter are procedures for interconnecting systems by means of differential or difference
equations and the different types of responses expected from a system. Guidelines for
defining stochastic models are presented in Chapter 7. Regular processes leading toward
a steady state of the system, absorbing processes leading toward the extinction of some
system states and the relationship between stochastic and deterministic models, are also
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evaluated in this chapter. Guidelines for defining deterministic models are presented in
the eighth and ninth chapters. The main subjects examined in these two chapters are
specific modeling procedures, the evaluation of deterministic models for conventional
experiments in agricultural systems and methods for determining state equations from
experimental data.

The last chapter includes very specific features related to the design of
experimental tests in agricultural systems research and to processing and analysis of
related experimental data. Relationships between the research problem and mathematical
models of the working hypotheses and matching of experimental treatments to
mathematical models, are the main subjects examined in this chapter.

Mathematics is used here as a tool and not as an end. Theoretical considerations
are avoided and theorems and proofs are omitted. The lack of formality of this approach
may not look attractive for mathematicians, but may not scare away agricultural research
scientists, which are the targets of this book.

To be able to follow the material presented and discussed here, the reader needs
college algebra and calculus and an acceptable background in statistics and experimental
design.

This work is directed toward the utilization of linear mathematical models,
represented by linear difference or differential equations. Agricultural Science is
essentially an empirical science and there is seldom the necessity for going beyond linear
models. Most topics and procedures outlined here are supported by examples and by case
studies using actual data. Some equations, however, were computed from plotted data
reported in the literature. Formal mathematical definitions follow examples and case
studies. In this manner, it is expected that the reader can follow the full modeling process
with a concrete image of the real problems, as they are projected into the abstract world.
In addition and when appropriate, the proposed procedures are compared with traditional
methods and accuracy of the use of data is evaluated.

It is the author's hope that, after the completion of this study, the reader should
have the necessary skills and motivation to explore further and deeper into the subjects of
this book. Graduate students and research professionals may both profit from the author’s
experience in the management and development of research procedures in agriculture,
with a bias, however, toward animal science.

KAREL D. VOHNOUT
Tucson, Arizona
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1

THE SCOPE OF SYSTEM ANALYSIS

The notion of a system and of system analysis may have different connotations
to different people. Thus, the purpose of this chapter is to define these concepts
objectively, as they relate to agricultural research in this book.

System analysis may be defined as the process of developing an abstract model
of an existing system, such that the model would simulate the real system by means of a
computer program. Then, the real system may be analyzed abstractly. The following steps
may be included in this process:

* Statement of the research problem

* Defining the hypothesis about input-output relationships

* Designing a model of the system in terms consistent with the hypothesis
* Defining the system test plan

*» Implementing the project and running system experiments

* Manipulation of the abstract model to simulate the real system

The statement of the research problem should answer the question, what is the
system supposed to do. Answering this question leads to the notion of the input-output
relationships. In nature, a production system has often countless input and output
variables that need to be sorted out. This sorting leads to additional questions such as,
what research on the input-output relationships is the most relevant and if such research
is feasible as a research project. Conventionally, the statement of the research problem
should be covered by the “Introduction” of the research project.

The hypothesis should answer the question how are the inputs affecting the
outputs. A research team has often in mind some image of the system to answer intuitively
this question. Thus, projecting this image into an abstract model of the system is possible.
The idea of modeling includes the abstract model and the field model, which have a
formal relationship called a homomorphic image. The field model has the experimental
design as its basic blue prints. The experimental design is the floor plan of the field model.
The abstract model should be consistent with the hypothesis on the selected input-output
relationships and is also the result of a screening process over a set of proposed
mathematical models.

At this time, a plan for testing the abstract model by means of field experiments
on the field model should also be defined. Planing experiments on the field modet should
answer the question, how is the abstract model going to be tested. Answering this
question determines the system test plan. The system test plan includes the field
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procedures and the proposed statistical analyses and is often called "Methods" or
"Materials and Methods."

The field model, as implemented by the rules of experimental design, simulates
the real system by means of system experiments. Results of field experiments are used for
testing the abstract model. If not acceptable, adjustments to the abstract model and often
also to the field model may be required. This iterative process may require long term
projects and is often incompatible with flash type research.

Finally, if the mathematical model is accepted by statistical standards, it may be
used for system experiments by means of computer simulations.

This chapter is a general outlook of basic definitions and procedures for modeling
and evaluation of agricultural systems, as they are further presented and developed in this
book. Thus, procedures for solving some problems in the examples that follow will be
disclosed in the appropriate following chapters.

1.1 THE MATHEMATICAL CONCEPT OF A SYSTEM

The concept of a system is related to the notion of a dynamic physical or abstract
object. This object is receiving inputs from outside its boundaries and is reacting to such
inputs by state changes and by producing outputs. In the same manner as the state of the
system depends on inputs, an output variable depends on the system states. This verbal
definition can be translated into a precise mathematical theory.

A simple portrait of a system is that of a tank with a water admission pipe and
an outlet with a pressure valve for collecting water from the tank. The content of the tank
is emptied in proportion to the height of water in the tank. The change of the water level
is the difference between admission and discharge of water. This prototype of a system is
pictured in Fig. 1.1.1:

ﬁu

dy/dt=x-by
v — > by

<

Figure 1.1.1

Note that the difference between the input and the output determines the change
in the water level in the tank. Thus, the following first order linear differential equation
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represents the change of the water level:

Y
a 7

where ¢ is time, x =£7)is the water input, y = g(?) is the height of water, b is the effect of
the pressure valve and by =z is the output, for z=/A(f). The above equation corresponds
to a continuous system. The time variable of continuous systems is the set of nonnegative
real numbers. An abstract representation of the system is the dlack box shown in Fig.
1.1.2;

__,Jg__)f L by 5
!
Figure 1.1.2

A steady state is achieved when the input and the output are the same, that is
x=by. Otherwise, the system is said to be in a transient state.
The simplest system is one where the input is a constant ¢. Then

_('_i;))_+b =c
p Y

This differential equation is easily solved by making the substitution y =pg, such that
d d
,d;y._ = p._% + q p

dt dat dt

dg { dp
— — b = C
Pdt+[dt+ p)q

The variable p is determined by solving % + bp = 0 in the above equation. Then
t
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Inp = -bt +Ink,
p=ke™

i

where £, is an integration constant. The variable g is determined by solving pd— =¢,
such that dt

dg = [Sebdr
fa -

where £, is an integration constant. Then

- c
y=pq = ke ;l‘beb"‘kz)

% + k1kze—m

If the initial condition of the system is defined as y,, then k,k, = y, - c¢/band the solution
becomes

4 Cl -
= e - — e
SR RERY

where ¢/b is an asymptotic value for the system at a steady state. This equation represents
a state trajectory of the system. Note that changing the input ¢ affects the steady state of
the system. Note also that the initial state y, and the input x =c determine the state y of
the system at any time ¢. Clearly, if the system is started at a state y,, is supplied by an
input trajectory f and is run to some time ¢, then

y = u(ﬂ)’os t)

The above expression is called the state transition function of the system. The state
transition function represents the dynamic behavior of the system.

From the above, it is clear that, given the initial conditions, a continuous system
is completely determined by a differential equation or a set of interconnected differential
equations and their solutions.

The output of the system was defined as by =z. Therefore, the expression

i)
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represents an output trajectory of the system. Note that an output z is completely
determined by the state y. Then

z=w(y)

The above expression is called the output function of the system.

When the state variables cannot be fractionalized, the system cannot be
represented by differential equations. In such cases, the system is a discrete system and
is represented by difference equations and their solutions. The time variable of discrete
systems is the set of nonnegative integers. The same principles outlined for continuous
systems apply also for discrete systems.

The following first order linear difference equation represents a discrete system,
equivalent to the continuous system previously described':

Ay, =x, - by,

n

where 7 is a discrete time value, x, is the input and by, is the output. The following is
the corresponding difference equation in subscript notation:

Vet = Xy +(1-D)y,

where Ay, =y,,, -»,. Note that the state y, | of the system at time n+1 is completely
determined by the state y, and by the input x, at the discrete time n. Thus

yn+! = v(yn, xn)

This expression is called the next state function of a discrete system.
If the input is constant, the difference equation of the system becomes

yn-;l = C+(1‘b)yn

It follows that

'Readers that are unfamiliar with difference equations are referred to
Chapter 3.
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y] 0*(1‘5)}’0
¥, = c+(1-b)y, = c+(1-b)c +(1-b)y,

5[1 +(1=B) + (1-B) +...+ (1-by" ]+ (1-BYyY,

Yn

The terms within brackets represent a geometric series, such that

1]

S

= 1+ (1-b) +(1-B) +...+(1-b)""
1-(1-by

1-(1-b)

Then, after replacing values and rearranging terms, the solution of the difference equation
becomes

Yy = §+[yo —%](l - bY"

where y, is the initial condition of the system. This is a state trajectory of the discrete
system for an input value of x =c. The above sequence shows that the initial state y, and
the input x, =c determine the state of the system at any discrete time #. Clearly, if the
system is started at a state y,, is supplied by an input trajectory f and is run to some
discrete time n, then

yn = u(f;y(p n)

represents the state transition function of the discrete system.

In conclusion, the mathematical definition of a system includes the following
elements:

» The time variable, as a continuous or a discrete scale
» The states, as quantitative or qualitative variables

» The input variables

« The state transition function

« The output function, when appropriate

The full description of the above statement is presented in Chapter 6.
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Summary

A system is a dynamic physical or abstract entity. It receives inputs from outside
its boundaries and reacts to such inputs by state changes and by emission of outputs. The
state y of a continuous system at any time ¢ is completely determined by un input x =f¢)
and by the initial condition y,. Thus, if the system is started at a state y,, is supplied by
an input trajectory fand is run to some time f, then y = u(f,y,, f). This expression is called
the state transition function of the system. The output z =£¢) of the system is determined
only by the state y, that is z=w(y). This expression is called the output function of the
system. The state y, , of a discrete system at a period #+1 is completely determined by
the input x, and the state y, ataperiod n, thatis y, , = v(y,,x,). This expression is called
the next state function of the discrete system. Given the initial state, a linear system is
completely determined by a differential or a difference equation or their solutions.

1.2 CLASSIFICATION OF AGRICULTURAL SYSTEMS

For practical purposes, the following factors were used for the classification
criteria adopted for this book:

* The time scale of the system
* The uncertainties of events in the system
* Structure of the system

Within these classes, systems are named and classified according to the type of differential
or difference equations of the mathematical model representing the system.

The Time Scale

There are two classes of systems as they relate to the time scale chosen for the
mathematical model:

 Continuous systems
* Discrete systems

Continuous Systems. The time scale of continuous systems is the set of nonnegative
real numbers. Continuous systems are called differentiable systems because they are
represented by differential equations and their solutions.

Example 1.2.1 The following equation was fitted to the energy content of milk ofa group
of cows?:

2Compute:d from Lowman, B.G. et.al
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y = 2.821 +0.965¢ 00423
where y is the energy content of milk in MJoules/Kg and ¢ is days after calving. Determine
the corresponding differential equation.

Solution: The following is the first derivative of the state equation:

% = 0.965¢ “%2(-0,0423)

where 0.965¢ %23 = , - 2.821. After replacing values, the following is the differential
equation representing this system:

P _ 5.1193 - 0.0423y
dt

where 0.1193 is the energy input and 0.0423y is the energy output in MJoules/Kg/day.

Discrete Systems. The time scale of discrete systems is the set of nonnegative integers.
Discrete state variables cannot be fractionalized, meaning that the system cannot be
represented by differential equations. This is the case of state variables defined as number
of individuals or as qualitative traits. Thus, the state changes are represented by difference
equations.

Example 1.2.2 A rancher sells each month 3.6% of his feedlot steers and buys 90 new
animals. The initial number of steers is 460. Define a mathematical model for the system.

Solution: This system is discrete because the state variable, number of steers, is discrete.
The following difference equation represents the system:

Yy =¥, = 90 -0.036y,

where 7 is months, y, is the number of steers corresponding to the present state of the
system, ¥,.; is the number of steers of the next state, x = 90 is the input as number of
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steers purchased and z, = 0.036y,, is the output as number of steers sold per month. The
following is the corresponding state trajectory:

y, = 2500 - 2040(0.964)"

Example 1.2.3 It was found that, when the trees in a citrus farm are healthy, 20% get a
disease within a year and when the trees are diseased, 30% of the trees recover. Define the
mathematical model of the system.

Solution: This system can be modeled as a finite discrete system because the state
variables are represented by two qualitative traits, the percent of healthy trees and the
percent of diseased trees. The state transition matrix of the system is shown in the Table
1.2.11.The first row shows that the probability of healthy trees of remaining healthy in the
next state is 80% and that the probability of becoming diseased is 20%. The second row
shows that the probability of diseased trees of becoming healthy in the next state is 30%
and that the probability of remaining diseased is 70%.

Table 1.2.1
Present State Next State Probability
Healthy Diseased
Healthy 0.80 0.20
Diseased 0.30 0.70

The state and output trajectories of the system are shown in Table 1.2.2. Note that
the next state P, , of the system is defined by the product QP, , where P, is a state vector
at time n and Q is the transition matrix. The initial condition of the system is assumed as
P, = (1,0), meaning that initially all the trees were healthy. By knowing the present state
and the transition matrix, the next state of the system was predicted. Then, the next state
of this system is completely determined by matrix Q and the present state.

As shown, the following matrix equation represents the system:

Pn+1 = QPn

where £, is the set of states at time nand £, is the set of states at time n+1.
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Table 1.2.2.
Present State Next State Output
Time P, P, =0P, z,
0.8 0.2 (1 0]-[038 02]
0 {,0) 03 07] =[0.8 0. (-0.2,0.2)
0.8 0'2.[08 0.2] =[0.7 0.3]
1 (0.8, 0.2) 03 o7]I08 0H =070 (-0.1,0.1)
2 o 0'2-[07 0.3] = [0.65 0.35] 0
0.7, 0.3) o3 o7]107 031210630 (-0.05, 0.05)
0.8 0.2]
3 (0.65,035) |2 04 [0.65 0.35] =[0.625 0.375] (-0.025, 0.025)

The state equation may also be written as
AP, = B-(I-Q)F,
where B is the input of the system, / is an identity matrix and the output is the expression
Zy=(Q-DF,

Note that the input is a null matrix, because no healthy or diseased trees are imported
from outside the system. Then, the output of the system becomes the difference between
the next state and the present state. The output shows the decrease of healthy trees and the
increase of diseased trees, in percent units, at each new state of the system.

If all the trees in the initial state were healthy, the following is the solution of the
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next state equation of the system®:

n

P, = %[3 +2(05Y, 2 -2(0.5Y]

for P, = (p,,, p,,)> Where Dy, 1s healthy trees, p, is diseased trees, m is the total number
of trees and » is years.

As shown in the next example, sometimes determining whether the system is
continuous or discrete may be ambiguous.

Example 1.2.4 A forest area is chopped down and burned. After the first year, 20% of the
burned area is the regrowth of trees and 30% is colonized by grasses. The remaining area
stays as bare soil. Mortality of trees is 15% and mortality of grasses is 25%. Define the
mathematical model of the system.

Solution: It may appear that grasses and trees are moving to colonize the bare soil. As
such, this forest area may be defined as a continuous system, having the following
mathematical model:

(0.30+020) 025 0.15
a1 03  -025 0 |y
&t

0.20 0 -015

for Y =(y,, »;, y5), where Yis a column vector, y, is bare soil, y, is grasses, y, is trees
and ¢ is years. The solution of the above differential equations is the following set of state
trajectories®:

y, = 0.2830 +0.6937¢ 715" + 0.0233 ¢ "1
¥, = 0.3396 - 0.4479¢ 0715 + 0.1083 ¢ “18%
y; = 03773 - 0.2457¢ "7 - 0.1316¢ 18

3See Chapters 4 and 9 for procedures for solving linear difference
equations.

4See Chapter 4 and 10 for procedures for solving linear differential
equations.



12 1:The Scope of System Analysis

The area may also be defined as a finite discrete system with three states, percent
of bare soil, percent grass and percent trees. Table 1.2.3 shows the corresponding
transition matrix:

Table 1.2.3
Present Next State
State
Bare Seil Grasses Trees
Bare Soil 0.50 0.30 0.20
Grasses 0.25 0.75 0
Trees 0.15 0 0.85

The following set of next state equations represents the system:

0.50 030 0.20
Y, =025 075 0 |Y,
0.15 0 085

As shown in the table and the above equations, 50% of bare soil may remain as
bare soil, 30% may become grasses and 20% may become the regrowth of trees. It is also
shown that 25% of the grasses may die out, reverting to bare soil and that 75% may
remain as grasses. Fifteen percent of the trees may die and revert to bare soil and 85%
may stay alive.

Note that the above transition matrix is the transpose of the matrix of the
continuous model. Note also that Y, is a row vector, whereas Y in the continuous system
is a column vector.

After solving the above matrix equation, the following are the state trajectories
when the initial state is bare soil*:

Y1, = 0.2830 +0.6937(0.285)" + 0.0233(0.815)"
Yy, = 0.3396 - 0.4479(0.285)" + 0.1083(0.815)"
Y3, = 0.3773 - 0.2457(0.285)" -~ 0.1316(0.815)"

3See Chapters 4 and 9 for procedures.



1.2:Classification of Agricultural Systems 13

Note that these expressions are identical to the state trajectories of the continuous model.

Very seldom is agricultural research data recorded as a continuous flow of
information. Most often data of continuous systems is recorded at fixed At periods,
determining the discretization of the time scale. By discretizing the time scale of a
continuous system, the system is also discretized. An important question is here, how
much information is lost within each At period, a question that must be taken into
consideration when designing experiments. Clearly, Ar must be small enough as to
prevent important information from being lost.

Uncertainties of Events

Most of the inputs reaching agricultural systems cannot be controlled and occur
in a random pattern. Therefore, the operation of all agricultural systems is subject to some
kind of uncertainties. Then, depending on whether these uncertainties are considered in
the mathematical model or are ignored, two types of systems evolve:

« Stochastic systems
* Deterministic systems

Stochastic Systems. The basic feature of a stochastic model is that state variables are
defined as probability distributions.

Example 1.2.5 Define the state probability distributions for the citrus trees in Example
1.2.3, assuming a binomial distribution of events.

Solution: The following was the state joint distribution expression defined for the system
in Example 1.2.3, for an initial state P,= (1, 0):

n

P, = 2B 205y, 2-205]

where m is the total number of trees. This expression corresponds to a deterministic model
of the system. It is assumed that the state variables have the binomial distribution, as
shown below:

X X2

Ju(x15%) = m Plnl’z

where x, and x, are the number of healthy and diseased tress and p, and p, are the
corresponding probabilities. Then, by replacing the P, values in the binomial expression,
it is possible to define the following state probability model of the system:
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The probability distribution curves of diseased trees are shown in Fig. 1.2.1. The total
number of trees was assumed to be 10.
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Figure 1.2.1

Deterministic Systems. In deterministic models, the states of the system are the
expected values of the outcomes. Thus, deterministic models represent the expected or
average behavior of the system. The first four examples in this section were all
deterministic models.

A real system may be defined by a deterministic model or a stochastic model.
Deterministic models are simpler and more widely used than stochastic models.

Example 1.2.6 The following is the deterministic model for the state equation of the
previous example, expressed as expected values:

E(x,.x,) = -’5'1[3+2(o.5)", 2-2(0.5Y]

where x| is the expected number of healthy trees and X, is the expected number of
diseased trees at time #. The graphic representation of expected values is shown in Fig.
1.2.2. The total number of trees is assumed to be 10.
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Structure of Systems

The notion of structure of a system is related to how compornent systems are
coupled to form a more complicated system. The following classification was adopted

here:

* Interactive coupled systems
* Conjunctive coupled systems

Interactive Coupled Systems. Interacting systems may be coupled by means of
interconnected differential or difference equations, determining an interactive coupling.
Interacting agricultural systems may be arranged in two groups:

» Compartmental systems
* Non compartmental systems

Compartmental Systems. Components of compartmental systems are called
compartments. Such compartments work as chambers among which some material is

considered to move.

Example 1.2.6 The movement of DDT from plant to soil is 25% per month, from soil to
plant 2% and carried out with ground water 5%. Define the mathematical model of the

system.

Solution: This system is represented in Fig. 1.2.3. The following set of differential
equations defines the flow of DDT in the system®:

®See Chapters 4 and 10 for procedures.
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-025  0.02
025 -(0.02+0.05)

ar
dt

for Y=(y »¥)» Where y s a state of the plant compartment, y, is a state of the soil
compartment and¢tis months Coefficients with positive signs are the compartment inputs
and coefficients with negative signs are the compartment outputs.

Figure 1.2.3

Non Compartmental Systems. Components of non compartmental systems sometimes
are called black boxes, among which some information is considered to move.

Example 1.2.7 The following matrix equation defines the relationships between pasture
yield and carrying capacity of a Kikuyu pasture field, as affected by rainfall’[2]:

0 -2.9463
0.3338 -2.5282

v _

dx
— +
dt

0.0871]
_— X
dt

0

0.1107
+
0.0119

for Y = (y),y,) where y, is leaf growth in kg of dry matter per ha/day, y, is the number
of cows/ha and x is rainfall as mm/month. Determine the input and output of the system.

Solution: The mathematical model of the system has the form

dy

=AY+ B —+Cx
at dt
The system input is rainfall, defined by the expression Bdx/dt+Cx and the system output
is AY. Fig. 1.2.4 shows the system black boxes exchanging information by input-output
relationships.

7Computed from Murtagh, G.J. et.al.
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Figure 1.2.4

Conjunctive Coupled Systems. The idea of conjunctive coupling is that of a complex
system where each of its components operates independently. This is the case, for
example, of different plots or different experimental material, such that each plot is a
component system and operates as a replication of the experiment. Grouping of
experimental material determines the sources of variation in a typical analysis of variance.
As shown in the next example, the notion of conjunctive coupling is particularly
helpful in factorial arrangements of treatments and in split-plot experimental designs.

Example 1.2.8 An experiment was designed to study how starch in the diet of cattle
affects the digestibility of roughage. The experimental roughage were corn stalks, stems
of the banana plant, sugarcane leaves and Stargrass hay. Different amounts of green
bananas provided starch. In vivo digestibility procedures were carried out with six
fistulated steers. Define the experiment as a conjunctive coupled system.

Solution: As shown in Fig. 1.2.5, each steer is a replication and a component system of
the experiment as a system. Each roughage is a component within a fistulated steer as a
system. Green bananas are the inputs.

Note that roughage and green bananas are both treatments, but only green
bananas are inputs, because only green bananas are scheduled over the time variable. This
is a very important factor in the design of experiments, because it determines the scaling
of classes in the field design and in the analysis of variance. Inputs are placed always at
the lowest end of the list of treatments and should never be confused with components.
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Figure 1.2.5

Summary

Depending on the time scale adopted for the mathematical model, systems are
classified as continuous or discrete. Whether uncertainties are considered or are ignored,
systems are stochastic or deterministic. Systems having interface relationships are called
interactive coupled systems. If some material is moving among component systems, the
system is called compartmental. Conversely, if components exchange only information,
the system is non compartmental. Component systems having no interface relationships
are called conjunctive coupled systems.

1.3 USING LINEAR MODELS IN AGRICULTURAL RESEARCH

Agricultural systems are very complex and are characterized by having multiple
input variables of unknown or chaotic behavior. Thus, mathematical modeling in
agricultural research is essentially an empirical process, with only few feasible theoretical
considerations. Thus, a free choice of mathematical models of agricultural systems is
possible. The simplest empirical option for modeling is using linear models. This was the
approach taken in writing this book.

The following examples are presented here as an introduction to the use of linear
models in agricultural systems. The first example is related to modeling and analyzing a
deterministic system.

Example 1.3.1 The following are some selected experimental features from a research
report on pasture production, as determined by pasture yield and pasture carrying
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capacity®:

Animals: Guernsey and Jersey cows with an average live weight of 364 kg.

Treatments: Nitrogen fertilized Kikuyu pastures (Pennisetum clandestinum), where more
than 90% of the grass cover was Kikuyu and unfertilized Carpet grass (Axonopus affinis),
where the average carpet grass cover was 59 %.

Measurements: Pasture yield, as dry green leaves in kg/ha/day and carrying capacity, as
cows/ha. The pasture growing season was divided into ten 4-week periods. Data were
collected for each period.

1) Define the mathematical models for pasture yield in both treatments.
2) Define a mathematical model for the relationship between yield and carrying
capacity in the Kikuyu treatment.

Solution: The first step for defining the mathematical model of pasture yield is to
arrange the data as a difference table. A difference table is a table that gives successive
differences of y, = 1), for t =1, 2,...,. For example,

AV = YViear = W

is called a first order finite difference, where At is a time increment. Thus, a second order
difference would be

2
Ay = Apyp - AV

and so on. The first entry in each column is called the leading difference.

Before defining a difference table for a continuous system, the data should be
discretized. The derivative of a function is represented by the symbol dy/dt. The symbol
dy is called the differential of the state variable and the symbol d is called the differential
of the time variable. The differential dr is always equal to the time increment Ar
Conversely, the differential dy is not equal to the finite difference Ay. However, if At is
small enough, dy could be an acceptable approximation of Ay’. This was the accepted
criterion for discretizing and fitting the Kikuyu data to the proposed mathematical model
for the system.

The following is the difference table for the Kikuyu treatment, up to the second
order difference. Note that this table was modified for a regression analysis, by having the

8Computed from Murtagh, G.J. et.al.

*This subject is discussed in Chapter 3.
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leading differences aligned with the time scale values and not located in the traditional
arrangement, between two successive entries of the preceding column. Note also that the

time scale is discrete and that Ar = 1 = A%

Table 1.3.1

t y Ay/At AYy/A? x Ax/At  Axx/At?

0.00 12.00 3.00 1.00  46.00 22.00 23.00
1.00 15.00 4.00 27.00 68.00 4500 259.00
2.00 19.00 31.00 -33.00 113.00 304.00 -486.00
3.00 50.00 -2.00 25.00 417.00 -182.00 327.00
4.00 48.00 23.00 -28.00 235.00 145.00 -278.00
500 7100 -500 -16.00 380.00 -133.00 -23.00
6.00 66.00 -21.00 0.00 247.00 -156.001 19.00
7.00 4500 -21.00 18.00 91.00 -37.00 79.00
8.00 2400 -3.00 54.00 42.00

9.00 21.00 96.00

The table includes the differences for the state variable y and the input variable x, where
t is months, y is the leaf growth rate as kg of dry matter/ha/day and x is the rainfall input
in mm/month.
The second step is defining the differential equation representing this system.
The following linear second order difference equation was computed, by linear regression,
from the difference table:
2 A 2

27 1456722 1 06210y = 009722
At At At

X 0197525 4 01321x
2 At

If Ay and Ax are considered an acceptable approximation of dy and dx, then the following
differential equation may be defined:

dazy dy d2x dx
2 145677+06210y 00972-‘1—2+01975-—+01321x

As indicated by the statistics of the linear regression analysis shown in Table 1.3.2, the
relationship between pasture yield and the rainfall input is significant. The coefficient of
determination R? may be less than the above value, because this was a linear regression
through the origin.
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Table 1.3.2

R Square 0.99108
Adjusted R Square 0.97622
Standard Error 3.36442
Analysis of Variance

DF  Sum of Squares = Mean Square
Regression 5 3774.04199 754.80840
Residual 3 33.95801 11.31934
Variable B SEB t
Ay/At -1.456682 0.361637 -4.028
y -0.620985 0.194118 -3.199
AX/AL? 0.097204 0.008583 11.325
Ax/At 0.197499 0.037031 5.333
x 0.132113 0.041822 3.159

Each coefficient of the mathematical model was evaluated by a "t" test. If £, is
a coefficient of the state equation and £, is the corresponding hypothetical value, then
where §, is the standard error of the , coefficient. The null hypothesis is here £, -k, = 0.

The third step is determining the solution of the system differential equation.
Note that the above differential equation has the form:

The left hand may be represented by the polynomial 52 + bs+b, =(s+A)Xs+A,), called
the characteristic equation of the system'®. Since pasture production often displays a
cyclical pattern due to climatic conditions, then A = a+ifl. Thus, the characteristic
equation of the system is s + 1.4567s + 0.6210, where A = -0.7284+0.3009; and
i=/-1.

The following is the solution of the differential equation of the Kikuyu grass

10See Chapter 2 for definitions.
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system'':

y = 13.36 - 13.36050.809¢ - 19.765in 0.809¢
+ 3111 + ¢ %78[(13.01 -31.11) c0s0.3014]

where theterms 13.36 - 13.36¢0s0.809¢ - 19.76sin 0.809¢ are the rainfall components of
the state equation, 0.728 and 0.809 are the ¢ and B terms of A = a+if in the characteristic
equation of the system and the term 13.01 is the initial value y,.

As indicated before, some error was introduced here by using values of the finite
difference Ay for the differential operator dy and values of the difference Ax for the
differential operator dx. Note, however, that this error is also implicit in the data, because
the data was not recorded continuously. A non linear regression procedure was used to
account for this discretization error. The summary of the non-linear regression statistics
is shown below:

Table 1.3.3

Source DF __Sum of Squares Mean Square
Regression 4 17701.76629  4425.44157
Residual 6 271.23371 45.20562

Uncorrected Total 10 17973.00000
(Corrected Total) 9  4208.90000
R squared = 1 - Residual SS / Corrected SS = 0.93556

Asymptotic
Parameter Estimate Std. Error t
k, 13.356942635 3.297376801 4.05
k, 19.762102352  3.215554382 6.14
k, 31.111270880 4.083738812 7.63
Va 13.008102655  6.242228999  2.08

where

y =k, - k,c0s0.8097 - k,sin0.809¢ + k; + e ""[(yo —k3)cos[5t)]

Note that, by using the addition formula of sinuses and cosines, the state equation
may be expressed in the form

Hgee Chapters 4 and 9 for procedures for solving linear differential
equations.
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y = k+ae “cosB(r-b)]

This form of the state equation is very useful and has a straightforward geometric
interpretation:

* Parameter § modulates the frequency response of the system

* The term ae P' modulates the amplitude response of the system

¢ Parameter b is the out-of-phase parameter

* Parameter k is the distance between the abscissa and the axes of the response curve
* A cycle is equal to 271/f

Note that when «<0 the amplitude decreases over time, when >0 the amplitude increases
and when o=0 the amplitude is only determined by coefficient a. The above model is
shown in Fig. 1.3.1 for a<0.

Time
Figure 1.3.1

By the above transformation, the Kikuyu state equation becomes

y = 13.36 - 23.88cos[0.809(s - 1.207)]
+ 3111 + e %¥[(13.01 - 31.11)cos0.301]

This expression is the sum of two components of the state equation. The first
component is called the free response of the system and is related only to the initial
conditions y,:

Y, = 13.01e %7%c050.301 ¢

The second component is called the forced response of the system and is related only to
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¥y = 13.36 - 23.88c0s[0.809(s - 1.207)] + 31.11(1 - e *"c0s0.301¢)

The graph of the Kikuyu response functions is shown in Fig. 1.3.2:
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As expected, the free response fades away rapidly. In contrast, the forced response curve
follows the shape of the rainfall data.
The following is the difference table for Carpet grass

Table 1.3.4

t ¥y Ay/Ar  A¥/Ar? x Ax/At  A%/Ar?
0.00 3.00 0.00 1.00 46.00 22.00 23.00
1.00 3.00 1.00 12.00 68.00 45.00 259.00
2.00 4.00 13.00 -12.00 113.00 304.00 -486.00
3.00 17.00 1.00 16.00 417.00 -182.00 327.00
4.00 18.00 17.00 -32.00 235.00 145.00 -278.00
5.00 3500 -15.00 8.00 380.00 -133.00 -23.00
6.00 20.00 -7.00 2.00 247.00 -156.00 119.00
7.00 13.00 -5.00 -1.00 91.00 -37.00  79.00
8.00 8.00 -6.00 54.00 42.00

9.00 2.00 96.00

and the following is the corresponding difference equation:
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2 2
AY 91032 Ay +1.5624y = 0.028815.3; . 0.06749% +0.11321x

Ar? At

As indicated before, this difference equation was considered an acceptable approximation
of the system differential equation, such that

a2y

dx
2 19103{?—+15624y 002881—6-1-——+006749—d—+011321x

dr?

The characteristic equation of this system is 52 +1.9103s + 1.5624, where the roots are
A =-0.9551+0.8063i. The system statistics are given below:

Table 1.3.5
R Square 0.99722
Adjusted R Square 0.99259
Standard Error 1.23193

Analysis of Variance
DF Sum of Squares = Mean Square

Regression 5 1633.44703 326.68941
Residual 3 4.55297 1.51766
Variable B SE B t
Ay/At -1.910289 0.099422 -19.214
y -1,562407 0.105729 -14.777
AY/AP 0.028806 0.003481 8.274
Ax/At 0.067494 0.007415 9.103
x 0.113215 0.007590 14.917

The following is the solution of the differential equation for Carpet grass:

y = 7.52 - 7.52¢c0s0.809¢ - 9.70sin 0.809¢ + 7.57(1 - ¢ ****c0s0.8061)

where the terms 7.52 ~ 7.52¢0s0.809¢ - 9.70sin0.809¢ are components of the rainfall
input and 0.955 and 0.806 are the numerical values o and B from the characteristic
equation of the carpet grass system. Note that the coefficient for the initial value y, was
not significant and was deleted from the state equation. Thus, there is no significant
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response to initial conditions for carpet grass and the above equation represents the forced

response of the system.
The following is the statistical summary of the non-linear regression used to

correct discretization errors for Carpet grass:

Table 1.3.6
Source DF _ Sum of Squares __Mean Square
Regression 3 2376.40104 792.13368
Residual 7 132.59896 18.94271

Uncorrected Total 10 2509.00000
(Corrected Total) 9 996.10000
R squared = 1 - Residual SS / Corrected SS = 0.86688

Asymptotic
Parameter Estimate Std. Error t
k, 7.515671654 2.202448128 2.92
k, 9.702182051 2.044905458 3.42
k; 7.574700565 2.589750722 4.75

where

Y = ki - k;cos0.809¢ — k, sin0.809¢ + k(1 e cos fr)

The graph of the state equations of the Kikuyu and the Carpet grasses is shown in Fig.
1.3.3.
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Differences between the Kikuyu and the Carpet treatments may be evaluated by
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the "t" test. If £, is a coefficient of the Kikuyu equation and £, is a coefficient of the
Carpet equation, then

kil - ki2
{Si, * S,

where S, and S, are standard errors. The null hypothesis is here &, - k,, = 0.

'The same approach may be used for evaluating relationships among different
variables within a system, such as determining the relationships between pasture yield and
carrying capacity in the Kikuyu pasture system.

The first step is arranging the data as a differencetable, for Y'=(y,,y,), where y,
is pasture yield, y, is carrying capacity and x is rainfall as mm/month:

t:

Table 1.3.7

t ¥ Ay/At  y, Ay, /At X Ax/At

0.00 12.00 300 130 090 46.00  22.00
1.00 15.00 400 220 0.80 68.00  45.00
2.00 19.00 31.00 3.00 200 113.00 304.00
3.00 5000 -200 500 160 417.00 -182.00
400 48.00 23.00 6.60 1.80 23500 145.00
500 7100 -5.00 840 090 380.00 -133.00
6.00 6600 -21.00 930 -280 247.00 -156.00
7.00  45.00 -21.00 6.50 -2.80 91.00 -37.00
800 2400 -3.00 3.70 -1.70 54.00  42.00
9.00 21.00 2.00 96.00

The second step is determining the mathematical model of the system. The
following first order set of linear difference equations was fitted to the above data:

0 -2.9463
0.3338 -2.5288

AY |
At

0.11066
+
0.01185

Ar  |0.08708
= x X
At 0

This system of equations shows that the number of cows affects negatively the change in
pasture yield. These equations also indicates that the change in carrying capacity is
affected positively by pasture yield and negatively by the number of cows. Again, these
equations are considered as an acceptable approximation of the system differential
equations. The statistics for the y, variable is shown in Table 1.3.8. Note that the
coefficient for the y, variable was deleted because it was not statistically significant.
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Table 1.3.8

R Square 0.95829

Adjusted R Square 0.93744

Standard Error 4.11405

Variable B SEB t

Vs -2.946283 0.530966 -5.549

x 0.087075 0.013815 6.303

Ax/At 0.110656 0.009957 11.113

The following is the statistics for the y, variable:

Table 1.3.9

Multiple R 0.94348

R Square 0.89015

Adjusted R Square 0.83522

Standard Error 0.74886

Variable B SEB t

b2 0.333796 0.053107 6.285
¥, -2.528848 0.401317 -6.301
Ax/At 0.011854 0.002060 5.753

The third step is finding the set of solutions of the system. The above set of
equations has the form

where Y is the set of state variables. Again, it is assumed here that this model may
represent the set of differential equations of the system. The characteristic equation of the
system is given by the expansion of the following determinant, where 4, =0.4800 and
A,=2.0488:
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s 2.9463

'bu "bu _

-b,, s-b, -0.3338 s5+2.5288
52 +2.5288s + 0.9835
= (5 +0.4800)(s +2.0488)

|sI - B|

14

f]

Then, the following are the solutions of the system'*:

-2.04%1

80.89 -68.93
Y, = i

o ~0.4801
0 1.23

This is the free response of the system. The following is the forced response:

0427 0 7224 [-1.196(7224)  0.769(72.24)
= +
b 0 0339(l12.46] | 0.194(12.46)  -0.534(12.46)

1 0(13.57 13.57  20.64|lcos0.809¢
+ -
0 1}1.073

1.073  3.418||sin0.809¢
The total response Y is the sum Y, +Y,. Note that the terms

e -0.480!}

-2.049t

3

13.57 20.64
1.073  3.418

c0s0.809¢
sin(.809¢

1 0[i13.57
0 1j{1.073

in the forced response are related to the rainfall input.
The coefficients of the free response are defined as follows:

ki knk M

a” ~At
ky Ky e 7

Z5ce Chapters 4 and 9 for procedures for solving systems of
differential equations.
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where k,, stands for yield and %, stands for carrying capacity. The following are
definitions of the forced response coefficients:

byy=by, kl_bn*bzzk Ay=by,+by,

Ah A A T ARy e R

1772 kll

0 by by, |y ' Ay=by+by lz’bzﬁbzzk e M
] Ad,y [ll(kl“lz) " A (1) .
1 O}km ki ks cosO.809tl
0 k| Iy ko Lino.so9z

The graph of pasture yield is shown in Fig. 1.3.4
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The following is corresponding summary of the non-linear regression, used to
correct discretization errors for pasture yield:

Table 1.3.10

Source DF Sum of Squares Mean Square
Regression 5 17708.15325 3541.63065
Residual 5 264.84675 52.96935

Uncorrected Total 10 17973.00000
(Corrected Total) 9 4208.90000
R squared = 1 - Residual SS / Corrected SS = 0.93707
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Asymptotic
Parameter Estimate Std. Error 1
ky; T72.236071842  10.742681413 6.73
ki, 80.894743168 17.793591477 4.55
ks 68.925903214  19.888946475 3.47
ky 13.570507544 3.690590480 3.68
ks 20.639417786 4.228578006 4.88
The graph of carrying capacity is shown in Fig. 1.3.5
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The following is the corresponding summary statistics for correcting discretization errors
for carrying capacity:
Table 1.3.11

Source DF _ Sum of Squares Mean Square

Regression 4 299.40021 74.85005

Residual 6 1.67979 0.27997

Uncorrected Total 10 301.08000
(Corrected Total) 9 70.68000
R squared = 1 - Residual SS / Corrected SS = 0.97623

Asymptotic
Parameter Estimate Std. Error t
ky 12.461660491  0.847204071 14.71
ko 1.229653345 0.526192538 2.33
L 1.073217885 0.265371083 4.05
kos 3.417872472  0.253417049 13.50
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The next example is related to a stochastic system.

Example 1.3.2 Determine the mathematical model and the state equations for the diseased
trees in Example 1.2.3, assuming that some of the diseased trees may die.

Solution: The first step in defining the mathematical of the system is defining the data
in as a transition table:

Table 1.3.12

Present State Next State

Healthy Diseased Dead
Healthy 0.80 0.20 0
Diseased 0.30 0.10 0.6
Dead 0 0 1

The first row shows that the probability of healthy trees of remaining healthy in the next
state is 80%, the probability of becoming diseased is 20% and the probability of dying is
zero. The second row show that the probability of diseased trees of becoming healthy in
the next state is 30%, the probability of remaining diseased is 10% and the probability of
dying is 60%. The third row shows that dead trees would remain dead. The following
probability matrix represents the above table:

08 02 0
0 =103 0.1 06
0 0 1

The second step is defining the set of next state equations of the system. The
state changes of the system are defined by the product QP,, where P is a state probability
vector. By knowing the present state P, and the probability matrix (, the next state OP,
ofthe system is predicted. Therefore, the following matrix equation represents the system:

Pn+1 ::PnQ

where P, is the set of states at time n and P, is the set of states at time r+1.
The third step is defining the solution of the next state equation. The solution
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of the next state equations has the form F(0)Q", where F(0) is the set of initial
conditions:

10 008 02 ol
P, =10 1 003 0.1 0.6
00 1o 0o 1

Note that the first row in the initial state matrix shows that all the trees were healthy, the
second row shows that all the trees in the initial state were diseased and the third row
shows that all the trees in the initial state were dead. After solving the above power matrix
and assuming that all the trees in the initial state were healthy, the solution is

P = [0910(0877)" + 0090(0.023)", 0234(0877)" - 0234(0.023)",
— 1144(0877)" + 0144(0.023)" + 1

for P =(p,,, p,,» P3,)> Where p,is the proportion of healthy trees, p,, is the proportion
of diseased trees, p, is the proportion of dead trees and n is years.

10
Qh s
5 l
[, 8
g
Lh
2 g g —e— Healthy
B4 :
S I —m— Diseased
g 2 —a— Dead
] l

0 1 2 3 4
Years

Figure 1.3.6

If the total number of trees is m, then the above equation becomes the expectation

Bgee Chapters 3 and 8 for solving stochastic models.
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E(x),%5,%3) = m{0.910(0.877)" + 0.090(0.023)", 0.234(0877)" - 0234(0.023)",
- 1.144(0877)" + 0.144(0.023)" + 1]

where x, is the number of healthy trees, x, is the number of diseased trees and x; is the
number of dead trees. This expression defines expected values and corresponds to a
deterministic model of the system. The graphic representation of expected values is shown
in Fig. 1.3.6. The total number of trees is assumed to be 10.

The fourth step is determining the stochastic model. The state variables may
have a multinomial distribution, that is

m! XX X
—_—"—"pln P2y P3n
X, X

.f;;(xlaxzax:;) = x'
127273

where , x, and x, are the number of healthy, diseased and dead tress out of a total of
m tx rees. By replacing the P, values in the multinomial equation, it is possible now to
define the following state probability model of the system for an initial state P,=(1,0,0):

!
Sy(¥%9,%3) = ;%[0.910(0.877)" + 0.090(0.023)” T1[0.234(0.877)" - 0.234(0.023)" T2
1% 1x31
[- L144(0.877)" + 0.144(0.023)" + 113

The probability distribution curve for eight healthy, two diseased and zero dead
trees, is shown in Fig. 1.3.7.
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o
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Probability
o
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0.1

Years

Figure 1.3.7
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The total number of trees was assumed to be 10, resulting in 720 probability distribution
curves, determined by the multinomial coefficient m!/ x;!x,x;!.

The proposed modeling and analyses may improve or replace conventional
procedures for evaluating a system and for comparing different systems.

Summary

The first step for defining the mathematical model and analyses of a deterministic
system is arranging the data as a difference table. The difference table is used to determine
the differential or difference equations representing the system. The solutions of the
differential or difference equations are the state trajectories and parameters in these
equations are evaluated by "t" tests. The first step for defining the mathematical model of
a stochastic system is condensing the data in a state probability table, from which the next
state equations of the system are determined. The next step is defining the corresponding
deterministic solutions of the next state equations. The final step is applying a distribution
function to the deterministic expressions.



2

CHARACTERISTIC VALUES

The selection of topics for this chapter has been aimed at gaining a basic
understanding and proficiency in the manipulation of linear equations, as this subject
relates to further chapters. Matrix techniques are applied here for solving linear equations
and for determining characteristic equations, roots and vectors. Some readers may wish
to skip some familiar material of the first two sections of this chapter.

2.1 SYSTEMS OF LINEAR EQUATIONS

As disclosed in the previous chapter, system analysis is related to the process of
developing an abstract model of a system, such that the model would simulate the real
system by means of a computer program. It was also indicated that the approach selected
for modeling a system was the use of linear models. Therefore, some basic definitions and
concepts are presented here for a clear understanding of the subject.

Linear Combinations
The concept of linear combination is related to the straight line. For the

particular case of the X, Y plane, it is possible to define a linear combination of the
variables x and y, such that

ax+by=c

The above equation is called linear, because it represents a straight line. Then, the
following definition stands for linear combination:

Definition 2.1.1 If y,,y,,...,y, are m-component vectors and k,k),....k, are scalars,
then vector y = k,y, +ky, +...+ky, is called a linear combination of y,,y,,....y,-

This concept is illustrated in the following example.

Example 2.1.1 Given the scalars k,, k,, k; and vectors y, =(1,2,3), y,=(4, -3,7) and
¥;=(-2,7, -1) define a linear combination of vectors y,, y,, ;.
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Solution: All linear combinations of y,, y, and y; are of the form

y =k (12,3) + ky(4,-3,7) + k3(-2,7,1)
= (k] + 4k2 - 2k3, 2k1 - 3k2 + 7k’, 3k + 7k2 - k3)

where k,, k, and £, are arbitrary scalars. The following is the matrix form of the above
expression:

1 4 2|k
y=12 -3 7|k,
3.7 -1k

Linear combinations are either linearly dependent or linearly independent.
Linear dependence is defined as follows:

Definition 2.1.2 The m-component vectors y,,y,, ...y, are said to be linearly dependent,
if there are scalars .k, ....k,, not all equal to zero, such that ky,+ky,+...+ky =0

Consider the following example:
Example 2.1.2 If y, represents the daily average consumption of dry matter by a group
of cattle, y, represents the daily average consumption of crude protein and 0.115 is the

crude protein content of food on a dry basis, define a linear combination.

Solution: The two variables are related by equation, 0.115y, = y,. This relationship can
be rewritten as follows:

0.115p, -y, =0

It is clear here that y, and y, are related, because k,=0.115 and k,=-1lare
different from zero. Therefore, y, and y, are linearly dependent.
The following definition stands for linear independence:

Definition 2.1.3 The m-component vectors y,,y,,...,y, are said to be linearly independent,
if there are scalars k, =k, =...=k,=0 , such that ky,+ky,+..+ky, =0

Consider the next example:

Example 2.1.3 Given vectors y, = (1, 0, -2), y,=(-4, 3, 5) and y; = (1, 2, 3) and scalars
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k), k», and k;, show that y,, y, and y, are linearly independent.

Solution: The system may be represented by the following matrix expression:

10 -2|k
y=|-43 2/|k|=0
2 5 3|k

No solutions to the above system can be found other than &, = &, = k; = 0. Thus, y,, y, and
¥ are linearly independent. The reader is encouraged to test this result

Linear Systems

As indicated, any equation of the form ax + by = ¢, where g, b and c are constants
and (x, y) are variables, is a linear equation because it represents a straight line in the X,
Y plane. The equation is satisfied whenever an ordered pair (a,p) of real numbers is
substituted for (x, y) and aa + b = ¢ . This is a linear combination of the variables x
and y. The pair (a,f) is called a solution of the equation. The set of all solutions of an
equation is its solution set.

Two or more linear equations in the same variables are said to form a system,
when the equations are satisfied by a given solution. The system is then called a system
of linear equations. Thus, two equations form a system if an ordered pair of real numbers
(«,B) is found to satisfy both equations. Then (&,B) is a solution of the system.

A system of equations may have a single solution, multiple solutions or no
solution at all. The system in the following example has a single solution:

Example 2.1.4 A system with a single solution:

8 »

T .
6

. ""
4 Soa /
2o I
0 o —a 20438
-2 g —+—3x-y=1
4 -
s
-
8 L :
10 &~ i ' } + — X
-3 -2 -1 /] 1 2 3

Figure 2.1.1

The solution of this system is the ordered pair (1, 2), since both equations are satisfied
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when x = 1 and y = 2. As shown in Fig. 2.1.1, the solution is the point of intersection
between the two straight lines.

A system with multiple solutions is illustrated in the following example:

Example 2.1.5 A system with infinite solutions:

2x + 3y +z =14
x+ y+z=6
3x + S5y +z =22

A set of some solutions of this system is shown in the following table:

Table 2.1.1
Variables Solutions
s, 5, 8y S, S5
x 4 6 8 2 0
y 2 1 0 3 4
z 0 -1 2 1 2

The reader is encouraged to check these solutions.
When there are fewer equations than unknowns, there are infinite number of
solutions, as shown in the following example:

Example 2.1.6 A system with infinite number of solutions and fewer equations than
unknowns;

Y+ Yy- y3 = 6
3y, +6y, -3y, = 16

The solutions of this system are
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As indicated in the next example, not all systems of linear equations have
solutions. When the lines are parallel, there is no intersection and the system has no

solutions. A linear system that has no solutions is said to be inconsistent.

Example 2.1.7 A system with parallel lines:

Y
12
8 7 A
Vs -
4 ) -
/"' -
0 a -
. - - —a— 6x-2)=-5
- —m—3x- =2
-8 -
-12 _ + + + ; ; + X
3 2 A o 1 2 3
Figure 2.1.2

Note that solutions for a set of linear equations exist only if the system is consistent.
Thus, the following definition is here set forth:

Definition 2.1.4 A system represented by the matrix equation 4y = b is said to be
consistent if it has at least one solution.

Whether the system has one solution, multiple solutions or no solution at all, the
general linear system of m equations and » unknowns can be represented as follows:

auyy + apy, *+ - a4y, = b
Gyt apy, * .+t @y, = b

amlyl + am2y2 ot amnyn = bm
The following definition applies here:

Definition 2.1.5 A system represented by the matrix equation 4y=b is homogeneous if
b, = b,=...=b,=0. Otherwise, the system is said to be nonhomogeneous.

In all the above examples, the systems were nonhomogeneous. A homogeneous
system of equations is illustrated in the next example:
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Example 2.1.8 A homogeneous system:

s ;¥ =0
5+ 2, + 29, =0

y]“y2+y3:0

Note that homogeneous systems are never inconsistent. All such systems have the
solution (0, 0, ... ,0). This is called a trivial solution. Thus, the problem in a homogeneous
system is to determine whether there is a non trivial solution. Note also that a system with
fewer equations than unknowns, always has a non trivial solution. Otherwise, to avoid
trivial cases, at least one a,, coefficient must be non-zero. In addition, systems with a
single non trivial solution are always nonhomogeneous. Conversely, systems with many
solutions may be either homogeneous or nonhomogeneous.

Order and Rank of a Matrix

A matrix is defined by its order and by its rank. The order of a matrix is
determined by the number of rows and columns and is defined as follows:

Definition 2.1.6 The order, called also the matrix dimension, represents the size of a
matrix

Thus, a matrix 4 with r rows and ¢ columns has order # x ¢ and can be written
as 4,, . When the number of rows and columns are equal, the matrix is referred as a

squared matrix and is describer as being of order 7.

Example 2.1.9 A matrix of order 2 x 3:

y 4 0 -3
2x3 < 7 3 1

Example 2.1.10 A matrix of order 3:

I 4 11
A=1{0 3 -6
-2 5 -l6

The rank of a matrix is defined as follows:
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Definition 2.1.7 The rank r(4) of a matrix 4 represents the number of linearly
independent rows or columns of the matrix.

Example 2.1.11 Determine the rank of the following matrix:

1 o -1 2
A={3 1 4 2
52 9 2

Solution: This is a rectangular matrix of order 3 x 4 and, therefore r(A) < 3. Note
that the third and the fourth columns are linear combinations of the first two:

-1 1 0 2 1 0
4 1 =—31+71 ; 21 =2[31—-4]1
9 5 2 2 5 2

The third row is a linear combination of the first two:
[5 29 2j=2[3 1 4 2]-41 0 -1 2

Thus, matrix 4 has only two independent columns and two independent rows, therefore,
r (A) =2.

From the above, it is clear that rank and order are related in the following
manner:

* The rank of a square matrix is equal or less than its order
* The rank of a m x n rectangular matrix is equal or less than the smaller value of
mand n

Defining the order of a matrix is straightforward. However, defining the rank
requires determining the number of linearly independent rows or columns. Since the
number of linearly independent rows or columns is also the order of the largest minor
determinant whose value is different from zero, finding the order of such minors is also
a straightforward procedure to find the rank of a matrix. Thus, the following definition
applies here:

Definition 2.1.8 The rank r{4) of a matrix 4 is the order of the largest minor of the matrix
determinant, whose value is different from zero.
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The reader is reminded that a determinant can be expanded as a linear function
of minor order determinants derived from it. Thus, a third order determinant can be
expanded as a linear function of three second order determinants. The minor order
determinants are simply called minors.

Example 2.1.12 Find the rank of matrix 4 in Example 2.1.11 using determinants.

Solution: Matrix 4 was defined as

10 -1 2
A={3 1 4 2
52 9 2

By definition, a determinant is a polynomial of the elements of a square matrix. However,
matrix 4 can be partitioned, such that a group of three column vectors may be selected
into a square matrix B. Then, the rank of B is determined by evaluating lBl :

10 -1
14 B

lo| =3 1 4= - =1-1=0
2 9 |5 2

52 9

Note that the value of |B ‘ is zero, but the value os its minors is different from zero. Thus,
r(A4) = 2, because the order of the minors is two. Thus

* Ifany of the rows or columns of a matrix are linearly dependent, its determinant is zero.
» If all the rows or columns of a matrix are linearly independent, then the determinant is
not zero.

The following properties of the rank of a matrix are summarized here:

* The rank of a square matrix of order » is equal or less than its order

* The rank of a rectangular matrix or order m x n is equal or less than the smaller value
of m and n

o If r(A4) = r, there are at least one minor of order r whose value is different from zero
and all minors of order greater than r are zero
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Summary

A vector y=ky +ky,+..+k,y, is called a linear combination of vectors
Y1sVas-s¥,» Where ki k,,....k, are scalars. Vectors y,,y,,...,y, are said to be linearly
dependent, if there are scalars k,,k,, ...,k,, not all zero, such that k\y, +k,y, +...+k,y, =0.
Vectors  J,,¥,,...,Y, are said to be linearly independent, if there are scalars
k =k,=..=k,=0,suchthat k,y, +kp,+...+k,y, =0. A system represented by the matrix
equation Ay = b is said to be consistent if it has at least one solution. It is said to be
homogeneous if b,=b,=...=b_=0. Homogeneous systems are never inconsistent.
Solutions of the form (0,0,...,0) are called trivial. Systems with fewer equations than
unknowns have always non trivial solutions. Systems with a single non trivial solution are
always nonhomogeneous, while systems with multiple solutions may be homogeneous or
nonhomogeneous. The rank of a square matrix is equal or less than its order and the rank
of a m x n rectangular matrix is equal or less than the smaller value of m and n.

2.2 SOLVING LINEAR SYSTEMS

As defined before, a system represented by the matrix equation Ay = b mayhave
a single solution, multiple solutions or no solutions. Some selected procedures for solving
linear equations are described in this section.
Single Solution Systems

Two procedures will be used for solving single solution systems, a determinant
procedure and a matrix inversion procedure.

A system with two variables will be utilized as a model to explain the procedure
for solving linear equations using determinants. Thus, the system

ayy, + apy, = b
ayy, + ayy, = b,

4

Note that this system can be easily solved by any of the well known algebraic procedures
based on successive elimination, such that

is written in the following matrix form:

a4 9

ay Gy



2.2:Solving Linear Systems 45

ayb, - apb, _oapb, - ayb,
- : = — 2 AL
andy; — au9p a1y ~ Gy4y

v

1

These procedures may become cumbersome if the system has more than two variables.
However, the above solutions can be expressed easily as determinants. Then, the
denominator of the above solutions is

a

11 12

Ay ~ Gy =
21 4n

The numerator of y, is obtained by replacing the first column of matrix 4 by vector b:

1 9
anb, - apb, =
2 9p

The numerator of y, is obtained by replacing the second column of matrix 4 by vector b:

1 9 tu b,
a b
Py Gy P 9
y( - » }’2 -
n 4 n 4
21 9 7 Gn)

Example 2.2.1 Solve the system

3x + 2y =-12
2x -3y= 5
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Solution:
-12 2 -12
e R B R
2 2
-3 -3
Example 2.2.2 Solve the system
x+ y=1
2c+2y=2

Solution: This system has an infinite number of solutions, because the second equation
is a multiple of the first. Thus, the determinant of the denominator is zero and matrix 4
has no inverse:

Example 2.2.3 Solve the system

6x - 2y

Solution: This system has no solutions. The two lines are parallel, because the slope is
the same, as shown below:

-2 + 3x
-3/2 + 3x

y
y

Hon

As in the previous example, the determinant of the denominator is also zero:

o

=0
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Example 2.2.4 Solve the system

2x+8y+6z=20
4x+2y-2z=-2
3x- y-z= 11

Solution: Denominator:

8 6
-2 -2 2
2 -2 = - 8 + 6 = -140
- 1 1 -1
-1 1
The numerator of the x solution is
20 8 6
-2 8 6 8 6
-2 2 -2/ =20 - + 11 = -280
-1 1 -1 1 -2

I -1 1

The numerator of the y solution is

20 6
-2
2 -2 = -20t

i 1

The numerator of the z solution is

8 20
2
2 = 201:

-1 11

47
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Then

x = -280/-140 = 2
y = 140/-140 = -1
z=-560/-140 = 4

Solving linear equations using determinants may not be practical for systems
with many variables. An alternate procedure is based in the following relationship:

A4y =47
Since 4 "'4 = 1, where I is the identity matrix and Iy =y, then

y=4'h

By this way, the problem of finding solutions for a linear system is the problem of finding
the inverse 4 !

Several procedures are available for inverting matrices. The matrix inversion by
elementary operations is used in this book, because this procedure can be applied to find
the system solutions when a matrix is either invertible or non invertible. It can also be
used when the system is homogeneous or nonhomogeneous. The procedure changes, by
elementary row operations, the original system of equations 4y = Ib to Jy = A'b. The row
operations that transform matrix 4 to the identity matrix J, also transforms / to 4. Matrix
A and the adjoined identity matrix I are called an augmented matrix. The following
example illustrate the procedure.

Example 2.2.5 Solve the system

e

Solution: Perform the following row operations:
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Augmented Matrix Row Operations
(12 100
2 3 0 1
1 2 1 o
0 —1° -2 1 (=2) times the first plus the second row
1 2 1 0 D i " y
0 1 2 (1) times thesecond row
1 0 -3
0 1 5 i (—2) times the second plus the first row

Thus

Notethat 4 A1 =TI

AR B

49

Example 2.2.6 A diet for heifers uses corn, soybean meal and sorghum silage as
ingredients. The nutrient composition and daily requirements of the heifers are
summarized in Table 2.2.1, where DM = Dry Matter DE = Digestible Energy and CP =
Crude Protein. Find how much of each ingredient is needed to balance the diet for the

above requirements.
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Table 2.2.1
Nutrients Ingredients Requirements
Corn Soybean Sorghum
Meal Silage

DM, Kg/Kg 0.89 0.89 0.29 2.80
DE, 3.45 3.17 0.7 7.45
Mcal/Kg

CP, Kg/Kg 0.089 0.441 0.024 0.32

Solution: This problem may be defined as a system of linear equations, where y represents
the quantity of each ingredient in the food:

0.89y, + 089y, + 029y, = 2.80
345y, + 317y, + 0.70y, = 7.45
0.08%y, + 0.441y, + 0.024y, = 0.320

Note that matrix A represents the nutrient composition of the ingredients. The
quantity of each ingredient required to meet the heifers' requirements is vector y. Vector
b is the heifers’ daily requirement. Elementary row operations for inverting matrix 4 are
as indicated below.

0.89 089 029V [2.80
345 3.17 070 |, =745
0.089 0.441 0.024 }y.| 0320

First: 1/ 0.89 times row |

Second: 0.089 times row 2 - 3.45 times row 3
Third: row 3 - 0.089 times row 1

Fourth: row 1 - 1/0.352 times row 3

Fifth: 0.005 times row 2 - 0.0205 times row 3
Sixth:  0.0134 times row 3 + 0.352 times row 2
Seventh: -1/0.0134 times row 2

Eight:  1/0.00006706 times row 3

Ninth:  row 1 - 0.34 times row 3
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Then, the equivalent augmented matrices from the above operations are

089 089 029 | 100 100 -1.7439 0.7948 -2.2086
345 317 070 | 01 0f..~..J0 1 0] -1.5284 -0.0332 2.8145
| 0.089 0441 0024 | 0 0 1 00 1] 92687 -23373 -1.8597

The reader may want to check the above operations. The following is the resulting
inverse:

-1.7439 0.7948 -2.2086
Al =1-0.1528 -0.0332 2.8145
92687 -2.3373 -1.8597

Thus, the solution of the problem is

17439 07948 -2.2086] [2.80] P
0.1528 -0.0332  2.8145] |7.45] = ly,
92687 -2.2373 -1.8597 0.32

Then, the following is the amount of each ingredient needed to balance the diet for the
heifers:

H

¥, = 0.332 Kg of corn/day
¥, = 0.225 Kg of soybean meal/day
y; = 7.944 Kg of sorghum silage/day

Multipte Solutions Systems

The procedures described previously are valid only for systems with solutions of
the form y = 4 "'5, when matrix 4 is invertible. An invertible matrix is nonsingular and
the system is nonhomogeneous. A matrix is said to be nonsingular if its row vectors and
its column vectors are linearly independent. Otherwise, the matrix is said to be singular.
In multiple solutions systems, matrix A4 is not invertible. Then, an alternative procedure
is needed.

As indicated previously, elementary matrix operations can be used to find
solutions when matrix 4 is either invertible or non invertible and also when the system
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is either homogeneous or nonhomogeneous.

Example 2.2.6 Find solutions for the following system:

23 1jx 14
111 =16
35 1z 22

Solution: This system has n = 3 unknowns and rank r = 2. A set of solutions was defined
in Example 2.1.5. At that stage, however, it was not explained how those solutions were
obtained. The following row operations were performed here on the augmented matrix:

First: 2 times row 3 - 3 times row 1|
Second: row 2 - 0.5 times row 1
Third: row 3 + 2 times row 2
Fourth: 0.5 times row 1 + row 2
Fifth: 2 times row 2

23114 231 |14 2 3 1 ] 14
111 6l=11 1| 6f=j0-1212] -1]=
351122 o1 -1(2 {0 1 -1]2

2 3 1 |4 {1t 1 1] 6/ 1 11]6
0 -12 12 | -1f=0 -1/2 172 | -1{=0 -1 1 | -2
0 0 o0 (o] 0o o o1 of [ooo] o0

The equivalent system is now

Then
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X +y+z
—y +z

(L]

[N =)

By solving the above equations, it was found that

z+2
-2z + 4

oy

If z is made a constant , then the set ¥ of solutions becomes

-2k + 4
V=1 k+2
2

A set of some explicit solutions of this system is given in the table below. Note
that these solutions are the same shown in Example 2.1.5.

Table 2.2.2
Variables Solutions
s5,, k=0 55, k=-1 55, k=-2 5, k=1 ss, k=2
x 4 6 8 2 0
y 2 1 0 3 4
b4 0 -1 -2 1 2

Example 2.2.7 Find the set of solutions for the following homogeneous system:

2Xx +3y +2z=0
x+ yp+z=0
3x +59p+2z=0

This is the same system of equations of the previous example but made homogeneous.
Therefore, writing the last equivalent form of the elementary transformations in the
previous example is easy. Then
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o1l o
0 -1 1llyl=1o
0 0 ozl o

By solving these equations, it is found that

x=-2
y = z

If z is made £, the set ¥ of solutions will be
- 2k

Example 2.2.8 Solve the following system:

1 2 -1 9" (4
2 4 3 3 {p| (13
-1 -2 6 -24{l] |1

1 2 4 -6

p.) 12

Solution: The following elementary operations were performed here:

First: row3 +rowl
Second: row 2 - 2 times row 1
Third: row4 -row 1
Fourth: row 3 -row2

Fifth: row4-row?2

Sixth:  1/5 times row 2
Seventh: row 1 + row 2
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19 | 4 1206 |5
2 303 |13 001 3|1
126 241 1] " looo o |o
12 6 | 9 0000 |0

The reader is encouraged to check the above operations. The equivalent system is now

120 6P s
001 -31Ps 1],)’1
000 ofl,| Jo| ~ »
000 0, o}

= -2y, -6y, +5
3y, + 1

]

By making y, =k, and y, = k,, the set V of solutions is

i >~ LKy - 0K,

k

2
s 1 + 3k,

V. i k.

Summary

For single solution systems of the form Ay=5b, each solution for y can be
obtained by determinant procedures. However, if the system has many variables, solving
the system by matrix inversion procedures may be more practical. Elementary operations
can be used to find solutions when matrix A4 is either invertible or non invertible and when
the system is either homogeneous or non homogeneous.

2.3 CHARACTERISTIC EQUATION, ROOTS AND VECTORS

If a system of linear equations is defined as Ay=b, where 4 is a square matrix of
order n, a question arises on whether there exists any vector such that Ay is a constant
multiple of y. This question leads to the concepts of characteristic equation,
characteristic roots, known also as latent roots or eigenvalues and characteristic vectors,
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called also invariant vectors, latent vectors or eigenvectors.
The Characteristic Equation

If 4 is a square matrix of order # and y is a column vector, such that Ay=b, then
a question is posed whether a vector y exists, such that 4y is a constant multiple of y.
Then

Ay = Ay

where A is a scalar value. If A and y satisfy this equation, then A is said to be a
characteristic root of matrix 4, corresponding to the characteristic vector y of A.

The above equation can be rewritten as Ay - Ay = 0, which is equivalent to the
matrix equation

A-Ahy =0

where I is an identity matrix and 0 represents a null vector. A homogeneous equation of
this form has a non trivial solution for vector y, only if its determinant is zero. Then

|4 - AIl =0

When matrix A4 is of order n, the expansion of this determinant yields a polynomial
equation of degree n in A, which is known as the characteristic equation of the system.
The polynomial is called characteristic polynomial.

Example 2.3.1 Given matrix
3 -6
2 -5

find the characteristic equation of the system.

Solution: The expansion of the determinant is

=3 -A)(-5- A+ 12

A -6
|4 - Al =
2 -5-A
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Then, the characteristic equation is A% +2X -3 =0

Example 2.3.2 Find the characteristic equation of the system represented by the
following matrix:

[130}
4=17 15
[0~41

Solution: The expansion of the determinant is here

1-A 3 0
[4-AM =7 1-4 5
0 -4 1-A
s jpo |13
A3+ A(1+141) - A + + + |4
-4 1 1 1

Then, the characteristic equation is A(A2-3A4 +2)=0.

The same rules for determining the characteristic equation of system of linear
equations, having the form Ay = b, apply for determining the characteristic equation of
a system of linear differential equations of the form dY/dt = AY, where ¥ = (y,, y,...,Yu)-

Example 2.3.3 Determine a characteristic equation of the following system of differential
equations:

@

i ho
@,
2R

Solation: The above system can be written in the following matrix form:

where Y = (y,,y,). Then, the matrix equation is here
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2-4 -3 0
Y =
-4 3-A 0
The characteristic equation is the expansion of the determinant of the system:

-A -3
|A—u]:l2 =Ar-54-6=0

-4 3-A

Note that the characteristic equation is a second degree polynomial because there are two
variables in the system of differential equations.

Example 2.3.4 The movement of DDT from a group of orange trees to soil is 25% per
month and from soil to trees is 30%. The movement of the insecticide from soil to weeds
is 15% per month and from weeds to soil is 20%. The following set of differential
equations represents the system:

2025 0 030
a o _015 020¥
025 015 -0.50

for Y =(y,, y,, y;), where y, is the amount of DDT in the trees, y, is the amount of DDT
in the weeds and y, is the amount of DDT in soil. Determine the characteristic equation
of the system.

Solution: The matrix equation of the system is here

(0254 0 0.30 0
0 -(0.15+4) 020 |y =10
0.25 0.15  -(0.50+A) |0

The characteristic equation is found by expanding the determinant of the system:
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-(0.25+1) 0 0.30
0 -(0.15+4) 020 | =A% + 0.9A% + 0.13254 =0
0.25 0.15  -(0.50+A

Since the system is represented by three variables in y, the characteristic equation is a
third degree polynomial.

In general terms, if a; is the ij element of matrix 4, for ij = 1,2,...,n, then the
characteristic equation of 4 is represented by the diagonal expansion of the following
determinant:

nAoa, . oa,
n A @y, . et

[A-All = = (FAY'+s, (A" +Lws, (-A)+s, =0
a, a, . a,A

where the § coefficients are the sums of certain minor determinants of 4. Specifically, by
a diagonal expansion, 5y =a, +ay,+..+a, and s, = 14].

Characteristic Roots and Vectors

If matrix A4 is of order n, the characteristic equation of A4 is a polynomial of
degree n in the variable A. A polynomial of degree » has » solutions, that is

PV

Each of these solutions is called a characteristic root of 4. For each solution, equation
00 = Ay must hold true. It is expected that, corresponding to the » solutions of the
characteristic equation, there are # linearly independent vectors

VisVaseensV,,

which are the characteristic vectors of 4. Then
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Derivation of the characteristic roots and generation of the corresponding vectors
is shown in the following examples. These examples are related only to solving quadratic
and cubic equations in A. This task is not difficult, but solving higher-order polynomials
becomes increasingly more complicated as the degree of the polynomial increases.
Several numerical methods are available for determining these roots. These methods can
be handled fast and easily by personal computers and even by some pocket size
calculators.

Example 2.3.5 The characteristic equation of matrix 4 in Example 2.3.1 was

A -6
|A-MI:F =A?+20-3=0

2 -5-A

Find the corresponding characteristic roots and vectors.

Solution: Ifthe characteristicequationis A2 + 24 - 3 = (A + 3A - 1) = 0,thenthe
characteristic roots of the system are the following solutions ofthe characteristic equation:

A =-3and A, =1

For a matrix equation Ay = Ay, where y =(y,, y,), the characteristic vector v, for
root A, = -3 satisfies equation 4y = -3y. That is

L

By solving the above equations, it is found that y, = y,. Then, any vector

_3y1
_3y2

3yl - 6y,
2y, - 5y,

_3yl
_3y2

i

where £, is any constant value, is a characteristic vector of 4 and a solution of the system.
The characteristic vector v, corresponding to root A, =1 satisfies equation 4y=y, that is
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[3 —6} 1 1 ) 3y, -6y, =y,
2 -50p, 2 ’ -5, =0

By solving the above equations, it is found that y, = 3y,. Then, any vector

3
v2:k21

where £, is any constant value, is another characteristic vector of 4 and also a solution
of the system,
Defining a characteristic matrix ¥ of solutions is now possible:

NN

Note that the characteristic vectors v, and v, are linearly independent, because |V]#0.

Example 2.3.6 The characteristic equation in Example2.3.2 was A(A* - 34 + 2) = 0.
Find the corresponding characteristic roots and vectors.

Solution: The characteristic roots of the above equation are A, =0, A,=1and A;=2.The
corresponding characteristic vector for root A, = 0 satisfies equation 4y = 0, that is

1-0 3 o | o Y1+ 3 =0 ¥ = -3
7 1-0 S |{p=1lol ;5 T+ y =0 5 oy =
Lo -4 1ol o 4yt y, =0 ¥ = 4,
Then, any vector
-3
v, =k |1
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is a characteristic vector and a solution of the system. The corresponding characteristic
vector for root A,= 1 satisfies equation (4 - )y =0, that is

-1 3 0P fo Y2 =0
Ty, =-5y,
7 1-1 5 (k=0 ; 7y +3y, =0 o
o -4 14| |o ~4, =0 &
Thus, any vector
v, = k
-7

is also a characteristic vector and a solution of the system. The corresponding
characteristic vector for root A =2 satisfies equation (4 -2/)y =0, that is

{1—2 3 0P| o Vi o+ 3, =0 » o= 3,
7 1-2 5{pi=0l ;5 -y +Spm=0 ., y,= y
0 -4 1-2]p, |0 -4y, - y3=0 ys = 4y
Also any vector
3
v, = k| 1
-4

is a characteristic vector and a solution of the system. Then, the characteristic matrix ¥
of the system is
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35 3|k
=1 0 11|k
4 -7 -4l

3

The vectors of the above characteristic matrix are linearly independent.

So far, the examples presented here are related to systems with characteristic
roots all different. If the characteristic equation has multiple roots, the problem is to
determine a set of linearly independent characteristic vectors. In the following example
the system has multiple characteristic roots.

Example 2.3.7 Determine the characteristic roots and vectors of the following matrix:

-1 -2 -2

121J

-1 -1 0

A:

Selution: The characteristic equation is here

-1-A -1 -2
4d-A =11 2-4 1j=(A-DA*-1) =0
-1 -1 -A

and therootsare A, = -1, 4,=1, A,=1. Notethat A,=A;. Hence, A =1 is a multiple root
with multiplicity 2. For root A,=-1, the corresponding vector satisfies equation
(A+Dy=0. Thus

-1+1 -2 21 P 0 -2y, -2 =0 =2
1 2+1 1§, =10 ; Yy +3y,+ y =0 N T
-1 -1 1t [0 V-t =0 Y3 = W
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Then, any vector

is a characteristic vector and a solution of the system. For multiple roots A =1, the
corresponding vectors satisfy equation (4 - )y = 0:

1-1 -2 -2|Pi 0 2 - 2,- 2 =0 = n
1 2-1 1|{pl=o] ; Yt Pt y»=0 oy =0
-o-1r - 3 0 Yy Yy - V3 = 0 Y3 = N

However, the solution must provide here two linearly independent vectors from the same
root. Note that the above equations are all represented by expression y; + }5 + ¥3 = 0.
Then, any vector v, such that 3, + y, + y3 = 0, isan appropriate solution. The following
are two possibilities:

<
i
._.."_M
e
o b o~
N
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Summary

The characteristic equation of a system of linear equations is a polynomial of
degree n in the A, characteristic roots and is obtained by expanding determinant
|4 -A1] =0. Then, equation (4 - AI)y =0 must hold true for each of the characteristic
roots. Corresponding to each characteristic root there is a characteristic vector v,, such

that (A- 41)= 0.
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THE CALCULUS FOUNDATION OF MODELING

The concept of a system is related to the notion of change. Depending on wether
the system is discrete or is continuous, change is usually expressed as difference or as
differential equations.

The objective of this chapter is to present a conceptual overview of difference and
differential equations. Because the calculus of finite differences is frequently overlooked
in formal mathematical training, selected topics of series and finite differences are also
included.

3.1 SERIES
The notion of a series is derived from the summation of the terms of a sequence.
A sequence is a succession of terms formed according to a fixed rule or law. For example,

1, 4,9, 16, 25, ... ,n?

is a sequence, and

1+4+9+16+25+ ... +n°

is a series. Then, a series is defined as follows:

Definition 3.1.1 A series Sn is the sum of the terms of a sequence. When the number of
terms is limited, the series is said to be a finite series. When the number of terms is
unlimited, the series is called an infinite series.

The variable S, is a function of #, the number of terms. When » increases
without a limit, the series is said to be convergent if S, approaches a finite limit, that is

lim S, =4
100
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where u is a positive real number. When S, approaches infinity as a limit, the series is
said to be divergent:

lim Sn = 00

Arrco

Example 3.1.1 Find the value of S, in the following geometric series.
S, =90 (1 + 0964 + 0.9642 +...+ 0.964"1)

Solution: For simplicity, define g = 90 and » = 0.964. Then

S, =a(l +r+rt .+l
rS, = a(r + rt + r3 +.4r"
S, -rS, =a(l -r"
_on
S, = all -r™
1 -r

If |r| < 1, then r" decreases in value as n increases. Therefore

limS - _“4
oo 1 ~-r

The following is obtained when the numerical values are replaced in the above result:

Example 3.1.2 Show that the geometric series is divergent when |r| > 1.
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Solution: S, can be written as follows:

S _ar" -1
" r-1

If |#| > 1,then r” increases to infinity as » increases indefinitely. Thus, S, will become
infinite.

Example 3.1.3 It was found that consumption of molasses reduces pasture consumption
of dairy heifers, as defined by the following equation ':

y =30.1 - 0.501x

where y is pasture consumption in Mcal/day of digestible energy (DE) and x is a molasses
supplement in Mcal/day, also as digestible energy. This effect is illustrated in Fig. 3.1.1.

w
-
)

NRB B8

1
*

Pasture Consumption,
Mcal DE/Day

B B

T T T T T T T T T

1 2 3 4 5 6 7 8 9
Molasses, Mcal DE/Day
Figure 3.1.1

o

Find how much digestible energy as molasses the heifers need for a target total energy
consumption of 34.6 Mcal/day.

Solution: The difference between the target energy consumption of 34.6 and 30.1 and the
pasture energy consumption when the molasses value is zero is 4.5 Mcal/day. Note that,
for each Mcal of molasses, the pasture consumption of the heifers decreases by 0.501
Mcal/day. Supplementing 4.5 Mcal of molasses will decrease pasture consumption in 2.25

1Computed from Beaudouin, J.
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Mcal of pasture. Therefore, an additional supplementation of 2.25 Mcal of molasses is
needed, that will decrease pasture consumption by an additional 1.13 Mcal/day and so on.
Thus, the following geometric series can be defined:

S, =4.5( + 0501 + 0.501? + 0.501°+...+0.501")

Then, the solution is

lim S, - — %5 __ _ 9,02 Mcal/day
o 1 - 0501

This solution is shown in Fig 3.1.2.

35
w 30
Q
5 ;.25‘
§8=
Q%
§ § 15 1 —e— Pasture
2 10 4 —=— Total
Q 5 4
(&
0 8 ‘, S S,=9.J)2

o

2 4 6 8 10
Molasses, Mcal DE/Day

Figure 3.1.2

Note that this system may also be defined by the following set of linear equations:

y =301-0501x
y+x =346

Then, x = 902 and y = 256 .

It is often important to determine the limit of a convergent series when n
increases without a limit. Conversely, for divergent series, it is only possible to determine
the value of S, for a finite value of n. Thus, it is essential to have the means for testing
if the series is convergent or divergent.
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One available procedure to determine the convergence of a series is called the

test-ratio method and may be applied as follows to any series. Let u; +u, +...+ %, +... be

an infinite series. By considering consecutive terms, the following ratio can be defined:

Let p be the limit of R when »n becomes infinite. Then

_ lil’l’l un+l

N+
un

The following rules are here set forth without proof:
«[fp < 1, the series is convergent
«[fp > 1, the series is divergent

«Ifp = 1, the test fails

Example 3.1.4 Test the following series:

PR SO SO TN B o2t 3t C 1 1 1

A l+—+—+—+... R e . + + teoe
11 2t 3! 10 102 10° 1%2 3%4 5x6
Solution:
W R () N R _lim 1 The series is convergent
u, n! n h=® g
B, Yna_(n+D)! 10" n+1 D p = im n+l O ppe ceries is divergent
u, 10" nt 10 nee 10
1 1 . _lim  4n%*-2n -1
U, = ———— 5 U = = P T
@n-1)2n 2n+1)(2n+2) R=% 4n?+6n+2

Note that series C may be either convergent or divergent, meaning that the test failed.
Thus, another testing procedure is needed. Often determining if a series is convergent or
divergent is possible by comparing it term by term with another series whose convergence
or divergence was previously determined.
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Example 3.1.5 Determine if series C in the previous example is convergent or divergent.

Solution: Compare series C term by term with the following convergent geometric series:

Geometric Series: 1+—;-+—1—+-l—+... ;  Series C: 1 I + ! +

2 P 1@ 3@ 56

The terms of the geometric series are never less than the corresponding terms of the series
being tested. Thus, series C is convergent.

Summary

A sequence is a succession of terms arranged according to a fixed rule and a
series is the sum of such terms. When the number of terms is finite, the series is said to
be a finite series. Conversely, if the number of terms is infinite, the series is called an
infinite series. Infinite series are said to be convergent if the sum of its terms approaches
a finite limit when the number of terms increases without a limit. Otherwise, the series
are said to be divergent. Series may be tested for convergence by the test-ratio procedure.
If this method fails, the series may be compared term by term with another series whose
convergence or divergence was previously determined.

3.2 FINITE DIFFERENCES

The topics covered in this section have been aimed at getting a basic knowledge
on finite differences, as related to the manipulation of difference equations in Chapter 6.

Definition of a Finite Difference

Consider the function y = f{f) depicted in Fig.3.2.1. Then, a finite difference is
defined as follows:

Definition 3.2.1 If Ay is the difference between two values of A#) and At is the increment
in the independent variable, then y + Ay = f{t + Af).

Thus
Ay = fit+AD - AP

Ay is called a finite difference. The symbol A is called the difference operator. The
geometrical interpretation of a finite difference is shown in Fig. 3.2.1.
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yH A

€— At — D
0 t At ]?
Figure 3.2.1

Example 3.2.1 Find a finite difference expression for equation y = 2x 2+ 3x.

Solution:

y =2% + 3x
y + Ay = 2(x + Ax)® + 3(x + Ax)
Ay = 2(x + Ax)® + 3(x + Ax) - 2x? + 3x
= Ax(4x + 2Ax + 3)

If Ax =2, then Ay =2(4x+7).

From the definition of a finite difference, it is clear that a relationship exists
between finite differences and derivatives. A derivative is determined if the finite
difference Ay is divided by A¢ and the limit of this ratio is taken when At approaches zero:

lim Ay
Av-0 "Ar

dy _ lim fr+A) - f0)
da A0 At

It is possible to perceive more clearly the analogy between the difference calculus
and the differential calculus by comparing the general rules for finite differences and the
rules for differentiation. The general rules of the difference calculus are presented below:
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Ak =0 ; k = constant
A[RRD] = kAAD)
A[fr) + g(n] = AR + Ag(®)
A[finNg®] = ADAg() + gt+ANAAD = g(OAAY) + Ar+ADAg(D)
= RDAg() + g(DARY) + ARNAL(Y)
Al LD | - 8OARY) - AD)Ag(®)
8" g(ng(t+Ar)

The following are the general rules of differentiation:

ik =0 ; k = constant
dt
d . d
E[kf(t)] = k?ifﬂt)
d -9, 4
E[f(t)Jfg(t)] = dtﬂt) dtg(t)
d 105+ 02
E[f(t)g(t)] —f(t)zg(t) g d/(t)
d d
i[l(_{)_} _ g(f)-‘}“tf(t) 'f(t)zx‘g(x)
dt| g( [g(O)

The differential calculus would give the results of the difference calculus in the
special case when A7 approaches zero as a limit.

Example 3.2.2 Show that A[Ng(5)] = AOAg() + g(OARL) + ARDAZQ).

Solution: According to the definition of a finite difference,

A[fNg(0] = Aet+Ang(t+Ar) - ANg(®)
J+AD = fi) + ARD
glt+Ar) = g() + Ag(D)

After the proper replacements, the following is obtained:

AfNg(n] = IRO+AAD) (1) +Ag()] - ADE(D)
= AR)Ag(®) + gAY + (DAL()
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Note that it is possible to obtain the derivative of the product of two functions by
dividing the difference of the product by Ar and making this to approach zero as a limit:

lim AiAng®] _ d
Ao ~LARE = ZiRg0)]

- o020 + Ainl
= 8O- + f)—g0)

The following are the differences of special functions, which are also analogous
to their derivative counterparts:

Alk™] = k*(k®-1) ; k = constant
AleP] = e®(e®-1)
Alsin kx] = 2sin (kAx/2)cosk(x +Ax/2)
Afcos kx] = -2sin(kAx/2)sink(x+Ax/2)
Afln x] = In(1+Ax/x)
Aflog, x] = log,(1+Ax/x)

Example 3.2.3 Show that A[sinkx] = 2 sin(kAx/2) cosk(x +Ax/2).

Solution: According to the definition of a finite difference

Afsin kx] = sink(x+Ax) - sin kx

sin4d - sinB

This difference formula may be written as’

Afsin kx] = 2sin (A;B) cos (A;B)

= 2sin(kAx/2) cosk(x+Ax/2)

Subscript Notation

Consider the function f{z) and make the transformation ¢ = a + nAt¢ for variable
t. Defining a new function y, is now possible, such that y, = fa +nAf). Then, the finite

2See any manual of mathematical tables
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difference can be written as

Ay, = Afa+nAr)
= fla+nAt+Af) - fla+nAf)
= fla+(n+1)Ar) - fa+nAi)

If a=0 and Az =1, then ¢=n and the new independent variable becomes ne N[0,). Now
the finite difference can be redefined as follows:

Ay, = fin+1) - fin)
= Vo "V

Thus, Ay, is the difference between two values of the dependent variable.

Notethat, because Af = 1, thedifference Ay, is equivalenttothe first derivative dy/dr
in the differential calculus. Note also that y, represents a sequence of values of the
dependent variable, defined over the discrete time scale N. As shown below, the rules of
the difference calculus are not changed by the subscript transformation:

Alk] =0 ; £k = constant
Alky,] = kAy,
AD}n+Zn] = Ayn * Azn
A[ynzn] = ynAZn + Zn+1Ayn

e R
Zn anml
A" = k" (k-1)
Ale*] = e® (e*-1)
Alln n] = In (1+1/n)
Aflog, n] = log, (1+1/n)
Alsin kn} = 2 sin (k/2) cos k(n+1/2)
Afcos kn] = -2 sin (k/2) sin k(n+1/2)

Example 3.2.4 Show that Ay z =y Az +z  Ay,.

Solution: According to the definition of a finite difference, Ay =y, ,, -»,. Then

By, 2, = VyuiZyer = Vi

z, =z, - Az,
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Thus

Aynzn = yn+lzn+l B yn(zrnl B Azn)
= Zn+l sl yn) * ynAZn
= Zn+lAyn + ynAZn

Example 3.2.5 The rate of change of an insect population is described by the following
difference equation:

Vo = Yoy = 500277
where y is number of insects and # is periods in weeks. Find the population growth

equation.

Solution: It foltows that:

Yo = Yy + 500277)
Y =¥, + 500271
Yy =y + 50027 =y, + 50027 + 500272

Y, =Yy *+ 500277) + 50022 + .. + 5002

This solution includes the series

S =21 4224 42
28, =1 +271+ 4+ 270D
S, - 28 = -1 +2™"

Then

Y, =y, +300(1 - 27)

This is a general solution for the given difference equation, where y, is the
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summation constant. If a particular value is assigned to y, , then the solution is called a
particular solution. A particular solution for y_=1000 is shown in Figure 3.2.

-
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Figure 3.2.2 + Rate
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Example 3.2.6 A rancher sells each month 3.6 % of his feedlot steers and buys 90 new
animals. Define a difference equation and the state equation for this system.

Solution: The difference equation is given by the difference of what the rancher sells and
what he buys:

Ay, =y, -y, = -0.036y, + 90

where y is number of individuals and n is periods in months. Then, it follows that:
Yy = (1-0.036) y, + 90 = 0964 y, + 90
y, = 0964 y, + 90
y, = 0.964 y, + 90 = (0.964)* y, + 0.964(90) + 90

vy, = (0.964)" y, + 90[(0.964Y"" + (0.964Y" 2 + . + (0.964)""]
n 0

The following geometric series is included in this solution:
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S =90[1 + 0.964 + 0.964° + ... + 0.964"})
90(1 - 0.964")

1 - 0.964
2500(1 - 0.964")

Then

(0.964)" y, + 2500(1 - 0.964")
2500 + (y, - 2500) 0.964"

Vn

i

The constant y, is the initial number of animals in the ranch. A particular solution for
», = 1000 and the corresponding difference equation are shown in Figure 3.2.3.

2800 +70
2400 o . 60
(7,1
S 2000 * 15 &
£ . S
2 1800 140 &
<) O
& 1200 130 s
Q L 4
g o
S 800 120 ®
2 . @
400 +10
*
* 3
0+ + t + t 0
0 12 24 36 48 80
Periods o Number
. Rate
Figure 3.2.3 *

In the work that follows only the subscript notation will be used.
Summary
A finite difference is defined as Ay =f{r + Af)-f¢). The limit of the finite

difference divided by At is a derivative when At approaches zero. A finite difference can
be redefined in a subscript notation as Ay, =y, -, .
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3.3 DIFFERENTIALS

The derivative of the function y = f{x) is represented by the symbol dy/dx. This
symbol should not be considered as an ordinary fraction with dy as numerator and dx as
denominator but as a representation of the limit of the quotient Ay/Ax as Ax approaches
zero as a limit. As will be shown, giving a geometrical meaning to dy and dx separately
is important.

As exposed in Fig. 3.3.1, dy/dx = tan p = RT/PR. Note that segment RT=dy and
segment PR=dx. Note also that segment RQ=Ay+#dy, except for the particular case of the
straight line y=a+bx. Conversely, always dx = Ax . Then

dy =f(x)dx = f(x)Ax

The symbol dy is called the differential of f{x), the symbol dx is called the differential of
the independent variable x and the symbol d is called the differential operator.
As illustrated above, the differential dy is not equal to the increment of the

Al
|
|
|
|
|
|
|
|
|

Figure 3.3.1

function Ay. However, if Ax is small enough, dy could be an acceptable approximation for
Ay. Usually, calculating differentials and using this value rather than the corresponding
increment is simpler. This is shown in the following example.

Example 3.3.1 The daily average consumption of forage by a group of steers, as a
function of crude protein in forage, is given by the following equation *:

3Vohnout, K., Unpublished.
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_ X
"~ 0.0701 + 0.0102x

y

The variable y is dry matter consumption in grams per unit of metabolic body weight
(W*7) and the variable x is percent crude protein. Find the difference between the
differential of the function and the corresponding consumption increment, when crude
protein is increased from 5 to 10%, from 10 to 11% and from 10 to 15%.

Solution: The first derivative of the mathematical model is

dy 0.0701
dc (0.0701 + 0.0102x)

If dy =fxAx and Ap = fix,) -flx,) then, when protein is increased from 5 to 10% for
Ax =5, the following results are obtained:

& - [ 0.0701 s - 2300
110.0701 +0.0102(5)2
Ay - 10 > 16.82

0.0701+0.0102(10) _ 0.0701 +0.0102(5)

Thus, dy-Ay =7.08. When protein is increased from 10 to 11% for a Ax = 1, the
following relations are obtained:

&y - 0.0701 o7
(0.0701 +0.1020)?
Ay - 11 ) 10 - 293

0.0701 +0.1122  0.0701 +0.1020

Thus, dy-Ay =0.14. When protein is increased from 10 to 15% for a Ax = 5, the
following expressions are obtained:

0.3505
(0.0701 +0.1020)°
15 10

= - = 9.12
0.0701 +0.1530  0.0701 +0.1020

dy = = 11.83
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Thus, dy - Ay =2.71 Note that the difference between dy and Ay increases with the
increase of Ax. Note also that, because of the diminishing returns nature of the function,
as the independent variable increases, the error introduced by the dy

estimate decreases. These relationships are shown in Fig. 3.3.2.

751
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Consumption
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2 4 6 8 10 12 14 18
Crude Protein

Figure 3.3.2

Example 3.3.2 The following equation was fitted to the lactation curve of a group of dairy
cows*:

o
o

y = e 39298 +4111)

where y is milk production, Kg/month and ¢ is months. Determine the difference between
the differential of the function and the corresponding increment in milk production
between 0.5 and 1 month and between 0.5 and 1.5 months in the lactation curve.

Solution: The first derivative of the lactation curve equation is

B 04267 - 1907
dr

Then, the difference in milk production between 0.5 and 1 month is given by the following
expressions:

4 Vohnout, K., Unpublished
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= 0.5¢ 0840267 - 199(0.5)] = 65.7
Ay = e *®Y298 +411] - ¢ #4*I[298 +411(0.5)] = 41.69

&

Thus, dy - Ay =24.0. The difference in milk production between 0.5 and 1.5 months is

dy = e "B0I267 - 199(0.5)] = 131.4
Ay = e BUOIN208 + 411(1.5)] - e ¥409[208 +411(0.5)] = 47.19

Thus, dy-Ay = 84.2.

Data are seldom recorded continuously. Most often, experimental data are
recorded at given intervals of time. Thus, information between data points is lost. As
shown, understanding differentials and increments is important in the design of system
experiments, in relation to the manipulation of errors introduced by the intermittent
collection of data and in relation to the analysis of results.

Summary

The symbol dy/dx is not an ordinary fraction, but the representation of the
derivative of a function. However, dy and dx have a geometrical meaning if considered
separately that is, always dx = Ax but dy » Ay, except for the straight line case. Since
obtaining differentials is simpler than obtaining increments, when Ax is small, dy could
be an acceptable approximation for Ay. Data is seldom recorded continuously. Thus, the
difference between dy and Ay reflects the amount of information lost between increments
in the independent variable.

3.3.4 DIFFERENCE EQUATIONS

The reader has already been introduced in the previous section to the notion of
difference equations. Thus, it should come as no surprise that a relationship exists between
differential equations and difference equations. If a differential equation is an equation
involving derivatives or differentials, then a difference equation is one involving finite
differences.

A differential equation is the limit of a difference equation when the time
increment At approaches zero as its limit. This relationship is shown here using a first
order constant coefficients linear equation:
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im (A L) .
Atao(”g*“y‘b) = twsh

where Ay =y, , -¥,. Then, the first order difference equation may be written as

yn+l byn
At
Vuu — (1 -alAby, = bAt

-ay, =b

As will be shown, the solution of a differential equation is also the limit of a difference
equation when the time increment A approaches zero as its limit.
The solution of the first order constant coefficients differential equation is

s [0 B)ee-2
a a

and the solution of the corresponding difference equation is

Vo = (ﬂO) - ﬁ) (1-adiys+ 2

a a

where t/At = n. The following definitions are from the infinitesimal calculus:

“m(l . l] —e = 271828...
n

[(aded

If n=1/At, then

Hm (1 +At)”A‘ =e lim (1 +At)t/Ar - el : lim (1 _aAt)t/Al - e~at
At-0 Ar-0 At-0

Thus
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l' b /At b _ b ~at b
A;?o{(ﬂo) “‘;) (1 -aAef™ + ;} = (f(o) ‘;)e >

For the purpose of this book, difference equations are classified according to the
following criteria:

» The order and degree of the equation

* Linearity or non linearity

¢ Inclusion or non inclusion of the dependent variable in each term of the equation

* Inclusion or non inclusion of the time variable in one or more terms of the equation

Combinations of all the above factors are possible. Of the above list, order and
linearity are the most relevant for further chapters and are also the most often used to
name a discrete system.

Note that two or more difference equations may form a system. In such case, the
system is called multidimensional.

Order and Degree

The order of difference equations is determined by the sequence of successive
differences of a function and is defined as follows:

Definition 3.4.1 The order of a difference equation is the difference between the largest
and the smallest argument of the function involved. If n+m is the largest argument and
n is the smallest, then the order is (n+m)-n = m.

Thus

Ay, =Ypq =¥,
Ay, = Ay,., - Ay,
= Vg2 ~ Vnet ~ Opa — V)
= Vo = e t Y,
A3yn = Azynd - A2 n
= Vo3 " Wo Ve ~ Upa ~ Wy V)
:yn+3 B 3yrr~2 + 3yn+l - yn

Successive differences as the above can be represented as a difference table. A
difference table is a table that gives successive differences of y =f(n), forn=1,2, ... ,.
The entries in each column after the second are located between two successive entries of
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the preceding column and are equal to the difference between these entries. A difference
table is completely determined when only one entry in each column beyond the first is
known.

As shown in the difference table, entry Azy1 in the fourth column is located
between entries Ay, and Ay, of the third column, which means that A2y1 = Ay, - Ay,,
A3y2 = A2y3 - Azy2 and so on. The first entry in each column is called a leading difference
for the column. Thus, the leading difference for the successive columns are
Ayy, A%y, ... A%,

Note that the first value of n in the difference table is 0. However, the first value
can be any integer number, either positive or negative. Note also that the subscript in each
entry relates that entry to the corresponding value of the independent variable n.

Table 3.4.1

n Y, Ay, | Ay | Ay | Ay | Ay
0 Yo

Ay,
1 ¥ Ay,

Ay, Ay,
2 ¥, Ay, Ay,

Ay, Ay, Ay,
3 Y3 Ay, Aly,

Ay, Ay,
4 Vs Ay,

Ay,
5 Vs

Example 3.4.1 Define the n difference in equation y, = n3 -n? and the corresponding
difference table.
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Solution:
Ayn = (n+1) -~ (n+1)? - *-n?) =3n? + n
A = 3+l + (n+l) - (Bnenm) = 6n + 4
A , = 6(n+l) + 4 - (6n+4) = 6
Table 3.4.2
n yn Ayn Azyn A3yn
1 0
4
2 4 10
14 6
3 18 16
30
4 48

The concept of order is further illustrated in the following examples.

Example 3.4.2 Determine the order of the following equations:

V=Y, =27 Order n-(n-1) = 1

Vo =27, + ,))*  Order n+l - (n-1) = 2

2,5 * 3y, =sin(, ) Order n+2 - (n+1) = 1
Yo * 3y ¥, =0 Order n+2 - n =2

Example 3.4.3 The evolution of a population of birds is given by the following state
equation:

y, = 780 - 1015(0.573)" + 265(0.240)"
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The variable y is the number of individuals and the variable # is periods in years. Define
the corresponding second order difference equation.

Solution: The following is the first order difference equation:

Yo~ ¥, = 780-1015(0.575)""1+265(0.240)" -[780-1015(0.575)"+265(0.240)"]
= 1015[(0.575)"(1-0.575)] -265[(0.240)"(1-0.240)]

The following is the second order difference equation:

Vo~ ¥, = 180-1015(0.575)"2+265(0.240)"2-[ 780 - 1015(0.575"+265(0.240)"]
1015[(0.575)"(1-0.5752)]-265[(0.240Y"(1 -0.240?)]

This second difference equation must now berestructured. For such, the state equation and
the two difference equations can be expressed as follows:

y,=¢c-4+8B
Ay, =ad - bB

A, = ad - b,B

By selecting any two equations in the system, solving for the 4 and B unknowns, replacing
these values in the third equation and replacing the numerical values of ¢, 4, B,
a,, a,, b,, b,, the second order difference equation looks now as follows:

Yy — 0815y, + 0.138y = 252

The reader is encouraged to check the above calculations. This is a tedious
procedure. However, a shortcut is available. Defining a characteristic equation from the
state equation of the system is possible:

(A-0.575)A-0.240) = A? - 0.8151 + 0.138

where A isa characteristicroot. Then y, ,, - 0.815y, ,, +0.138y, = ¢. To find the numerical
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value for ¢, some numerical values for y, ,,, y,,, and y, are needed. For n = 0, the
following equations can be defined:

U}

y, = 780 - 1015 + 265 = 30
¥, = 1015(1-0.575) - 265(1-0.240) + y = 260
¥, = 1015(1-0.575%) - 265(1-0.240%) + y, = 460

i

Then ¢ =460 -0.815(260) +0.138(30) =252

As referred earlier, systems are named according to the order of the difference
equations of their mathematical model. Thus, the system of Example 3.3.3 is a second
order system. .

The following is the definition for degree:

Definition 3.4.2 The degree of a difference equation is the value of the largest exponent
affecting the term of largest order in the equation.

Example 3.4.4 Determine the degree of the following equations:

¥,.,) = (1+y,. ) Second degree
Yy ¥y, =0 First degree

Oy =¥, = ) Third degree

Linearity
A linear difference equation may be defined as follows:

Definition 3.4.3 A linear difference equation is one in which the dependent variable and
any of its differences are of no degree greater than one.

The above definition implies that the dependent variable should not be expressed
as products, logarithms, trigonometric functions or any other non linear terms. If a
difference equation contains a non linear term, it is called a non linear difference
equation. As indicated before, discrete systems are named accordingly. Thus, a linear
difference equation of order m is an equation having the form

go(n)ymm + gl(n)y,,+m_1+---+gm(n)yn = fin)
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where g(n) and f(n) are functions of the independent variable or constants.

| Difference |
| Equations [

I e

| \'7‘4 .
. i May Contain
- Only Linear i non Linear

|
i
: i
| Terms in the Terms in the
{

|
l
Variable | ( Dependent |

Dependent
L Variable
R R
Linear ] Non Linear |
Systems || Systems |
Figure 3.4.1

Example 3.4.5 Determine the linearity of the following equations:

i

Vo = Vpp + 6,4 +3y, =0 Linear
YY1 = y,,2~1 Non Linear
Vpd ~ Vo * W0, =0 Non Linear
Voo — amy, = r(n) Linear

2 3 .
YpyudVa = Yo Non Linear

In some cases non linear equations can be linearized by proper transformations,
as shown in the next example.

Example 3.4.6 Linearize the non linear equations in Example 3.4.5.
Solution: For equation y,y, , = y,,z,l :

Iny, +Iny,,, -2lny,_,

=0
Vo ¥V, -2v,, =0 ;5 v =lny

For equation yy,., -y, +ny,,.y, = 0:
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For equation ymzy,,2 = y,,3+l:

Iny, ., + 2lny" = 31nyn+l
Va3V, +2v, =0 ;v =lny,

Example 3.4.7 The population of a protected bird is represented by the following state
equation:

¥, = (0.606)"(450n + 250)

where y is number of birds and » is periods in years. Find out if the corresponding
difference equation is linear or non linear.

Solution: The graphs of the state equation is shown in Fig. 3.4.2 and the corresponding
difference equation follows.

450 + . T 200
375 -+ 150
@ °
s
o 300 . -+ 100
S @
225 1+5 ®
& . @
.g 150 - P 3 0
= e * .
= 75 . * ™ + -50
DA o
o+—+—+—+——+—+—t—t—tp—t -100
0 2 4 6 8 10 Birds
. [ ]
Periods
+ Rate

Figure 3.4.2
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y, = (0.606)'(450n + 250)
¥,., = (0.606)""'[450(n+1) + 25]
= 0.606(0.606)'(450n + 250) + 450(0.606)""!

= 0.606y, + 450(0.606)""!
Then y, , -0.606y, =272.7(0.606)". This is a first order linear equation.

Example 3.4.8 The number of colonies of some bacteria species in a Petri dish, was found
to grow according to the following state equation:

~ 1
0.0169 + 0.0279(0.9449)"

Vn
where y is the number of colonies and »n is periods in hours. Determine if the
corresponding difference equation is linear or non linear.

Solution: The following is a simple procedure:

1 1
y + = =
"1 0.0169 + 0.0279(0.9449Y!  0.0169 + 0.0279(0.9.449)(0.9449)"

From the state equation, it is found that 0.0279(0.9449)" =(1 -0.016%)/y,. By
replacing this value in the above equation, the following is obtained:

Vn
0.000931y, + 0.9449

yn+1 =

Thus

Vn
yn+[ - = O
0.000931y, + 0.9449

This difference equation is non linear. The state equation and its corresponding difference
equation are shown in Fig. 3.4.3.
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Homogeneity

The property of homogeneity refers to the distribution of the dependent variable
in the difference equation. Consider a linear difference equation of the form

&MY, + &(OW, g+t (MY, = M)

where g(n) represents functions of the independent variable or constants, f{n) is a
function of time or a constant and n+m is the order of the difference equation.

|

. Difference
1 Equations ’ﬁ

S SR
jr Dependent | Dependent
. Vanable in | Variable not
. Each Term | in Each Term |
J Homogeneous| . Non

: ‘  Homogeneous

|

L R |

Figure 3.4.4
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Then the concept of homogeneity is defined as follows:

Definition 3.4.4 A difference equation is called homogeneous if the dependent variable
appears exactly once in each term of the equation and the term f(n)=0.

Definition 3.4.5 If some terms of the equation do not contain the dependent variable, the
equation is non homogeneous.

Example 3.4.9 A sample of homogeneous and non homogeneous equations.

Vpr t WY, t4n, = 0 Non homogeneous
sinny,,, = -cosny, Homogeneous

Vo * ¥, =4 Non homogeneous

Vpir t Vg th =0 Non homogeneous

Vet +f;yn+£; =0 Non homogeneous

A complementary definition applies here:

Definition 3.4.6 Ifall the g (n) terms of the equation are constants, the equation is called
a difference equation with constant coefficients.

Example 3.4.10 An insect control program was tested for one year in a pasture field. The
following state equation was fitted to the data:

y, = 2193(0.6686)" - 1943(0.5359)"

where y is the number of bugs per square meter and # is months. Determine if the system
is homogeneous or non homogeneous.

Solution: The following is the system difference equation:

Vo~ 1.2045y, ., +0.3583y, = 0

The dependent variable appears exactly once in each term of the equation. Therefore, the
system is homogeneous with constant coefficients. The reader is encouraged to check that
the above difference equation corresponds to the state equation.
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Example 3.4.11 Determine if the difference equation in Example 3.3.7 is homogeneous
or non homogeneous.

Solution: Equation y, , -0.606y, =272.7(0.606)" is non homogeneous because the
dependent variable does not appear exactly once in each term. Note that the term
272.7(0.606)" # 0 and does not contain the dependent variable.

The Time Variable
Time is always the independent variable of a system and, unless otherwise
specified, is the only independent variable of the system. The following definitions are

related to the time variable;

Definition 3.4.7 When one or more terms of the equation depend explicitly on the time
variable, the equation is called a time variant difference equation.

Definition 3.4.8 If none of the terms of the equation depends explicitly on the variable
time, the equation is called a time invariant difference equation.

‘4 Difference
Equations 4‘

One or More [ None of the
Terms Depend Terms Depend
Explicitly f Explicitly

_anmi _ LQDJTLMW

Time Invariant

—

Time Variant

Figure 3.4.5

Example 3.4.12 Some time variant and time invariant difference equations:

Yy ¥ Y, 40, = 0 Time variant
sinny, ., = -cosny, Time variant
Yy ty, =4 Time invariant
Ypr*Vyi *¥, = 0 Time invariant

yn+l+_b5yn+°£2_
n n

=0 Time variant
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Example 3.4.13 An insect population was monitored for one year in a pasture field. The
following is the state equation fitted to the data:

y, = 152 + 149n%7%(0.440)"

where y is the number of bugs per square meter and » is months. Determine if the
corresponding difference equation is time variant or time invariant.

Solution: The above expression has the following first order difference equation

152 + 149(n+1)2%8(0.440)""!

it

yn+l

"

228
152 + (y_ - 152) T_l) (0.440)
n

2.28 2.28
152+ 0.440( ””] V- 152(0.440( 13_1)
n

n

Thus

n+l 228 n+l 228
Yo —0.440( . ) y, = 152—66.9( . )

This is a first order, non homogeneous time variant difference equation.

Example 3.4.14 The population of an animal species is represented by the following state
equation:

¥, = 309+ 957( %) cos[%l‘_(n - 0.3648)]

where y is the number of animals and # is the number of generations. Determine if the
corresponding difference equation is time variant,or time invariant.

Solution: The following is the difference equation representing this system:
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Vi +0.5y,.,+025y, = 540

This is a second order, non homogeneous time invariant equation.
Summary

Difference equations are expressions involving finite differences. The order of
a difference equation is the difference between the largest and the smallest argument of
the function involved. If n+m is the largest argument and # is the smallest, then the order
is (n+m)-n = m. The degree is the value of the largest exponent corresponding to the
largest order term. A linear difference equation is one in which the dependent variable and
any of its differences are not of degree greater than one. Otherwise, the equation is non
linear. A difference equation is called homogeneous if the dependent variable appears
exactly once in each term of the equation, otherwise is non homogeneous. If one or more
terms depend explicitly on the variable time, the equation is time variant. If none of the
terms depends explicitly on the time variable, the equation is called time invariant.
Discrete systems are often named according to the type of difference equation of the
mathematical model assigned to define the system.

3.5 DIFFERENTIAL EQUATIONS

A differential equation is an equation involving derivatives or differentials. In
this book, difference equations are classified according to the same criteria defined
previously for difference equations:
* The order and degree of the equation
* Linearity or non linearity
* Inclusion or non inclusion of the dependent variable in each term of the equation

¢ Inclusion or non inclusion of the time variable in one or more terms of the equation

Continuous systems are usually named according to the type of differential
equations of the mathematical model of the system.

Order and Degree
The order of differential equations is defined as follows:

Definition 3.5.1 The order of a differential equation is that of the derivative of highest
order in the expression.
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The order of a differential equation is determined by the sequence of successive
derivatives of a function. Thus, the first derivative of a function determines a first order
differential equation. The second derivative determines a second order differential
equation and so on.

Example 3.5.1 Find the successive derivatives and the order of equation y = 3x4

Solution:
P _ 12x3 First order
dx
2
did) _dy 36x%  Second order
e\ dx dx?
3
aldl )\ _dY _ 7 Third order
e\ de\ dx &l
4
_d_ fi j_ E’X = g—y =72 Fourth order
e\ dx\ dx\ dx et

el A T First order
dx
2 3
i_y_ + 4[ _dl) +4 =0 Second order
dx? dx
3
i_y_ + y2(1+ x4) = Third order
dx3

Second order

In general terms, the order of a differential equation is related to the dimension
and complexity of a system. This statement is illustrated in the following example.

Example 3.5.3 The growth of the population for two species of insects is given by the
following state equations:

305¢"1
563¢ "0

Y First species

Y,

i

Second species
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The variable y is the number of individuals and the variable 7 is time. Find the differential
equations for each of the two species of insects and for the two species combined as a
single system.

Solution: The following are the first order differential equations for the above species:

D1 3050190.10)
@t
D1 _ 5630000 08)
dt

These equations can also be expressed as follows:

dy,

— - 0.10y, =0
dt 1

dy,

—= ~0.08y, =0
dr 72

The state equation, for the two species combined, is given by joining the state equations
of each single species. This state equation and its first and second derivatives are shown
below:

y = 30560.101 + 56330.08!
%y; - 305¢%190.10) + 563¢°9%(0.08)
dzy _ 0.107 2 0.08¢ 2
€5 = 305¢°10,10) + 563¢°°%(0.08)
t

The second derivative must now be restructured. For such, the above system of equations
can be expressed in the following terms:

y=4+8

D a4+ B

dr

2
4Y . (@24 + (b7B
dt?
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By selecting any two equations in the system, solving the 4 and B unknowns and
replacing these values in the third equation, the second order differential equation
becomes

d% dy
L2 (a+bh)= +aby = 0
= ( )dt Y

Thus, the second order differential equation is

2
4y 0189 . 0.008y = 0
ar? dt

The second order differential equation represents the two insect populations
combined, which is a larger and more complex system than any of the single species
represented by the first order differential equations. The reader is encouraged to check all
the above operations.

Note that it is possible to define a characteristic equation from the state equation
of the system. By defining the characteristic equation of the system, it is possible to
determine its differential equation directly from the state equation.

The following definition stands for degree:

Definition 3.5.2 The degree of a differential equation is the value of the largest exponent
affecting the largest order differential term.

Example 3.5.4 Determine the degree of the following equations:

BN
dx2
dy

dy ! Se
= cond degree
g 8T

x .
= = -2 First degree
dx y &
2
gx% +y=0 First degree
2,)3 4
(1—)2)) = ( y+ %) Third degree
dx



100 3:The Calculus Foundation of Modeling

Linearity
A linear differential equation is defined as follows:

Definition 3.5.3 A linear differential equation is one in which the dependent variable and
any of its derivatives are of no degree greater than one.

The above definition can be represented by the following expression:

1
Y +gy =)

d’y ar
g, +g,()
Tder U den

where g(f) represents functions of the independent variable or constants and 7 is the
order of the differential equation. This means that the dependent variable should not be
expressed as products, logarithms, trigonometric functions or any other non linear terms,
such as

—
& |&
snmmmm—

. ™
—
& &

), y?, siny, ylny

If the differential equation contains a non linear term, it is called a non linear
differential equation. As indicated in Fig. 3.5.1, systems are named accordingly.

" Differential |
| Equations
| A —
| | |
, | May Conftain
Only L(near } ngn Linear
Terms in the | ' Terms in the
Dependent ' Dependent
B R
. Linear | Non Linear
Systems iL Systems

Figure 3.5.1
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Example 3.5.5 A sample of linear and non linear differential equations:

- =8 Linear

_d_‘y_ = X L‘
e +2xy = e inear
@

= y? Non linear
dt
& t’ =0 Linear
dr

2
(%) +yer =1 +x Non linear

x=Z =43 Non linear

Example 3.5.6 The following state equations were obtained from “in situ” digestibility
data of forage samples®:

74.9 -~ 30.6e 00113 - 38 7p 009
1

0.0157 + 0.0335¢ 09743

<
I

where V is percent digestion and ¢ is time in hours. Determine if the differential equations
of the proposed state equations are linear or non linear.

Solution: The first and second derivatives for the first state equation are shown below:

D~ 0.0113(0.6) 01 + 0.0928(38.7)e O

2
%%i = ~(0.0113)%(30.6)e **'"¥ - (0.0928)’(38.7)e ¥
t

>Computed from San Martin, F.A.
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The state equation and its derivatives can be expressed as follows:

y-c¢c=4+8
D a4+ b8
dt

2
4Y - a4 - bB
dr?

where 4 and B are the exponential expressions. By selecting any two of the above
equations, solving the 4 and B terms and replacing these values in the third equation, the
differential equation representing the system is obtained:

2
4y, (a + b)id:v- + aby = abc
dt? dt
2
4% 010512 + 0.00105y - 0.0785
dr? dt

The first mathematical model is linear. Note that the characteristic equation of the system
is here

(A +a)YA +b) =A%+ (a+b)A +ab
(A - 0.0113)A - 0.0928) = A% - 0.1051A + 0.00105

Note also that the characteristic equation can be determined directly from the state
equation. As disclosed before, determining the characteristic equation becomes a shortcut
for determining the system differential equation.

The following is the first derivative of the second state equation:

dy _ 0.0743(0.0335)e -0.0743¢
dt (0.0157 + 0-033560‘0743’)2

The reader is encouraged to establish that this equation can also be expressed as follows:

3‘3’; + 0.00117p? - 0.0743y = 0
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The second mathematical model is non linear and is known as the logistic equation. The
logistic equation is widely used to describe growth processes, mainly in bacterial
populations. “In vitro” and “in situ” processes are related to bacterial digestion. As

illustrated in Fig.3.5.2, both models fit the data accurately, however the linear model is
a first choice.

75 -
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2 A Data

‘: «
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> .
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Time, Hours

Figure 3.5.2

The statistical results for the two models are shown in the following table:

Table 3.5.1
Model R? Sy ”
Linear 0.999 0.782
Non Linear 0.974 2.87

As disclosed in the example, linear mathematical models can often describe
agricultural data at least as accurately as non linear models. Since agricultural research
is an empirical science and linear models are easier to manipulate than non linear, the
linear approach may be the first modeling choice.

Homogeneity

Given a differential equation of the form, where g(#) represents functions of the

independent variable or constants, ff) is a function of time or a constant and # is the
order of the differential equation
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n-1
£, 0% - +g1(t‘ e By = O

the following definitions apply:

Definition 3.5.4 A linear differential equation is called homogeneous when the dependent
variable appears exactly once in each term of the equation and the term f{r) =0.

Definition 3.5.5 When some terms in the equation do not contain the dependent variable,
the equation is called non homogeneous.

Definition 3.4.6 If the g(x) expressions represents only constant terms, the equation is
called a differential equation with constant coefficients.

| Differential |

| Equations ||

=
rmDependent \ Dependent }
' Vanable in | . Variable not |
. Each Term | _in Each Term J
L L LU
——»—'_YL#—‘W V""——LL——_—\
\ | i I

| | Non t
Homogeneous lHomogeneous {
S N,‘J S —
Figure 3.5.3

Example 3.5.7 A sample of homogeneous and non homogeneous differential equations:

2
dy tﬂ +4y =0 Homogeneous
dr? dt
sinx% = -cosxy  Homogeneous
2

ﬂ + L4 +x =0 Non homogeneous

ax?
_idl’. -~ _b_y + L= 0 Non homogeneous
ac  x¥  x



3.5:Differential Equations 105

Example 3.5.8 The difference between the number of cattle, adjusted by the method of
put and take and the carrying capacity of a pasture land is given by the state equation

y = e [10.0c05(2.09¢) + 14.4sin(2.09)]

where y is the error between real numbers of cattle and carrying capacity and ¢ is time in
years. Determine if the differential equation of the system is homogeneous or non
homogeneous.

Solution: The reader is requested to find the first and second derivatives and rewrite the

differential equation in the proper manner, as it was done in previous examples. Hint,
make

A = e %%c05(2.096)
B = ¢ %% sin(2.09¢)

Then, the following is the second order differential equation of the system:

dy

+ 1309 4 485 - 0
de? dt

This is a homogeneous differential equation with constant coefficients.
Example 3.5.9 The rumination pattern of a group of steers can be described by the
following state equation®:

y = 239¢ -1.34¢ tl.lS
where y is percent of animals ruminating and / is time in hours after feeding. Determine
if the differential equation of the system is homogeneous or non homogeneous.

Solution: The following is the first derivative of the state equation:

Vohnout, K., Unpublished data.
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at

This equation can also be written as

at

which is homogeneous.

The Time Variable

@_ - 239el.34t tl.lS (

ﬂ+(1.34-—~
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113 ~1.34)
t

Jy -0

As with difference equations, time is always the independent variable of a system
and is the only independent variable of the system, unless otherwise specified. The same
definitions applied to difference equations also apply to differential equations:

Definition 3.5.7 When one or more terms depend explicitly on the time variable, the

differential equation is called time variant.

Definition 3.5.8 If none of the terms depends explicitly on the variable time, the

differential equation is called time invariant.

Differential

|
| Equations |

—_—l
. One or More |
. Terms Depend |
[ Explicitly |
{__onTime |

. Time Variant |

! |

None of the |

Terms Depend |

Explicitly |

L__onTime |
|

-y

§
Time Invariant ‘

.

Figure 3.5.4

From the above definitions, any differential equation with constant coefficients,
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such as equation in Example 3.5.8, is clearly always time invariant:

2
4V 1309 4855 = 0
dt? dt

Conversely, the differential equation in Example 3.5.7 is time variant:

@+(1.34 —lﬁ)}mo
dt t

An additional example follows.

167

Example 3.5.9 The following is a fitted equation for the feeding pattern of a group of

feedlot steers’:

y = 29.5¢ 0476667 | 47 5, 026(-18.17

where y is percent of steers eating and ¢ is the time of the day in hours. Determine if the

corresponding differential equation is time variant.

Solution: The set of derivatives of the system is

D - 3088 (1-6.6)e TN - 27.17(1-18.1)e DI
2 N 5

%{ = -53.92(t-6.6)7e ETU6E _ 15.54(r-18.1)Pe 02U
14

By using the procedure outlined in Example 3.5.6, the differential equation of the system

was determined as follows:

"Computed from Ray, D.E. and R.E. Roubicek
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dy _, dy
= ~2U0.476 +0.286)~6.6(0.476) - 18.1(0.286)) &

+4(0.476)(0.286)[ +(6.6 +18.1)t +6.6(18.1)]y = 0

After simplification, the above equation becomes

dzy dy 2
:1—; - (1.5241-16.636)7+(0.545t +13.450t+65.051)y = 0
t

This is a time variant system.
Summary

Differential equations are expressions involving derivatives or differentials. The
derivative of highest order determines the order of the equation and the degree is
determined by the value of the largest exponent affecting the largest order differential
term. When the degree of the dependent variable and any of its derivatives are not greater
than one, the equation is called linear, otherwise it is non linear. When the dependent
variable appears only once in each term of the equation, the equation is called
homogeneous, otherwise it is non homogeneous. When one or more terms of the equation
depend explicitly on the time variable, the equation is called time variant. Otherwise, it
is called time invariant. Time is always the independent variable of a system. Systems are
usually named according to the type of differential equations of the model assigned to the
system.
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SELECTED TRANSFORM PROCEDURES

Several procedures, used in finding solutions to differential and difference
equations, are based on the replacement of functions of a real variable by functions of a
complex variable. Two important methods for solving linear differential and difference
equations with constant coefficients are introduced in this chapter, the Laplace transform
and the Z transform. A good knowledge of partial fractions and complex numbers is
necessary for the manipulation of these transform procedures.

4.1 PARTIAL FRACTION EXPANSIONS

A rational functionis a fraction of which the numerator and the denominator are
polynomials. If the denominator can be broken into its real prime factors, then complex
rational functions can be expressed into simpler forms called partial fractions. This
process of representing rational functions is called partial fraction expansion. Thus, a
partial fraction expansion may be defined as follows:
Definition 4.1.1 A partial fraction expansion is the process of representing a rational
function as the sum of partial fractions, each one of which has a real prime factor as
denominator
Two situations will be discussed here:
» The denominator of a fraction contains only first degree factors of the form (ax+b)"

« The denominator of a fraction contains second degree factors of the form (ax?+bx+c)"

The denominator is of the form (ax+b)". An expression of the form

n-1 n-2
cX + CyX +oeee 4+ c,

(ax+b Nayx+b,) ... (ax+b)

in which the denominator is the product of » first degree linear factors, can be expanded
as a sum of » simpler terms, such as
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Al . A2 An

+ o+

ax+b, ax+b, ' ax+b,

A procedure for solving the above identity for coefficients 4,, 4,, -, 4, is shown in the
following examples.

Example 4.1.1 Find partial fractions for the following equation:

2x4-5x3-5x2+5x+3
23 +x?-2x-1

Solution: The degree of the numerator of this fraction is greater than the degree of the
denominator. Therefore, by dividing the numerator by the denominator, this fraction may
be reduced to a mixed expression:

2x? + 4x A B C

-3 4

+ =X
x+1)(x+1)(x~1) 2+l x+1 x-1

The last term is a fraction having the degree of the numerator less than the degree of the
denominator. This new fraction can be written as

2x? + 4x A B C

+ +

o DE )1 2x¢l  xe1 x-1

By taking a common denominator, the following expression is obtained:

2x? + dx = A(x+Dx-1) + BRx+D(x-1) + CQRx+1)x+1)
= (4+2B+2C)x? + (3C-B)x - (4+B-C)

This identity is true if
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A+ 2B +2C
- B +3C
A+ B~ C

oo
S AN

Then, the solution for this system of equations is 4=2, B=~1, C=1. Thus

2ct-5x3-Sxtesxe3
203 +x2-2x-1 2+l x+1 x-1

Example 4.1.2 Find partial fractions for

s? + 0.845s + 0.149
s? + 1,190s + 0.127

Solution: The degree of the numerator and denominator are the same. Therefore this
expression can be expanded as follows:

52+0.8455+0.149 -1+ B . C
5$2+1.1905+0.127 s+1.071 5s+0.119

where 1.071 and 0.119 are the roots of the quadratic expression in the denominator. After
taking a common denominator, the equation becomes

52+0.8455+0.119 = 52+1.1905+0.127+(B+C)s+0.119B8+1.071C

Then -0.3455+0.22 = (B+C)s + 0.1198 + 1.071C. This equality is true if

B
C

-0.345
0.022

1 1
0.119 1.071

The solution of this system is B = -0.4112, C = 0.0662. Thus
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s2+0.8455+0.149 . 04112 , 0.0662
5%+1.1905+0.127 s+1.071  5+0.119

Example 4.1.3 Find partial fractions for the following equation:

3x2+4x-1
(x+2)%(2x+1)

Solution: For every n linear factors in the denominator, there must be the sum of n partial
fractions. The denominator of the above fraction is of the third degree. Therefore, this
expression can be expanded to three partial fractions:

3xl+dx-1 _ A B C

+ +

22 2x+l)  x2 (xs2P  2x+l

Then 3x%+4x-1=(24+Cx? +(54+2B+4C)x +24+B+4C and

20 1||4] |3
s 2 4||B| = |4
21 4]|c] [-1

The solution of the above system is 4 =2, B=-1, C=-1. Thus

3x2+dx-1 2 1 1

x2P@x+l)  x+2 (xe2  2x+]

The denominator is of the form (ax?+bx+c)". When the denominator contains
quadratic factors of the form (ax?+bx+c)" , where n is a positive integer, for every such
factor there will be a corresponding sum of » partial fractions of the form
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Ax+B, . Ax+B, s Ax+B,

ax?+bx+c  (ax?+bx+c)? (ax?+bx+c)"
Non quadratic factors are dealt with as before.
Example 4.1.4 Find partial fractions for the following equation:

4
@2+ 1) e-1)?

Solution: The second degree factor is here (x2+1)? for n= 2. Factor (x-1)? is first degree
and should be treated accordingly. This equation can be written as

4 _ Ax+B = Cx+D E F

+ +

@2+ DHx-1? x2+1 @312 x-l (e-1)?

By taking a common denominator, the following expression is obtained:
4 = (Ax+B)(x?+1)(x-1) + (Cx+D)(x~1)* + E(x~1)(x?+1)? + F(x%+1)?

For x = 1, the above equation becomes 4 = F(1+1)2. Then, F = 1. Substituting this value
in the equation and dividing throughout by (x - 1), it is found that

(e +x?43x43) = (Ax+B)x7+1)(x-1) + (Cx+D)x-1) + E(x?+1)?

As before, for x=1, E=-2. Substituting this value in the equation and dividing again
throughout by (x - 1), the following expression is obtained:

203 +xt+4x+1 = (Ax+B)(x2+1) + Cx + D
= Ax® + Bx?2 + (4+Cx + B + D

Finally, the following results are obtained after equating the coeflicients:
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A=2,B=1, A+C=4, C=2, B+D=1, D=0

Thus
4 =2“x+1+ x 2 1

+

241212 x%+1 @2+ x-1 (x-1)?

Summary

Partial fractions are expressions derived from more complex rational fractions,
provided that the denominator can be broken into its real prime factors. Two cases were
discussed: when the denominator contains only first degree factors of the form (ax +b)”
and when the denominator contains second degree factors of the form (ax?+bx +c)",
where n is a positive integer.
4.2 COMPLEX NUMBERS

Complex numbers may be defined as follows:

Definition 4.2.1 A complex number is an expression having the form « + /8, where ¢ and
{3 are real numbersand | = y/~-1.

The « value is called the real part, B is called the imaginary part and i is the imaginary
unit. Operations with complex numbers are the same as in the algebra of real numbers,
replacing i2 by -1 when it occurs. Inequalities for complex numbers are not defined.
The Complex Plane

A complex number « +iP can be represented as a point in an XY plane, called
the complex plane, with the a value plotted along the X axis and the § value plotted along

the Y axis.

Example 4.2.1 Locate the following points in the complex plane:

py=4+3i, py=4-3i, p;=-4+2i, p,=~-3-21 ps=2+i

Solution: The requested points are shown in Fig. 4.2.1
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3r ¥ 4431
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i
T
3 v 4-3
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Figure 4.2.1

Example 4.2.2 The difference between the carrying capacity of a pasture land and the real
number of cattle is given by the state equation

y = e 91[10.00cos(2.09/) + 14.43sin(2.09)]

where y is % difference and ¢ is time in years. The following is the corresponding second
order linear differential equation:

2
LN 1.386% .« 4848y = 0

Define the characteristic equation’ of the system and the roots of the equation as complex
numbers.

Solution: The following is the characteristic equation of the system:

IThe concept of characteristic equations was defined in Chapter 2.
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A2+ 1.386) +4.848 = 0
where A is a characteristic root. Then
o= 21386 - g9
2_
ip - v1.386 24(4.848) - 2.09;
= -0.69+£2.09i

Note that « and B are coefficients of the state equation. This is a cyclical or periodic
function and can be defined on a polar coordinate system.

Polar Form of Complex Numbers

As shown in Fig. 4.2.2, the x and y values of a complex number & +i[} are

rcos9
rsin 6

X
y

o

where 7 = y/x? +y? is the distance between p(x, ») and the origin 0 and 0 = tan"'(y/x)
is the angle, in radians, between r and the abscissa.

yA
y P, y)
r r sin@
ey
- 1 N _ R v,,,,,,,,,)

0 r cosO X X

|

Figure 4.2.2

Then, if y =sinB, x =cos0 and »= 1, it follows that x + iy = r(cos0 +isin0) and
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x - iy = r(cosO - isin0). These expressions are called polar forms of a complex number
and r and O are called polar coordinates. If x is measured in radians, then

e

e 0

cosO + isin®
cosO - isinB

#

These expressions are known as the Euler’s formula. As a test, note that

(cos® +isinB)(cosO - isin0) = cos?0 +sin?0 = 1 and % ® = 1.

Thus

x + iy =re®

x - iy =re

[t}

The relation between Cartesian and polar coordinates is shown in Fig. 4.2.3.

yr———px) p(.0)
% s g r sm 0
P A
ol =¥ T R
Figure 4.2.3

The radius » modulates the amplitude of a cyclical function and the angle © modulates the
frequency. This is illustrated in the following example.

Example 4.2.3 Show the graphs for functions y = rsinat and y = rcosat, where a is the
angle between the radius » and the polar axis and ¢ is value of the independent variable.

Solution: As shown in Fig. 4.2, a full cycle or period of the function has the value 2n/a.
Thus, by increasing the value of a the cycle is decreased. Note also that the amplitude is
increased by increasing the value of .
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y = rsinat
r 4
\\\
S ; )
VIa 3ﬁ<
-r+
Figure 4.2.4a
4
r y = rcosat
0 | - : T
nvnma SW%
-r +
Figure 4.2.4b

Example 4.2.4 Show the graph of equation

y = e %9[10.00c0s(2.097) + 14.43sin(2.091)]

as defined in Example 4.2.2.

Solution: As shown in Fig. 4.2.5, the cycle of this function is 2nt/a =6.28/2.09 =3 years.
Note also that the amplitude decreases with time according to the exponential expression
e 9% As was shown in Example 4.2.2, the roots of the characteristic equation of this
system are A = -0.69+2.091.
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Summary

Complex numbers are expressions having the form x + iy where x and y are real
numbers and i=y/~1. Complex numbers can be represented as a point in the XY plane,
called the complex plane or in a polar form such that x = rcos0 and y = rsin@, where
r=yx?+y? and O =tan"'(y/x).

4.3 THE LAPLACE TRANSFORM

The process of solving linear differential equations by Laplace transforms is
outlined in Fig. 4.3.1.

PR U —

Q

[ Algebraic Equations ]J

e

\/

‘lr Algebraic Solutions E

Inverse #ansform

{ State Equations

Figure 4.3.1
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The Laplace transform allows complicated differential equations to be reduced
to simple algebraic expressions. Then, the inverse transform of algebraic solutions
become solutions of the differential equations. When the independent variable is time, the
Laplace procedure transforms differentiation and integration operations in the time
domain into multiplication and division operations in the frequency domain.

The relationship between a Laplace transform and its inverse is similar to the
relationship between a logarithm and its antilogarithm or between the derivative and the
anti-derivative. The Laplace transform is the technique of choice for solving linear
differential equations with constant coefficients.

Definition of the Laplace transform
The following notation is often used to indicate that a function F£{s) is the Laplace
transform of f{r). Herein, the symbols £, g and h are used for defining an input function,

a state function and an output function, respectively. The symbol L is called the Laplace
operator and indicates the Laplace transformation.

Fs) = LIAD)

The following notation signifies that f{¢) is the function whose transform is F{(s):

fity = L7'[Fs)]

where the symbol L i

complex variable

is called the inverse Laplace operator. The new variable s is the

§ =0 +IWw

It

where o and  are real variables and i = /1.
Then, the following is the formal definition of the Laplace transform:

LD = F(s) = fo fnye ' dt

where ¢>0is areal variable, s = 6 +iw and i = /~1. This process transforms a function
D) to F(s) by multiplying the function by e * and then integrating over ¢, between zero
and infinity. The symbol 0 is usually used to deal with functions that are discontinuous
at £=0. Whereas ¢ could be any variable, it is used here only to denote time.
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Example 4.3.1 Find the Laplace transform of e .

Solution: L[e '] = f “e Seldt = -1 e 6D o 1
0 s+1 s+1
Laplace transforms, for the most frequently used equations, can be located in
tables. However, when a transform of a particular equation is not found, determining it
by the above process is possible.

Example 4.3.2 Find the transform of function x = ¢2,

Solution: F(s) = f‘”t V2o ~sigt, Let t=u® and dt =2udu. Then
0

F(s) = fomue = Qu)du = Zfowuze"’”zdu

The solution of this integral can be found directly in a table of definite integrals:

Fis) = VT

2s3/2

Laplace transforms of linear differential equations with constant coefficients are
rational fractions. When the inverse transform is not found in tables, the inversion process
is greatly simplified by partial fraction expansions, as shown in the following example.

Example 4.3.3 Find the inverse of the following transform:

2
F(s) = 572
s(s+2)(s +3)
Solution:
2
As) = s°+2 :é+ b+C
s(s+2)(s+3) s s+2 s5+3
_ 5X4+B+C) +s(54+3B+2C) + 64
s(s +2)(s +3)
Clearly
A+ B+ C =1
54 +3B +2C =0
64 =2
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Then, 4=1/3, B=-~3 and C=11/3. The new transform is

F(s):l—B— 3 +11/3
s s+2 s+3

The inverse of the above fractions are easily found in tables. Thus

Je 2 11 e

- +—

1

1) = —
f) 3
Selected Properties

The following properties of the Laplace transform will be used extensively in this
book.

Property 1. The Laplace transform and its inverse are linear transformations between
functions defined in the domain of the real variable ¢ > 0 and functions defined in the
domain of the complex variable s, that is

k F\(s) + k,F,(s) is the Laplace transform of kf,(¢) + k,£,(1)

and

k. /(D) + k£ (1) is the inverse of k,F\(s) + k,F,(s)

Example 4.3.4 Find the Laplace transform of 3¢ “+e .

Solution: From a table of Laplace transforms, L[e ] = 1/(s +1) and L[e ¥] = 1/(s +2).
Then

L3¢ + e = 3L[e'] + Lle ¥] = 3 .1
s+1 s+2

Property 2. The Laplace transforms of the derivatives of a function £r) whose transform
is f{s) are
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L{g;f(t)j _ SF(s)~f(0)

d? o B ~ _"ci
LS| = 50 ~S710) - 10)

d” ~_ " _;;~1 _oa2d _n~3_§i o _ar!
HEAO| = 50~ 05240 50 O

where ~;l—n—f(0) is the limit of glf(t) as £ —» 07 .
t " t "

Example 4.3.5 The digestion of the cell walls of a forage is represented by the following
differential equation®:

b, 0.082y = 0
dt

where y is percent digestion and ¢ is time in hours. Find the state equation for an initial
value of 54.

Solution:

L‘%} +0.082Z[y] = sG(s) - y, + 0.082G(s) = 0
(s +0.082)G(s) = y,

Yo
G(s) =
) s +0.082
where ¥, is an initial value. Then
- Yo
=L Y4_Z%
7 5+0.082

2Computed from Van Soest, P.J.
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Given y, = 54, the inverse transform, as found in tables, is the state equation

y = 54¢ -0.082¢

Note that the notation G was used here to symbolize a state related function.

Example 4.3.6 The concentration of ammonia in the rumen of sheep, after eating a food
containing urea, is given by the following first order differential equation®:

P, 0.5y = 45¢7%%
dt

where y is NH; in mM/liter and ¢ is time in hours afier eating. Find the state equation.

Selution: The following is the transformed differential equation:

45
- 0.5 =
SG(s) -3 + 0.5G(s) = —=

Yo 45

o) = s+0.5 * (s +0.5)?

If g(0) = 11, the state equation is the inverse transform of the above, that is
y = 11e™ "+ 45170 = ¢ 03451 + 11)

Example 4.3.7 The growth of a group of steers is represented by the following differential
equation:

2
4y 1989 , 0789y - 616
dr? dt

2Computed from Streeter, C.L. et.al.
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where y is body weight in Kg and 1 is years. Find the state equation.

Solution:
2
09204 §1.98% |+ 1[0.789y] = L[616]
dr? dr
s2G(s) - sy, -y + 1.98[sG(s) - y,] + 0.789G(s) = 616
s
G(s)(s>+1.985+0.789) - y (s +1.98) - y,° = 616
S
Then

Gs) - Yols+1.98)+yy” 616
(s+1427)(s+0.553)  s(s+1.427)(s+0.553)

For initial values of y, =30 and y,’ = 183, the state equation is the following inverse:

y - Luz[ 30(s +8.08) } . L‘l[ 616 ]
(s +1.427)(s +0.553) s(s + 1.427)(s +0.553)

By looking at transform tables, it is found that

y - 30{(8.08~1.427)e‘1-427' - (8.08—0.553)e‘°’553’}

0.553~1.427
616 [l _0.553¢ 14771 41,427 ¢ 03
1.427(0.553)] 0.553 - 1.427

Thus

y = 780 + 2656 -1.427¢ _ 1016@ -0.553¢
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Example 4.3.8 Body weight and efficiency of milk production in a group of Holstein
cows were related by the following set of differential equations’:

dy

ar

~0.399526 0 238.890
+
-0.007892 0 4.569

4.17028
+ 11
0.07011

for ¥ =(y1, y2) , where y, is body weight in kilograms, y, is kilograms of milk per

Mcal of metabolizable energy, ¢ is months after calving and matrix 4 defines the relations
between the state variables. Determine the state equations.

Solution: This is a multidimensional linear model reducible to the form

ar =AY +X
dt

The following is the Laplace transform of the above equation:

sG(s) - Yy = AG(s) + F(s) or
(sl — AYG(s) = )6 + F(s)

where (sI-4) is the characteristic equation of the system, G(s) is the set of Laplace
transforms corresponding to the set of state variables, Y is the set of initial conditions

and F{(s) is the set of Laplace transforms of the input functions represented by .X. Then,
the following is the Laplace transform of the system equations:

5+0.3995 0 238.890 1 4.170 |
= + 4+ —
0.007892 s ® 14569 |s ]0.07011]42

where the characteristic equation of the system is as follows:

3Computed from Miller, R.H. and N.W. Hooven, Jr.
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+0.3995 0
Is7-4 = = s(s +0.3995)
007892 s

The following is the Laplace transform for body weight:

,238890 4170

01 3
1 § s
G(s) = ——————
(s +0.3995) 4.569 0.07011
oz*“—“s e s
A

Yo, 238890 4170
5+0.3995  s(s+0.3995)  $%(5+0.3995)

where y,, = 607and y,, = 1.25 are initial values. After finding the inverse for the above
transform and rearranging terms, the state equation for body weight is

¥, = 572+10.41+35.1¢ 040

The following is the Laplace transform of efficiency:

238.890 4.170
+ +

+0.3995
i . Yot s 52
P S) = e
s(s+0.3995) 007892 Yoyt 4.569 R 0.07;)11
§ s

_ Y 4569 0.07011 _ 0007892 [  238.890 , 4.170
s 5 5 5403993 52

The inverse of the above transform is the state equation of efficiency :

¥, = 0.5577 +0.056341 +0.02892¢2 +0.6923¢ ~0-4%
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The reader is encouraged to check the above solutions.

Property 3. The Laplace transform of the integral f ‘A(v)dr of a function f(f) whose
Laplace transform is fs) is 0

- f®
s

L{ [ o

Example 4.3.9 The lactation curve of a group of dairy cows is given by equation
g(t) = 972¢ -0.387¢ _ 722e -1.178¢

where g(#) is milk production in Kg/month and ¢ is time in months. Find the cumulative
curve A(#) for milk production.

Solution:

Wty = fo 'e(dt = 972 fo ‘e 0¥y _ 722 fo ‘e 117814y

The corresponding Laplace transform is here

972 722

Hs) = s(s +0.387) ) s(s+1.178)

Then

972 -0.387 722 -1.178
W) = 2 (1- - ——(1-
© 0.387( ¢ ) 1.178( ¢ )

Thus, the cumulative milk production curve is as follows:

h() = 1899 + 613 ¢ "1V _ 2512 03871
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Property 4. If F\(s) and F,(s) are the Laplace transforms of f,(r) and f(¢), then the

product of two functions is

LUF(5)Fys)] = fo HOfE-T)d = fo'j‘;(t)fl(t~1:)d1:

The above integrals are called convolution integrals.

Example 4.3.10 Find the inverse of the following transform:

35+2
Fg) = — 2552
) (5 +3)(s +2)?
Solution:
1 35+2
Fs) = [FyoNF6)] = [;*3} [(Si =
fH@ =L “l[fl(s)] = e
Hy =L ‘IVZ(S)] =3e M -4teH
Then, by Property 4

L[AGs)]

il

L[F(s)Fy(s)]= fo f@-0fmde
f ‘e 93¢ 27416 21
0

e‘“{?»fo'e‘dr ~4f0'rerdt}

eM3(e!-1) -4(1-e'+teh)
=TJe ¥ - Je 3 - 4te ¥

i

1

if

Property 5. The following is the Laplace transform of a function of the form e “f(¥):

Lle™f®)] = F(s+a)
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where F(s) = L[ f (t)] )

Example 4.3.11 Find the Laplace transform of e % cos f.

Solution: The Laplace transform of cos  is s/(s% +1). Thus

Le ¥ cost] = s+2 __ s+2
(s+2+1  s2+4s+5

In conclusion, the following are selected properties of Laplace transforms, to be
applied in further chapters:

o kF\(s)+ kFy(s) is the transform of kf,(f) + szz(t)

n2d n3d f(O)

o S"F(s)-s"A(0) -5 f(O) s f()

dnl

F (s) is the transform of f f(v)dt

. 1(s)F2(s) is the inverse transform of fo 'fl(r)fz(t-‘c)dt = fo 'fz(r)fl(t—r)dr

* F(s +a) is the transform of e “*'f(¢)

Summary

Laplace procedures transform differentiation and integration operations in the
time domain of variable ¢, into multiplication and division operations in the frequency
domain of the complex variable s. Thus, differential equations are reduced to algebraic
forms that, by inverse transformations, become the solution of the differential equation.

4.4 THE Z TRANSFORM

In the same way the Laplace transform is used to solve linear differential
equations with constant coefficients, the Z transformation is used to solve linear difference
equations with constant coefficients. The process of solving linear difference equations by
Z transform procedures is outlined in Fig. 4.4.1.
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Difference Equations

Transform

Algebraic Equations

v

Algebraic Solutions |

R

L

|
3

State Equations {

Figure 4.4.1

Definition of the Z Transform

The following notation is frequently used to denote that a function F(z) is the Z
transform of a sequence f{n) of real values, where # is a positive integer :

Hz) = Z[fin)]

where Z is called the Z operator. The following indicates that f{n) is a sequence whose
transform is F(z):

finy = Z7[F2)]
where Z~ 1 is called the inverse Z operator. The new variable z is the complex variable
Z=u+iv

where u and v are real variables and i = /-1. Then, the formal definition of the Z
transformation is as follows:

Zfn)] = Z::f(n)z " = F)
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where n is a positive integer and z = u + iv. This process transforms the sequence f{r) into
F(z) by multiplying f{z) by z " and then summing over  from zero to infinity. When the
resulting series is convergent, the sequence is transformable. Then, there exists a real
finite number r such that F(z) converges for » < |z|. Number r is called the radius of
convergence of the series.

Example 4.4.1 Find the radius of convergence of F'(z) , where f(n) = a ", nis apositive
integer and a is any finite complex number.

Solution:
Zla"l =Y a"z" = 1+az'+ a’zt+ . va"z"
0
Then
S, =1l+az+(@zY+..+(az"y!
a’z"S, = az'+(@@z 'Y +(az Y+ +(aly
=8, -1+a"z™"
_ -\n
5 - 1 - (az™)
1 - az™!
Thus
F(z) = lim § = L
n-oo 1—02—] zZ-a

If |az '|<1 or r = | a| <|z|, this series is convergent. This relationship is shown in Fig.
442,
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Figure 4.4.2

Selected Properties

The following properties of the Z transformation will be used extensively in this
treatise.

Property 1. The Z transform and its inverse are linear transformations between sequences
defined in the domain of the real variable 7> 0 and functions defined in the domain of the
complex variable z, that is

kFi(2) + k,F,(2) is the Z transform of k,f,(n) + k,f,(n)

and

kfi(n) + k,f,(n) is the inverse of k F,(z) + &, F,(2)

Example 4.4.2 Find the Z transform of

Solution: The following is obtained from a table of Z transforms:
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n _ 2z
z+1/2

n . 4
z-1/4

n n
Il2 R 4 n. 22 4
2 4 z+112  z-1/4
Property 2. If F(z) is the Z transformation of a sequence fr) for n > 1, then

Lif(n+1)] = zF(2) -zf(0)
L[f(n+2)] = 2°F(z) -2*f(0) -zA1)

LI+ B)] = 2"F(z)-2"f(0) 2" (1) - .. ~2f(n -1)

It

where f0) is the initial value of function f.

Example 4.4.3 The growth of colonies of a bacteria is given by the following difference
equation:

VYoo - 1.021y, =0

where y is the number of colonies and # is time in hours. Find the state equation.

Solution:
Ly, J-1.021L[y,] = 2G(2)-zy,~1.021G(z)
(z-1.021)G(2) = zy,

z
@ =% Tom
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Then

=L 2
In [yoz—l.021}

Given an initial value of ¥ = 0.21 | the inverse transform, as found in tables, is the
state equation

y, = 021(1.021)"

Example 4.4.4 A rancher sells every month 3.6% of his feedlot steers and buys 90 new
animals. Find the state equation assuming that he started the business with 460 animals.

Solution: The system is represented by the following difference equation:

YV ~ ¥V, = —0.036y, + 90
Upon rearrangement, the difference equation becomes
Yy — (1-0.036)y, = 90
The transformed equation is
zG(z) - 460z - (1-0.036)G(z) = 90 ;%
G(z) = 90 m + 460 ZE%&I

By looking at transform tables, it is found that
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90
= —2— 1 -(0.964)"] + 460(0.964)"
Yu = o aer L1 (09641 + 460(0.964)

2500 - 2040(0.964)"

1)

Example 4.4.5 The changes in an insect population are represented by the following
difference equation:

Vo - 1212y, +0.367y, = 0

where y is the number of insects and # is months. Find the solution when y, =250 and
y, =424,

Solution: The transformed equation is

2:G(z) - 2%y, - zy, - 1.212[zG(2) - zy,] + 0.367G(z) = 0

Then

Yo(2?-12122) + yz
22-1.2122+0.367

G(2) =

The denominator of the above transform is the characteristic equation of the
system’. Note that the coefficients of the characteristic equation are the same as the
coefficients of the difference equation. The characteristic equation has two equal roots.
Then, upon rearranging and replacing the y, and y; values, G(z) becomes

250z% + 121z

G(z) =
(z - 0.606)

This equation can be written as

"Characteristic equations were defined in Chapter 2.
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G(z) _ 250z+121 _ 4 . B
z? z(z-0.606)*  z(z-0.606)  (z-0.606)

where 4 = -200 and B = 450. Then

-200z 450z’
z-0.606  (z-0.606)

F(z) =

The inverse transform of F(z) is the state equation

1}

~200(0.606)" + 450(n +1)0.606)"
(0.606)"(450n + 250)

Vn

I

Example 4.4.6 The population of a type of bird doubles every year. The introduction of
predators reduces the number of birds by ten times the number of predators. The number
of predators also doubles every year. Some 200 new birds move into the ecosystem each
year and some 30 predators are hunted down. Determine the state equations of the system,
assuming 1000 initial birds and 50 initial predators.

Solution: The difference equation of the system is as follows;

2 -10 200
Yn+1 = Yn +
0 2 -30

for where is birds, is predators and n is years. This is a first order
multidimensional linear model represented by difference equations reducible to the form

Y

n+1

=AY, + X

The Z transform of the above equation is written as follows:
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2G(2) - zY, = AG(z) + F(2)
(I -A)G(z) = zY, + F(z)

where (zI - A) is the characteristic equation of the system, G(z) is the set of Z transforms
of the state variables, is a set of initial conditions and F(z) is the set of transforms of
X. Then, the following is the Z transform of the system equation:

z-2 10 ) 1000 200( ,
z) = z + -
0 z-2 50 -30/z-1
The characteristic equation of the system is here
-4 [ 2 0= oy
zl - = = (z-
0 z-2

The following is the Z transform of the birds:

200z

10
, |1o00z 10 {1z
G2 = 5 +—
(2—2) 50z z-2 (2—2) —3012 -2
P

_ z(1000z-2500) | 200z 300z
(z-2) (z-2%z-1)  (z-2)%(z-1)
2
Az Bz 200z 400 _C . D, E )

+

z-2 +(2—2)2 " e (z-2)* z-1 z-2

where 4 = 1250, B=-250,C=1,D=1and E=-1.
The following is the Z transform of the predators:



4.4:The Z Transform 139

200z
z-2
G- tz—z 1000z’ 1 -1
4 +
7 (z-2%10 50z (z-2) 0 =30z
z-1

1

50z 30z
z-2 (z-2)z-1)

After taking the inverse transforms and rearranging terms, the following is the
set of state equations of the system:

[100} [100(9 —n)]
Y = + 2"
" 130 20

Testing that the solution is correct is possible by equating the system solution
with the system difference equation, such that

2 -10]" 200
2" = Y, -
0 2 A

The reader may wish to check that the above holds true.
In conclusion, the following are selected properties of the Z transforms, to be
applied in further chapters:

100} {100(9-n)
Y = +
" 30 20

* kF,(2) + k,F,(2) is the Z transform of k. f,(n) + k,f,(n)

e 2"F(@)-z"f(0)-z" f(1) ... -zf(n-1) is the transform of f(n +k)

Summary

The Z transformation procedure is used to convert difference and sum operations
in the time domain of variable ¢, into multiplication and division operations in the
frequency domain of the complex variable z. Difference equations with constant
coefficients are transformed to algebraic forms. Then, by inverse transformations, the
algebraic expressions become the solution of the difference equation.
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CURVE FITTING AND EVALUATION

In a system analysis problem, the data is defined as a time series and the name
of the game is developing equations for predicting the system behavior over time. As such,
the most important parameters in the system evaluation process are the constant
coefficients of the equations representing the hypotheses. Thus, the purpose of this chapter
is to present appropriate procedures for determining and for evaluating the state and the
output functions of the system.

5.1 THEORETICAL BASIS OF NONLINEAR CURVE FITTING

Several methods are available for a non linear curve fitting problem and many
were developed exclusively for specific mathematical models. This section is related only
to a general non linear regression procedure. A major difficulty of this procedure is
guessing the initial values of the equation parameters. If the guesses are not correct, the
process may not converge to the least sum of squared errors. Moreover, it is not always
possible to know if the process converged to the best estimate of the least sum of squared
errors. Thus, the real problem becomes getting too many answers to the curve fitting
problem.

The Least Squares Concept

Curve fitting is the process of finding numerical values for the constant
coefficients of the mathematical model representing the system. The least squares
regression is the procedure for finding the best possible curve fitting for the data. The
simplest model, the straight line § = a + b, will be used to illustrate this criterion.

As indicated, the problem is here finding numerical values to coefficients a and
b, for the best possible fitting equation to the data. Then

y1*yA1 = y1~(a+bt1) = dl
V-9, = y,-(a+b) = 4,

Yo=Y, =y,-(a+bt) = d,
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are the differences between each data value ¢, = (¢,,,) and the corresponding point  in
equation y = g+ bt. The following is the sum of squares of those differences:

S8 = 21:[yi - (a+bt)f

To find numerical values for coefficients a and b, the partial derivatives of SS, defined
over a and b, are required. Note that, for minimizing SS, the values of the partial
derivatives are zero. Thus

da

B 4
e —2; ty,~(a+bt)] = 0

ass Z
- ~(a+bt)|=0
23 -Gt

it

The above system of simultaneous normal linear equations may be written as

an+b31, = Y,
hn nl 14

This system of two equations and two unknowns is solved easily. The following are the
solutions for coefficients a and b, corresponding to the minimum SS, written in an
abbreviated form:

g Xy rt-Y )ty
Y. 2 - (Y tin]

p o 2 ty-( 0 yyn
Y- (3 fin

The expression for the sum of squares of the deviations from regression is
obtained by replacing the a and b values in SS. Then
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8§ = Yy - yfin- [Egt;(;é%;j’):ﬁ

where SS is a minimum. The sum of squares of the deviations from regression is known

as Y d,.

Example 5.1.1 The following are the average heights of soybean plants, sampled at
random each week:

Age, weeks l 1 2 3 4 5 6 7

Height, cm | 5 13 16 23 33 38 40

Compute the regression line, corresponding to the least sum of squared errors, for the
above data.

Solution: The squares and products of the data are given in the following table:

Table 5.1.1
Age Height Squares Products

! y 1 y? 1y

1 5 I 25 5

2 13 4 169 26

3 16 9 256 48

4 23 16 529 92

5 33 25 1089 165

6 38 36 1444 228

7 40 49 1600 280

Yr=28 Yoy=168 Y 12=140 Y y2=5112 ) 1y=844
v =24
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The following are the equation coefficients:

844 - 28(168)/7 _
140 - 28(28)/7

y-bt = 24 -6.143(4) = -0.572

b = 143

Q
&}

Thus, the system equation is ¥ = 6.1437-0.572 and the following is the sum of squares
of the deviations from regression:

844 - 28(168)/7
140 -28%/7

Y d;, = 5112-168%7 - = 23.4286

The General Method for Nonlinear Curve Fitting

As in linear least squares fitting, the goal in nonlinear least squares fitting is to
minimize the sum of squares of the deviations from regression. In linear least squares
fitting, the simultaneous normal equations are linear. In nonlinear curve fitting, the
normal equations are not expected to be linear. Therefore, the sum of squares is not
obtained by direct calculations but by iterative procedures. One of the simplest non linear
expression, the exponential curve y = a(1 -e ), will be used to illustrate the procedure.

The following is the sum of squares of the differences between each data value
and the corresponding point J in equation y = a(l -e *):

The corresponding partial derivatives are here

5 - ‘22; b, -ali-e - - 0

da

g_‘: = —Zi [yi —a(l -e 7b")]{atie ‘b") =0

Note that the above system of equations is not linear and that there is not a direct easy
solution for the unknowns. An alternative procedure follows.
The following are the residuals R, between each data value and the matching
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point ¥ in equation ¥ = a(l -e *):

yl—ﬁl = yl—a(l "eﬁtl) = R1
¥,y = yy-a(l-e™) = R,

v,-9, = y,-oa(l-e") = R,

where « and P are initial guesses assigned to coefficients a and b of the mathematical
model. Manipulation of « and § should result in a progressive reduction of the R,
residuals, such that « and B should progressively approach the asymptotic values
represented by coefficients @ and 5.

The changes in the R, residuals may be defined as the sum of the changes due
to changes in « and in B. Thus

oR oR
AR, = —'Aa+ AP
da ap

R oR

AR, = Ao+ —2APB
do ap
R OR

AR, = —"Aa + —2AP
da op

The oR/de. and dR /0P values may be obtained from the partial derivatives of R, with
respect to o and B, such that

aR' _ -Bi,
' (1 € )
?ﬁ = —ate ™

op !

Afier replacing these values in AR,, the following expression is obtained:

at, - - ). apare ]

The goal here is having AR, = -R,. Then, E, = R, + AR, is an error term, as was the
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difference d, = y, - y, in linear regression. Therefore, the objective of the procedure should
be minimizing the sum of squares of these newly defined errors. The following is the sum
of squares of £ :

ss =% {R,. —{Aa(l —e Py ABate “”f]}:"

1

where Aa and A are now the unknowns. Then

Sl o) apere Pl
aég% B *22’:: {Ri'[A“(l - e‘l’i,-)+ ABate vp"’]}(atie‘ﬁ’? -0

Note that o and  are not the variables here, but Ax and AB. Therefore, the system of
simultaneous normal equations is now linear and may be written as

Aaf‘_,A%Agz"jAB = z"jR,A
1 1 1
7

Aa:‘:ABmp)':Bl =Y RB
1 1 1

where 4=1-¢? B- ate P4 and R =y-a(l ~e'ﬁ"). Then the following are the
solutions for Aa and Af, written in a condensed form:

Aq - Y R4Y B2-Y RBY 4B
Y 47y B2 - (¥ 48

AB - Y RBY 42-) RBY 4B
Y 4%} B*- (3 4B}

The sum of squares for the error is obtained by replacing Aa and AP in SS:

88 = Y [R-(Aad + ABB)P

This sum of squares may also be written as ZE 2. The cycle is completed after
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determining new values for « and p:

o =o+Aa

B'=+ap

The process is repeated until the changes in a and P and the changes in SS fulfill some
given convergence criteria. Convergence is defined here as the approxunatlon of o and
B and of Z E? to their corresponding asymptotic values a, b and Z d

Note that, except for very simple mathematical models, the process isnot feasible
without a computer. Note also that, if the initial guesses of the system parameters are not
appropriate, the process may not converge to the correct solution or may not converge at
all.

Example 5.1.2 The following are the microbial digestibility values of cell walls of a
pasture sample:

Hours | 6 12 18 24 30 36 42 48

% Digestion I 19 35 43 47 49 51 52 53

Compute the constant coefficients for equation ¥ = a(1 -e ).

Solution: The initial guesses may be obtained from a graph, as the one in Fig. 5.1.1. For
the above mathematical model, coefficient a is an asymptotic value and b is a slope. As
seen in the graph, coefficient « is around 50. If a is guessed as 50, coefficient b may be
obtained by plotting ¥ — a on a semi-log paper or simply by solving expression

e
t a

where ¢ and y may be selected from the data. From the above, coefficient b is found to be
roughly 0.1. If the initial guesses are =50 and $=0.1, then

1-¢ -0.1¢

A
B = 50t Y
R =y-50(1-eY

"

1

where 4, B and R were previously defined.
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Figure 5.1.1

Table 5.1.2 shows the values required for computing Aa and AB. For simplicity,
only four data points will be used.

Table 5.1.2

T Y R A B RA RB Al B? AB

6 19 -3.56 0451 164.6 -1.65 -586.0 0.203 27107 74.3
18 43 1.27 0.835 148.8 1.06 1882  0.697 22132 1242
30 49 1.49 0.950 74.7 1.42 1122 0.903 5577 70.9

42 52 2.75 0.985 31.5 2.1 86.6 0.970 992 31.0

E 1.95 3.58  -199.0 2273 55808  300.4

Ag - 2 RANB?-3 RBY 4B _,
DN

Ap = ZRBZAZ_}:RBEAB = -0.0252
> 4TS 8- (5 4B
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New values for o and B can now be computed:

54
0.075

o = a+Ax = 50+4.02
B’ = p+AB = 0.1-0.0252

1
u

"
i

As shown in the next table, the Ri/, residuals computed with the new o> and 8’
values, are smaller that the R, residuals computed with o and f. Note that the sum of
squares of the new residuals was also reduced:

Table 5.1.3

T Y R R? R’ RY
19 -3.56 12.666 -0.534 0.285

18 43 1.27 1.600 3.035 9.209
30 49 1.49 2217 0.708 0.501
4 52 2.75 7.565 0314 0.099
y 24.046 10.046

A full cycle has now been completed. The iterative process is repeated until the
convergence criteria are fulfilled.

Several nonlinear computational methods have been developed. They differ
mainly in how they compute the change of the equation parameters. For a particular
problem one method may perform better that others. Several statistical packages, like
SPSS for Windows, SAS/STAT for Windows, S-PLUS for Windows, to mention a few,
provide computation programs for nonlinear regression.

Summary

Curve fitting is the process of finding numerical values for the constant
coefficients of the mathematical model representing a set of data. In linear regression the
curve fitting error is the difference d =y-y, where y is a data point and y 1s the
corresponding estimate. The sunultaneous normal equations, derived from E d, , are
linear and the system is easily solved for its unknowns. In nonlinear regression, the system
of normal equations is not linear and may not have an easy solution. A general method
of nonlinear least squares curve fitting defines the error as the difference E, = R, - AR,. R,
is the difference between a data point and the corresponding conditional estimate and AR,
is the change in the value of R, corresponding to a change in value of the estimate. The
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set of normal equations is derived from z E ,2 and the unknowns are the changes in the
numerical value of the equation parameters. The iterative process is repeated until the
changes in the equation parameters and the changes in Z E,.2 fulfil some given
convergence criteria.

5.2 COMPUTATION OF THE MODEL PARAMETERS

As indicated in the previous section, the nonlinear regression process starts with
the initial guesses of the model parameters. If these initial values are not appropriate, the
process may not converge to the least sum of squares of the error terms. In addition, there
is always some uncertainty whether the process converged to the least sum of squared
errors or to a trap. The outcome is a trap, when different regression methods or different
initial guesses yield different results. Lack of convergence and traps may be caused by
incorrect initial guesses or highly correlated parameters, by the size of the change across
successive iterations, by an inappropriate mathematical model and even by the quality of
the data.

Models with some exponential terms and powers may cause underflow or
overflow convergence problems. A number that is too small for the computer to handle
may cause underflow. An overflow is caused if the number is too large. A transformation
of the time scale may often correct the problem, for example using years instead of months
or subtracting the smallest time value from all the other time values.

Limiting the size of the parameter changes across iterations may help solve some
convergence and trap problems, but it would slow down the process. Deleting some
parameters may correct over parameterization. A model with fewer parameters that fit the
data does not necessarily mean that the original model was inappropriate. It may mean
that the data was not sufficient to estimate all the parameters.

If the culprit of computational problems is the quality of data, imposing bounds
on parameters may prevent jumps of the iterations in the wrong direction, forcing the
function trough the expected path. Main sources for poor quality data are, too large
experimental errors and lack of data points where the function is expected to have critical
and extreme values.

Guessing the values of the initial parameters is often a combination of technique
and artistry. There are no fixed rules and only the experience of the research team may
determine the best pathway for defining initial values for the constant coefficients.

As disclosed in the first chapter, the system difference or differential equations
may be determined, by linear regression, from difference tables of the data. Then, the
numerical values of the constant coefficients of the resulting state equations may be used
asthe initial values for nonlinear regression. As shown in the next examples, this pathway
is often the simplest approach for determining the initial values of the model parameters.
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Example 5.2.1 The following is the energy content of milk of a group of cows':

Days after calving l 10 20 40 60 100 120 140 150

Mjoules/Kg |3.45 297 290 288 290 274 284 282

Determine the equation representing the above data.

Solution: The first step is defining a difference table for the data:

Table 5.2.1
t y 4y Ay At

10 3.45 -0.20 -0.02

20 3.25 -0.28 -0.014
40 297 -0.07 0.0035
60 2.90 -0.02 -0.001
80 2.88 0.02 0.001
100 2.90 -0.16 -0.008
120 2.74 0.10 0.005
140 2.84 -0.02 -0.002

150 2.82

The following differential equation was fitted by linear regression to the data from the
difference table:

% +0.03312y = 0.09382

where y is energy content in Mjoules/Kg and ¢ is days after calving. As indicated in

1Computed from Lowman, B.G. et.al.
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Chapter 3, Ay # dy , but it may be a good approximation, provided that A¢ is small
enough. The corresponding Laplace transform of the above equation is here

Yo 0.09382
+

S =
) §+0.03312  5(s+0.03312)

where the initial energy content of y, =4.0 Mjoules/Kg was estimated from a graph of the
data. The following is the resulting response equation:

y = 2.8 + 1.2 0031

The constant coefficients of the above equation may be used as the initial values for the
non linear process. This equation has the form y = a + be . Then, the following are the
partial derivatives for the unknowns of the model, required by the nonlinear procedure:

¥y
da

Iy _
ob
&y
dc

I
!
Sy

®
2

Note that some statistical packages, like SPSS for Windows, do not always require the
partial derivatives from the user. The following results were obtained from nonlinear
regression®

Table 5.2.2
Source DF  Sum of Squares Mean Square
Regression 3 79.91208 26.63736
Residual 6 0.01382 2.303615E-03

Uncorrected Total 9 79.92590
(Corrected Total) 8 0.41896
R squared = 1 - Residual SS / Corrected SS = 0.96701

28PSS Professional Statistics 7.5.
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Asymptotic
Parameter Estimate Std. Error "t
a 2.821334360  0.025511076 110.64
b 0.964619071  0.115501347 8.32
c 0.042261182  0.008612802 491
Asymptotic Correlation Matrix of the Parameter Estimates
a b ¢

a 1.0000 0.4077 0.6386

b 0.4077 1.0000 0.8582

c 0.6386 0.8582 1.0000

Thus, the following is the resulting equation for energy content:

y = 2.821 +0.965¢ 00423

The graph of this function is shown in Fig. 5.2.1.

tn4.0 T
§ 35+ A\‘ )
s 30 T \t""*~>*”,,.L,A,,I*A\H
x25 T
gz.o +
& 1.5+
w 1.0+
3
205+
0 B Sl S
0 20 40 60 80 100120 140 160
Days After Calving
Figure 5.2.1

Iterations stopped after 10 model evaluations and 5 derivative evaluations,
because the relative reduction between successive residual sums of squares and the relative
difference between successive parameter estimates matched a given criteria.

Note that the coefficient of determination and the equation parameters are
statistically significant. These statistics are the main criteria for the evaluation of the
process and the mathematical model of the system. Note also that the correlation between
coefficients a and b are not significant, confirming again that the mathematical model is

appropriate for the data.
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Determining the difference or differential equations of the system may also
require sometimes a nonlinear regression approach. This assertion is explained in the
following example.

Example 5.2.2 The following mathematical model is proposed for the lactation curve of
a group of dairy cows:

y =(a+bt)e™

where y is Kg/month and 7 is months. Determine the corresponding differential and state
equations from the following data:

Months I 05 1 2 3 4 5 6 7 8 9 10

Milk, 400 430 425 360 290 205 150 {10 75 45 30

Kg/month

Solution: The following is the differential equation of the model:

dy

~Z +vay = be™

dt

Clearly, nonlinear regression is required for determining the numerical values of the
coefficients of the above equation. The following are the results of a first attempt to obtain
provisional estimates of the parameters using linear regression and data from a difference
table:

Table 5.2.3
Source DF Sum of Squares Mean Square
Regression 2 4083.06985 2041.53492
Residual 7 6476.93015 925.27574
Variable b SE b "t" Sigt
y -0.693281 0.337930 -2.052 0.0793
t -36.201751 17.235579 -2.100 0.0738

(Constant)  300.344925 162.033905 1.854 0.1062
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The resulting equation is Ay/Adt = 300 - 36¢-0.69y. This equation may be modified to

Ay/At =300e " -361-0.7y toyield the initial guessing of the parameter values. Note
that an exponential term with a 0 exponent was added to the new equation, because any
number to the zero power equals one. The following are the nonlinear regression results
of a second regression round:

Table 5.2.4
Source DF _Sum of Squares Mean Square
Regression 4 23918.32779 5979.58195
Residual 6 331.67221 5527870

Uncorrected Total 10 24250.00000
(Corrected Total) 9  10560.00000
R squared = 1 - Residual SS / Corrected SS = 0.96859

Asymptotic
Parameter Estimate Std. Error "t"
a 241.19590320 109.19316215 2.21
b 0.410718065 0.403085491 1.02
c 0.710669594 1.530578335 0.46
d 0.400183173 0.314375479 1.27

The new equation is Ay/Af =241e %47-0.71¢-0.40y. Note that this equation is now
over parameterized. The best candidate for removal is coefficient c. Note also that
coefficients b and d are virtually the same. The results of the next nonlinear regression
round are shown in Table 5.2.5. These results are now acceptable and the following is the
final adopted equation of the system:

Table 5.2.5
Source DF __Sum of Squares Mean Square
Regression 2 23839.95913  11919.97956
Residual 8 410.04087 51.25511

Uncorrected Total 10 24250.00000
{Corrected Total) 9 10560.00000
R squared = 1 - Residual SS / Corrected SS = 0.96117

Asymptotic
Parameter Estimate Std. Error "t"
a 251.68452603  12.243564107 21.37
b 0.416681056 0.010715303 38.94

The following is the Laplace transform of the above equation:
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Yo 239

5) = +
o) 5+0.417  (5+0.417)?

where y, = 400 is an estimated initial value. Thus, the resulting state equation is

y = (400 +2391)¢ 417!

The constant coefficients of this equation may now be the initial guesses for a final
nonlinear regression round. Iterations stopped after 12 model evaluations and 6 derivative
evaluations. The results are shown in Table 5.2.6.

Table 5.2.6

Source DF Sum of Squares Mean Square
Regression 3 824140.12783 274713.37594
Residual 8 259.87217 32.48402
Uncorrected Total 11 824400.00000

(Corrected Total) 10 247090.90909

R squared = 1 - Residual SS/ Corrected SS = 0.99895

Asymptotic

Parameter Estimate Std. Error "t

a 298.01044072 11.670179081 25.54
b 411.19839087 16.848179856 24.4

c 0.483780363 0.007414271 65.28
Asymptotic Correlation Matrix of the Parameter Estimates

a b c

a 1.0000 -0.8655 -0.7321

b -0.8655 1.0000 0.9399

c -0.7321 0.9399 1.0000

Thus, the following is the resulting lactation curve equation:

y = (298 + 4111y 08

The corresponding graph is shown in Fig. 5.2.2.
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Example 5.2.3 Determine the mathematical expression for the following data of ammonia
and protein nitrogen of the rumen of steers fed a soybean meal diet’:

t 1 2 3 4 5 6 7 8 9 10 11 12 13
Pa 15.0 245 260 26.5 243 2Ls 200 19.1 18.2 17.1 i6.6 155 150
y 127 154 152 142 144 140 139 141 142 142 141 41 140

4

where y, is ammonia nitrogen ¥,» is protein nitrogen, in Mg/100ml of ruminal fluid and
t is hours after feeding.

Solution: The following set of equations was fitted to the above data:

AY

Adt

-0.01346¢

-1.1440 -0.6978 0 132.7176

-0.7132 0.05305]Y [13.2910 0 ]
+
e

e —onsn]

Data of a difference table and procedures outlined in the previous example were used here.
The following table shows the statistics for the ammonia differential equation:

3Computed from Davis G.V. and O.T. Stallcup
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Table 5.2.7

Source DF Sum of Squares Mean Square
Regression 4 109.81357 27.45339
Residual 8 2.40643 0.30080
Uncorrected Total 12 112.22000
(Corrected Total) 11 112.22000
R squared = 1 - Residual SS / Corrected SS = 0.97856

Asymptotic
Parameter Estimate Std. Error "t"
K1 -0.713185655 0.066077062 10.79
K2 0.053045980 0.012721538 4.17
K3 13.290957161 2.239732720 5.93
K4 0.138065737 0.046170577 2.99

The following is the summary of statistics for the protein differential equation:

Table 5.2.8
Source DF Sum of Squares Mean Square
Regression 4 813.79945 203.44986
Residual 8 45.70055 5.71257
Uncorrected Total 12 859.50000
(Corrected Total) 11 845.41667
R squared = 1 - Residual SS / Corrected SS = 0.94594
Asymptotic
Parameter Estimate Std. Error "t"
K1 -1.144027890  0.315665445 3.62
K2 -0.697849486  0.164338043 425
K3 132.71754638  18.514228294 7.17
K4 0.013458092  0.003497463 3.85

The Laplace transform of the system has the following expression:

13.2910
[s+0.7132 —0.05305] 5+0.1381
S) = 0

1.1440  5+0.6978 132.7176
5+0.01346

where Y is the set of initial values, for y, =15 and y,, = 127 are data values for
ammonia and for protein. Then, the characteristic equation of the system is
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[s]-A] = 5s%+1.4110s +0.5584 = (s+A )5 +4,)

H

[s +(0.7055 +0.2462i)][s + (0.7055 - 0.2462.)]

where A = a ¥ Bi = 0.7055+0.2462i. Thus, the state equations have a periodic form.

The above system may be first solved symbolically. For such, the set of
differential equations may be written as

Y:

where

+

I

dy by, by, ¥ c, 0 exp'd"
—— = +
dt b, b, 0 Collexp ™!
The corresponding solutions have the form
_Cy(byy+d) Sby
k[ k2 e *d‘l
¢,byy _Colby+dy) |l !
k, k,
¢)(by+d)) cby, cky cbpld,-a) K
—_— Voo —_— s
k] kz k] ﬁ kzp ﬁ COSﬁt]
by +cz(b“+d2)+ cleI(dl—a)+c2_k4+3 sinp¢
ko k7" kB kP B
a?+p?-2ad, +d} k, = o +B?-20d,+d;

kl
k,
kS

values:

1

o’ +B2+aby, -d(a+by,) k,
Vpol@+b) +y,0b1y kg = Vypby =Y p(€+by)

[}

a2+[32+ab” ~d(e+b;)

The state equations may now be obtained by replacing symbols by their numerical
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[-39.70 172.13]

~0. I
e 01381]

1942 13.05 || 001346t
. e-0.70551 “32-47+yp0 —27.53—().03128yp0+0.2155y00 cos0.2462¢
-13243+y,, 146.68-4.647y,,+0.03128y,, ||sin0.2462¢

The above state equations provide excellent initial guesses for the model
parameters. However, the reader is reminded that the relationship between the state
variables is not absolute. If all these coefficients are allowed to change independently for
each state equation, the relationships between the state variables, established by the set of
differential equations, could be disrupted. If preserving the relationships between the state
variables is wanted, then only the initial values g,(0)=15 and g,(0)=127 should be
allowed to change, because these are data values that include an experimental error. By
adopting this criterion, the following state equations were obtained by non linear
regression:

.. [—39.70 172.13He "”38"}

B 19.42  13.05 || -0013461

o 070551
~-132.43+129.30 146.68-25.79||sin0.2462 ¢

~32.47+15.06 —27.53+51.32][0050.2462t]

The resulting initial values are y ,=15.06 and y ,=129.30. The nonlinear regression
statistics for dependent variabley, are shown in %oable 5.2.9. lterations stopped after 4
model evaluations and 2 derivative evaluations.

Table 5.2.9

Source DF Sum of Squares Mean Square
Regression 2 5363.29904 2681.64952
Residual 11 2.65096 0.24100
Uncorrected Total 13 5365.95000
(Corrected Total) 12 217.82000
R squared = | - Residual SS / Corrected SS = (0.98783

Asymptotic
Parameter Estimate Std. Error "t"
Vao 15.057922231 0.476088061 31.63

Yoo 240.32223677 12.841811683  18.77
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The value 240.32 is significantly different from 127.
The following are the statistical results for variable y :

Table 5.2.10

Source DF Sum of Squares Mean Square
Regression 2 261787.93725  130893.96862
Residual 11 129.81275 11.80116
Uncorrected Total 13 261917.75000

(Corrected Total) 12 495.26923

R squared = 1 - Residual SS / Corrected SS = 0.73789

Asymptotic

Parameter Estimate Std. Error "

Vo 6.419969406 4.185956705 1.53

Yo 129.34073046 3.331537927  38.83

Iterations stopped after 4 model evaluations and 2 derivative evaluations. The value 6.42
is statistically different from 15, p<0.10.

The reader may wish to experiment with additional parameter changes to
improve the coefficient of determination of the protein equation. However, if more than
four or five coefficients are allowed to change simultaneously in each equation, the non
linear regression procedure may find the model over parameterized.

The graph of the above equations is shown in Fig. 5.2.3.
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g% 40 s Data
= 2 T Temaeaa .- Protein
0+ } t } } + 1
0 2 4 8 8 10 12
Hours After Feeding
Figure 5.2.3

A graphic approach may often help determining the initial parameter values.
This approach is particularly helpful in periodic functions, because sometimes

determining the state equations from difference or differential equations may be a long
process prone to errors.
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Example 5.2.4 The following are the production data of a Kikuyo pasture field*:

Months S O N D J F M A M ) J A

Time 1 2 3 4 5 6 7 8 9 10 11 12

DryMatter, |15 16 20 51 47 78 67 44 25 22 16 20
Kg/Ha/day

Determine the numerical values for the constant coefficients of the following model:
y = a+be*cos[p(s-c)]

where y is pasture production in Kg/Ha/day and ¢ is months.

Solution: The geometrical meaning of the model parameters is shown in Fig. 5.2.4. This
graph provides the following parameter estimates:

a =40 is the distance between the abscissa and the axes of the response curve
be * =40 modulates the amplitude

B =2n/12modulates the frequency response, for a 2w/ cycle

¢ =6 is the out-of-phase coefficient, may be also a negative number

80 -
, o<
@ 70+
RS
£ o]
50 1
<
§40“ < f
& 301 e
s 0 g
gm" -
B 10+ a
]
L 0+ttt
01 2 3 4 5 6 7 8 9 10 11 12
Months
Figure 5.2.4

4Computed from Murthagh, G.J. et.al.
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The following are the results of a first nonlinear regression round, excluding the
« coefficient:

Table 5.2.11
Source DF Sum of Squares Mean Square
Regression 4 19498.07116  4874.51779
Residual 8 466.92884 58.36610
Uncorrected Total 12 19965.00000
(Corrected Total) 11 5194.91667
R squared = 1 - Residual SS / Corrected SS = 0.91012
Asymptotic
Parameter Estimate Std. Error "t"
a 40.686033337  2.395914989 16.98
b 27.735169241 3.142103289 8.83
B 0.690857972  0.040456179 17.06
c 6.164223027  0.175905181 35.02

The exponent a will now be added, using the above parameters as initial values
and assuming an initial value of zero. The following parameter values were obtained:

Table 5.2.12
Asymptotic
Parameter Estimate Std. Error "t"
a 40.660655707 2.573407459 15.80

28.362500936  6.381951019 4.44
0.690155050  0.044064108 15.65
6.165792283  0.188149562 32.80
-0.003640961 0.031355789 -0.12

R 0 T

Clearly, parameter « is not significant and the function is now over parameterized. Thus,
the following is the resulting equation when the exponential term « is deleted:

y = 40.7 +27.7cos[0.691(¢ - 6.16)]

The graph related to the system equation is shown in Fig. 5.2.5.



5.2:Computation of the Model Parameters 163

80 + A
> P
X 80 + / AN
3 / \
(1] A / N
S /4 N
e \

% ol /;,, ‘\\\\A A
= P % Ny

0 + —+ + } i —

0 2 4 6 8 10 12
Months

Figure 56.2.5

As shown in this example, sometimes a graphic approach, for determining
parameter initial values, may save a substantial amount of work.

The problem of determining the model parameters becomes more complex as
more input variables are added to the system. The following example illustrates a case
with one input variable.

Example 5.2.5 The following mathematical model was defined for the in situ digestibility
of the cell walls of sugarcane leafs:

C C bt
= .. + - e
y b (.VO )

where y is percent digestibility, y, is an initial value, 7 is weeks, ¢/b is an asymptotic value
and b is a relative rate. Determine how supplementation of green bananas to experimental
steers affects the system. Table 5.2.13 shows the available data®,

Solution: The following is the proposed model of the differential equation representing
the system:

ady
Y oiby =
3 +by = fix)

where f{x) is the system input and x is percent of green bananas. Note that this is a partial

5Computed from San-Martin, F.A.
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differential equation because the banana inputs are fixed in each treatment.

Table 5.2.13
Digestibility, %

Time, Green Bananas, % in the Diet
Hours

0 21.6 359 §5.1 60.1 70.7
6 0.00 3.51 2.00 1.20 0.00 0.00
12 16.51 19.36 4.97 4.28 0.00 0.53
18 21.73 25.96 13.33 5.04 0.08 0.61
24 26.01 35.87 2223 12.29 8.25 3.48
48 40.44 47.02 32.79 37.19 28.71 7.06
72 46.91 50.14 39.38 41.54 33.25 16.86
96 51.05 53.63 49.52 52.40 35.60 28.13
120 52.88 60.67 52.46 54.72 41.39 33.37

The solution of the differential equation has the form

y = ﬂgl+(yo—f—(l’)‘—)e"")

Thus, the first step in determining the state equation of the system is finding Ax). The
following results were obtained by linear regression using a difference table:

Table 5.2.14
Source DF __ Sum of Squares _ Mean Square
Regression 2 7.11301 3.55650
Residual 39 10.20353 0.26163
Variable b SEb "t" Sigt
Y -0.021561 0.004729 -4.559 0.0000
X -0.014729 0.003553 -4.146 0.0002

{Constant)

1.657543  0.222851 7.438 0.0000
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Thus, the resulting equation is Ay/A¢+0.0216y = 1.658 - 0.0147x, where the input is
f(x)=1.658 -0.0147x. Then, the following is the solution of the differential equation:

y = _f(’.‘_)__+(y0_ fx) Je~o.02161

0.0216 0.0216

where y, is an initial state value, estimated as y,=8 from a graphic approach. This
equation provides the initial guesses for the final regression round shown below:

Table 5.2.15

Source DF Sum of Squares  Mean Square
Regression 4 46887.43088 11721.85772
Residual 44 2211.08952 50.25203
Uncorrected Total 48 49098.52040

(Corrected Total) 47 18372.17637

R squared = 1 - Residual SS / Corrected SS = 0.87965

Asymptotic

Parameter Estimate Std. Error "t"

K1 1.699820480 0.264108342 6.44

K2 0.011083298 0.002260906 4.90

K3 0.025055015 0.005426163 4.62

YO -8.139136574 3.687234943 221

All the above parameters are statistically significant. Thus, the following is the final
expression for the state equation of the system:

y = S 8.139 + &) o 002511
0.0251 0.0251
Sx) = (1.700-0.0111x)

where flx) is the input of green bananas. The reader is invited to apply the procedure to
determine the more accurate equation shown below:

y = S 8.566 + J&x) o ~0.0258¢
0.0258 0.0258

(1.515 +0.0800x) g ~0-0303x

fx)
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Summary

The first step in nonlinear regression is guessing initial values of the model
parameters. If the initial values are not appropriate, the process may not converge to the
least sum of squares of the error terms. Wrong initial parameters, highly correlated
parameters, too large parameter changes across interactions, overflows or underflows,
inappropriate mathematical models or poor quality data, may impair convergence. A
solution to these problems may require, among other tactics, defining smaller parameter
changes across interactions, imposing bounds on parameters, redefining the time scale of
the system or even making changes in the mathematical model of the system. In linear
systems, the simplest approach for guessing the initial parameter values is often
determining the difference or differential equations of the system by linear regression. The
initial values are then obtained from the resulting state equations. When possible, a
graphic approach for determining the initial parameters may save some work in
mathematical manipulations. No single rule is valid for all cases for determining the
initial guesses of the model parameters.

5.3 EVALUATION OF THE MATHEMATICAL MODELS AND SYSTEM
BEHAVIOR

Several statistical tests of the outcomes of the regression analysis are required
before the mathematical model of the system can be accepted or rejected. These tests
include evaluations of the constant coefficients of the mathematical model and evaluations
of the predictive value and accuracy of the model.

Evaluation of the Constant Coefficients

Evaluation ofthe constant coefficients of the mathematical model should be done
at two levels of resolution:

* Within components
* Between components

A "t" test should be used to evaluate each coefficient of the mathematical model
within components, such that

where k represents a constant coefficient, k, is the corresponding hypothetical value, S,
is the standard error of the & coefficient and £ - &, = 0 is the null hypothesis. Usually, &,
is zero. Several mathematical models were displayed in the previous section with the
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complete statistical outcomes. When the null hypothesis for a parameter was accepted, the
mathematical model was considered over-parameterized and the corresponding coefficient
was deleted. The reader may review those examples and the criteria used to accept, modify
or reject a model.

Ifthe system has more than one component, the "t" test expression for comparing
pairs of parameters is as follows:

2 2

where k, represents a coefficient of the i component, k, represents the coefficient of the
J component and S, and S, are their related errors. The null hypothesis is k, - k 0. The
expression for degrees of ﬁ'eedom for the above test is DF =n,-m+n,-m=n,+ n -2m,
where 7, and n, are the number of observations in the i and j components and m is the
number of constant coefficients in the regression equation.

Example 5.3.1 The following is the energy consumption of Jersey calves grown in a heat
chamber at 10 °C and at 27 °C &

Age, Months 1 3 4 5 6 7 8 9 10 11 12
NDT, % 10 °C 22 30 29 27 19 - 19 17 16 - 1.5
Body
Weight* 27 °C 20 24 24 25 21 18 19 18 16 16 14

*1 Kg of NDT = 4.4 Mcal of digestible energy

Determine if the environmental temperature affects the energy consumption of the two
groups of calves.

Solution: The following is the mathematical model used for this system:
-dt

y = a+bte

The results for the first 10 °C group are shown below:

6Compute:d from Johnson, H.D.
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168
Table 5.3.1
Source DF ___ Sum of Squares Mean Square
Regression 4 44.31358 11.07840
Residual 5 0.14642 0.02928
Uncorrected Total 9 44.46000
(Corrected Total) 8 2.64222
R squared = 1 - Residual SS / Corrected SS = 0.94459
Asymptotic
Parameter Estimate Std. Error "t"
a 1.512640404 0.153029984 9.89
b 1.463399174 0.326449846  4.49
c 2.186617924 0.701647784  3.12
d 0.780566265 0.244944768 3.19

The results for the 27 °C group are as follows:

Table 5.3.2
Source DF__ Sum of Squares Mean Square
Regression 4 43.24803 10.81201
Residual 7 0.10197 0.01457
Uncorrected Total 11  43.35000
(Corrected Total) 10 1.32727
R squared = 1 - Residual SS / Corrected SS = 0.92317
Asymptotic
Parameter Estimate Std. Error "t"
a 1.201402929 0.360151004 3.34
b 1.098037273 0.374336172 2.94
c 1.046353355 0.573048232  1.83
d 0.337156859 0.182164352 1.85

Thus, the resulting equations for the 10 °C and the 27 °C groups are

¥y = 1.52+1.461*10¢ 07V
Y, = 12041107105 ¢ 0337

The graph of the above equations is shown in Fig. 5.3.1:
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The two energy consumption curves in Fig 5.3.1 may look different. However, as shown
by the "t" tests, the only significant difference between the curves relates to coefficient d,
with a mild statistical significance:

0.7806 - 0.3372

t e IOV T

§ = = 1436 ; P<0.20
/(0.2449)2 +(0.1882)

The degrees of freedom are here 9+11-8=12. Coefficient d is related to the rate of energy
consumption.

Example 5.3.2 The following is the energy consumption of a group of Jersey, Holstein and
Brown Swiss calves, grown in a heat chamber at 27 °C of environmental temperature’,

Age, Months 1 3 4 5 6 7 8 9 10 1112
NDT,%  Jersey 20 24 24 25 21 18 19 18 16 16 14
Body

Weight*  Holstein | 1.8 21 22 20 - 17 17 16 14 14 14

Swiss - 21 23 23 20 18 18 1.7 15 - 1.4
*1 Kg of NDT = 4.4 Mcal of digestible energy

"Computed from Johnson, H.D.
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Determine if the breed of the calves affects energy consumption.

Solution: The following mathematical model was used in the required evaluations:

y=a+bte™

!

The results for the Jersey group are shown below:

Table 5.3.3
Source DF Sum of Squares__Mean Square
Regression 4 43.24803 10.81201
Residual 7 0.10197 0.01457
Uncorrected Total 11 43.35000
{Corrected Total) 10 1.32727

R squared = ] - Residual SS / Corrected SS = 0.92317

Asymptotic
Parameter Estimate Std. Error "t"
a 1.201405070 0.360131236 3.34
b 1.098034810 0.374320474 2.94
c 1.046357260 0.573059581 1.83
d 0.337158043 0.182166716 1.85

The following are the results for the Holstein group:

Table 5.3.4
Source DF Sum of Squares__ Mean Square
Regression 4 30.68319 7.67080
Residual 6 0.02681 4.468262E-03
Uncorrected Total 10 30.71000
{Corrected Total) 9 0.78100

R squared = | - Residual SS / Corrected SS = 0.96567

Asymptotic
Parameter Estimate Std. Error "t"
a 1.219996492 0.156572078 7.77
b 0.836027400 0.164482133 5.10
c 1.166526980 0.403027490 2.90
d 0.386706189 0.132456924 2.93

The following results were obtained for the Brown Swiss group:



3.3:Evaluation of the Mathematical Model and System Behavior 171

Table 5.3.5
Source DF Sum of Squares  Mean Square
Regression 4 32.53502 8.13376
Residual 5 0.03498 6.995549E-03
Uncorrected Total 9 32.57000
(Corrected Total) 8 0.83556
R squared = 1 - Residual SS / Corrected SS = 0.95814
Asymptotic
Parameter Estimate Std. Error "t"
a 1.392388259 0.113864207 12.21
b 0.172633010 0.151988348 1.14
c 3.748846679 1.531365765 2.45
d 0.890486073 0.336431886 2.65

Thus, the following set of equations represents the three component systems:

Y= 1.20 + 1.104105,-0337¢
y, = 122+ 0.8367 117 0387
Y, = 139+ 0.1724375¢ 08901

As shown by the "t" tests, no significant differences were found between the
Jersey and the Holstein calves. By conventional criteria, some significant differences were
found between Brown Swiss and the other two groups:

t(b1~b3) = 2.291 ; P<0.05
t(bz-b,;) = 2.962 ; P<0.025

Thus, b, <b, = b,. Some mild statistical differences between Brown Swiss and the other
two groups, also exist in the ¢ and d coefficients at the P < 0.20 tolerance level.

Predictive Value and Accuracy of the Mathematical Model

The "t" test for the constant coefficients is valid only as a criterion for accepting
or rejecting parameters of the mathematical model of the system. This "t" test provides no
information regarding the predictive value and accuracy of the mathematical model. For
such, the coefficient of determination and the standard deviation from regression are
required.

The coefficient of determination R?is the square of the correlation coefficient and
tells how much the mathematical model affects the total variability, that is
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RZ - ZyAZ
>y’

where ) 5% is the sum of squares attributable to regression and Y . y? is sum of squares
of the total. Thus, as with the constant coefficients, the mathematical model of the system
also affects the R? coefficient.

The coefficient of determination is tested by means of the multiple correlation
coefficient. When highly inter-correlated variables are included in the equation, the R?
value may be significant, while the constant coefficients may not. High correlations
between independent variables inflate the variances of the estimates, making individual
coefficients unreliable.

A question arises on whether a change in R? resulting from a change in the
mathematical model is significant. The change in the coefficient of determination is
defined as follows:

2 _ 2 xp?2
Rchange =R°-"R
where *R? is the coefficient of determination when one or more variables are excluded

from the equation. Then, the null hypothesis that Rf,mge = () is verified by the following
Ftest:

: (n “P- ])Rczhange
change q(l —R2)

where n is the total number of cases in the equation, p is the number of variables related
to R? and g number of variables related to *R2. Then, n-p-1 is degrees of freedom for the
residual related to R>. Note that, in nonlinear regression, the residual degrees of freedom
related to R? is written as n-p, where p is the number of parameters in the equation. The
statistical significance of F pange is obtained from the F distribution, with ¢ and n-p-1
degrees of freedom.

Example 5.3.3 The following are the differential equations proposed for the lactation
curve of a group of cows:
= ( a_ b) y+c
t

&
dt
& =age®-b
a4

where y is milk production, Kg/month and ¢ is months. The statistical results for the first
equation are as follows:
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Table 5.3.6

Source DF Sum of Squares _Mean Square
Regression 3 22928.34409 7642.78136
Residual 7 1321.65591 188.80799
Uncorrected Total 10 24250.00000

(Corrected Total) 9 10560.00000

R squared = 1 - Residual SS / Corrected SS = 0.87484

Asymptotic

Parameter Estimate Std. Error "t

a 0.174882315 0.025002471 6.99

a 0.206780539 0.042671018 4.84

c -15.78533600 9.278828992 1.70

The following are the statistics of the second equation:

Table 5.3.7

Source DF Sum of Squares Mean Square
Regression 2 23839.95913 11919.97956
Residual 8 410.04087 51.25511
Uncorrected Total 10 24250.00000
(Corrected Total) 9 10560.00000
R squared = 1 - Residual SS / Corrected SS = 0.96117

Asymptotic
Parameter Estimate Std. Error "t"
a 251.68452603  12.243564107 21.37
b 0.416681056  0.010715303 38.94
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Determine if the coefficients of determination of the two equations are statistically

different.

Selution: The following is the F,

hange

2
_ Ronge(-P) _ (0.96117-0.87484)(10-2- 1)

= 5.188

change

q(1-R%

Thehypothesis that R

2
change

3(1-0.96117)

P<0.05

value for the above coefficients of determination:

= 0 is equivalent tothe hypothesis that non significant

parameters are also zero. Then, deleting non significant parameters should not affect
significantly the coefficient of determination. This statement is shown in the following

example:
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Example 5.3.4 The following differential equation is proposed for the lactation curve of
the group of cows in Example 5.2.2:

dy bt
— = Qe +ct +
o dy

where y is milk production and ¢ is months. Determine the effect of deleting non
significant parameters on the R? value.

Solution: The following statistical results fit the data:

Table 5.3.8
Source DF Sum of Squares Mean Square
Regression 4 26736.10290 6684.02572
Residual 6 213.89710 35.64952
Uncorrected Total 10 26950.00000
(Corrected Total) 9 15390.00000
R squared = 1 - Residual SS / Corrected SS = 0.98610
Asymptotic
Parameter Estimate Std. Error "t"
a 327.86977097  49.692096538 6.60
b 0.330155226 0.083324925 3.96
c -1.067232252 1.416257767 0.75
d -0.547996260 0.125794564 4.35

Clearly, parameter c is not significant. A new round with parameter ¢ deleted shows the
following results:

Table 5.3.9
Source DF Sum of Squares Mean Square
Regression 3 26705.71069  8901.90356
Residual 7 244.28931 34.89847
Uncorrected Total 10 26950.00000
(Corrected Total) 9 15390.00000
R squared = 1 - Residual SS / Corrected SS = 0.98413
Asymptotic
Parameter Estimate Std. Error "t"
a 287.76427522  59.496146589 4.84
b 0.440587310 0.193108177 2.28
d -0.432546460  0.170836477 2.53

Note that the coefficients of determination in the two statistical evaluations are almost
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identical. Note also that coefficients b and d are also similar. Thus, the final equation is

% +0.433) = 288¢ 044V

The R? coefficient was defined as a measure of goodness of the mathematical
model for fitting the data. The opposite criterion to the goodness of fit is the sum of
squares of the deviations from regression Z d?, defined by the following expression:

Ydr=3y-3y°

that is, the sum of squares of the deviations from regression is the sum of squares of the
total z y2minus de sum of squares due to regression E $2. The sum of squares of the
deviations from regression is the basis for estimating the standard deviation from
regression. The standard deviation from regression is defined as follows:

2
s o[
4 n-p-1
The Sy. , value is an estimate of the failure of the mathematical model in fitting the data.
Example 5.3.5 Equation y =40.7+27.7c0s[0.691(¢-6.16)] was fitted to the pasture

production data of Example 5.2.4. The predictive value of this equation is R% = 0.910.
The lack of fit, for a standard deviation of Sy‘, =7.64, is shown in Fig. 5.3.2:
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The standard deviation estimates de accuracy of the mathematical model for
fitting the data, whereas R® estimates the predictive value of the model. It is expected that
a smaller S ; corresponds to a larger R, if the non significant coefficients are deleted.
This statement is illustrated in the next example.

Example 5.3.6 The following mathematical models were fitted to the rumen concentration

of ammonia in lambs fed a diet containing urea®:

y ==(a+bt)e™
y =a+bte™

where y is rumen ammonia, mMoles/liter and ¢ is hours after feeding. Determine the
numerical values of the constant coefficients and the statistical parameters for the two
mathematical models.

Solution: The following are the results for the first model:

Table 5.3.10

Source DF Sum of Squares Mean Square
Regression 3 5824.71512 1941.57171
Residual 6 105.07488 17.51248
Uncorrected Total 9 5929.79000

(Corrected Total) 8 1043.78000
R squared = 1 - Residual SS / Corrected SS = 0.89933

Asymptotic

Parameter Estimate Std. Error "t"

a 7.829388620 4.020972876 1.958

b 34.543303266 5.458689171 6.326

c 0.395602703 0.037130787 10.663
Asymptotic Correlation Matrix of the Parameter Estimates

a b c

a 1.0000 -0.6144 -0.3656

b -0.6144 1.0000 0.8650

c -0.3656 0.8650 1.0000

The corresponding state equation for model one is here:

8Computed from Streeter, C.L. et.al.
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y = (7.83 + 34.541)e 03

The results for the second model are as follows:

Table 5.3.11
Source DF Sum of Squares  Mean Square
Regression 3 5855.48225 1951.82742
Residual 6 74.30775 12.38462
Uncorrected Total 9 5929.79000
(Corrected Total) 8 1043.78000
R squared = 1 - Residual SS / Corrected SS = 0.92881
Asymptotic

Parameter Estimate Std. Error "t
a 7.469339752 2.550686920 2.929
b 37.522345821 4.972439824 7.549
c 0.497918668 0.053916065 9.237
Asymptotic Correlation Matrix of the Parameter Estimates

a b C
a 1.0000 -0.3140 0.5444
b -0.3140 1.0000 0.5221
c 0.5444 0.5221 1.0000

The state equation for model two is

y = 747 +37.52te *¥%

A summary for the above statistics is shown in the following table:

Table 5.3.12
State Equation R? S,
y =(7.83 +34.54f)e 03! 0.899 4.18
y=7.47+375te 4% 0.929 3.52

Note that the second equation has a larger R a smaller standard deviation and more
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reliable constant coefficients. Note also that the correlations between the parameter
estimates of the second model are smaller that the correlations in the first model.

In conclusion, in selecting a mathematical model, the research team should look
at the following statistics. It is expected also that results should agree with the
experimental hypothesis.

* Reliability of the constant coefficients

« The coeflicient of determination

* The standard deviation from regression

* The correlation matrix of the parameter estimates

Summary

The main criteria for accepting or rejecting the experimental hypothesis are the
"t" tests for the constant coefficients of the mathematical mode! of the system. However,
the predictive value and accuracy of the model are estimated from the coefficient of
determination and the standard deviation from regression. Sometimes, the correlation
matrix of the parameter estimates may also be included in the evaluation of the
mathematical model.
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FRAMEWORK FOR MODELING
AGRICULTURAL SYSTEMS

A model is a characterization of a real system. It may take the form of'a drawing,
a simple written verbal description or may be a complicated set of equations to be used
in the simulation of the system.

This chapter is an extension of Chapter 1. Is a conceptual overview of the
modeling process, as is further developed for specific applications in chapters 7, 8 and 9.
For such, simple examples are introduced and developed for explaining general modeling
principles.

6.1 THE SYSTEM VARIABLES

As disclosed previously, the following variables are required for defining the
mathematical model of a system:

* The time scale adopted for the system
e [nput variables

* State variables

* Qutput variables

The Time Scale

Time is a continuous process. However, when sampling takes place at fixed
intervals of time, then a discrete signal is generated. Depending on the time scale adopted
for the model, system models are grouped into two categories:

« Continuous systems
* Discrete systems

Actually, any system is neither continuous nor discrete, they are simply systems. It is in
the modeling process, according to the human interpretation of the system, that systems
are given specific definitions and features.

For continuous systems, the time scale is the set of all nonnegative real numbers.
Continuous systems are frequently called differentiable systems when they are represented
by differential equations and their solutions.
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When the state variables can be accepted as discrete, adopting a discrete model
for such system may be appropriate. This may be the case of state variables defined as
number of individuals or as qualitative traits. For discrete systems the time scale is the set
of all nonnegative integers. Discrete systems are not differentiable, because the state
variables are discrete. Discrete systems are sometimes represented by difference equations
and their solutions.

Input Variables

An input is anything admitted into the system, either in physical terms or as
information. Any agricultural system is bombarded by different kinds of inputs, most of
them not explicitly related to the research problem. Some inputs can be manipulated, for
example the application of fertilizers. In agricultural research, manipulation of inputs may
determine experimental treatments and designs. Most inputs, however, are not subject to
manipulation, like the weather factors and may add uncertainties for the modeler with
respect to the response of the system.

An input variable is named here x,. A set of input variables determines a
Cartesian product X, such that

X = XXy = fo=(x,.x)x,€X

where the /-tuple x is an input, X; is the range of input variable x, and i = 1,2,...,/ is the
identification of the system input variables. Each X is also called an input port'.

Example 6.1.1 The following levels of fertilizer are applied to a pasture experimental
field to test the pasture response to sodium nitrate and to superphosphate:

X, = {0, 300, 600}; X, = {0, 200}

where X, is sodium nitrate and X, is superphosphate, in kilograms per hectare. Define
the set of inputs of the system.

Solution: The set of inputs of the system is determined by the following Cartesian product:

X = X, x X, ={(0,0),(0,300),(0,600),(200,0),(200,300), (200, 600) }

lWaymore, AW
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where each of the six ordered pairs in the above product is an input.

Inputs organized over time are called input trajectories. Thus, an input trajectory f
has the following form:

f= {(t,x): teTxeX; X = X;x..x X3x :(xl,...,x,);xiez\’i)}
for continuous systems and
f= {(n,x): neN;xe X; X=X, x ...><X,;x:(xl,...,x,);xieX,.}

for discrete systems, where t and N are the continuous and the discrete time scales.

Example 6.1.2 Define an input trajectory for treatment x, =(0,3000) for the experiment
in Example 6.1.1, assuming applications of the fertilizers every three months, during a
full year. Define also a fertilization program, where no fertilizer is applied in winter, that
istreatment x, =(0,0) and maximum levels are applied during summer, that is treatment
x, =(200,600).

Solution: The requested trajectories are shown in the following table:

Table 6.1.1
Months Trajectories

/i />
0 x, X,
3 X, X,
6 x, Xg
9 X, X
12 X, x,

Note that in agricultural experiments inputs subject to manipulation are usually held at
constant values over time, as is the case of trajectoryf, in the above table. Note also that
the input trajectories in the table correspond to inputs that can be manipulated.

The following example corresponds to inputs that cannot be manipulated.
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Example 6.1.3 The following are average temperatures and rainfall data for a country
region in Panama:

Month J F M A M ] J A S O N D

Temperature* |26 27 26 25 24 24 23 23 23 24 24 25

Rainfall, mm 18 50 70 27 8 2 1 o0 O 0 O 3
*Centigrade

Each ordered pair x = (temperature, rainfall) in the above table is an input of the
system and the table specifies an input trajectory.

Note that the Cartesian product X holds true for both, discrete and for continuos
models, because all combinations of values within the range of the input variables are
possible. However, what actually defines the system response is the input trajectories
accepted by the system.

State Variables

The notion of a state is related to what is going on inside the boundaries of the
system. The state of the system is a static condition that can be determined by many
variables. Often many of these variables may not be even related to the research problem.
State variables may be either quantitative, like the weight of a cow or qualitative, like the
color of a cow.

A state variable is named here y,. Then, the state of the system is represented by
the Cartesian product Y, such that

Y = ¥yxext, = p=.p,) €Y}

where the n-tuple y is a state, ¥; is the range of state variable ¥; and i = 1,2,...,m are

labels of the state variables.

Due to the randomness of most inputs, the operation of all agricultural systems
must be considered subject to some kind of uncertainty. Depending on wether
uncertainties are taken into consideration or are ignored, models of systems are assigned
to two categories:

« Stochastic models
* Deterministic models

In stochastic models, the states of the system are defined as probability distributions. In
deterministic models, the states are defined as the expected value of the outcomes.
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Example 6.1.4 The trees of a citrus plantation are classified by size as small (s), medium
(m) and large (1) and by health as healthy (h)or diseased (d). Define the set of states of the
system.

Solution: The state of this system is represented by two variables, namely size s and health
h. Thus, the set of states of the system is represented by the following product:

¥ = {(s;h), (s,d), (m,h), (m,d), (Lh), (L.d)}

States organized over time are the state trajectories of the system. Thus, a state
trajectory is any function defined over the time scale with values in the set of all states of
the system. Thus, a state trajectory g is defined in the following form:

g = {(t,y):te TYEV Y=Y % XY sy =V, ViV, € Y;}

for continuous systems and

g = {(n,y):nEN; YEV; Y=Y ¥ XY, 5y = Vs V) Vi€ Y,}

for discrete systems, where T and N are the continuous and discrete time scales and y, is
a state variable.

Example 6.1.5 The following fitted equation represents the growth curve of a group of
steers”. This equation represents the body weight trajectory and is shown in Fig. 6.1.1.

y = 780 + 2656 -1.4271 _ 101560553,

Here y is the state variable of the system as the body weight of the steers in Kg and 7 is the
age of the steers in years.

2Vohnout. K., Unpublished
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Output Variables

An output is anything produced by the system across its boundaries. As with
inputs, outputs can be either in a physical form or as information packages. Oranges
produced by the citrus plantation in Example 6.1.4 are a physical output of the system,
while knowledge of the state of the trees is an information output. Many outputs of a
system may not be related to the research problem. Therefore, defining such outputs is not
necessary. This is the case in Example 6.1.4, where the problem is only related to the size
and health of the trees. Then, defining oranges as an output of the system is not necessary,
unless the problem is defined in terms of production of oranges in relation to the size and
health of the trees. Furthermore, being explicit in defining the size and health of the trees
is an information output of the system. In this case, the state is also the output of the
system.

An output variable is named here z;. Then, the output of the system is denoted
here by the Cartesian product Z, where the n-tuple z is an output, Z; is the range of
variable z and i = 1,2,...,n are labels of the output variables. Each Z; is also called an
output port’:

Z = Z)x.xZ, = {2=(2),. 2,)35,€ Z,}

n

Example 6.1.6 Production of a pasture field is determined in terms of grass and in terms
of milk. Define the output of the system.

3Waymore, AW,
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Solution: The output of the system is represented by two output variables, where z, and z,
stands for grass and for milk, such that

Z = 2,xZ, = {2202, 2,);2,€ Z35,€ 2y

Outputs organized over time are the output trajectories of the system. Then, an
output trajectory 4 is defined as follows. For continuous systems

h = {(t,z): teT; z€Z;Z:Zl><...><Zn;z=(zl,...,zn);z,.€Zi}
and for discrete systems, where T and N are the continuous and the discrete time scales.
h = {(n,z): neN; zeZ, Z=Z%..xZ ;z=(z,, ... ,z”);zleZl.}

Example 6.1.7 The following is the equation fitted to the lactation curve of a group of
dairy cows*:;

z = e 04208 + 4111)

500 1
5 ml #/'x' A,
RS / A
3 S 300+ N
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Figure 6.1.2

4Vohnout, K., Unpublished
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This lactation curve is also shown in Fig. 6.1.2, where the output variable of the system
is z, as milk production in kilograms/month and ¢ is time in months.
The following is an outline of the system related variables:

= Time scale for continuous systems
7 = {t: ¢ is a real number; 0 < ¢ < o}
* Time scale for discrete systems
N = {n:n is an integer; 0 < n < oo}

« Set of inputs

X = Xpx.xX, = {x =(x, ...x,):xl,EX,.}
« Set of states

Y = ¥Vx..xY, = {y:(y‘,...,ym);yleY,}
* Set of outputs

Z = Zx.xZ, = {(z=zl,...,zn);zi€Z,}
where X; and Z; are input and output ports.

Summary

An input is anything admitted to the system, either as physical objects or as
information packages. Depending on the time scale adopted, systems are classified as
continuous or discrete. Depending on whether uncertainties in the admission of inputs are
considered or ignored, systems are classified as stochastic or deterministic. States are traits
that characterize the system and outputs are anything produced by the system, either in
a physical form or as information packages, as a function of the state.

6.2 SYSTEM DYNAMICS

The notion of a state is related only to an instantaneous or static condition of the
system. As disclosed before, the dynamic condition is represented by the state transition
function. The state transition function represents the changes in the state of the system
over time, as determined by the initial state and by inputs. It was also disclosed that the
output depends only on the state of the system. These statements are discussed in more
detail in this section.
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The State Transition Function

The state transition of a continuous system is determined usually by a derivative
function p that depends only on a state y =g(¢) and an input x =£f), such that

.égﬁl - (g, AD)
T

A state trajectory of the system is the solution p of the above differential equation for a
given initial state y, = g(0). Thus, if the system is started at a state y,, is supplied by an
input trajectory f and is run to some time ¢, then

y = u(yoafa ]

Clearly, given the initial conditions, a continuous system is completely determined by a
differential equation or a set of interconnected differential equations.

The next state function v of discrete systems is equivalent to the derivative
function p of continuous systems. Thus, a state y, _, at the discrete time n+1 is completely
determined by the state y, and the input x at time n. Then

yn+] = v(yn’xn)

Therefore, given the initial conditions, a discrete system is completely determined by a
difference equation or a set of interconnected difference equations.

From the above, it is clear that the state transition function represents the
dynamic behavior of the system. The state transition function may be defined by a graph,
a table, or by mathematical expressions.

Example 6.2.1 The movement of DDT from plant to soil is 25% per month, from soil to
plant is 2% and carried out with ground water is 5%. Define the state transition function
and the set of state trajectories of the system.

Solution: The dynamics of the system is shown in Fig. 6.2.1. This is a two-compartment’
open system and Fig. 6.2.1 symbolizes a state transition function. It is a continuous system
because there is a continuous flow of DDT within the system and between the system and
the outside environment.

>The term “compartment” is widely used in tracer kinetics and was
accepted and adopted for this book
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Figure 6.2.1

The system is completely determined by a set of initial conditions Y, =(0.6,0.4) and by
the following set of differential equations:

-0.25 0.02
¥, [ ] y

@& 7 1025 -(0.02+0.05)

for Y= (yp, y,), where ¥y, is the plant concentration of DDT, y, is the soil concentration
of DDT, # ismonths, x = 0.02y, is the input to the plant compartment, x ,, = 0.25y, isthe
input to the soil compartment, z, = 0.25y, is the output of the plant compartment to the
soil compartment, Z,= 0.02y, is the output of the soil compartment to the plant
compartment and Zg,, = 0.05)5 isthe output of the soil compartment to the outside. Note
that coefficients with a positive sign are inputs and coefficients with negative signs are
outputs. The Laplace transform of this set of differential equations is given by the
expression (sI-A)G(s) = ¥, where

+0.25 -0.02
|sI-A| = = (5 +0.0455)(s + 0.2745)

-0.25 5+0.07

is the characteristic equation of the system. Then

1 .6 -0.02

GI(S) =
(5+0.0455)(5s+0.2745) 0.4 5+0.07,
1 +0.25 0.6

Gz(s) =
(s+0.0455)(s+0.2745) | -0.25 0.4

The reader is encouraged to check that the solution of the above transforms is the
following set of state trajectories:
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1.0122 -0.6122f|p 0-2745

[0.0990 0.5010 ] p 004551
e

These trajectories are shown in Fig. 6.2.2. Since this system has an output to the outside
environment but does not have inputs from outside, DDT values will approach zero as the
time variable gets very large.

08 T
06 '.l“\i\‘\‘
~ \,, g
Q 04w e
Q \‘*i’ ™ e Plant
02 e —m— Soil
* e | SN
04 ; ; ; A i {
0 4 8 12 16 20 24
Months
Figure 6.2.2

Example 6.2.2 A rancher sells each month 3.6% of his feedlot steers and buys 90 new
animals. The initial mumber of steers is 460. Define the next state function and the state
trajectory of the system.

Solution: This system is discrete because the state variable steers is discrete. The system
is depicted in Fig 6.2.3:

Figure 6.2.3

The following is the corresponding difference equation, where y, is the present state of
the system, y, , is the next state, x = 90 is the input and z, = 0.036y, is the output:

Voo =¥, = 90 - 0.036y,
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The above equation may also be written in the next state form y, , = 90 + 0.964y, . Then,
the Z transform of this difference equation is

90z 460z

%) = T he-0.960) ' z-0.964

The following state trajectory is the corresponding inverse

Y, = 2500 - 2040(0.964)"

also shown in Fig. 6.2.4:

2500+ . * ¢ & ©
. *
2000+ .
® 1500 ¢
B *
& 10001
500+
0 } ; } ; e
O 20 4 60 80 100 120
Months
Figure 6.2.4

Example 6.2.3 A forest area is chopped down and burned. After the first year, 20% of the
burned area is regrown by trees and 30% is colonized by grasses. The remaining area stays
as bare soil. Mortality of trees is 15% and mortality of grasses is 25%. Define the next
state function and the state trajectories of the system.

Solution: This forest area may be defined as a finite discrete system with three state
variables, the bare soil state variable, the grass state variable and the trees state variable.
The next state function of the system is shown in Fig. 6.2.5:
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Figure 6.2.5

The corresponding state transition matrix is shown in the following table:

Table 6.2.1
Present Next State
State
Bare Soil Grasses Trees
Bare Soil 0.50 0.30 0.20
Grasses 0.25 0.75 0
Trees 0.15 0 0.85

The above table shows that 50% of bare soil may remain as bare soil in the next state, 30%
may become grasses and 20% may become regrowth of trees. It also shows that 25% of
the grasses may die out, reverting to bare soil and that 75% may remain as grasses. Fifteen
percent of the trees may die and revert to bare soil and 85% may stay alive.

The system is represented by the following set of next state equations:

0.50 0.30 0.20
Y, =025 075 0 |7,
015 0 085

Then, the corresponding Z transform and its inverse are
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G(z) = G(O)fé
Y, = G(0)Q”

where G(0) is the set of initial states of the system and Q is the state transition matrix.
The set of initial states is here

100
GO) =010
00 1

Note that the first row of the above matrix shows that the initial state is bare soil. Then,
the following is the set of state trajectories of the system:

n

1 0 0[{0.50 0.30 0.20
Y, =10 1 0]l025 0.75 0
00 1/{0.15 0 085

After solving matrix ", the following are the state trajectories when the initial
state is bare soil®:

¥, = 0.2830 + 0.6937(0.285)" + 0.0233(0.815)"
¥,, = 0.3396 - 0.4479(0.285)" + 0.1083(0.815)"
5, = 0.3773 - 0.2457(0.285)" - 0.1316(0.815)"

Fig. 6.2.6 shows the above state trajectories. Since this is a closed system, states will
approach an asymptotic value as time gets larger.

%The procedure for determining the powers of a matrix will be
discussed in the next chapter



6.2:System Dynamics 193

T
\\
LR
<
S u\
® 06+
=%
= Soil
8 041 l—._
O ST T maTesemeczmsezmiinizziiic oo Grass
- e S— —
% 02+ e Trees
~d {.'
0 R e e T e S
0 2 4 6 8 10 12 14 16 18 20
Years
Figure 6.2.6
The Output Function

As specified in the first section of this chapter, the notion of an output function
is related to the production of outputs as a response to the state of the system, such that

z=w(Q)

where w is an output function. Then, an output z of the system is completely determined
by the state y.

Defining output functions is not always necessary. In addition, when dealing with
empirical models, an output function may often have only an abstract meaning.

Example 6.2.4 Define the output function of the DDT system in Example 6.2.1.
Solution: This system was represented by the following set of differential equations:

ar |02 002
dt 025 -(0.02+0.05)

where ¥, is DDT concentration in the plant compartment and y, is the concentration of
the insecticide in the soil compartment. Because there are no external inputs defined for
the system, the above set of equations is also the output of the system, such that
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-0.25 0.02
025 -0.07

az
dt

4
dt

Since the state trajectories are known, the following is the set of output trajectories of the
system:

e 70,045511

-0.25 0.02 |{0.0990 0.5010
0.25 -0.07)[1.0122 -0.6122

e -0.27451

These trajectories may have only a theoretical meaning. More important are here
the input-output relationships between compartments. As shown in the graph of Fig. 6.3.7,
the outputs of each individual compartment are determined by the coefficients with
negative signs, that is z,= 0. 25y and z =zt 2, ,=0.07y , where Zps is the output from
the plant compartment to the 5011 compartment zsp is the output from the soil
compartment to the plant compartment, z., is the output from the soil compartment to
the outside and z,=z,+z, is the total output from the soil compartment. Fig. 6.2.7

5,
represents the output function of the system.

=0.05y,

Z,,= 0.25y,
Figure 6.2.7

Summary

The state transition of a continuous system is determined by a derivative function
p that depends only on a state and an input, such that dg(¢)/dt = p(g(t), A1)). A state
trajectory of the system is the solution of this differential equation for a given initial state.
Thus, if the system is started at a state ¥, is supplied by an input trajectory fand is run
to some time £, then y=u(y,,f,#). The next state function v of discrete systems is
equivalent to the derivative function p of continuous systems. Thus, a state at the discrete
time n+1 is completely determined by the state and the input at time r such that
Yy =V(,» x,). Given the initial conditions, a system is completely determined by a
differential or a difference equation or by a set of interconnected differential or difference
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equations. An output function w relates outputs and states, such that z=w(y), where z is
the output.

6.3 RESPONSE FUNCTIONS

A continuous linear system was represented, in the first chapter, as a tank with
devises for water admission and for water discharge. The change of the water level was
defined as the difference between admission and discharge, such that

& =x-by

dt

where x is the water input, y is the height of water, ¢ is time and by is the water output.
Two processes are taking place in the tank. One process is the filling and the other is the
emptying of the tank. The emptying process may take place even if the water input is
turned off, independently of the water input. In this case, the emptying of the tank is due
exclusively to y,, the height of water at time zero. Conversely, the filling process
determines a system response that is due exclusively to the input x, independently of the
initial conditions. These two processes are called the free response and the forced
response. The portrait of this system for an input of x = ¢ is shown in Fig. 6.3.1.

y | dvid-chy
\ A | — @ outputhy

Figure 6.3.1

From the above, the following definition applies for the free response:

Definition 6.3.1 The free response is the system response due only to the initial conditions
in the absence of inputs.
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The following definition applies for the forced response:

Definition 6.3.2 The forced response is the system response due only to inputs, regardless
of the initial condition.

Thus, if the input c is zero, the free response of the system is a homogeneous differential
equation:

The free response is always represented by a homogeneous differential equation.
The two responses are clearly seen in the following Laplace transform of the
differential equation of the system, for an input x =¢:

Y
°o,_ ¢

Gs) = s+b  s(s+b)

The first fraction of the above expression corresponds to the free response and the second
to the forced response. Thus, the inverse of the first fraction is the state trajectory of the
free response y, and the inverse of the second fraction is the state trajectory of the forced
response yp:

Py = e
Y = —Z'(] _e~b1)

The sum of the two responses is the total response of the system. Thus, the following
definition applies:

Definition 6.3.3 The total response of the system is the sum of the free response and the
forced response.

Then, the state trajectory of the total response is the sum

Y=y, vy = vee Ut %(1 et
c c —bt
= __ + - _Je
(3]

The steady state response and the transient response are two other quantities
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whose sum equals to the total response. Note that, when the output of the system is equal
to the input, the system is at a steady state, that is

iV-:c-by:()

dt

Then, at steady state, the response of the system approaches the constant ¢ as time
approaches infinity. Clearly, changing c also changes the steady state of the system. Thus,
the following definition applies for steady state:

Definition 6.3.4 A steady state is the response of the system when the input and the output
are equal.

The transient response is defined as follows:

Definition 6.3.5 A transient response is the system response when the input and the
output are not equal.

Thus

@ by # 0
a 7

Example 6.3.1 An individual with an immunodeficiency problem was dosed with 9.9
grams of gamma globulin intravenously. The blood concentration of the patient gamma
globulin is described by the following fitted state equation”:

Y = 218 +245¢ 00386

where y is gamma globulin concentration in mg/dl and ¢ is time in days. Define the
response functions of the system.

Solution: The following is the differential equation related to the state equation:

P 0.0386y = 180
dr

7Vohnout, K., Unpublished
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The corresponding Laplace transform of the above differential equation is

463 180

5) = +
) 5+0.0386  s(5+0.0386)

where 463mg/ml is the blood gamma giobulin at zero time and 180mg/day is the patient
gamma globulin input. The first fraction represents the free response due to the dose of
gamma globulin given to the patient. The second fraction represents the forced response
and is attributable to the patient’s own gamma globulin contribution. The following state
trajectories are the free response y , and the forced response y Fr

H

463 ¢ -0.03861
2]8(1 _e <0.0386I>

Y4
Vg

Il

Then, the total response is the sum
y = 218 +245¢ 00386

The steady state response is the asymptotic value 218. The system responses are shown
in Fig. 6.3.2.Note that the gamma globulin dosed to the patient approaches zero as time
increases. Conversely, the patient’s own gamma globulin contribution approaches the
asymptotic value of 218 mg/ml.

500 -
5 A
D 400 Pm
a N
o : . | B
5 300 - A LA Response
3 00 . . " w % w Data
Q ‘ A S Total
Ewo, o+ "4 ‘& Free
E ot Tk, e Forced
O 0 ¢ b e e
0 10 20 30 40 50 60 70
Time, days
Figure 6.3.2

Example 6.3.2 The following equation was fitted to the microbial digestion of the cell
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walls of a forage sample®:

y = 54.0e -0.08201

where y is percent of residual cell walls and 7 is time in hours. Define the system response
functions.

Solution: The following is the differential equation of the system:

P, 0.0820p = 0
dt

This is a homogeneous equation and the change of state of the system is determined only
by the output 0.0820y . Therefore, the fitted equation is a free response function depending
only on the initial condition 54.0%.

The same principles described for continuous systems apply also for discrete
systems. A simple first order system is represented by the following difference equation:

Ay, =x, - by,

n

Yoo = X, ¥ (1 ’b)y,,

where x_is the input and by, is the output. This difference equation has the following Z
transform for a constant input of x, =c:

_ 80z | cz
O 0 eE

where g(0) represents the initial condition of the system. If the input ¢ is zero, then the
following homogeneous difference equation represents the free response of the system:

yn+| '(l_b)yn = O

The Z transform of this difference equation is

!Computed from Van Soest, P.J.
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which is the first fraction of the total response transform. When the initial condition g(0)
is zero, then the transform of the forced response is

_ czZ
D = - a B

which is the second fraction of the transform of the total response. Thus, the foliowing
sequences are the free response y, and the forced response y, of the system:

It

g0)(1-b)"
cr A
Z[l (1 -BY]

yAn

]

an

The total response is the sum

Yo = an * Van = 8O -6Y ¢ £[1 - (15

- .Z_+(f(0)—%)(l~b)"

Example 6.3.3 Each month 3.6% of farm workers of a county are laid-off or quit and are
replaced by 90 newcomers. Define the response functions of the system if the initial
number of workers is 460.

Solution: The following is the difference equation representing this system:
Yy ~ Y, = 90 -0.036y,
Thus
Vpoy ~0.964y, = 90

The following is the Z transform of the above equation:
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460z 90z
+

Y@ = 5961 F T 1z-0963)

where 460 is the initial number of workers and 90 is the monthly input of newcomers.
Then, the following solutions are the free response y,,, the forced response y, and the
total response y,:

Py, = 460(0.964)"
Vs, = 2500[1 - (0.964]
¥, = 2500 - 2040 (0.964)"

These responses are shown in Fig. 6.3.3. Note that, as time increases, the number of old
workers approaches zero and the number of newcomers approaches 2500.
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Figure 6.3.3

Summary

The response of a linear system is represented by two types of functions, the free
response and the forced response. The free response is the reaction of the system to initial
conditions in the absence of inputs and the forced response is the system reaction due
exclusively to inputs. The sum of the free and the forced response of the system is called
the total response. A steady state is the response of the system when inputs and outputs
are equal.
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6.4 TRANSFER FUNCTIONS

In a broad sense, a transfer function relates the response function of the system
with an input function. Consider the following example:

Example 6.4.1 Define the transfer function of the system:

dx
b,%ti +by = c,;{; +Cx

Selution: The following is the Laplace transform of the above differential equation:
b)[sG(s) - g(0)] + bG(s) = ¢,[s F(s) - AO)] + cF(s)
Then

L ste ) ¢ f0) - b,g(0)
o0 = 3

The above transform may also be written as

¢,f0) - b,2(0)

G(s) = P(s)F(s) - bsih
1

where P(s) is called the transfer function of the system. The transform of the input
function is F{(s), the transform of the response function is G(s) and £0) and g(0) are initial
values for the input and for the state variables. When all initial values are zero, the
transfer function relates the response function of the system and the input by the
expression G(s) = P(s) F(s). This relation is shown in Fig. 6.4.1.

Figure 6.4.1
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Thus, the following definition applies for the transfer function:

Definition 6.4.1 In a linear system, a transfer function P(s) is the ratio between the
transform of the response function of the system and the transform of the input function,
when all the initial values are zero.

By using the Laplace or the Z transforms, this definition is valid for continuous
and for discrete systems.

The general expression for the Laplace transform of the response function can
be written as

m

Yo’
G(s) = “—:*“mF(S) + (all terms for initial conditions)
Y bt

0

Then, the general expression for the transfer function is

Note that the denominator of the transfer function is the characteristic polynomial of the
system.

Example 6.4.2 Define the transfer function for the following system:
Yaa ¥ O, 1By, = X0 FOX, T OX,
Solution: The following is the Z transform of the system:

(z2G(2) - g(0)z* - g(1)z + b, [2G(2) - g(0)2] + b,G(2)
= 22F(z) - A0)z* - A1)z + ¢ [zF(z) - R0)z] + ¢,2F(2)

where g(0), g(1), f0) and f{1) are the initial conditions. Then, the transform of the
response may be written as
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zl+rez+e, ) + g0)z(z+b) +g()z  A0)z(z +c)) +f1)z

2 2 2
z°+bz+b, z°+bz+b, z°+biz+b,

Gz) =

The transfer function is here

2
z +ch+CZ

2
z°+bz+b,

P(z) =

where 22+ b,z + b, is the characteristic equation of the system.

As will be shown in the next example, when the input depends on time, defining
the response function of the system requires the appropriate handling of the transfer
function.

Example 6.4.3 The following is the differential equation representing the yield of a
Kikuyu grass field, in response to rainfall’:

D, 04916y - 0.1049% + 0.1090%
dt dt

where y is pasture yield, as kg/ha/day of dry green leaves and x is rainfall in mm/month,
as defined by the following corresponding rainfall equation:

x = 206 - 152.6c0s0.809¢ - 43.5sin0.809¢

Determine the response functions of the system.

Solution: The above differential equation may be expressed symbolically as

Q+b :c£+c
a2y T

9Computed from Murtagh, G.J. et.al.
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and the symbolic expression for rainfall has the form

) = ky + kcosO¢ + k,sin0¢

Then, the Laplace transform of the system differential equation is

¢ 0) - g(0)
s+b

CS +c,
G(s) = F(s) -
s+b

As disclosed in the previous section, the response of a system can be separated
into two components, the free response depending only on initial conditions of the system
and the forced response depending only on the input.

Free Response. The Laplace transform of the free response is here

where g(0) is the initial pasture yield. Then, the free response of the system is simply the
inverse transform of the above equation:

g0 = g0)e™
Forced Response. The Laplace transform of the forced response is

Cy ) - ¢, A0)

Gls) = +b s+b

CS+
N

where f{0) is the initial condition for rainfall. Note that the forced response includes the
initial conditions of the input. The initial conditions of the input should not be confused
with the initial conditions of the system.

The first term of the forced response may be written as G,(s) = P(s) F(s), where
P(s) is the transfer function of the system and F(s) is the Laplace transform of the rainfall
input. For practical purposes, this first term will be solved first.

As disclosed in Chapter 4 and Property 4, the inverse Laplace transform of the
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product of functions P(s) and F{(s) is given by the following convolution integral:
g{t) = LY|P(s)F(s)) = fo ‘pt-1)fv)dr = fo POAL-t)dr

where

s+ ¢y b Cy
P = = 1—
) s+b Cl{ s+b}+s+b

The inverse of the above transfer function is
pb) = c,(é(t) ~be )+ c,e ™ = €,8(t) - (clb - bt

The term 8(¢) is the inverse transform of integer 1 and is called a unit impulse function,
or delta function. The delta function represents a spike whose ordinate approaches
infinity and the width of the independent variable approaches zero. The area under the
curve is equal to one, that is

E(t)dt -1

meaning that of a unit of input is compressed to an infinitesimally small duration of time.
Note that the delta function has a value only at # = 0. Then, the following is the Laplace
transform of the delta function:

Ljs(n)] = J:e"a(t)dt =1
The inverse of F(s) is the rainfall input and was defined as
o) = ky + kjcosOt + k,sin 07

Then
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80 = [ 'P-ftv)de
[ fe,8(t-7) - (¢ p-c)e M D)
¢, fo ‘S(t-t)f(t)dr - (c,b-c,) fo ‘e M-Iy dt

i

n

where 1 is the time scale. As indicated before, the inverse transform of the product of two
functions is defined by a convolution integral. Since the Laplace transform of 5(¢) = 1,

then
¢ {
jo S(2)f (¢t~ v)dr = jo 8(t- 0)f (e = L[(NF ()] = £

Expression 6(f — 1) is called a delayed impulse.
Note that f(¢) = ko + ky cosBt + ky sin@t Thus

il

g0 = c D -(c;p-c,) fo 'e X fnyde

= ¢ (k, +k,cos0T +k,sin07) - (¢c,b-¢,) f e bt "k, +k,cos0 T +sinOT)dr
0

= ¢ (k, +k,cos01 +k,sinf 1) -

(c,b-ce ””( kOfO'e brgv + klfote breosOtdr + szole bsin Ot dt)

After computing the integrals and factorizing, the above expression becomes

k k, b-c )k ,b-k,0
g, = czbo _( Czbo ek, - (e, cbzz(+é2 2 ))eﬂu
b-c k,b-k,0 b-c Xk, 0+k,b
+ clkl—(c‘ ¢ Wkb-k0) cosBr+| ck,- (cbc)(k,0rhkb) sinOf
b2+62 b2+62

The second term of the transform of the forced response has the following

solution:
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L{fﬂ

o } = ¢,(k, +ke

Then, the final expression for the forced response is

Gk [ 6k (c\b-c ) )kb-k0)}
g4(t) = 5 v(_-— +c,k; - 0 e
- - b-c, Xk,0+kb
+ clk‘—(c'b ¢ kb-k,0) cosOt + | ¢ k,- (c,b¢;)k 0 +kb) sin©¢
b2+62 b2+62

Total Response. As disclosed previously, the total response is the sum of the free response
and the forced response. Thus

b ™1 b2+62
ek (eyh-c))(kb-k)0) cosO1 +1 ek (c,b-c, Xk, 0+k,b)
™ b2+g? 172 b2+02

]sinﬂt

It is now a simple task to replace the above expression with the known numerical values
for b, ¢, ¢y, kg, ky, k, , cosB and sin6. Then

¥y = 45.68 - 23.12c0s0.809¢ - 13.865in0.809¢-22.56¢ 4% + g(0)e ~04%%

where g(0) is the pasture initial yield. An educated guess for this initial yield may be
obtained from the data, but the final value is better obtained by non linear regression. The
following are the results after this procedure:

y = 45.68 - 23.12¢0s0.809¢ - 13.865in0.8091-22.56¢ “*4% 1 22 60e 049

where g(0) = y, = 22.60. The following is a summary of the non linear curve fitting
statistics:
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Table 6.4.1

Source DF Sum of Squares Mean Square
Regression 1 16948.26085  16948.26085
Residual 9 1024.73915 113.85991
Uncorrected Total 10 17973.00000

(Corrected Total) 9 4208.90000
R squared = 1 - Residual SS / Corrected SS = 0.75653

Asymptotic
Parameter Estimate Std. Error "t
Yo 22.597416584 0.100807556  223.70

The accuracy of the state equation may be improved by including more

parameters in the non linear curve fitting process. To preserve the identification of the free

response, the total response may be written as follows:

y=Ade®+B-(B+Cle ™+ CcosOt + Dsin0O¢

Then, the following equation was obtained:

y = 14.26¢ %9 1 4582 - 31.29¢ 0% - 14.53¢c0s0.809¢ - 19.095in0.809 ¢

where the first term of the above equation corresponds to the free response. Parameter 0
was not included in the curve fitting process. The graph of the response functions is shown

in Fig. 6.4.2.
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Figure 6.4.2
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The following is the summary of the regression statistics:

Table 6.4.2
Source DF Sum of Squares Mean Square
Regression 4 17683.78934 4420.94734
Residual 6 289.21066 48.20178
Uncorrected Total 10 17973.00000
(Corrected Total) 9 4208.90000

R squared = 1 - Residual SS / Corrected SS = 0.93129
Asymptotic 95 % Confidence Interval

Parameter Estimate Std. Error Lower Upper

A 14.262346109 6.139706127  -0.760973576 29.285665794
B 45.817639700 2.862976589 38.812188354 52.823091046
C -14.53461940 3.234187731 -22.44839168 -6.620847108
D -19.08527739 3.394823204 -27.39211052 -10.77844426

In conclusion, since transfer functions relates the system response with a
particular input function, the researcher can simulate countless system responses by
changing the input trajectory.

Summary

Transfer functions relate the system response with an input trajectory. When all
initial values are zero, the transfer function relates the response function ofthe system and
the input by the expression G(s) = H(s) F(s), where G(s), H(s) and F{(s) are the Laplace or
Z transforms of the system response, the transfer function and the input trajectory. Thus,
a transfer function is the relation between the transform of the response function and the
transform of'the input function, when all the initial values are zero. This definition applies
either for continuous or for discrete systems.

6.5 STRUCTURAL PROPERTIES OF SYSTEMS

The notion of structure is related to how the parts of something are put together
and organized to form a more complicated arrangement. Then, the structure of systems
is related to how component systems are coupled to form a more complicated system.

The following structural classification of agricultural systems has been adopted
for this book:

* Interactive coupling
* Conjunctive coupling

Interacting component systems may be coupled by means of interconnected
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differential of difference equations, determining an interactive coupling. Difference and
differential equations denote the existence of interfaces between the coupled components.
In a simpler type of coupling, a set of components may be coupled as one system having
no interface relationships between such components. This type of coupling is called
conjunctive coupling.

Interactive Coupled Systems
Interactive coupled agricultural systems may be arranged into two groups:

¢ Compartmental systems
* Non compartmental systems

Compartmental Systems. The components of compartmental systems are called
compartments, a label that is widely used in tracer Kinetics. Compartments work as
communicating chambers among which a substance is considered to move. A
compartment is defined, in a morphological sense, as a chamber with a given substance
that occupies the chamber. Compartmental systems are called closed systems, if it is
assumed that no material enters or leaves the system. If communication with the external
environment is permitted, then the system is called an open system. Modeling of
compartmental systems is called comparimental analysis. An abstract representation of
a compartmental system is shown in Fig. 6.5.1.

Figure 6.5.1
An open system with two compartments is illustrated in the following example:

Example 6.5.1 As defined in Example 6.2.1, the movement of DDT from plant to soil was
25% per month, from soil to plant 2% and carried out with ground water 5%. This
system is pictured in Fig. 6.5.2:

CPlant | | soil 005 »

Figure 6.5.2
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The following set of differential equations was defined for this system:

-0.25 0.02 0
gowor 12 o

0.25 -0.02 -0.05

for ¥ =(yp,ys), where y_ is a state of the plant compartment, Y, is a state of the soil
compartment and ¢ is months. The state changes are determined only by the output
(4+B)Y, because there are no external inputs to the system. The matrix of constant
coefficients determining exchange rates between compartments is 4. Coefficients with
positive signs are compartment inputs and coefficients with negative signs are the
compartment outputs. Note that the system is represented by two differential equations,
because it has two compartments. Note also that the sum of the coefficients of each
column of matrix 4 should always add up to zero. Matrix B is determined by the system
output to the outside environment.

Compartmental analysis may yield information on state changes and exchange
rates between compartments. It may provide also information on the distribution volumes
and the mass of the system compartments. The next example illustrates this possibility.

Example 6.5.2 It was shown in Example 6.3.1 that a patient with an immunodeficiency
problem was dosed with 9.9 grams of gamma globulin intravenously. The blood
concentration of the patient gamma globulin was described by the following equation'®,

y = 218 +245¢ 0086

where y is IgG gamma globulin concentration in mg/dl and ¢ is time in days. Determine
the gamma globulin distribution volume for a one-compartment model of the system.

Solution: The distribution volume is given by the relationship V= D/y,, where V is the
distribution volume in deciliters, D is the gamma globulin dose in milligrams and y, is
the blood gamma globulin concentration in milligrams per deciliter at time zero. Then

y =290 5144

463

By knowing the distribution volume of the marker, it is possible to convert the

10Vohnout, K., Unpublished
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state equation from concentration of the marker to amount of the marker, such that
y,=yV. Then

y, = 4661 +5239¢ 0386

where y_ is milligrams of gamma globulin. he corresponding differential equation is here

Py _ 180 - 0.0386p,
d

where 180 is an input and 0.0386y, is the output. The system is represented in Fig.
6.5.3.

Figure 6.5.3

As shown in the above examples, the following is a fundamental feature of
compartmental systems:

» The sum of the coefficients in each column of the matrix representing
exchanges among compartments always add up to zero

The reader is advised not to confuse compartments with the states of a finite
discrete system. To emphasize the difference, states are represented as the dashed circles
shown in Fig. 6.5.4.

Figure 6.5.4

The state at which the system is operating is called the mode of operation of the system.
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Example 6.5.3 It was found that, when the trees in a citrus plantation are healthy, 20%
may get a disease within a year. When diseased, 30% of the trees may recover and 10%
may die. Define the mathematical model representing the system.

Solution: There is a temptation of defining this system as continuous and open, with a
compartment of healthy trees and a compartment of diseased trees. As shown in Fig. 6.5.5,
this is a finite discrete system with three states, the healthy state, the diseased state and
dead state. This is called the next state diagram of a finite discrete system or just, a state
transition diagram.

Figure 6.5.5

The corresponding state transition matrix is shown in the following table.

Table 6.5.1
Present Next State
State
Healthy Diseased Dead
Healthy 0.8 0.2 0
Diseased 0.3 0.1 0.6
Dead 0 0 1

The first row in the table shows that when the trees are healthy, the probability of
remaining healthy in the next state is 0.8 and the probability of becoming diseased is 0.2.
The second row shows that when the trees are diseased, the probability of getting healthy
in the next state is 0.3, the probability of remaining diseased is 0.1 and the probability of
dying is 0.6. The third row shows that dead trees would remain dead. Then, the



6.5:Structural Properties of Systems 215

mathematical model of the system is given by the following next state equation:

08 02 0
Y, =03 01 067,
0 0 1

where y,, y,, y, are the healthy, the diseased and the dead states and 7 is years.

The system is represented by three difference equations, because it has three
states. Note that no substance is moving between the states, but information that 20% of
healthy trees may turn diseased and 80% may remain healthy. Thirty percent of diseased
trees may become healthy, 60% may remain diseased and 10% may die. All the dead trees
remain dead.

Non Compartmental Systems. Components of a non compartmental system may work as
transducers with no chambers among which matter may move, but black boxes linking
the components by inputs and outputs of information. Mathematical models of non
compartmental agricultural systems are usually of empirical nature. An abstract
representation of a non compartmental system is the black box shown in Fig. 6.5.6.

«;____7_“;”; ],, B

Figure 6.5.6

Example 6.5.5 Without predators, every year the population of a type of bird doubles.
When predators are introduced, the bird population is reduced in proportion to ten times
the number of predators. The number of predators increases in proportion to the number
of birds by a 0.01 factor. Define the mathematical model of the system.

Solution: Since birds and predators are discrete variables, it is reasonable to define the
system as discrete. The following is the set of difference equations representing the
system:

2 -10]
T =45 = oot o |
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for ¥, = (y,, ¥,), where y, is the birds component, ¥, is the predators component and »
is years. As shown, the birds are affected by birds by a 2 factor and by predators by a factor
-10. Predators are affected by birds by a factor 0.01. This system is pictured in Fig. 6.5.7.
The system is represented by two difference equations because it has two components.
Note that the sum of the columns of matrix 4 does not have to add to zero, because there
is no matter moving between the components, but information on state changes. Note also
that no inputs from outside have been defined for this system. Therefore, the state changes
are determined only by the output AY .

-10y,
2y,

Birds

_ ,,VOLO,,LYILW,W ('

Predators

0
Figure 6.5.7

Example 6.5.6 The leaf growth of Kikuyu pastures and milk production of dairy cows was
measured for periods of four weeks, during three consecutive years''. The following matrix
equation defines the relationship between the state variables:

0 14.13
I+
-0.6498 26.37

The state variables are here Y=(y ,yc) where y, is leaf growth in kilograms of dried
green leaf per hectare per day and y_ is milk productlon in kilograms of 4% fat corrected
milk per hectare per day. Define the input and output of the system.

dy

-0.3661 0
Y+
dt

0.6311 -0.7892

=AY +BT+C = [

Solution: The system input is BT+C and the output is Z=A4Y. The corresponding picture
of the model is shown in Fig. 6.5.8. Note that the differential equations of the system

“Computed from Murtagh, G.J. et.al.
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correspond to an empirical model fitted to the data. As opposed to compartmental models,
non compartmental models are often empirical in nature. Therefore, the numerical
coefficients in the differential or difference equations may not have a physical
interpretation other than establishing relationships among variables. For instance, the
inputs in Example 6.5.6 may include a group of factors not accounted for explicitly in the
mathematical model of the system. In non compartmental systems there is no material
flow but a flow of information.

0
-0.3661y
14.13 Pasture
> J
) 06311y,
Ly ]
26.37-0.6498t Cows
).
A -0.7892y, 7
Figure 6.5.8

As shown in the above examples, the following are fundamental features of non
compartmental systems:

« The sum of the coefficients in each column of the matrix representing
relationships among components may not have to add up to zero

« The coefficients in the differential or difference equations represent
information flows and may not have a physical interpretation

Conjunctive Coupled Systems

The notion of conjunctive coupling is that of systems in which each component
has its own inputs and operates independently. The essence of this concept is the grouping
of the experimental material such that each group is a component system and constitutes
a single trial or replication. Grouping determines the sources of variation in the typical
analysis of variance.

The "Source of Variation" in the analysis of variance may include input variables
and non-input variables. An input is a variable definable as a function of time. Non-input
variables are usually qualitative variables, such as blocks, breeds, species or any particular
trait. Non- input variables are component systems and are not definable as functions of
time.
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Example 6.5.7 An experiment was carried out to test the effect of potash on the yield of
cotton. The experiment was arranged in 3 randomized blocks and the treatments were five

levels of K,O per acre. Define the conjunctive coupling of the experiment as a system.

Solution: The following is the analysis of variance proposed for the above experiment:

Table 6.5.2
Source of Variation Degrees of Freedom
Blocks 2
Treatments 4
Error 8

Here the blocks can be portrayed as system components. Each block is a
replication of the experiment and operates independently. The treatments are inputs of the
system, because applications of potash are scheduled over the time variable.

This system is shown in Fig. 6.5.9.

Experiment

—» Block 1

Treatments
— > Block2 >

3 Block 3

Figure 6.5.9

Note that there are no interfaces between the experimental blocks. Each block is an
independent system by itself. However, the three blocks are components of a system called
experiment.

The notion of conjunctive coupling is particularly helpful in factorial
arrangements of treatments and in split-plot experimental designs.

Example 6.5.8 An experiment was designed to study how the starch content of the diet
of steers affects the digestibility of roughage. The experimental roughage was stems of the
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banana plant, sugarcane leafs and Star grass hay. In vivo digestibility procedures were
carried out by placing the bags containing the roughage in the rumen of six fistulated
steers. The starch was provided by six different amounts of green bananas. Define the
experiment as a conjunctive coupled system.

Solution: Each steer is here an independent component of the experiment as a system.
There are six steers in the experiment, meaning that the experiment has six components
and five degrees of freedom for steers. Each steer received the three types of roughage in
bags, placed in the rumen, for in vivo digestion. Thus, each roughage is an independent
component of a steer as a system and a sub-component of the experiment. There are three
roughages per steer, meaning that the experiment has two degrees of freedom for
roughage and 10 degrees of freedom for the interaction steersxroughage. There are six
levels of green bananas, meaning that the experiment has five degrees of freedom for
bananas, plus all the corresponding interactions. Note that each roughage is a treatment,
but is not an input because the roughage bags are placed in the rumen of the steers for
digestion and are not scheduled over the time scale. Green bananas are also treatments but
are not components. Bananas are inputs, because consumption of green bananas is
scheduled over the time scale'?.

A formal plan for the analysis of variance in the experiment is shown in the
following table:

Table 6.5.3

Source of Variation Degrees of Freedom
Steers (S) 5
Roughage (R) 2

RS (Error I) 10
Green Bananas (B) 5

BR 10

BS 25

BRS (Error II) 50
Total 107

In the traditional analysis of variance, the steers would be called block, roughage would

I2Compu’ted from San Martin F.A.
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be classes and green bananas subclasses.
The following model was proposed for the digestion of crude protein of the
experimental roughage, as affected by the input x:

[ N
5 by = fix)

where y is digestibility of crude protein as percentage, ¢ is time in hours and x is percent
of dried bananas in the diet. The data should be fitted to this model for each experimental
roughage. Then, the constant coefficients of each equation can be compared by a "t" test
between roughages.

The experiment as a system, with the steers as components in conjunctive
coupling, is shown in Fig. 6.5.10.

Experiment
Bananaﬁ : Digestibiliz

Figure 6.5.10

A steer component with roughage, also in conjunctive coupling, is illustrated in
Fig. 6.5.11.

Steer
Banana
Stems
Bananaﬁ ugarcane Digestibilix
' Leafes

Stargrass
Hay

Figure 6.5.11
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In conclusion, the following statements apply to conjunctive coupling of
agricultural systems, as they affect the design of experiments:

* The notion of conjunctive coupling applies mainly to grouping of experimental material
in the design of agricultural experiments

« Input variables should always be subclasses of component variables

» Component variables should never be subclasses of inputs

Summary

Interactive coupled systems are systems interfacing by means of interconnected
difference or differential equations. The number of interconnected equations corresponds
to the number of components of the system. When components work as communicating
chambers among which a material is considered to flow, the system is called a
compartmental system. Components of non-compartmental systems may work as
transducers with no chambers among which matter may move, but black boxes linked by
inputs and outputs of information. In conjunctive coupling, each component works as an
independent system. This concept pertains mainly to grouping of experimental material
in the design of agricultural experiments.
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STOCHASTIC MODELS OF SYSTEMS

As disclosed before, the operation of all agricultural systems must be considered
subject to some kind of uncertainties. Depending on whether uncertainties are being
considered or are ignored, the models of systems are either stochastic or deterministic.
Many other sources of uncertainties affect a system, such as

* Uncertainties as to the actual inputs

* Randomness in the arrival of inputs

* Uncertainties in the response of the system

» Uncertainties introduced by the mathematical model of the system

Just a few of the sources of uncertainty affecting a system may be controliable by the
researcher by means of experimental designs.

This chapter is related to stochastic models of systems, with an emphasis in
Markov processes or Markov chains that is, processes where the next state of the system
is completely determined by the present state.

7.1 MODELING STOCHASTIC AGRICULTURAL SYSTEMS

The basic feature of stochastic models of systems is that state variables are
defined as probability distributions. In contrast, state variables in deterministic models are
defined as expected values.

For the scope of this book, the following criteria for modeling stochastic
processes have been adopted:

* Modeling of Markov chains
* Modeling on non-Markov processes

Markov Chains

Many applications of classical probability theory to the study of systems are based
on the assumption that the outcomes of successive trials of an experiment are independent
from each other. In contrast, Markov processes or Markov chains are stochastic processes
in which the probability of the next state of the system is completely determined by the
probability of the present state. Markov processes can be used to model many agricultural
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applications. This section is related to the theoretical concept and to the characterization
of Markov processes, as they apply to agricultural research. A finite Markov chain is
defined as follows:

Definition 7.1.1 A sequence of trials of an experiment is a Markov chain if the outcome
of trial n+1 depends only on the outcome of trial # and not on the outcomes of earlier
trials

Representing state transitions in a Markov process requires:

* Defining probability vectors P = (p,,p,,...,p,) such that p, +p,+...+p, =1, where
p;>0is interpreted as the probability of a state y,€ ¥ and Y is the set of states of the
system.

* Defining transition matrix Q, ., where each of its rows is a probability vector

xm?
Then, if P is the present state vector and Q is the transition matrix, PQ is the next state
vector of the system. Matrix Q is also called a probability matrix, because the elements
of each row ad to one. The following is the formal definition of a probability matrix:

Definition 7.1.2 A matrix O, . is a probability matrix if each element g, is the
probability that the state y, at time » would change to the state y; at time n+l, for
iz1,2,...,m and j=12,....m and each row is a m-state probability vector, such that

zl:q,j:l 5 9,20

These concepts are illustrated in the following example.

Example 7.1.1 The trees of a citrus farm are surveyed and classified as healthy or
diseased. It was found that, when the trees are healthy, 20% get a disease within a year
and when the trees are diseased, 30% of them recover. Define the state transitions of the
system.

Solution: A tree diagram for state changes of the system during the first two years is
shown in Fig, 7.1.1. Note that at zero time, all the trees are supposed to be healthy. After
one year, there are 80% healthy and 20% diseased trees. After two years, only 64% of the
healthy trees remain healthy and 30% of the diseased trees recover, making a total of 70%
healthy trees and 30% diseased trees.

Representing state transitions as tree diagrams is awkward. An easier procedure
requires defining the state changes as a Markov chain. The probability vector is here
P =(p,,p,), where p, is the probability of the healthy state and p, is the probability of the
diseased state.
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Initial State Healthy

gtr:;\éeY;:f;?r Healthy 0.8 Diseased 0.1
0.7
_?La;eyﬁéfatg Healthy 0.64 Diseases 0.16 Heaithy 0.06 Diseased 0.14

Figure 7.1.1

The transition matrix Q is shown in the following table:

Table 7.1.1
Present State Next State
Healthy Diseased
Healthy 0.80 0.20
Diseased 0.30 0.70

The first row shows that the probability of healthy trees of remaining healthy in the next
state is 80% and that the probability of becoming diseased is 20%. The elements of the
second row show that the probability of diseased trees of becoming healthy in the next
state is 30% and that the probability of remaining diseased is 70%.

The graphic representation of matrix (), depicting the state changes of the
system, is shown in Fig. 7.1.2.

B \<
0.8( [ Healthy' ’D.seased, 0.7
\ / 02 \
,z__'_)\ _ i

Figure 7.1.2

The diagram in Fig. 7.1.2 is called the next state diagram of the system.

The state changes of the system, as defined by the product PQ, are shown in
Table 7.1.2. The probability vector for the initial condition of the system is P = (1,0),
meaning that all trees are healthy. By knowing the present state P and the probability
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matrix O, the next state PQ of the system was predicted. Note that at time 2, the values
for the present state are consistent with the values obtained in the tree diagram of Fig.
7.1.1.

Table 7.1.2
Time Present State Transition Matrix 0 Next State
n P PO
0 (1, 0) 0.8 0.2] (0.80, 0.20)
0.3 0.7}
1 (0.80, 0.20) 0.8 0.2] (0.70, 0.30)
0.3 0.7]
2 (0.70, 0.30) 0.8 02 (0.65, 0.35)
0.3 0.7]
3 (0.65, 0.35) 0.8 0.2] (0.625, 0.375)
0.3 0.7]
n (0.60, 0.40) 0.8 02 (0.60, 0.40)
0.3 0.7

If this Markov chain would be extended indefinitely, it would be found that the
system may reach a steady state condition. A steady state is reached when the difference
between the present state and the next state approaches zero as a limit. Then, the steady
state of the system is given by the expression PQ = P, that is

0.8 0.2

Y A

= (Pppz)

By solving the above equation, it is found that the steady state probability vector is
P =(60,40).



226 7:Stochastic Models of Systems

Note that the next state of the system is completely determined by the present
state, defined by vector P and the probability matrix Q. Thus, the system is represented
by the following set of next state equations:

P, =P0O

n+l

where P is the set of states at time nand P, is the set of states at time n+1. Thisis a
difference equation representing a free response of the system.

Non-Markov Processes

Not all stochastic systems can be represented as Markov processes. This is
especially true when only partial information on the outcomes of an event is available.
Then, this partial information must be taken into account as conditional probability. This
approach may often result in countless mathematical difficulties. Modeling of such
processes is usually accomplished by reducing the detail being considered in the model.
This suggestion is illustrated in the next example.

Example 7.1.2 A type of bird is surveyed for its ability to consume and control caterpillars
in a cotton field. Determine a stochastic model for the activity of a bird over the
population of caterpillars.

Solution: Many sources of uncertainties affect this system, such as the availability of
caterpillars, the length of time needed by the bird to find or select the caterpillars, the
presence of other birds, the time required to make the catch, the time of the day, the wind
and so on. Having the actual data, it might be possible to describe all these factors by
probabilistic equations. However, the resulting mathematical model would be extremely
complicated. The approach taken in this example is reducing the details in the
mathematical model.
The outcomes of the system are the success and the failure of a catch. Then

P(X=x,t|X=x-1,t-At)  success
P(X=x, t| X=x,t-Ab) failure

are the probability of a success at a time ¢, if at a time ¢-At the bird had X=x-1 successes
and the probability of a failure at a time ¢, if at a time ¢-A¢ the bird had X=x successes.
Note that the total number of successes X does not change when the outcome is
a failure and that there may not be failures in a strict sense. Note also that during the time
interval At there is always the probability of more than one catch. However, if the interval
chosen is small enough, such probability may be negligible.
It is assumed here that the probability of success is proportional to the time
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interval Az. Then, the probabilities of success and failure must be

P(X=x,t|X=x-1,t-A1) = kAt success
P(X=x,t|X=x,t-At) = 1 -kAt failure

where £ is a proportionality constant. These outcomes can be put together by using the
multiplication theorem of conditional probability’:

P(4) = P(B,)P(4|B,) + P(B,)P(4|B,)

f Ae(X=x,1), B, =(X=x-1,1-Ar) and B, = (X=x, t-Ar), then

P(X=x,1) = P(X=x-1, 1-Af) P(X=x, t| X=x~1, t-Af)
+ P(X=x, t-Af) P(X=x, t | X=x, {-AT)

After replacing the success and failure expressions in the above equation, the following
new expression is obtained:

P(X=x,1) = P(X=x-1, t-Af)kAt + P(X=x, t-Af)(1 - kAf)
= [P(X=x~-1, t-At) - P(X=x, 1-Af) kAt + P(X=x, {-Ar)

Finally, after rearranging the above terms, this equation becomes

P(X=x, ) - P(X=x,t-Af) _ k[P(X=x-1,t-Af) - P(X=x, t-A)]
At

By making the time interval At approaching zero as a limit, the left-hand side of the
equation becomes a derivative and the Ar terms vanish from the right-hand side. Thus

'See Appendix D
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%P(sz, 1) = KP(X=x-1,1) - P(X=x,1)]
Since P(X = x,t) = f(x,t) , this differential equation is equivalent to
d
?d—t-/(x, t) = k[f(x_ 1 9t) _'j(x’ t)]

The following procedure was developed for finding the solution of this equation.
As a first step, it is assumed that the initial number of successes at time zero is a. Then

di/(a,t) - Hfla-1,) - a,0)]

where fla-1, 1) is zero, because the initial value is a and any value before time zero is
zero. Therefore

d%f(a,t) = -kfla,t) ; flaf) =e™ ; In(flan)= -kt

where P(X = a,t = 0) = 1, because it is known that the event took place.
If fla) is known, it is possible to find fa+1):

—g-/‘(ml,t) = k[fla,7) - fa+1,0)] = k[e ¥ - fla+1,0)]

The above expression is equivalent to

%(f(aﬂ,t) +kfla+1,t) = ke t
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The following is the Laplace transform of this differential equation:

SF(s) - fla+1,0) + kF(s) = ;%

Note here that fa+1, 0) = 0 because this event does not exist. Therefore

k
(s+k)?

F(s) = ;o fa+l) = %te’k’

By the same approach, knowing fa+1, ) it is possible to find fa+2, 1):
-%/(a+2, i) + kfa+2,1) = ke

The solution of this equation is

2
fs) =

_(s+k)3 ; fa+2) 2!e

The full pattern for defining the system differential equation and its solution has
now emerged. The system differential equation can now be expressed as the
nonhomogeneous expression

%ﬂx,t) Sfx) = ke ™

This expression has the following solution:

F(s) = k- v fx) = g—c—t-):e'k’
(s+hy! x!
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This solution corresponds to a Poisson distribution, for # and X starting at zero.
Fig. 7.1.3 shows the probability distribution curves for the success of catching
caterpillars at various time values when #/=3 and time is in hours.

0.3
A -
o2 ..’ s
Q ! B e--0 Hours
8 :' ~ P R LT S |
g o1 . Ly .., ceelean2
Q l.' A~\* .\.
- A L " eea--a3
0 - .z~ '%..“ - 1" .‘~"L-.".
0 4 6 8 10
Number of Catches
Figure 7.1.3

Summary

State variables in stochastic systems are defined as probability distributions.
Markov processes are stochastic processes in which the probability of the next state of the
system is completely determined by the probability of the present state, such that
P, =P,0Q, where P is a probability vector and Q is a transition matrix. Modeling of
complex non-Markov processes is usually accomplished by reducing the details being
considered in the model.

7.2 THE POWERS OF A PROBABILITY MATRIX

Frequently, manipulation of Markov processes requires defining the powers of
the probability matrix Q. As disclosed in Chapter 2, when a matrix Q is of order m, the
corresponding characteristic equation is a polynomial of degree m in the characteristic
root A and has also m solutions. Corresponding to these solutions, it is expected to find m
characteristic vectors v. If this holds true, then it is possible to write

The above equation is equivalent to
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A, 0

0 A, .. 0
O, vp¥,) = (V5Ve0v,)

0 0 .. A

where (v,v,,..,v,) = Visacharacteristic matrix. Then, defining the following equation
is possible:

AV = VD

where D is a diagonal matrix of order » of the roots A,,4,,...,A, . Hence

Q = vpy!
Q* = g0=(vDV YDV H=vD*¥!
Qn - VD nV~I

Finding Q" is now the process of determining the characteristic matrix ¥ and its inverse
¥ 'and determining D”. Finding D" is simple:

A, O 0 A1 O 0

0 A 0 0 A 0
D" = 2 = 2

0 O Am 0 0 A‘n

Matrix D is known as the canonical form of matrix A under similarity. The above
operation is illustrated in the following example.

Example 7.2.1 It was observed that, within an hour and when resting, some cattle in a
herd would remain in this position 90% of the time and would stand up to walk 10% of
the time. When walking, they would keep walking 80% of the time and would lie down
20% of the time. Determine the probability that the animals are resting or walking after
six hours, when the initial state is resting and when the initial state is walking.

Solution: This analysis can be understood better if pictured as a tree diagram. The tree
diagram for the initial state at rest and for the first two hours, is shown in Fig. 7.2.1
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initial State Resting

State After

One Hour Resting 0.9 Walking 0.1
State After . . . :
Two Hours 1R€Sting 0.81 Walking 0.09 Resting 0.02 Walking 0.08

Figure 7.2.1

Note that the initial state of the system was (1, 0) for resting and walking. After one hour,
the state of the system was (0.9,0.1) and after two hours, the state was (0.81+0.02,
0.09+0.08), that is (0.83,0.17).

The tree diagram for the initial state at walking and also for the first two hours
is shown in Fig. 7.2.2. The initial state of the system was here (0, 1) for resting and
walking. After one hour, the state of the system was (0.2, 0.8) and after two hours, the
state was (0.34, 0.66). The complete picture of the system states for the first two hours is
obtained by putting together the data of the two tree diagrams.

Initial State Walking

Slate e Resting 0. Walking 0.8
.?.&éekﬁ‘g?; Resting 0.18 Walking 0.02 Resting 0.16 Walking 0.64

Figure 7.2.2

As shown above, calculations of the system states using tree diagrams are cumbersome,
but are useful for understanding and developing the system model. A simple procedure
requires determining the powers of the probability matrix Q of the system. The elements
of the first row in matrix Q are the probability 0.9 of resting cattle to remain resting and
the probability 0.1 that they would stand up. The elements of the second row are the
probability 0.2 of walking animals to rest down and the probability 0.8 of remaining in
the walking state. Thus
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09 0.1
102 08

The following sequence of states is obtained by joining the data in Fig. 7.2.1 and

Fig. 7.2.2:

Initial state:

State after one hour:

State after two hours:

10

- 0
0.9 0.1
02 0.8

i

2

[0.83 0.17
034 0.66]

A pattern has evolved here, suggesting that the state of the system at a discrete time » is
given by the expression Q" = VD"V !, where ¥ is the characteristic matrix of Q and D
is the diagonal matrix of the roots of Q. The characteristic equation is here

9-4

02 08-1

= A2-174+07 =0

and the characteristic roots are A ,=1.0 and A,=0.7. For the first root, the corresponding

vector is

09-1.0 01 |p| o]
02  08-10[l,| o] ’

-0.1y, +0.1y,=0
0.2y,-0.2y,=0

1
y V=V, s v1=kl[l

For the second root, the corresponding vector is

34}
Y.

09-0.7 0.1
02  08-07

X

0.2y, +0.1y,=0
0.2y,+0.1y,=0

-1
S VEY, 5 Mk
=0 2 2[ 2]
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Thus, the following are the characteristic matrix, its inverse and the diagonal D" :

Now, the following matrix to the n power is obtained for expression P "= VD "y -1 where
n=12,...,m istime in hours:

1[2 Y —0.7"l
pr -

32 - 207" 1+ 20.7)
If time is six hours, then n=6. Thus

6

0.71 0.29
0.59 0.41

According to this result, if the initial state was resting, there is 71% probability
that the animals will be resting after six hours and 29% probability that they will be
walking. If the initial state was walking, there is 59% probability that they will be resting
and 41% probability that they will be walking. This model does not consider the cyclical
behavior of cattle and is used here only to illustrate the procedure for determining the
powers of a matrix. The interpretation of this result is made easier in the following table:

Table 7.2.1
Initial State After Six Hours
State .
Resting Walking
Resting 0.71 0.29

Walking 0.59 0.41
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Example 7.2.2 The weather in a particular region was classified as sunny, cloudy and
rainy. It was found that the probability of being sunny, cloudy and rainy is 0.6, 0.2 and
0.2, when the previous day was sunny. The probabilities are 0.25, 0.50 and 0.25, when the
previous day was cloudy. The probabilities are 0.25, 0.25 and 0.50, when the previous day
was rainy. Give a five-day forecast for the weather.

Solution: The following is the probability matrix of the system:

0.60 0.20 0.20
0 =1025 050 025
025 0.25 0.50

Then, the characteristic equation is

.60-4 0.2 02
025 0.50-A 025
0.25 025 0.50-A

= A3 -1.6A%+0.68751-0.0875
= (A-0.25)A-0.35)A-1)

The following is the characteristic vector for root A = 0.25:

0.35 0.20 0.20\({ " 0
025 0.25 025{|»| ={0| ; y=y v =
0

0.25 0.25 0.25 »s -1

For the second root A = 0.35, the characteristic vector was obtained as follows:

0.25 020 0.20}| " 5 0 8){n| (o -1.6
0.25 0.15 025(|¥,|~r| O -1 1]{3| ={0] : v, =] 1
025 025 0.15)]y, 0o 0 ofly] o 1

The characteristic vector for root A = 1 was obtained as follows:
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-0.40 020 0.20 || 0 -0.50 0.50 || 0 1
025 -0.50 025 ||¥f~..~|1 -1 0 Wl =10f 5 vy =141
025 025 -0.50 Vs 0 075 -0.75 Y3 0 1
Thus
0 -16 1 0 0.5 -0.5 025" 0 0
V=11 1 1] ; V'=1-03846 0.1923 0.1923} ; D"=| 0 035" 0
-1 1 1 0.3846 0.3077 0.3077 0 0o 1"

Expression Q" = VD"V "lis, then

0.3846+0.6154(0.35)" 0.3077-0.3077(0.35)" 0.3077-0.3077(0.35)"
0.3846-0.3846(0.35)" 0.3077+0.5(0.25)"+0.1923(0.35)" 0.3077-0.5(0.25)"+0.1923(0.35)"
0.3846-0.3846(0.35)" 0.3077-0.5(0.25)"+0.1923(0.35)" 0.3077+0.5(0.25)"+0.1923(0.35)"

where 7 is time in days. Determining the five-day forecast is now a simple task. The first
row of the above matrix corresponds for a sunny initial state, the second row for a cloudy
initial state and the third row for a rainy initial state.

Summary

Manipulation of Markov processes often requires defining the powers of the
probability matrix Q. The powers of matrix () are given by the expression Q" = VD"V,
where ¥ is the characteristic matrix of Q and D is a diagonal matrix of the characteristic
roots of Q.

7.3 MARKOV PROCESSES IN AGRICULTURAL RESEARCH

Markov chains are related to many agricultural applications and have been
especially useful in the analysis of the genetic makeup as it changes from one generation
to another.
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Characterization of Markov Chains

Some definitions are needed for a better understanding of the Markov theory and
for developing a categorization of the different types of Markov processes.

The first concept is related to the possibility of a given state to be reached from
another state. A state is said to be reachable from another state if there is a direct path
between the two states. This concept is formally defined as follows:

Definition 7.3.1 Given a transition matrix () and a set of states ¥, a state y,e ¥ is said to
be accessible from a state y €Y, if there is a sequence iy, i,...,7, in ¥ for some integer
n>1, such thati, =i,i, =j and ¢,>0.

The sequence iy,i,,...,i, is called a direct path from i to j and the path is said to consist
of n steps or periods of time. None of the probabilities in the direct path are zero. The
subset of all j states accessible from y, is denoted Y c Y.

These concepts are illustrated in the following example.

Example 7.3.1 Given the probability matrix

12 12 0
0 =11/4 12 14
0 12 12

determine the accessibility of each state from the others.

Solution: State 3 can not be the next after state 1, because g,; =0. In the same way, state
1 can not be the next state after state 3, because g,, =0.

3TN 1/2 MR S
A e T

ni ‘ , 12
T
- s/ N /'/, 1/ 4
// \*
! 3 )
| S
12/

Figure 7.3.1
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These relationships are easily seen in the next state graph of Fig. 7.3.1. Note that there
is no pathway between states 1 and 3. Note also that there is only one step between states
1 and 2. In addition, there are two steps between states 1 and 3, always going through
state 2. The subsets of states reachable from state 1 are states 2 and 3. A system may
eventually evolve toward a state or a subset of states from which no escape is possible.
This concept is defined as follows:

Definition 7.3.2 Given a matrix Q and a set of states ¥, a state Jj €Y is called an
absorbing state if, once the system reaches this state on some trial, the system will remain
in such state on all future trials. Then, ¢;; =1 and no escape from the absorbing state is
possible.

Definition 7.3.3 Given a transition matrix Q and a set of states Y, a non-empty subset of
states Y, c Y is called an absorbing sub-chain, when no state y,¢ Y, is accessible from a
state y,€ ¥,. Then vay g, = 1 and no escape from the absorbing sub-chain is possible
An absorbing sub-chain is also called a closed sub-chain.

The following example illustrates this definition.

Example 7.3.2 Determine the absorbing states in the following system:

[0 12 0 12 0]
72 0 12 0 0
0 0 1 0 0
0 0 0 0 I
0 0 0 12 12

Solution: By inspection, state 3 is an absorbing state because the probability of the next

state from state 3 to state 3 is ¢33 = 1 .This means that no escape is possible from state

3. Thus, a probability of 1 in the diagonal of matrix Q means that the state in that row is

an absorbing state. The system features are revealed in the next state diagram of Fig 7.3.2.
Matrix () can be partitioned into the following sub-matrices:

A B
0 C

such that
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0 1
172 172

Note that C « @ is a probability sub-matrix located in the diagonal of matrix Q. Each
row vector ¥4 < C and y5 < C adds up two one. Therefore, once the system reaches
state 4, it will remain cycling between states 4 and 5 forever. Then, states 4 and 5 are a
subset of absorbing states.

- 1/2 -
// \ >/ N\
{ { \
1\\1 4; 12 g ‘2’/,
£/2 ﬁ/z
AN /7 \
[ 4 {3 11
AN / AN Z
_- 1/2 ~-
l e ~.
I's \
Figure 7.3.2

If no subset of states is absorbing, the system may eventually evolve toward a
steady state or toward a condition of periodicity, in which the state of the system alternates
between sub-chains. These conditions are defined as follows:

Definition 7.3.4 Given a transition matrix Q and a set of states Y, a subset of states ¥ ,c ¥’
is said to be an irreducible sub-chain, if no subset of Y, is an absorbing subset of states.

If ¥,=7, then matrix Q is a transition matrix of an irreducible Markov chain. As defined
below, irreducible Markov chains are of two types.

Definition 7.3.5 Given a transition matrix QO of an irreducible Markov chain, the chain
is called regular if for some n> 1, where nis a step or time period and all elements g;; of @"
are positive. Otherwise, the chain is called periodic.

These concepts are portrayed in the following examples.
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Example 7.3.3 Given the following matrix, determine if the process is regular or periodic.

0 12 12
0=012 0 12
12 12 0|

Solution: As shown bellow, the square of this matrix has all its elements positive.
Therefore, this process is regular.

12 1/4 1/4

Q% = |1/4 172 1/4
1/4 1/4 172

Example 7.3.4 Given the following matrix, determine if the process is regular or periodic.

0 0 10
lo 0 01
210 1 00
11323 00

Solution: The following are some powers of matrix Q:

0 1 0 O 0 0 o0 1 17323 0 0
, (V323 0 0 ; |0 0 113273 . 12979 0 0
0 0 o0 1 173 23 0 0O 0 0 173 273
0 0 1/3 273 29 79 0 0 0 0 2/9 79

At each period, the system alternates from states {1, 2} to next states {3, 4}and vice versa,
such that
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0 4]
" 5 n=13,5,..
., 0
Q" = i
c. o
: n=246,..
0 D,

Therefore, the process is periodic. The graph of some powers of matrix Q is shown in Fig.
7.3.3.

(1, (2

13 14,
- \(,,,.W,,_»/ *“\\ . P - \\ ? \( e ‘\
(1) »2g (1w 12 (1) !
S < AR SRV EEEN A !
\/3\‘ 7777777 (14“‘) 1'/3 Voo " y\ 3\ 777777’//4\\1?‘
\,/ _ )\_‘ \\// {‘/ \o ,)\\Af

Figure 7.3.3

Regular Processes

A Markov process is called regular if its transition matrix Q is regular. As
specified in Definition 7.3.5, a transition matrix is called regular, when all the elements g,
of Q" are positive for some n>1, where i=1,2,....,n and j=1,2,....,n.. Then, if all elements
of Q" are positive, the same is true for Q"*!. Thus, a regular process is the progressive
change of states of the system, resulting in a final steady state, meaning that a steady state
is achieved only if the probability matrix Q is regular.

Example 7.3.5 Find which of the following matrices is regular:
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_ 0 12 12|
12 172
R 0,=12 0 112
~ 1212 0
35 15 1/5 2 s 14
0, -4 12 114) 0,={0 0 1
14 14 172 0 34 14

Solution: Every power of matrix Q, has a zero element. Therefore, this matrix is not
regular:

2
"o 1 0 1

1/4 3/4J . [1/2" 1—1/2"]
3 o0 a8 =

The square of matrix Q, has all its elements positive, therefore is regular:

12 1/4 1/4
Q; =|1/4 112 1/4
/4 1/4 172

The elements of matrix Q; are all positive, therefore is regular. Matrix Q, contains the
following absorbing sub-chain:

0 1
Qas = 3/4 1/4

and is therefore, not reducible. Thus, matrix Q, is not regular.
The following additional definitions are related to the steady state of a probability
matrix:

Definition 7.3.6 Ifa probability matrix Q is regular, then 1‘:‘3 " ifit exists, is called the

steady state matrix.
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The steady state matrix represents the steady state of the system. As indicated
before, the steady state of the system is given by the expression PQ = P, where P is a
steady state vector. The above definition is illustrated in the following examples.

Example 7.3.6 Determine the steady state matrix for the citrus farm of Example 7.1.1.

Solution: The following was the probability matrix defined in Example 7.1.1:

0 0.8 02

03 07
The first row shows that the probability of healthy trees of remaining healthy is 80% and
that the probability of becoming diseased is 20%. The second row shows that the
probability of diseased trees of remaining diseased is 70% and that the probability of

becoming healthy is 30%. The state changes of the system are shown in the following
table, where matrix Q" represents the state changes over time.

Table 7.3.1
Time States 0"
0 10 Qo
01
1 08 0.2 0!
0.3 0.7
2 07 03 0?
0.45 0.55
3 0.65 0.35 0’
0.475 0.525

.

n 0.6 04 lim Q"
0.6 04

H—
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The steady state of the system is given by the expression PQ=P. Then

0.8 0.2
03 0.7

(pppz) ] = (pppz)

The solution of the above equation is the steady state vector P = (60, 40). Note that the
steady state matrix is here
0.6 0.4
n =
0.6 04

The first row represents the steady state vector for an initial state P = (1,0) that is, all the
trees were healthy. The second row represents the steady state vector for the initial state P = (0,1)
that is, all the trees were diseased. Therefore, the following statement applies here:

* In regular processes, the same steady state is attained independently of the initial state
Example 7.3.7 A male mouse of genotype Aa is crossed with a female of an unknown
genotype. This process is continued for a succession of matings of males Aa with females

of unknown genotypes. Determine the long run expected genetic composition of the mice.

Solutien: If the genotype of males is always Aa and the genotype of females is any of 44,
Aa or aa, the genetic composition of the offspring is as shown in the following table:

Table 7.3.2
Male Female Female Female
A A A a a a
A AA AA AA Aa Aa Aa
a Aa Aa Aa aa aa aa

Then, by looking at the female columns of the table, it is possible to define the following
transition matrix:
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Table 7.3.3
Females Next Generation
AA Aa aa
AA 172 1/2 0
Aa 1/4 1/2 1/4
aa 0 12 12

This matrix is regular because all the elements of the squared transition matrix are
positive, that is

(3/8 12 1/8
Q? =11/4 112 1/4
118 172 3/8

If the probability matrix is regular, then the steady state is given by the
expression PO=P, that is

12 172 0

(PPPZ,Pg) 1/4 172 1/4| = (Pppz,Pg)
0 172 122

By solving this equation, it is found that the steady state probability vector is
P =(1/4,1/2,1/4), meaning that p(44) = V/4, p(4a) = 1/2 and p(aa) = 1/4.

Absorbing Processes
As denoted before, a system may eventually evolve toward a specific state or set
of states and remain there forever. Then, such state or set of states are absorbing states.

The non absorbing states are called transient states.

Example 7.3.8 Determine the absorbing and the transient states in the following
probability matrix:
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12 1/4 1/4
0=|0 3/4 1/4
0 0 1

Solution: This system has three states. At first sight, this is not a regular matrix because
the probability of the next state from state 3 to state 3 is 1. The probability of 1 in the
diagonal always determines the existence of an absorbing state in that row. This is easily
seen in the next state diagram of Fig. 7.3.4. Once the system reaches state 3, it will remain
there. Thus, state 3 is an absorbing state and states 1 and 2 are transient states.

—P T LT
\ 1/4 / '
120 1 "> 2 134
\ ,' \
1/4 S 1/4
I/ \
i
{ 3 X
1
Figure 7.3.4

Example 7.3.9 It was found that, when the trees in a citrus farm are healthy, 20% may
get a disease within a year. When diseased, 30% of the trees may recover and 10% may
die. Determine the transient and the absorbing states.

Solution: As shown in Fig. 7.3.5, this is a finite discrete system with three states, the
healthy state, the diseased state and dead state. The corresponding probability matrix is
shown in Table 7.3.4. The first row in the table shows that when the trees are healthy, the
probability of remaining healthy in the next state is 0.8 and the probability of becoming
diseased is 0.2. The second row shows that when the trees are diseased, the probability of
getting healthy in the next state is 0.3, the probability of remaining diseased is 0.1 and the
probability of dying is 0.6. The third row shows that dead trees would remain dead.
Clearly, the healthy and the diseased are transient states and the dead state is absorbing.
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Figure 7.3.5
Table 7.3.4

Present Next State
State
Healthy Diseased Dead
Healthy 0.8 0.2 0
Diseased 0.3 0.1 0.6
Dead 0 0 1

The mathematical model of the system is given by the following next state
equation:

08 02 0
Y, =[03 0.1 067,
0 0 1

where y,, y,, y; are the healthy, the diseased and the dead states and n is years.

Usually the problem is determining how long the system is expected to survive
in the transient states, before reaching the absorbing state or states. This type of problem
is shown in the next examples.

Example 7.3.10 A dog has the choice of selecting three different meals. Once he has tried
meal III, he refuses to eat the other two meals. Determine the expected number of steps
that would take for the dog before reaching the third meal.

Solution: The following table represents the transition matrix of the system:
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Table 7.3.5
Present Next State
State
I 11 m
I 0 172 12
I 12 0 12
m 0 0 1

This is not a regular matrix because the probability of transition from meal III to meal I11
is 1, meaning that the dog would eat only meal Il in the next state. Once the system
reaches state 111, it will remain there. State II1 is an absorbing state and states I and I are
transient states.

The system can reach the absorbing state through four different pathways:

1 - The initial state is I and the final state before reaching the absorbing state is I:

Table 7.3.6
Steps Probability
1to 11 1
Ttolltolto Il 12(172)(1) = 1/4
ftolltolto I to 1 to III 172(1/2)(172)(1/2X(1) = 1/16
ItolltoltoIltofto... to Il 172(1/2)(1/2)(1/2)...(1)

The following is the expected number of steps n,, for the pathway I to I that is, the
number of times the dog tried meal I before reaching meal III:

n, = l+l+—+... = l+—=+—+... =

1 11 1 4
4 16 4 4 1-1/4 3

2 - The initial state is I and the final state before reaching the absorbing state is II:
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Table 7.3.7
Steps Probability
TtoIlto III 12(1)=1/2
Ttollto I to I to I 172(1/2)(1/2)(1) = 1/8
ItolltoItoITtoItoIlto I 12(172)(172)(1/2)(1/2)(1) = 1/32
ftolltoltoIlto1to Il to ... to IIL 172(1/2)(1/2)(1/2)(1/2)...(1)

The following is the expected number of steps n,, for the pathway I to II:

+

00 | rm

ny, =

va-

] N 1 I 1] 1 ]2
t—+... = Jl+—v—+ = q4— = =
32 20 4 42 2{1-1/4 3

3 - The initial state is II and the final state before reaching the absorbing state is I. The
following is the expected number of steps n,, for pathway II to I:

4 - The initial state is II and the final state before reaching the absorbing state is II. The
following is the expected number of steps n,, for pathway II to I1:

I 1 1 1 1

Ry = l1+—+—+ =t~ = —— = %

4 16 4 g 1-1/4

The steps related to the four pathways are represented by a matrix N, that is

N Pl |43 2/3
iy | (23 43
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where each element of matrix N is the expected number of steps needed to reach the
absorbing state through each pathway. The total expected number of trials, before
reaching the absorbing state, is the sum of the expected number of trials the system was
in each transient state. Thus, when the initial state was I, the expected number of times
the dog was in state [ and in state 1I, before reaching the absorbing state III, was
4/3 +2/3 = 2. Similarly, when the initial state was II, the expected number of steps needed
to reach the absorbing state was 2/3 +4/3 =2,

Note that matrix N is the power series of a matrix Q_, representing the transient
states. Thus

N=1+0+01+Q}+..+

where

e =

0 12

12 0}

is the matrix of transient states and I = Qr0 is an identity matrix. Then
N-T=0Q+Q2+Q}+..+ = QJI+QT+Q3+... +| = QN
Upon rearranging, the above expression becomes
N = (I - Qt)"

The following resuit is obtained by using this equation in Example 7.3.9:

1ol [o 2] [1 -1
o1 {12 0f [-12 1
L a3 23
-0y =1 anl”
213 473

This result is consistent with the results previously obtained.
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Example 7.3.11 Suppose that the 70% of the diseased citrus trees in Example 7.1.1 never
recover but die. Determine the expected number of years needed for all the trees to die.

Solution: The following is the probability matrix Q of the system:

08 02 0
Q=103 0 07
0 0 1

Matrix Q shows that 30% of the trees are expected to recover while the remaining 70%
is expected to die. Matrix Q, of the transient states is here

0 08 02
T 103 0
Then

1o
2=

1 [1 02
T c—— = N
0.14[0.3 02

08 02] [o02 -02
03 0| [-03 1

)
I
S
1

If the initial state was (1, 0, 0), that is all the trees were healthy, the expected time for the
trees to die is (1 + 0.2)/0.14 = 8.6 years. Conversely, if the initial state was (0, 1, 0), that
is all the trees were diseased, the time required for all the trees to die is
(0.3+0.2)/0.14 = 3.6 years.

Summary

A state is said to be accessible from another state if there is a direct path between
the two states. A sub-chain is called absorbing if the system may eventually evolve toward
that sub-chain and remain there forever. If no sub-chains are absorbing, the Markov
process is called irreducible. Irreducible chains are either regular of periodic. Regular
processes eventually evolve toward a steady state. In periodic processes the state of the
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system alternates between sub-chains. For a process to be regular, there exists a probability
matrix Q" whose elements are all positive for some 7> 1. The steady state is represented
by a steady state matrix, such that any row of the steady state matrix is a steady state
vector. For a process to be absorbing, the probability that the next state after an absorbing
state is 1. The non absorbing states are called transition states. The survival time of a
system, before reaching the absorbing condition, is given by the expression N = (I - Qr)~1 5
where matrix Q_is a sub-matrix of matrix Q, representing the transition states and N is
a power series of Q_. The sum of the elements of a row of N represents the survival period
for the corresponding initial state of the row.

7.4RELATIONSHIP BETWEEN STOCHASTIC AND DETERMINISTIC MODELS

As disclosed before, in stochastic models the states of the system are defined as
probability distributions. In deterministic models, the states are defined as expected values
of the outcomes. The notion of an expected value is related to the idea of an average, in
the sense that a given number would summarize and represent certain data. Thus,
deterministic models would represent the average of the probability distribution values,
as determined for the stochastic model. This conception is presented in the following
examples.

Example 7.4.1 Define a deterministic and a stochastic model of the diseased trees in
Example 7.1.1.

Solution: As was shown previously, the system is represented by a set of next state
equations of the form P, = P, O, where P, is the set of states at time n, P, | is the set
of states at time n+1 and Q is the probability matrix

0.8 0.2
€103 07
The solution of the next state equations of this system is given by the Z transform

V4

R = RO

where F{0) is the initial state. The initial state matrix of the system is here
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10
01

Then, the following is the solution of the next state equations:
1 0/0.8 0.2
P, =
0 1(0.3 0.7

This expression is the deterministic model of the system and represents the expected value
of probabilities. Note that the first row in the initial state matrix shows that all the trees
were healthy. The second row shows that all the trees in the initial state were diseased.

Manipulation of matrix Q" is made simpler by the procedure outlined in Section
2 of this chapter. As previously defined, a matrix of order n can take the form
Q" =VD"V!, where Vis the characteristic matrix of Q and D is the diagonal matrix of
the characteristic roots of Q. The following results were obtained after solving matrix O
for its characteristic roots and vectors:

0.8 02" 1" 0
03 07 5 0 05"

After solving the product F(0)(Q " and assuming that all the trees in the initial
state were healthy, the solution P, is

F0) =

1 -2
1 3

3 2
-1 1

3+2(0.5)" 2-2(0.5)"
3-3(0.5)" 2+3(0.5)"

1
5

P, = —[3+2(0.5y, 2-2(0.57]

(IIE;—-

f(?r P, = (p,,»P,,)> Where p,  is the proportion of healthy trees, p,, is the proportion of
diseased trees and # is time in years. If the total number of trees is m, then the above
equation becomes

BX,,X,) = l;i[3 +2(0.5)",2 -2(0.5Y']
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where X, is the number of healthy trees and X, is the number of diseased trees. The
graphic representation of expected values is shown in Fig. 7.4.1. The total number of trees
is assumed to be 10.

The above expression corresponds to the deterministic model of the system. The
state variables may have a binomial distribution, that is

m! XX
f(xpxz) = —_'—_'plnlpln2
x[.xz.

where x, and x, are the number of healthy and diseased tress out of a total of m trees.

& 109
Q
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Years
Figure 7.4.1

By replacing the P, values in the binomial equation for an initial state P=(1, 0),
it is possible now to define the following state probability model of the system:

- ( 3+2(0.5)"] . ( 2-2(0.5)") K
!
2

Lx 5 5

f(xpxz) =
X

The probability distribution curves of diseased trees are shown in Fig. 7.4.2. The
total number of trees was assumed to be 10.
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Example 7.4.2 Define the deterministic and the stochastic models of the system of
Example 7.3.7, if the initial female is AA4.

Solution: As denoted before, a Markov process is represented by a set of next state
equations of the form P,,, =P, Q, where P, is the set of states at period n and P, | is
the set of states at period n+1. In this system 7 is the number of generations. The Z
transform for this model is

100
F(z) = F(O)?_ié : K0 =010
001

where F(0) is the initial state for female mice. The first row shows that the initial female
is of the 44 genotype. The second row indicates that the female is an 4a and the third row
shows that the female is aa. Then, the solution of the system is

n

1001212 0
P, ={0 1 0||1/4 112 1/4
0010 12212

The above power matrix can take the form Q" = VD"V, where V is the
characteristic matrix of Q and D is the diagonal matrix of the characteristic roots of Q.
Thus
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212 o 11 1o o o-12 -1
1/41/21/4:%11001"0121
0 12 112 i-1 1 -1}lo 0 052 0 -2
[1+200.5 2 1-2(0.5)"
Y 2 1
4
1-20.57 2 1+2(0.5)"

After solving the product F(0)Q " and assuming that the initial female is 44, the genetic
composition of the offspring is

P, = —[1+2(0.5y, 2, 1-2(0.5)]

n

N

for P, = (PP, P3,)> Where p,  isthe proportion of AA mice, p,, is the proportion of 4a
mice, p,, is the proportion of aa mice and n is the number of generations. This expression
corresponds to the deterministic model of the system that is, the expected genetic
composition of the offspring.

The expected genetic composition may be better described by the expression

E(X,,X,,X,) = 1;’-[1 +2(0.5Y", 2, 1-2(0.5)"]

where X, X, and X, are the number of 44, Aa and aa offspring mice out of m total mice.
The state variables may have a multinomial distribution. Therefore, it is possible
to define the stochastic model

! +2(0.5)" “ %2 ~2(0.5)" e
foxpxpxy) = — 2 [1 2<°5>) (1) (1 22 5))

Ty Iyt
x,1x,tx,! 4 2

where x|, x, and x, are the number of 44, Aa and aa offspring mice out of a total of m
mice.
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Example 7.4.3 Define a deterministic model for the activity of a bird over the population
of caterpillars in Example 7.1.2.

Solution: As denoted in Example 7.1.2, it was assumed that the expected success of the
bird in catching caterpillars is proportional to the time interval At that is

E(Ax,At) = kAt

where X is the total number of successes and Ax is the difference between the number of
successes at the end of the interval and the number of successes at the beginning. Note
that the expectation of a difference is the difference of the expectations. Then, if x=A0),
it follows that

E(Ax,Ar) = EHfi1+Ap)] - EHfAY)] = kAt

The following differential equation is obtained by dividing both sides by Az and taking the
limit as At approaches zero:

d —_
SEX) = k

where E(X) is the expected total number of successes by the bird. The deterministic model
of the system is the solution of the above differential equation, that is

EX) = kt
The stochastic model was defined as a Poisson distribution, that is
foy=ter o u-k
x!

Thus, as shown in the above expression, the expected value E(X) is the mean p of the
stochastic model of the system.
Note that the deterministic model may be used to generate the & coefficient
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experimentally. The & coefficient may be easy to generate by measuring the number of
catches as a function of time. Then, the time interval As may be selected by dividing the
time variable into intervals that are small enough, such that the rate of change in the
number of catches remains essentially constant. If a sufficient number of events cannot be
fitted in such interval, as to make the coefficient of variation acceptably small, a more
appropriate function for the expected value may be chosen, that is p#kz. Failures, which
are difficult to define or detect, do not need to be recorded.

Note also that the stochastic model could have been determined in a very simple
way, just by defining the deterministic model of the system and assuming a Poisson
distribution at the beginning of the modeling process. Such procedure is possible only if
the assumptions for selecting the deterministic model and the distribution function are
acceptable.

In general terms, defining mathematical models for stochastic processes may be
accomplished by the following procedure:

* Define an appropriate probability distribution for the problem

* Define the deterministic model

* Determine experimentally the numerical coefficients for a deterministic model of the
system

» Fit the probability distribution to the deterministic model

Summary

Mathematical models of stochastic systems may be determined by first defining
the deterministic model and then fitting the corresponding probability distribution to the
deterministic model. Deterministic models may also be useful in generating numerical
coefficients for the stochastic model of the system.
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DETERMINISTIC MODELS OF DISCRETE SYSTEMS

As indicated before, deterministic models represent the expected behavior of the
system. It was also disclosed that discrete systems are related to qualitative state traits or
to state variables representing numbers of individuals.

Discrete state variables cannot be fractionalized, meaning that the system is not
differentiable and cannot be represented by differential equations. Thus, discrete systems
are represented by difference equations and their solutions. Difference equations define
the state changes of the system and their solutions define the state trajectories. The time
scale of these systems is the set of non negative integers.

This chapter is related to the process of linking difference equations and their
solutions to the system behavior and data. For such, systems are here defined according
to their dimension that is, according to the number of the system components and inputs.
The number of system components determines the number of first order difference
equations in the mathematical model or the order of a single equation representing the
system. This second and more empirical approach may be used when separation or
identification of the system components is difficult or not possible.

8.1 RELATIONSHIP BETWEEN ORDER AND DIMENSION

The most elementary models are first order expressions of the form

yn+1 —yn = x-byn

where by, is the system output and x is the single input. The above equation is reducible
to the following representative form:

yn+l +ayn =X

where a=b-1. As illustrated in Fig. 8.1, this first order difference equation represents a
one component model of a system.
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Figure 8.1.1

Example 8.1.1 A rancher sells each month 3.6% of his feediot steers and buys 90 new
animals. Determine the system difference equation.

Solution: The following is the difference representing the system:

Yo -, = 90-0.036y,

where 90 is the input and 0.036y, is the output. This difference may be simplified to
Voo + 0964y, =90

Next in complexity are second order models reducible to the form

Vo2 ¥ 0¥ vy, = X @)

where b, and b, are constants and x is the system input. As will be shown, this second
order difference equation is equivalent to the following set of two first order
interconnected equations:

Yy = ¥ im U
YVaney = Vi) " €2V

@

where u is the single input and ¢y, and c,y,,, are outputs. The corresponding two-
component system is shown in Figure 8.1.2.
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Figure 8.1.2

The equivalent second order form of the first order set (2) is determined by the procedure
that follows. First, a second order expression is obtained by taking the second difference
of the second equation in (2), that is

Yany = Ci¥1meny T C2Y 201 A3)

Next, the term y, | in (3) is replaced with the first equation in the set (2):

+1)
Yamzy = €18 = € Y1) = €2V

Then, according to the second equation in (2), the state variable y, - is

_ Yy Y 2V

Vi = c

Thus
Vamey = €1t = Oty + €Yo = €2¥20001 “@

Finally, after factorizing and rearranging terms in (4), the following second order equation
is obtained:

Yanez) P €1+ €V gpnury ¥ €16V = €1 ¥ *)

where ¢, +c, = b,, c,c, = b, and ¢, u = x, in equation (1). Equation (5) is equivalent to
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equation (1) when operations are carried out on the second component of the system. The

reader may want to check that the following second order equation is equivalent to
equation (1), when operations are carried out on the first component:

Vimy * (¢, +CV a1y T 16V 1my = C2¥

Example 8.1.2 The number of individuals of generation » is the sum of the two previous
generations. Determine the difference equation for the system and the corresponding set
of first order equations.

Solution: The following is the difference equation of the system:
Ynez " Vnnt “Vn = 0

where ¢, +¢,=~1 and ¢,c, = -1.Then, the following is the set of first order equations:

-1+y5
Pty = ‘[“Qi}yl(n)

145 1-5
Yonty = ( 2[])’1(;1)*[—7\/;]}’2(")

Generalizing the model of the system of n first order equations, equivalent to the
single input » order difference equation, is now possible:

{Ac, 0 0 0
c, -c 0 0 0
Yn+1 = l ’ n * U
0 o C,.1 €, 0

where the ¢, coefficients are the characteristic roots of the system and u is a single input.
The following is the corresponding n order difference equation:
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Yem H (€€ 1 4C Y 1y o ¥ €10y = €10y gl

Summary

Anmorder difference equation oftheform y, . +5,¥, .1y * - *b,¥, =X, where
b, are constants, y is the state variable and the variable x represents the single input of the
system, is equivalent to m first order equations.

8.2 SINGLE INPUT LINEAR MODELS

Single input linear models are represented by difference equations reducible to
the form

8 m + &Yooty * - + &MY, = L)

where y is the state variable, g(n) and f(n) are functions defined over the discrete time
scale or are constants, for i = 1,2,...,m. The g(n) terms are usually constant coefficients.
In such case, the following expression would replace the above equation:

yn+m + blym(m—]) LR bmyn =X

where a, are constants and x =f(n) is the single input of the system.

The notion of response functions was presented in Chapter 6. The system reaction
to initial conditions, independently of the inputs, was defined as the free response. The
reaction of the system to inputs, independently of the initial conditions was defined as the
forced response. For conceptual purposes, only simple first order time invariant models
of systems were considered. In this section, progressively more complex models will be
examined.

The general expression for a first order constant coefficients model was defined
as

yn+] +byn =X

The following is the Z transform of the above equation:



264 8:Deterministic Models of Discrete Systems

zG(2) - g(0)z - bG(2) = F2)

Then

=2 oy L
G(z)‘z_bg(") 7 Fe)

z-

The first fraction in the above transform corresponds to the free response of the system,
the second fraction is the forced response, g(0) is the initial condition and z-b is the
characteristic equation. The inverse of these transform fractions are the state trajectories
for the free and the forced responses.

Example 8.2.1 Determine the free and forced responses of the feedlot system of Example
8.1.1, if the rancher had 460 initial animals.

Solution: The following is the difference equation defined for the system:

Voo 0964y = 90

This is a non homogeneous time invariant difference equation. The corresponding Z
transform is

460z 90z
+

6@ = o6 - 1)(z-0.964)

The first fraction of the above transform is the free response determined by the initial 460
steers. The following is its inverse:

Yam = 460(0.964)"

The second fraction is the forced response, determined by the purchase of new steers:
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90 ,
= —————[1-(0.964)"] = 2500[1 - (0.964)"
D) 120.964 [1-¢ Yl [ 1

The total response is the sum of the free and forced responses:
y, = 2500 - 2040(0.964)"

The graph of the response functions is shown in Fig. 8.2.1.

2500 i
2000+ ,-4:1':: =
% 1500+ .
& 10001 /.7 Total
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Figure 8.2.1

The following is the general expression for a second order, constant coefficients
difference equation:

yn+2 +byml +cy,, =X

The corresponding Z transform of this equation is

2’G(z) - 2°8(0) - zg(1) + blzG(2) - 28(0)] + cG(2) = Fl2)

where g(0) is a value at a period #=0 and g(1) is a value at a period n=1. After factorizing
and rearranging terms, the Z transform can be written as
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G@z) - 80Az+b) + &) | Fz)
GE-2)z-2)  (@-A)z-A)

where A, and A, are the roots of the characteristic equation z2 + bz + c. The roots of a
second degree polynomial are given by the following expression:

A - ~b+yb?-4c

2

Then, if (b%-4c)>0 the polynomial has two different real roots, if (5% -4c)=0 the
polynomial has two equal real roots and if (2 - 4c) <0 the polynomial has two imaginary
roots. This third case determines a periodic response of the system.

Note that the coefficients of the characteristic equation are the same coefficients
of the difference equation. The first fraction of the transform corresponds to the free
response of the system and the second fraction to the forced response.

The (b2 -4c)>0 case is illustrated in the following example.

Example 8.2.2 An insect control program was tested for one year in a pasture field. The
following difference equation was fitted to the data:

A% +0.7955Ay, +0.1538y, = 0
This equation has the following expression in the subscript notation:

Y, - 12045y | +03583y, =0

where y is number of bugs per square meter and n is months. Find the response due to the
initial count of insects and the forced response due to the pest control program. The initial
count of bugs was 250. The count after one month was 425.

Solution: The above is a homogeneous second order time invariant equation. Therefore,
at a first glance, only a free response is possible. However, as will be shown, a second
order homogeneous time invariant equation is equivalent to a first order non homogeneous
time variant equation. To find the first order expression, the solution of the second order
equation is first needed.
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The following is the Z transform of the difference equation:

22G(2) - 25022 - 425z - 1.2045[2G(z) - 250z] + 0.3583G(z) = 0

Then

250(z% - 1.2045z) + 425z
z? - 1.2045z + 0.3583

G@) =

This transform can be expressed as

) 7-0.6686  2-0.5359

GG _gsg A B |, g5 C D
2 2-0.6686 705359

where 0.6686 and 0.5359 are the roots of the characteristic equation. After solving the
partial fractions, it was found that 4 = -4.0384, B=5.0384, C=7.5358 and D =-7.5358.
Thus, the Z transform becomes

2193z 1943z
z-0.6686 z-0.5359

G(z) =

Then, the solution of the second order difference equation is

v, = 2193(0.6686)" - 1943(0.5359)"

The following is the first order difference equation of the system:
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Yy = 2193(0.6686)"" - 1943(0.5359""!
1466(0.6686)" - 1041(0.5359)"
2193(0.6686)" - ,

1943

1

1466(0.6686)" - 1041

290.77(0.6686)" + 0.5359y,

Then, after rearranging terms, the following is the first order time variant non
homogeneous difference equation of the system:

Y,y — 0.5359y, = 290.77(0.6686)"

where 290.77(0.6686)" is an input and 0.5359y, is an output. Defining the free and
forced responses is now possible.
The new Z transform is

290.77z . 250z

z =
) (z-0.6686)(z - 0.5359) z-0.5359

The first fraction of the above transform is related to the pest control and the second
fraction isrelated to the initial count of insects. Then, the following are the free response y , ,,
and the forced response y;,:

Vam = 250(0.5359)
Yo = 2193[(0.6686)" - (0.5359)"]

As expected, the sum of these two equations is the total response determined previously.
The graph of the response functions of this system is shown in Fig. 8.2.2.

The procedure for solving the (b2 - 4¢)> 0 case is straightforward. That may not
be so with the (b2 -~ 4c)<0 condition, where the strategy for canceling imaginary terms
may require more time and expertise. The following examples illustrate the (& 2 4¢)<0
case.
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Example 8.2.3 It was found that the population of an animal species decreases, each
generation, by approximately one half the number of animals of the previous generation.
It is assumed that each generation is affected by at least the effects of two previous
generations. To prevent extinction, 540 new animals are introduced with each new
generation. Determine the response corresponding to the initial 1000 animals and the
response due to the periodic introduction of new animals.

Solution: The system is represented by the following difference equation:

Vpr * O.Syn+l +0.25y, = 540

The characteristic equation of the system is here

z2+0.52+025 = {z+[l—i—[3—]”z+(l+i—3—”
4 4 4 4

= (z-A)z-4,)
Thus

where o < ~95 _%and p-VI-025 _ 3

Then, the Z transform of the difference equation becomes
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G@) - 1000(z% + 0.52) + 375z . 540z
(z-A)z-4,) z-DE-A)z-1,)

where 375 is the number of original animals found after the first period. The first fraction
of the transform is related to the response due to the 1000 initial animals. The second

fraction is related to the response due to the introduced animals.
The first fraction of the transformed equation may be expressed as follows:

G(z) _ 1000z +875 _ 4

z (z-A)z-1) z-4, ' z-4,

After solving for 4 and B, the Z transform of the free response becomes

10001, + 875 |

10001, + 875
7) = - -
A=A, Z-A,

| Ak, 24

Thus, the following is the free response of the system:

(10002, + 875] ,
- A’2

10002.1 + 875 47
Yawy = 1
@ }'1 "Az l 3’1 ")'2

As disclosed in Chapter 4.2, by the Euler’s formula:

o +ip = r(cosd +isin@) =re’®,
« - i = r(cosd - isinf) = re '°

where 7 = Jo? +B? = 1/2. Then, A, -}, =2if, A, =e’®/2 and A, = "%2.

After replacing values, the free response becomes

B [ 1000(ce +iB) +875}Qe,9),, . ’ 1000(c - iB) + 875 }(re‘ie")
2ip

Alm) 2ip
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where

einﬂ
~-in@

=cosn@ + isinn®
=cosnB - isinn0
1

2
V3

(4143

Finally, after replacing values and factorizing, the free response is

e

cosB =

sin@ =

~ ™ xR

é

1 2% 2500 21‘5
Yam = (E] [lOOOc SnT + 2 }

V3 3
The following is the fraction of the Z transform representing the forced response:

G@) _ 540 _
z (@ DEA)zhy)

After solving for A, B and C, the Z transform of the forced response becomes

G(z) = 540

Z z z
(T-A)AA)z-1) (o -AYA-A)E-A)  (y-A)1 —A»(z-xz)}

Thus, the following is the forced response of the system:
B 1 Al A3
Vo = 340 - +
A-ApA-2) A=A )X1-2) (R -A)1-4)

Cosa0 [ QoA A
A-2)1-2) A-d Ak
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Note that the characteristic equation of the system is
z2-(A +A)z+A A, =27 +0.502+0.25

Then, (1-A,)(1-4,)=1-(A,+A,)+ A, A, =1.75. After replacing the A values with Euler’s
equations, the forced response becomes

540
Yo = 1775

1 +(l] (e-iB-1)(cosnB+isinnB) (a+i[3—1)(cosn6—isinn6)ﬂ
2 2ip 2ip

Finally, after replacing the a, p and 0 values and factorizing, the resulting forced response

of the system is
1 2n S5 . . 2m
=3091 - | -} Jcosn— + —smnn—
- 9[ (2]( BRI 3]

The total response is the sum of the free and the forced responses, that is

Y, = 309 +(%) [691cosn33’£ +6625inn27n

.

The graph of the system responses is shown in Fig. 8.2.3.
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The above responses may be defined by expressions with a very precise geometrical
meaning. Note that, by the addition formula of sinus and cosines

cos(4+ B) = cosAcosB ¥ sindsinB

acos[0(c £ n)] = acosOccosOBn ¥ asinOcsinOn

691 cosn%’i + 6625inn—2=§£

H

where acosOc = 691 = K|, asinOc = 662 = K,, 0 =2n/3 and aand c are unknowns. Then

. 27
ST 662
a-91 _ 662 and > =662 _ 49580
o wr 2% 691
COS —¢ sSm —-¢ COoS ——¢
3 3 3

such that
4 2% .
tan”'(0.9580) = 0.7640 = TC ;¢ = 03648

Finding a is now possible:

" - 691 _ 662 _ 957

cos( ZTH 0.3348) sin( 23350.3648)

Note that acos[0(c —n)] = acos[0(rn-c)]. Then, the new expression for the system
response has the form

y, = K, +ar"cos[0(n-c)]

After replacing values, the total response of the system becomes

v, = 309 + 957( %) cos{%}t—(n - 0.3648)}
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The following definitions apply for this response model:

* Parameter 0 modulates the frequency response of the system

* Parameter r modulates the amplitude response of the system

* Coefficient @ modifies parameter

* Coeflicient ¢ is an out of phase parameter

* Coefficient d is the distance between the abscissa and the response axes
* A cycle is equal to 27t/0

Note that when < 1, the amplitude decreases over time and if » > 1, the
amplitude increases. Thus, for r = 1/2, the amplitude of the system response decreases
over generations. Note also that, if one full cycle is 27, then 0 = 21/3 means that one
cycle is here three generations. In this example, the function is ¢ = 0.3218 generations
out of phase and has an asymptotic value of d = 309 animals.

Thereader is encouraged to determine why the following relationships hold here:

v, = Ky + (r)'[K,cosn + K,sinn0]
Yo = Ky(1-2rcosB +r?) + 2rcos8y,,, - rly,
A +A, = 2rcos@
A, = r?

1772

Summary
Singleinput linear models with constant coefficients are represented by equations

reducibletotheform y, . +b,y,. ., | *-- +b,¥, = x, where b, are constants, y is the state
variable and the variable x represents the single input of the system.

8.3 MULTIDIMENSIONAL FIRST ORDER LINEAR MODELS

First order multidimensional linear models are represented by difference
equations reducible to the form

Y, =AY, +X

where Y is a set of state variables, 4 is a matrix of coefficients defining the relations
between the state variables and X is the set of input functions of the system.
The Z transform of the above equation is written as follows:



8.3:Multidimensional Linear Models 275

zG(z) ~zG(0) = AG(z) + F(2)
(zI-4)G(z) = zG(0) + F(z)

where (zI - A) is the characteristic equation of the system, G(z) is the set of Z transforms
of the state variables, G(0) is a set of initial conditions and F(z) is the set of transforms of
the input functions. Then, the free response Y, 4 and the forced response Y, are

Y = 27 - 4)'26(0)]
Yo = Z 1 - 0 R

Example 8.3.1 The population of a type of bird doubles every year. The introduction of
predators reduces the number of birds by ten times the number of predators. The number
of predators also doubles every year. Some 200 new birds move into the ecosystem each
year and some 30 predators are hunted down. Determine the response functions of the
system, assuming 1000 initial birds and 50 initial predators.

Solution: The difference equation of the system is as follows:

2 -10
Yn+l = Yn+
0 2

where y, is birds, y, is predators and # is years. The following is the corresponding Z
transform:

200
-30

z-2 10
0 z-2

_[1000]
D=1 5

200]
-30|z-1

The characteristic equation of the system is here

- _'z~2 10}_ .
zI - A] = 0 sz-(Z )
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Free Response. The following is the Z transform for the free response of the birds:

1 [1000z 10 1000z -2500
Gyld) = —— - i___z___z__)
(z-2)*] 50z z-2 (z-2)
Gu®) _ 1000z-2500 4 B
z? z(z - 2)? 2(z-2) (z-2)

where 4 = 1250 and B = -250. Then

1250z 250z
G,(2) = -
AI( ) ) (Z B 2)2

The following is the Z transform for the free response of the predators:

1 -2 1000 50
G, f2) = IZ - 2=

@220 50z| z-

[}

Thus, the inverse of the above transforms is the free response of the system:

A

2504-n)|,
50

Forced Response. The following is the Z transform for the forced response of the birds:

200z 10
z-1
G2 = 1 _ 200z 30§)z
(z-22|-30z _ o (E-2)-1) (z-2)(z-1)
z-1
= 200z A B C
_— + + +
z-2)z-1) (z-2)* z-1 z-2

where A=1,B=1and C=-1. Then
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Gyy(2) = 200z + 150 2z 22 2z
(z-2)z-1) (z-2? z-1 z-2

The following is the Z transform for the forced response of the predators:

, 200z
z~1 _
G = ==y
g N EDeD
-

The inverse transform of the birds and the predators is the forced response of the system:

50(3n-2)
-30

n
B(m) 2

30

100}
+

The following is the total response of the system:

n

100{ [100(9-n)
+ 27
30 20

The graph of the response functions of the birds is shown in Fig. 8.3.1:
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Figure 8.3.1
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Testing that the solution is correct is possible by equating the system solution
with the difference equations of the system, such that

100| [100(9 -n) 2 -10]" 200
Y, = + 2" = Y, -
30 20 o 2| |™ |30

The reader may wish to check that the above expression holds true.
The graph of the response functions of the predators is shown in Fig. 8.3.2:

@ 9007 ~
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; 0 FrEii ;otal
] 0 1 F~-3 47T ree
§ -300 + '~ mee—ee Forced
&
600 1 Years
Figure 8.3.2

Example 8.3.2 Two species of birds share the same ecosystem and food sources, affecting
each other’s reproductive and survival rates. Their relationship is represented by the
following set of difference equations:

n+l

0.15934 2.20254 Y 0 0
+ + n
-0.45281 0.87340| " |224.27| |5.3174

where y, and y, is each of the bird species and # is years. Find the response functions of
the system.

Solution: The above set of difference equations has the form
by by v €1

y +1 = n +
" by by @)

Then, the following is the Z transform of the system difference equations:
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by, by AU z
COR RNy
-b,, z-b,, 2,(0)]  e,|z-1

where g,(0)=400 and g,(0) =200 are the initial number of birds for each of the two
species. The characteristic equation of the system is given by the expansion of the
following determinant:

'bu “blz
|zl - 4] =

by z-by,

d

d,

Iz

(z-1)

-0.15934 -2.20154
0.45281 z-0.87340
=z~ 1.03274z + 1.13605 = (z-A Xz -4,)

Then, the following are the characteristic roots:

1.03274 +i1.86484
2

A= = atif

where & = 0.51637 and (B = 0.93242. Clearly, the system response is represented by
periodic functions.

Free Response. The following determinant is the Z transform of the free response for the
first species:

. (©)z -b,
G = 5T
(z-A )z-1) g,(0)z z-b,,
_ gl(O)zz~[g](0)b22—g2(0)b12]z -4 z +B z
(z-A))(z-1)) z-A, z-A,

- gl(O)A'l - [gl(o)bzz _gz(o)blz] and B = - gl(o)lz - [gl(o)bzz 'gz(o)bu]

Ay-A, A=hy

where A

Then, the inverse of the above transform is the free response of the first species:
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_ gl(O)Xl = [31(0)b22 _gz(o)bu] P gl(o))‘-z - [gl(o)bzz “gz(O)blz]

- A"
Y A A, 1 A2, 2

After replacing the A terms, the free response becomes

{gl(O)(a +iB)-[g,(0)b,, —g2(0)b12]](cos nO+isinn@) -
[g,(oxa -iB)-[g,(0)b,, —g2(0)b12]](cos n0-isinn0)

r n
Yaimy = El—ﬁ

where
(o +iP)" = r "(cosnB+isinn0)

r=yo?+p? = 1.066
0 - cos"( E) . sin“( E) - 1.065

r r

Finally, after replacing the r, , § and 0 values and factorizing, the free response
for the first species is

Vaim = (1.066)"[400cos n(1.065) + 319sin n(1.065)]

The following determinant is the Z transform of the free response of the second
species:

G2 1 -b,, &0
z = —
4 (z-A )z-1,) | -b,, £,(0)

- gz(o)zz - [gz(O)b“~g](0)b21]Z -4 z +B z
(z-A )z-A)) z-A, z-4,

After solving the partial fractions, and replacing the symbols by the corresponding initial
values, the transform becomes
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2004,-212.992 ,  2004,-212.992
Ah, 24 A-h,  z-A

7@ =

Then, the free response of the second species is the inverse transform of the above
expression:

~ 200)»1—212.992 ,, 200).2—212.992
Yaze A‘l ‘Az : A1 “7‘2

n
2

After replacing the A values, the free response is

o [200(c+iP)-149.256](cosnB +isinn ) +
YA = 278\ [149.256-200(a -iB))(cosnB-isinn )

Finally, after replacing the 7, &,  and 0 values and factorizing, the free response of the
second species becomes

Yz = (1:066)[200cos n(1.065) - 118sin n(1.065)]

Then, the following is free response of the system:

400 -319

= (1.066)"
wn = )[200 -119

cos n(1.065)
sin n(1.065)

Forced Response The Z transform of the forced response for the first species is given by
the expansion of the following determinants:
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¢ by 4, ~by

1
G (Z) = —il . Z + dz
o (Z_A'])(Z_)-z) 2 Z_bll S . Z—b21
z-1 (z-1)
where ¢; =0 and d4,=0. Then
d
G, (2) = __b‘L_ &b %
(-A)z-A) z-1  (z-1p

The above transform can be expressed as partial fractions, such that

z g % .c®
z-A, z-A, z-1

A

Cy +

Gpf2) = by,

d,\D z +E z +FZ
E-A)z-1) (@A )z-1)  (z-1)

1 | 1

, B = ,C= , D=4, E=B and
(A, -A)(1-1) (A, -A,)(1-2) (1-2,))(1-1,)

where 4 = -

F=C.

The inverse of the above transform is the forced response of the first species:

AT A"
Vaim = b126y l + : t 1 *
Gy 2)(1-2) (A -A)1-2) (1-A)1-Ay)
r . n
1-A7 1-A" ;
biadh|- 2 2 A A
A ARAA) (ymA(t-Ayt (12452

Manipulation is easier if the above equation is expressed as follows:
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o bp,e, (1_xl)xg-(1-x2)17+1+
B (1-A,0(1-4,) (A,-1,)

bod, (- PAT-(1-A)PAL A +A,-2 .
(A2 | (A ANIANIAy) (1A%

The characteristic equation of the system is
z%-1.03274z + 1.13605 = (z-A )(z-A,)
Then

(1-2,)(1-A,) = 1 -1.03274 + 113605 = 1.10331

Thus, after replacing the A values, the forced response becomes

(1-o-iB)cosnB-isinnd) - (1 —a+i[3)(cosn6+isinn6)] .
2(1.1033)ip
[(1-a)?>+p?+2iBY}(cosnO+isinnB) - [(1 —a)2+|32—2iﬁ](cosne—isinne)] .
2(1.1033)%ip

Vi = 01260 "

b dyr

bye, B bpd, [Z(I—a) n
1.1033 1.1033[1.1033

Finally, after replacing the r, &, p and 0 values and factorizing, the following is
the forced response for the first species:

Vaim = 438 +10.62n - (1.066)"[438cosn(1.065) + 218sinn(1.065)]

The Z transform of the forced response for the second species is the expansion
of the following determinants:
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z-by,
1

Gp2) =
2O TR -8,

where ¢, =0 and d,=0. Then

Az-by)  dyz-by)
(Z-A)E-A)Nz-1)  (z-A z-A)z-1)

Gpyl2) =

By using partial fractions expansion, the above transform becomes

Gp2) = ¢,

A'1"1711 z Az-bll z l-bn z
- + + ——
(ll—l.z)(l —/\.I) z—ll (ll—lz)(l ~12) z-A, (1 -Al)(l-lz) z-1

d.|- A‘z_bn z . )'z'bu z . 1~l’n z
2 A, -A)(1-1) E-A)z-1) (A,-A)(1-1) (z-A,)(z-1) (l—ll)(l—A.) (z-1)?

The inverse of this expression is the forced response of the second species. Manipulation
is made easier if the above equation is expressed as follows:

T (G A S e S
Yax = -A)(1-2)| (1) 1

dy [y A)O-APAAD by RYIAFARY
(1-A)(1-1,)| (kA X1-AX1-2)) Y

The reader is encouraged to determine the missing steps in the above inversion process.
By using the Euler’s equations, it is possible to write ‘
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(b”—)\.l)(l-A.z)(cosnthisinnﬂ)-(b“—lz)(l~‘A.l)(cosnt!—isinnﬂ)l
Yoamy = €2

2[(1-4,)(1-2,)1iB |
) dzr,l(b,,-xl)(l-Ag?-(cosneusinne)—(b“~xz)(1—Al)z(oosne—isinne)]
2[(1-A)(1-A)Pip }
. d[(b“-ll)(l—12)2—(b“—12)(1—A.])z , cf1-by) rdy(1-by)n
: 2[(1-A)(1-1,)1ip (1-A,)(1-2,)

Replacing the A values is now easier. After some factorization, the forced response of the
second species becomes

2iP(0.15934-1)cosn B +2[0.15934(1 —a)~a+a2+B2]isinn9] ~
2ip(1.1033)

Vo = 224.27r {

2iB[2(0.15934)(1 -0+ +f2-1JoosnB ]
: 2 _
S 31747 2ip(110337 |, 224270-0.15934)
2[0.15934[(1 02 + B +2(02+P3)(1 ~0) - o] isinn O 1.1033

2iB(1.1033)

5515 4I2iﬁ[2(0.15934)(1-a)+¢x2+[32—1] , 5.3174(1-0.15934)n
2iB(1.1033)? 1.1033

Finally, after replacing the 7, a, § and 0 values and factorizing, the forced
response of the second species is written as follows:

Yoy = 172 +4.052n + (1.066)7-172cos n(1.065) + 148sinn(1.065)]

The forced response of the system is, then

438] [10.62 438 218
" n - (1.066)"

172 -148

Y
B 1172| |4.05

cosn(1.065)]
sinn(1.065)|

The following is the total response of the system:
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n

_|438] [1062 -38.3 100.8][cosn(1.065)
n + (1.066)" _
172| | 4.05 279  30.3 ||sinn(1.065)

The graph of the response functions of the first species is shown in Fig. 8.3.3.
Note that one full cycle is 211/0 that is, the frequency is here 6.28/1.065 = 5.90 years. Note
also that » = 1.066 > 1 that is, the amplitude of the system response increases with time.
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The graph of the response functions of the second species is shown in Fig. 8.3.4:
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Summary

First order multidimensional linear models are represented by equations reducible
tothe form Y, =AY + X, where Y is the set of state variables, 4 is a matrix of constant
coefficients and X is the set of input functions of the system.

8.4 FITTING MODELS TO DATA OF DISCRETE SYSTEMS

As disclosed previously, successive differences can be expressed as a difference
table. The entries in each column after the second are placed between two successive
entries of the preceding column and are equal to the difference between those entries. As
shown in Table8.4.1, Ay, =y, -y, Ay, =y, -y,, A%, =Ay, -4y, A%, =A%, -A%,
and so on.

Table 8.4.1
A Table of Finite Differences

n y Ay A%y Ady Aly Ay
0 Yo

Ay,
1 Y Aly,

Ay, Ay,
2 Y2 A%y, Ay,

Ay, Ay, Ny,
3 »s Aly, Aty

Ay, Ay,
4 Vs A%y,

Ay,
5 Vs

For processing data, the entries in the difference table may be rearranged as in
the following table. Each column in the table is a variable and as such, least squares
procedures are feasible for fitting difference equations to the data. Thus, the following
linear regression models would fit data with one dependent variable:



288 8:Deterministic Models of Discrete Systems

Ay =a+bn+cy First order
A = a+bn+cy+c,Ay Second order
A"y =a+bn+cy+cAy+..+c, A"y n-order
Table 8.4.2
A Modified Table of Finite Differences

n Va Ay, Ay Ay, Ay, Ay,
0 Yo Ay, Azy 0 A3y 0 A4y ()} Asy 0
1 » Ay, Ny, Ay, AY,
2 Y, Ay, Ay, Ay,
3 Y3 Ay, Ay,
4 Vs Ay,
5 Vs

Example 8.4.1 As indicated in Example 8.2.2, an insect control program was tested
during one year in a pasture field. The following is the corresponding data:

n 0 1 2 3 4 5 6 7 8 9 10 11 12

y | 250 425 421 362 279 205 151 108 65 49 35 22 18

where y is the number of insects per square meter and » is months. Find first and second
order linear models for the data.

Solution: The following first order difference equation was fitted to the data in Table
8.4.3:

Ay = 323.24 -33.95n - 0.7883y
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The following is the difference table of the data:

Table 8.4.3

n y Ay Ay
0 250 175 -179
1 425 -4 -55
2 421 -59 -24
3 362 -83 9
4 279 -74 20
5 205 ~54 1
6 151 -43 0
7 108 -43 27
8 65 -16 2
9 49 -14 1
10 35 ~13 9
11 22 -4
12 18

289

The statistics for the regression coefficients of the difference equation was as follows:

Table 8.4.4
Variable Coefficient Standard “t”
Error
y -0.7883 0.2070 -3.812
n -33.95 8.56 -3.965
Constant 323.24 86.74 3.727

The coefficient of determination was R?= 0.640 and the standard deviation was s =44.36.

The following second order equation was also obtained from the data:

Azy

-9.4407 + 1.0737n - 0.1323y - 0.77484y
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and the following are the corresponding statistics for the regression coefficients:

Table 8.4.5
Variable Coefficient Standard “t
Error
Ay -0.7748 0.0637 -12.162
y -0.1323 0.0632 -2.094
n 1.0737 29104 0.369 n.s.
Constant -9.4407 26.7830 -0.352 n.s.

The coefficient of determination and the standard deviation were R=0.991 and s = 6.926.
The second order is clearly more accurate than the first order model. However, as shown
in the above table, the intercept and the coeficient for the time variable n are not
significant. Thus, the following is the new regression equation, with those coefficients
deleted:

A% = -0.7955Ay - 0.1538y

The corresponding statistics is as follows:

Table 8.4.6
Variable Coefficient Standard “t»
Error
Ay -0.7955 0.0279 -28.546
¥y -0.1538 -0.6750 -20.116

As shown in the above table, the significance of the model was improved. The standard
deviation was reduced to s = 6.171.
The subscript notation form of the second order difference equation is

V., - 12045 | +0.3583y = 0
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where Ay = y,.; - 1 and A2y = ¥Ypi2 — 2Vpe1 — Vu . The following is the Z transform
for this equation:

G) - 25(;(22 -1.2045z) +425z
z°-1.2045z+0.3583

where 250 and 425 are the first and second differences in the data table. The inverse of
this transform is the solution of the difference equation, as defined in Example 8.2.2:

¥, = 2193(0.6686)" - 1943(0.5359)"

The reader should be aware that each of the numerical values of the first and
second terms of the y, sequence, which are 250 and 425, include an error term.
Therefore, the accuracy of the above solution is affected by the size of such errors. In the
present example, the fit of the difference equation has a coefficient of determination (R?)
of 0.99 and the goodness of fit is high, as shown in Fig. 8.4.1.

500
400 L A »
% h
37§ 5
§ 200 + A s Data
£ 400 . . —— Function
Koay
0 e T I
0 2 4 6 8 10 12
Monthds
Figure 8.4.1

Example 8.4.2 Two species of birds share the same ecosystem and interact with each
other. The following is the data for number of birds:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

¥ {400 500 580 450 390 400 420 610 730 680 500 330 400 620 830 770 450

¥y, 200 230 180 140 150 180 240 300 240 170 100 130 260 320 290 170 110
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where y, and y, are the number of birds of each of the two species and # is years. Find
a first order model for the data.

Solution: The following first order difference expression was obtained from the data in
the difference table bellow:

-0.8982 2.1437 28.33 | [2.136
= + + n
-0.4528 -0.1266 224.27| |5.317

The following is the difference table for the data:

Table 8.4.7

n Y Ay, » Ay,
0 400 100 200 30
1 500 80 230 -50
2 580 -130 180 -40
3 450 - 60 140 10
4 390 10 150 30
5 400 20 180 60
6 420 190 240 60
7 610 120 300 - 60
8 730 -50 240 -70
9 680 -180 170 -70

10 500 -170 100 30

11 330 70 130 130
12 400 220 260 60

13 620 210 320 -30
14 830 -60 290 -120
15 770 -320 170 -60

16 450 110

The statistical evaluation for the regression coefficients is shown in Table 8.4.8. The
coefficients of determination are here R? = 0.966 and R2 = 0.949 for each of the to state
variables and the standard deviations are s = 31.489 and s = 16.818.
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Table 8.4.8
Variable Coefficient Standard “t»
Error

¥, -0.8982 0.0641 -14.023
-0.4528 0.0342 -13.240

¥ 2.1437 0.1363 15.730

2

-0.1266 0.0728 -1.740

n 2.1356 1.9630 1.088 n.s.
5.3174 1.0481 5.073

Constant 28.3260 33.6027 0.843 n.s.

2242747 17.9418 12.500

As shown in the table, there are two non significant coefficients. The following is the new
expression with those coefficients deleted:

~0.8407 2.2015 0 0
Y = Y+ + n
-0.4528 0.1266 224.27) 15.317
The corresponding equation in subscript notation for the above mathematical model is

v+l

0.1593 2.2015 0 0
Y + + n
-0.4528 0.8734| " {22427 [5.317

As determined in Example 8.3.2, the Z transform of this model is

400
z) = z +
200

z-0.1593 -2.2015
0.4528 =z-0.8734

0
224.27

A L
z-1 |5.317] (z-1)
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Note that 400 and 200 are initial values for each of the two species of birds. Note also that
these values include the error terms. Therefore, the accuracy of the free response is
affected by these error terms.

The total response of the system was defined as

n

-38.3 100.8|[cosn(1.065)
279  30.3 |sinn(1.065)

438] [10.62
+

n + (1.066)"
172 4.05] ( ) [

Because the free response is affected by how much the first differences deviate from
regression, the system solution would need some fine tuning using non linear curve fitting
procedures. The "goodness” of fit can be appreciated in Fig. 8.4.2.
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Years
Figure 8.4.2

In conclusion, the following procedure is recommended for fitting linear models
to the data of discrete systems:

» Express the data as a difference table

» Use a least squares procedure to determine the most appropriate model
« Define the set of difference equations for the system

* Determine the state equations

« Use non linear regression for fine tuning the state equations

Summary
Fitting linear models to data of discrete systems may be accomplished by linear

regression, using data from difference tables. Constant coefficients of resulting state
equations may be fine tuned by non linear least squares curve fitting.
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DETERMINISTIC MODELS OF
CONTINUOUS SYSTEMS

Continuous systems are also called differentiable systems because they may be
represented by differential equations and their solutions. The time scale of these systems
is the set of non negative real numbers.

This chapter is related to the process of linking differential equations to the
system behavior and data, using constant coefficients linear models. Systems are here
classified by their structure and by their dimension. By structure, systems are either
compartmental or non compartmental. As with discrete systems, the number of system
components also determines the dimension of the system.

9.1 RELATIONSHIP BETWEEN ORDER AND DIMENSION

The following first order model describes one of the most elementary types of
systems:

_@!_+by =X

dr

where by is the output of the system and x is the single input. As shown in Fig. 9.1.1, a
first order differential equation represents a one component system.

Figure 9.1.1

Example 9.1.1 The concentration of bacteria in the rumen of a group of calves was found
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to increase with age. The following is the fitted equation describing this process':

y = 4.61 -3.71e %1

where y is concentration of bacteria in millions/G*10* and ¢ is age in weeks. Determine
the components of the system, as represented by the above equation and define the single
input and the output.

Solution: The following is the differential equation of the system:

P, 0.142y - 0655
dr

This is a first order differential equation. Therefore, the system has only one component.
The input is 0.655 and the output is 0.142y.
More complex are second order models reducible to the form

d2y+b§2

di2 't

@1

+b,y = x

where b, and b, are constant coefficients and x is the single input. As will be shown, the
above second order differential equation is equivalent to a set of two first order
interconnected differential equations of the form

.Zy__[ = -ay, tu

dt @)
?yz = ay, - ay,

dt

where u is the single input and a,y, and a,y, are outputs. The corresponding two-
component system is pictured in Fig. 9.1.2.

'Computed from Lengeman F.W. and N.N. Allen
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U___y) ;,‘ajzl_): \%
] L i
Figure 9.1.2

The procedure that follows determines the equivalent second order form of system (2).
First, a second order equation is obtained by differentiating the second equation

in (2):
dZ
Y2 al-?zl- _aziyg 3
dr? at at
Next, the dy,/dt term in (3) is replaced with the first equation in (2):
dzy 2 dyz
e =au-ay)- Y
Then, according to the second equation in (2), the variable y, is
y = i _id.y_z_ + azy
! a,| dt 2
Thus
d’y, dy, dy,
—= = aju-| —= -a,—~ 4
a e Y @

Finally, after factorizing and rearranging (4), the following second order equation is
obtained:
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d’y, &,
(g ra)—= +aay, = au
r? (a,+ay) PR !

where a,+a, = b,, a,a, = b, and a,u = x in equation (1). Equation (5) is equivalent to
equation (1), when operations are carried out on the second component of the system. The

reader may want to check that the following second order equation is equivalent to
equation (1) when operations are carried out on the first component:

d 2y1
dt?

+(a, +a:z)% T4y, = qu 5
As demonstrated, a second order differential equation represents a two-
component model of the system.

Example 9.1.2 The following fitted equation represents the growth curve of a group of
steers?:

y = 780 + 265¢ -1.4271 _ 1065670'553'

where y is the steers’ body weight and ¢ is the steers’ age in years. Define the single input,
the outputs, the components of the system and the set of equivalent first order differential
equations.

Solution: The following are the first and second derivatives of the state equation:

% = -1.427(265)e 4?7 + 0.553(1065)e O35

2
% = (1.427)2(265)e 1477 - (0.553)%(1065)e O3
1

The second order differential equation is obtained by solving for the exponential terms in
the above set of equations and replacing the solutions in the state equation. The reader is
invited to prove the following shortcut:

2Vohnout, K., Unpublished
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d’t d
If y = be® + bye™ 4 ¢, then el (ay + az)—;{‘+ aayy = aac
(4 4

By either procedure, the following is the second order differential equation of the system:

d’y
dt?

1 9sody +0.78% = 616

If a,+a, =1.980, a,a, = 0.789 and a,u = 616, then a, = 1.427, a, = 0.553, the outputs
are 1.427y, and 0.553y, and the input is u = 432. Thus, the following is the equivalent
first order system:

dy,

D1 1421, v 432

dt 1

@,

=% = 1427y, - 0.5,

Note that the output coefficients 1.427 and 0.553 are also the characteristic roots of the
system. As expected and shown in Fig. 9.1.3, the model of this system has two
components.

SN )4 -M;_ﬁA__,>§ x_*._ ,,,,, »

L S S

Figure 9.1.3

Generalizing the model is now possible. Thus, the following is the system of n
first order equations equivalent to an » order constant coefficients differential equation:
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where the a, output coefficients are the characteristic roots of the system and u is the
single input. The following is the corresponding » order differential equation:

n n-1
%+ (a,+a,+...+a)

1 %27 -
dt” LT

-t aay.ay, = aa,.a, u

Clearly, the above system has » components,
Summary

An n order differential equation of the form

n n-1
i_Z,erld Y

dt" drm! tetby = x

where x=£{t) is the single input of the system, y is the system response and b, are
constant coeflicients, is equivalent to # first order equations.

9.2 SINGLE INPUT LINEAR MODELS

Single input non compartmental linear models with constant coefficients are
represented by differential equations reducible to the form

V5 Y 3 A%
Eo: “dt' zo:C'dt’

where x =£{f) is an input trajectory, y is the system response and b, and ¢, are constants.
The general expression for a first order constant coefficients model is

dy

hacy nd +CpX
dt

+by~c1d

and the following is the Laplace transform of the above system:

SG(s) - yo + bG(s) = ¢,[sF(s) -A0)] + ¢,F(s)
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Then

C\§+C,

Y . _cl]‘(O)
Gls) = s+h s+b Fs) s+b

where y, is the initial condition of the system, f{0) is the input initial value,
(¢\s+c,)/(s +b) is the transfer function and s+ is the characteristic equation of the
system.

Definitions for the response functions of the system were presented in Chapter
6. The reader is reminded that the system reaction to initial conditions, independently of
the inputs, is known as the free response. The reaction of the system to inputs,
independently of the initial conditions, was defined as the forced response. The solution
of the Laplace transform is the free and forced responses. In the above example, the first
fraction of the transform corresponds to the free response and the other two fractions to
the forced response.

Example 9.2.1 The following equation was fitted to the energy content of milk from a
group of cows>:

y = 2.821 +0.965¢ 0042

where y is the energy content in MJoules/ Kg and ¢ is days after calving. Determine the
free and forced responses of the system.

Solution: The following is the differential equation representing this system:

Y 0.1193 - 0.0423

where 0.1193 is the input and 0.0423y is the output. An asymptotic value is obtained
when the input and the output are equal, that is y = 0.1193/0.0423 = 2.82. The above is
a non homogeneous time invariant differential equation. The corresponding Laplace
transform is

Yo 0.1193
s) = +
) 5+0.0423  s(5+0.0423)

3 Computed from B.G. Lowman, R.A. Edwards and S.H. Somerville
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The first fraction of the Laplace transform is the free response, determined by the cows
condition before calving. The following is its inverse:

y, = 3.786e 0H7

The second fraction is the forced response, determined by the system inputs after calving
and the following is the corresponding trajectory:

g = 2.821(1 - ¢ 0%7¥)

The total response of the system is the fitted equation, which is the sum of the free and the
forced responses.
The graph of the response functions of the system is shown in Fig. 9.2.1.

40
§ 35 -3.\ A
= 301% Aog 4
>.;25 T \u - b
$20) N » Data
G154 R Total
210+ / S Free
80.5-—/ —-w—-=Forced
i S R e
0 20 40 60 80 100120 140160
Days After Calving

Figure 9.2.1

Example 9.2.2 The following is the equation fitted to the lactation curve of a group of
dairy cows*:

y = e 9484208 + 411¢)

wherey is milk production in kilograms/month and ¢ is months. Define the free and forced
responses of the system.

*Vohnout, K., Unpublished
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Solution: The following is the differential equation of the system:

D pr1e-08 0 484y
dt

where 411¢ 4 is the input and 0.484y is the output. This is a first order time variant
non homogeneous equation.
The differential expression of the free response is here

D 0484y -0
dt

which has as its solution

yA = 298¢ -0.4841

This free response represents exclusively the milk production expected from the physical
condition of the cows before calving.
The fitted equation minus the free response is the forced response:

yp = 411te 04

The forced response represents milk production due to the system input after calving. The
graph of the system response functions is shown in Fig. 9.2.2.
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Example 9.2.3 The following differential equation represents the response of Carpet grass
to rainfall®:

D, 07067y = 0.04818% + 0.05340x
dt dt

where y is pasture yield, as kg/ha/day of green dry leaves and x is rainfall in mm/month.
The following equation was fitted to rainfall data’:

x = 206 - 152.6¢c0s0.809¢ - 43.55in0.809¢

Determine the response functions of the system.

Solution: As defined before, the Laplace transform of the system has the form

Yo  €15tC, ¢, f0)
= 20 F(s) -
ols) s+h * s+b ©) s+b

and the rainfall equation has the symbolic expression

x = ky+k cosOt + k,sinB1t

The first term of the Laplace transform corresponds to the free response. Then, the free
response is simply

-0.707
Ya = Vo€

where y, is the initial state of the system. An approximate value, obtained from the data,
is 3 and should be further fine tuned by non linear regression.

The remaining terms of the Laplace transform are related to the forced response.
This model was used and solved in Example 6.4.3 for a Kikuyu pasture experiment.

Computed from Murtagh, G.J. et.al.
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Therefore, there is no need for repeating all the steps of the procedure and only the
solution is presented here:

c,k, _( ck, . _(clb—cz)(klbakzﬂ))eb,

Y = 3 T i1 b2+
ek _(clb‘cz)(]ﬁb‘kze) cosBt + | c.k. - (¢1b-¢))(k,0 +k;b) sin61
1™ 5210 172 b2+02

The following is the resulting forced response after replacing the symbols with the
corresponding numerical values:

yg = 15.57 - 7.00e 77" - 8.57c0s0.8097 - 4.685in 0.809¢

For this particular data, the forced response is also the total response, because the
initial value ¥, is not statistically significant. The following final equation for the total
response was fitted by non linear regression:

y = 15.63 - 7.63e %77 - 8.00c0s0.8097 - 8.985in 0.809¢

The graph of this equation is shown in Fig. 9.2.3.

30+
> 251 T
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Q 15 Vo A =
2 / Loe +200 8 o Carpet Data
T 10+ /. k &T! ------- Carpet
L g L a0 —w—Rainfal

0 1 2 3 4 5 6 7 8 9
Months

Figure 9.2.3
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The following is the general expression for a second order, constant coefficients
model:

2 2
dy+blf§i+b2y:clg:~=+02§—
dr? dt dr? dt

+C,jx

The corresponding Laplace transform is here

52G(s) -58(0) -g(0) + b, [sG(5) - £(0)] +b,G(s)
= ¢[s2Fls) -$0) - (0)] +,lsF(s) ~A0)] +c;Fls)

where g(0), g’(0), A0) and £(0) are the initial values of the solution and of the first
derivatives of the response and the input. Then, the following is the Laplace transform of
the system response after factorization:

G(s) = g(0)s+b) + g(0) . c,s2+e,s+e, ) - AO0Xs+c,) +1'(0)
SA)EAy) (A s+A,) (s+A )5+,

where A, and A, are the roots of the characteristic equation s+ bs +c¢ of the system. The
transfer function is here

2
s +CZS +C5

Hs) = - "2 ™3
O sy

The first fraction of the transform represents the free response and the other fractions the
forced response. Note that the coefficients in the characteristic equation are the same
coefficients of the differential equation. Note also that the degree of the characteristic
equation is the same as the order of the differential equation.

The following expression gives the roots of a second degree polynomial:

- -b+yb?-4c

2
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Then, if (b2-4c)>0 the polynomial has two different real roots, if (b2 -4c)=0 the
polynomial has two equal real roots and if (5% -4¢) <0 the polynomial has two imaginary
roots. The (5% -4¢)>0 case is illustrated in the following example.

Example 9.2.4 The following differential equation corresponds to the fitted equation of
the growth curve of a group of steers, as defined in Example 9.1.2:

2
4 19809 10789 - 616
dr? dt

Determine the response functions of this system.

Solution: The characteristic equation of the system
5% +1.980s +0.789

has two real different roots, 1.427 and 0.553. Then, the following is the Laplace transform
of the above differential equation:

Gls) = g(0)(s+1.98) +g(0) 616
(s+1.427)(s+0.553)  s(s+1.427)(s+0.553)

The first fraction represents the free response and the second fraction represents the forced
response of the system. The corresponding inverses are easily obtained from standard
tables of Laplace transforms. Then, if g(0) = 30 and g’(0) = 183, the free response y,, and
the forced response y, are

yA = 258¢ -0.5531 _ 229¢ -1.427¢
Yy = 780 - 1274e 03" + 494¢ 14271

Note that the characteristic roots are also the exponents in the exponential terms of the
response functions.
The graph of the system response functions is shown in Fig. 9.2.4.
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The reader is encouraged to show that, for a state equation of the form
-t ~Ayt
y=ky+ke " +ke

the corresponding second order differential equation has the form

d2
Zt_{ + (4 ”‘2)‘% *AAy = Adok,

Then, by the above expression, a second order differential equation with constant
coefficients may be determined, in a single step, from the solution.
The (b?-4c¢) =0 case is portrayed in the next example.

Example 9.2.5 The lactation curve of a group of cows was defined in Example 9.1.4 as
y = e "84%(208 + 4111)
Find the second order differential equation of the system and determine the corresponding

characteristic roots.

Solution: The following first order, time variant non homogeneous equation, represented
this system:
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D g11e040 0 44y
dr

Differentiating the above expression determines a second order differential equation such
that

2
4V 1 0968%Y 0234y - 0
dt2 dt

Note that the first order non homogeneous time variant model in this example is
equivalent to the following second order homogeneous time invariant model:

2
4V 1 20488)% 1 (04847 - 0
dt? dt

Clearly, the characteristic equation has two equal roots, that is A = 0.484, which is the
exponent of the exponential term of the lactation curve.
The following important conclusion is achieved from this example:

A first order non homogeneous time variant equation, is equivalent to a second order
homogeneous time invariant equation

The first order and the second order models are equivalent in mathematicai
terms. However, in some cases, the second order model may not be appropriate, because
it determines only a free response of the system. This type of considerations will be

discussed in Chapter 10.
The reader is encouraged to prove that, for a response equation of the form

y = K+Ke " iKe ™
the corresponding differential equation has the form

d2
";;{‘” * (b1+b2)% +hiby = Kb,
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Finally, the 5% -4c <0 is illustrated in the following example.

Example 9.2.6 The following equation was fitted to the dry matter production of a Kikuyu
pasture field®:

y = 1170t - 839 +839¢0s (0.686¢) - 915sin (0.686¢)

where y is the accumulated dry matter yield in Kg/Ha and ¢ is months. Determine the
response functions of the system.

Solution: The following are the first and second derivatives of the above equation:

% - 1169.8 - 627.8c0s(0.68611) - 575.5sin (0.68611)
4y . 3049 611)+430.7sin (0.6861
=3 - % c0s(0.6861£)+430.7sin (0.68611)

By solving for the unknowns cos(0.68611) and sin{0.68617), replacing the corresponding
values in the state equation and factorizing, the differential equation of the system is the
following expression:

2
47 0000033162 +0.4707y = 550.7r-394.9
dr? ar

Note that the coefficient of the first order differential is extremely small and can be
dropped. Thus, the following is the new form of the system differential equation:

2
4V 04707y = 550.7t-394.9
dr?

Then, the following is the characteristic equation of the system:

Computed from Murtagh, G.J. et.al.
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$2+0.4707 = (s-0.6861i)(s +0.6861:)

The corresponding Laplace transform is here

Gsy- 8Os g , 5507 3499
(s +).])(S +A’2) (s +A'])(S+)'2) § 2(S +Al)(s +A,2) S(S+}.])(S +A-2)

where g(0)=0, g(0)=542, A, = -0.6861i and A,=0.6861:.
The first two terms of the above transform corresponds to the free response of the
system and the following expression is their inverse:

_ 542 (e—llt e ~12t)

4T A'2_}“1

where e ™' = cos(Br) +isin(B), e B =cos(Bf) - isin(Bf), A,-A,=2pi and §=0.6861.
Then, after replacing values and factorizing, the free response becomes

¥, = 790.05in(0.6861¢)

The following expression is the Laplace transform of the forced response of the

system:
-394.9 .
Gyls) = . 550.7
s(s+A Ms+A) s (s+A,)(s+Ay)
L3949 sspql L. 1 - !
S(S+A'1XS+A'2) A'IA'ZS 2 )“1(11 -A'Q)S(S+)"|) )'2(}'1 ‘A.Z)S 2(S +).2)

The inverse of the above transform is the forced response:
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e M- Ae e

_ —3499 1+ 22
A’l—)?

-ht —hyt
: + 550. t , 1-e _1-e
1A MA AJA-A) ALY
3499 55070 +A)  550.7:  3,[349.92,+550.7]  ; [349.92,+550.7
- e oo —— |- |———
A, A2 Ad, AJA,-Ay) AlA,-2)

where e ' = cos(B1) +isin(Br), e ' = cos(B#) - isin(Bs) and A, +1,=0. Then

394.91,+550.7
Ag(lx _Az)

- 73499 | 550.7¢

y —_—
! Ad, A,

349.94, +550.7}

+ (cosPr-isinfis)
A‘%(A'l_l'z)

]— (cos[}t-risin[}t)[

After factorizing and replacing A with the corresponding numerical values, the forced
response becomes

yg = 1170t - 743 + 743¢0s(0.6961¢) - 17055in(0.68617)

The graph of the system response functions is shown in Fig. 9.2.5.
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The reader is encouraged to prove that, for a state equation of the form
y =K, +Kt+e ’“’(chos([}t) +K3sin(Bt))
the corresponding second order differential equation has the form

d2

where A =a=if.

Example 9.2.7 Determine the response functions as the monthly dry matter yield for the
Kikuyu pasture field of the previous example.

Solution: The response functions, as the monthly yield, are simply the first derivatives of
the response functions of the accumulated yield:

yi = 542c0s(0.68611)
;= 1170 - 1170c0s(0.6861¢) - 576sin(0.68617)
y' = 1170 - 628¢0s(0.68617) - 576sin(0.68617)

i}

<
[+~]
il

t

The corresponding graph is shown in Fig. 9.2.6.

Som -+
2500 + /o

2000 + /o " . ‘
1500 -

i
‘-

) \ .
1000 -+ £ e » Data
Sm 4’“?&. l! \

DM Production, Kg/Ha/Month
|

Months
Figure 9.2.6



314 9:Deterministic Models of Continuous Systems
The total response of the production rate of the Kikuyu field was defined by the following
type of mathematical model:

y = Ky+re (K cos(Br) + K sin(Bt)) (6)

Note that, by the addition formula of sines an cosines,

cos(4+B) = cosAcosB 7 sindsinB
acos (Bb)cos (B) = asin (Bh)sin(Br)

K, cos(Bf)+ K,sin(p1)

nowo

Note also that K, =acos($b) and K, =asin(Bb) where a and b are unknowns. Then

. -1
_ sin(Bd) _ tan(Pb) and b = tan_(@

cos(Bb) p

Kl _ Kz Kz
cos(Bh)  sin(Bh)’ K,

After replacing values in equation (6), the following new equivalent expression emerges:

y = K, +ae “cos|p(t-b)) )

This form of the mathematical model is geometrically very useful. The following
definitions apply here:

* Parameter p modulates the frequency response of the system

* The term ae ®' modulates the amplitude response of the system

« Coefficient 4 is the out of phase parameter

« Coefficient K, is the distance between the abscissa and the axes of the response
curve

* A cycle is equal to 2n/p

Note that when « < | the amplitude decreases over time, when « > 1 the amplitude of the
curve increases and when o = 0 the amplitude is a constant.

Example 9.2.8 Find the equivalent equation, as defined in (7), for the total response of
the production rate of the Kikuyu pasture field in the previous example.
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Solution: The state equation was defined as

= 1169.8 - 627.8c0s(0.6861¢) + 575.55in(0.68617)

where acosPb=627.8, asinPpb=575.5 and p=0.6861. Then

S 6218 5755 .14 tan(0.68615) = 210 = ~0.9167
c0s(0.68615) sin(0.68615H) -627.8
Thus
-1
p - 1an (09167) _ | oe14
0.6861
- 627.8 i 575.5 _ gs17

cos[(0.6861)(-1.0814)]  sinf(0.6861)(-1.0814)]
The new expression is now
y = 1170 - 852cos{0.686(z+1.081)]

The cycle of the system is here 27/0.6861 = 9.16 months, with 1.08 months out
of phase. The value 1170 is the intersection between the abscissa and the axes of the curve
and 852 is the amplitude.

By now, the reader should be aware that increasing the order of the system makes
determining the symbolic solution progressively more difficult. Thus, after developing a
model for the solution, a numerical procedure using non linear regression may often be
more practical.

Summary

Single input constant coefficients linear models are represented by equations
reducible to the » order form

n md
Yook =Y
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where x =f{¢) is an input trajectory, y is the system response and b, and ¢, are constant
coefficients.

9.3 MULTIDIMENSIONAL NON COMPARTMENTAL FIRST ORDER LINEAR
MODELS

As indicated before, the components of multidimensional non compartmental
systems may work as transducers, linking inputs and outputs of such components. The
following multidimensional first order linear model will be addressed in this section:

& _py.x

dt

where Y is a set of state variables, B is a matrix of constant coefficients defining
relationships between state variables and X is the set of input functions of the system.
The following is the Laplace transform of the above equation:

sG(s) -G(0) = BG(s)+ F(s)
(s1-B)G(s) = G(0) + F(s)

where (s/-B) is the characteristic equation of the system, G(s) is the set of Laplace
transforms corresponding to the set of state variables, F{(s) is the Laplace transform of the
input functions, and G(0) is the set of initial conditions of the system Then, the following
expressions are the transforms of the free response Y, and the forced response Y, of the
system:

Y, = L |(sI- B G(0)]
Y, = L7sI- B F(s)]

Example 9.3.1 Body weight and efficiency of milk production in a group of Holstein cows
were related by the following set of differential equations®:

238.890
4.569

ar _
dt

4.17028
+ t
0.07011

-0.399526 0
Y +
-0.007892 0

6Computed from Miller R.H and N.W. Hooven Jr.
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where y, is body weight in kilograms, y, is kilograms of milk per Mcal of metabolizable
energy, ¢ is months after calving and matrix B defines the relations between the state
variables. Determine the system responses.

Solution: The following is the Laplace transform of the above equations:

238.890] § 4.170 | ¢
— +
0.007892 s Y

5203995 0]
= + —
s 4569 0.07011] 42

where the characteristic equation of the system is

+0.3995 0

= (s +0.3995)
.007892 s

-2 - t
Then, the following is the Laplace transform for body weight:

238.890 4.170
2,(0)+ s

1 § s

;6+0.3995) 4.569 0.07011
2(0)+ms +Ws2 - s

GI(S) =

£,(0) , 238890 4.170
5+0.3995  s(s+0.3995)  52(5+0.3995)

where g,(0) = 607 and g,(0) = 1.25 are initial values. The free response y , for body
weight is clearly the inverse transform of the first fraction of the above equation, that is

Y, = 607040
The forced response y,, is the inverse of the two remaining fractions, that is

238.890 ~0.39957 t 1 ( -0.3995/
= 22899V e +4.170 - 1-e
a1 0.3995( ) 03995 0.39952" )
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After rearranging terms, the above equation becomes

= 10.41+572(1 - ¢ 0400

The total response y, is the sum of the free and forced responses, that is

y, = 572+10.41+35.1¢ 4%

The graph of the response functions of body weight is shown in Fig. 9.3.1.
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The following is the Laplace transform of efficiency:
103995 g,(0) ,238.890 4.170
1 s s?
G = 5703995 4.569 0.07011
$(s+03995) 007892 g,(0)+ 4382
§ s?
0
_ &0 4569 0.07011 _ 0.007892 | (0) 238390 4170
s 52 53 s(s +0.3995)f s s2

Then, the inverse of the terms with the initial values gives the free response of efficiency,

that is
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Vg = 11.98¢ 04001073

The inverse of the remaining terms gives the forced response, that is

Vg, = 0.056341-0.00613¢2 +11.29(1 — ¢ 04007

Finally, the total response is the sum

, = 0.5577 +0.05634t +0.02892¢ +0.6923¢ 04

The reader is encouraged to check the above solutions.
The graph of the efficiency response functions is shown in Fig. 9.3.2
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Example 9.3.2 Protein nitrogen and ammonia nitrogen in the rumen of steers fed a soy
meal diet, were found related by the following set of differential equations’:

"Computed from Davis, G.V.and O.T. Stalicup
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dy

dt -1.1692 -0.6931 132.4006 1.6694

-1.0249 0.1888] [ 0 } [1.0911]
Y + - 1

where y, is protein nitrogen and y, is ammonia nitrogen in Mg/100 Ml of ruminal fluid,
t is hours after feeding and matrix B defines the relations between the state variables.
Determine the response functions of the system.

Solution: The following is the Laplace transform of the system:

{31-1.0249 -0.1888

1 oot}
1.1692  5+0.6931

132.4006]? 1.6694| 52

G(s) = G(0) +[

where G(0) is initial values, such that g,(0) = 15 and g,(0) = 127. The characteristic
equation of the system is

|sI - B|

52+ 1.7180s + 0.9311 = (s +A Ms+1,)
[s +(0.8590 -0.4396/)][s +(0.8590 +0.4396i)]

it

Then A = a+Bi=0.8590+0.4390;.
The following transform expression defines the free response of the system:

5+1.0249 -0.1888 | 15
A7 11692 5+0.6931] [127

Then, the following determinant gives the free response for protein nitrogen:

15 -0.1888
127 5+0.6931

1

155 +34.3741
(5+A,)(s+4,)

Gyls) = = Ak

The solution of the above transform is
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15 At A\ 343741 A -y
A, ()\le Ae ) a7, (e e )
1

- [(1511 -34.3741)e ' - (151, - 34.3741)e ‘Az’}
1 2

Yar =

where A = a = fi. Then, the solution may be written as

1

Va7 (154, -34.3741)e ) - (152, -34.3741)e 0|
1 2
—af
= Ae : [(15).1 -34.3741)eP - (154, —34.3741)e-ﬁ"]
17 M

-t

Ae 1 [(1 54, -34.3741)(cosPt-isinfr) - (151, -34.374 1)(coth+isinBt)]
After rearranging terms and replacing the «, B and A values, the protein free response
becomes

¥y = e *¥%15c0s(0.4401) + 48.88sin(0.4407)]

The following determinant gives the free response of the ammonia nitrogen:

G (s) = 1 +1.0249 15| 1275 +112.6243
AR s A5 hy)| 11692 127] T (s+A s +Ay)

The inverse of the above transform is

-4, A 112.6243( - A,
().le ll—lze ).1)_ Al—kz (e ‘e 1)

The reader is encouraged to check that the final form of the ammonia free response is

Vi = € "¥91127c0s(0.440¢) + 8.03sin(0.4401)]
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Then, the following expression gives the free response of the system:

15 48.88/[cos(0.4400) ...
= e N
41127 8.03 ||sin(0.4401)
The free response of the system is shown in Fig. 9.3.3
140 +
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=S 60+ ¢
g & ot
g é 40+ N ——Protein
g8 20+~ Ammonia
b= 0 T S
0 2 4 6 8 10 12

Hours after feeding
Figure 9.3.3

The following Laplace transform represents the forced response of the system:

G5 s+1.0249 -0.1888" o |} [1.0911]
5) = — - —
B 1.1692  5+0.6931] [132.4006]s |1.6694|s2

The following determinant gives the corresponding forced response for protein nitrogen:

|

0 -0.1888
132.4006/s 5+0.6931

-1.0911/s2 -0.1888
-1.6694/s% 5+0.6931

!

+

1
Gy,(s) = H_(s+l])(s+lz)l

: 1 [23.9061 1.0714
(s+Al)(s+lz)l s 52

After a partial fractions expansion, the above equation becomes
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23.9061 1 1 1
G = 22700 071 + -
5(%) s(s+A,)(s+A,) A{xle A AISGHAD]  Ah -AYIs(s +12)]}

The following is the inverse of this equation:

- i
t 1-e ™ l-e ™
. )

My A¥a-Ay)  AXA-AY

23.9061|, , A ke ™
7B
T, | A - A,

J— 1.0714

22(23.9061,+1.0714)e ' - 22(23.90611,+1.0714)e
Ailg(ll_lz)

[

27.7983 - 1.1507¢ +

where A = a=pi. Thus

277983 - 115071 m[lie ‘ﬁ"'(23.9061,x‘+1.0714)~Afef*"(23.906112+1.o714)]
Yo = 27. -1. +e

AAZ (A,
By using the Euler’s theorem, the above equation becomes

T [Ai(coth—isinBt)(23.906lll+1.07]4) J
B] - . - .

A‘?A;(A‘l -1, - A} (cosP+isinBr) (23.90614,+1.0714)

After rearranging terms and replacing the a, P and A values, the final expression for the
forced response of protein nitrogen is

Vg = 27.80 - 1.15¢ - e ¥%[27.80c0s(0.440¢) + 51.70sin(0.4401)]

The following Laplace expression represents the forced response for ammonia
nitrogen:
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|

1 +1.0249 0 +1.0249 -1.0911/s?
Gyls) = , +

(s+A Xs+A,)|l 1.1692  132.4006. 1.1692  -1.6694/s>

1

—————{132.4006 +
(s+A)(s+A))

134.0280 _ 0.4353
s s2

After a partial fractions expansion, the inverse of the above transform is the state
equation of the forced response for ammonia nitrogen:

_ 132.4006 [e —Alt_e~121]+ 134.0280 1

Va2 )'2 _)“1 )'1}'2

) Aze Ayt _)‘]e —Azl}_
A‘Z_A'I

~ht -&
04353 L, Le * _Tve

Ay A'%()'1_)‘2) Ag(lflz)

{4

By rearranging terms, the forced response becomes

o M 134.02804, 0.43531;
Vg, = 144.8085 - 0.4675¢ - 132.4006 - e
A A, A, A2
e M 134.02801, 0.43531;
132.4006 - b
A, A, A, A3

where A = a 7 i. As discussed in Chapter 4.2, by using the Euler’s theorem, the forced
response may be written as

Vg, = 144.8085 - 0.4675¢ +

N 134.0280%, 0.4353A
(cosPr+isinf#)[132.4006 - t——s
- AA, ks
Ahy _ 134.02802, 0.4353A]
- (cosPr-isinPr)132.4006 - +
Ad, lf),;f
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After rearranging terms and replacing the a, B and A values, the following is the final
form of the forced response of ammonia nitrogen:

Yy = 144.8-0.468¢ - ¢ (144 8c0s (0.4401) - 19.3sin(0.4401)]

Then, the following expression defines the forced response of the system:

y |28 Juast) o [27.80 5170 fleos(0.4400)
= - —_ e -
7 (14481 |0.268 144.81 -19.28sin(0.440¢)

The forced response of the system is shown in Fig. 9.3.4.
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The following expression is the set of state equations for the total response of the system:

278] st 1280 282 Jcos(0.4400)
- e
144.8]  |0.468 17.81 -27.32]5in(0.4400)

As shown below, testing that the above solution is correct is possible by

differentiating the state equations and equating them with the set of differential equations
of the system. Thus
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dy _|-1.0249 01889 | 0 Loott)

ar _ . -

di|-1.1692 -0.6931]"  [132.4006] |1.6694
-11507) o [-12.2326  3.2052 [[cos(0.440)
~0.4675 ~3.2886 31.2946][sin(0.4401)

11507 1 [r.oo11
[-1-0249 0.188 ]’ [—132.8681] ' [1.6694L '
-1.1692 -0.6931 122326 3.2052
32886 31.2946

e -0.8591
sin (0.440¢)

[cos (0.440t)]

It can be easily shown that this expression is the set of state equations of the system:

27.8 1.151 12.80 2.82 [|cos(0.440¢)
Y = _ t - 670'859’
144.8 0.468 17.81 -27.32[sin(0.4401)

The following equations represents the system, after a fine tunning by non linear
regression, when only those coefficients related to initial conditions were allowed to
change:

1.151
0.468

27.80
 {144.81

ossol 14.90-27.80  68.47-51.70|[cos0.440¢
ved
128.11-144.81  52.80+19.28{sin0.440¢

Clearly, the new free response is here

, ossol 1490 68.47
4 128.11 52.80

cos0.440¢
sin0.440¢

The forced response was left the same. The graph of the total response of the system, as
defined by the new equations, is shown in Fig. 9.3.5.
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Summary

First order multidimensional linear models are represented by differential
equations reducible to the form d¥/dt=AY +X, where Y is a set of state variables, 4 is a
matrix of constant coefficients determining the relations between variables and X is the
set of input functions of the system.

9.4 COMPARTMENTAL FIRST ORDER LINEAR MODELS

As disclosed before, compartmental systems work as communicating chambers,
among which a substance is considered to move. Compartmental first order linear models
are represented by differential equations reducible to the form

ﬁf:(A+3)Y+X
dt

where Y is the set of state variables, 4 is a matrix of constant coefficients defining the
exchange of a substance between compartments, B is a matrix defining the system output
to the outside environment and X is the set of input functions of the system. The sum of
the coefficients of each column of matrix 4 should always ad up to zero and B is a
diagonal matrix. The model represents a closed system if B is a null matrix, otherwise the
system is open.

The following is the Laplace transform of the system:
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[sI - (4 +B)IG(s) = G(0) + Fls5)

where s/ - (4+B)] is the characteristic equation of the system, G(s) is the set of Laplace
transforms corresponding to the set of state variables, G(0) is the set of initial conditions
and F{(s) is the set of transforms of the input functions.

Example 9.4.1 The movement of DDT from plant to soil is 25% per month, from soil to
plant is 2% and carried out with ground water is 5%. Define the set of state equations

representing the system.

Solution: The movement of DDT between compartments is shown in Fig.9.4.]

o <07)2 T . 0.05
Plant C o Soill
’ 025
e o
Figure 9.4.1

The following is the corresponding set of differential equations:

ay _[-025 0.02] *[0 0 ]Y
d |025 -002] [0 -0.05
_l—o.zs o.oz]y
025 -0.07

for Y =(y,,y,), where y_ is the plant compartment and y, is the soil compartment. The
state changes are determined by the exchange rates in matrix 4 and by the output rates
leaving the system in matrix B. There are no external inputs to the system. Coefficients
with positive signs are input rates and coefficients with negative signs are output rates.
Note that two differential equations represent the system, because it has two
compartments. Note also that the sum of the coefficients of each column of matrix 4 ad
up to zero. The system is open because matrix B is not a null matrix.
The following is the Laplace transform of the system differential equations:



9.4:Compartmental First Order Linear Models 329

s+0.25 -0.02
-0.25 5+0.07

]G(S) = G(0)

where G(0) = (0.6, 0.4) are initial values.
The following is the characteristic equation of the system:

+0.25 -0.02
= (s +0.0455)(s + 0.2745)
-0.25 s+0.0

Then, the Laplace transforms for the plant and soil compartments are expressed as
follows:

G5 - 1 L0 0020 g 6(5+0.0833)
P T (5+0.0455)(s+0.2745) [g (0) 5+0.07]  (s+0.0455)(s+0.2745)
and
G - 1 025 2,00 0.4(s+0.6250)
77T (570.0455)(5+0.2745)|-025 g (0)  (s+0.0455)(s+0.2745)

The inverse of the above transforms are the state equations of the system:

v, - Fm%%&gg[(o.%%—o.mﬁ)e 004551 _ (00833 -0.2745)e ~02745]
and
y, = 6—2%4()—623—39[0.6250—0.0455)e 00551 _ (0,6250-0.2745)e 02145
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The system response is shown in Fig. 9.4.2.
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Figure 9.4.2

After rearranging the above terms, the final expression for the state equations becomes

0.0990 0.5010 {le 0045
1.0122 -0.6122|| 02745

e

Example 9.4.2 A patient with an immunodeficiency problem was dosed with 9.9 grams
of gamma globulin intravenously. The following equation describes the blood
concentration of the patient Ig globulin®;

y = 218 +245¢ 008

where y is the IgG concentration in mg/d] and ¢ is time in days. Determine the IgG
response functions of the system.

Solution: The following is the differential equation of the system:

8Vohnout, K. Unpublished
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&, 00386y - 8.415
dt

The corresponding Laplace transform is given by the expression

Gls) - g0y . 8415
5+0.0386  s(s+0.386)

where the first fraction is related to the free response, the second fraction to the forced
response and g(0) = 463 is the initial value. Then the state response functions are as
follows:

yA = 463¢ -0.0386¢
vy = 218(1 _ 600386:)

The above functions are shown in Fig. 9.4.3.

500 +
. 400 +%
e N
—53 300 T ' .. » 5
& N e + Data
(y 200 + I Total
> T

100+ .~ L e Free

0 A e e Forced
0O 10 20 30 40 50 60 70
Time, days
Figure 9.4.3

Compartmental analysis makes it possible determining not just exchange rates,
but also distribution volumes and mass of the system compartments. In the above example,
the distribution volume is given by the relationship ¥=D/g(0), where ¥ is the distribution
volume in deciliters, D is the gamma globulin dose in milligrams and g(0) is the blood
IgG at time zero. Then
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=20 _ 5144
463

By knowing the distribution volume of the marker, it is possible to convert the state
equation from concentration of the marker to amount of the marker, such that y =yV.
Then

y, = 4661 +5239¢ 003861

where y_ is now milligrams of IgG. The corresponding differential equation is here

Py _ 18000386,

dat

where 180 is an input and -0.0386y, is the output. The system is represented in Fig.
944

Figure 9.4.4

Compartmental modeling and analysis is used mainly in tracer kinetic studies
and a vast literature is available on the subject. The following definitions apply:

* y, is specific activity or the tracer per unit of volume in compartment i
¢ v is distribution volume of the tracer in compartment i

* r, is total amount of the tracer in compartment i, r, = v,y,

* K, is exchange rate per unit of volume between compartments i and j

. C,j is exchange rate between compartments i and j, C i = ViK;;

* A, are roots of the ith degree characteristic equation of the system

A model of the ["*'-thyroxine kinetics is presented in the next exampie.
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Example 9.4.3 As shown in the following diagram, the kinetics of I'*'-thyroxine is
modeled as a three-compartment system. Solve the system for the distribution volumes of
the trace in each compartment and for tracer exchange rates between compartments.

1! Dose
K Y Ke
<,, 21 e $_ﬁ44327 e
1 L2 L3
K / K /
B _ \,7:‘,2, ﬁv,»\\”?»/‘i,, _ ,23;,) 44444 S
Ko
\/
Urine
1 = Thyroid Gland
2 = Plasma
3 = Extravascular Space
Figure 9.4.5

Solution: The following is the set of differential equations of the system:

‘K12 Kzl 0
dR
a = (K, (K +KyutKyy) Ky IR
0 K23 "K3z

for R = (n,,1,,r,), where r,,r, and r; are the amount of the tracer in compartment 1,
2 and 3 and are the rate constants related to the amount of the tracer. Note that the urine
output K, is included in matrix 4. The above equation should be converted to specific

activity, that is ¥ = R/¥, because specific activity is the variable measured by sampling the
plasma compartment 2. Then

_Kll K21 0 *Clz C21 0
dY
V:‘}? =Ky (K r Kyt Ky Ky (VY = (G A(Cy+Cy+Cy) Coy Y
0 K23 “Ksz 0 C23 “C32
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where Cj; = v;Kj; are now the new rate constants related to the specific activity of the
tracer. By rearranging terms, the differential system becomes

[-C v, Cov, 0
d¥ _\C v, ~(C,+Coi+Co v, Cofv. ¥
_dT - 12272 21 23 20 2 3272
0 Cyilvs -Cyylvy

The following is the corresponding Laplace transform of the above system of
equations:

s+C /v, -Cy /v, 0
“Cpfvy sHCy+Cpu+Coglv, -Cyyv, IG(s) = G(0)
0 ~Chs/v, 5+C3,/v;

where G(0) is the set of the initial specific activities in the three compartments of the
system. The characteristic equation of the system is here

+Cylv, -Cylv, 0
[sI- )| = |=Cpyfv, s+(Cy+Cpy+Crp)lv, ~Cyfv,
0 -Cyylv, 5+Cy,/vy

The expansion of this determinant results in the following expression:

S| C__C__C__C_C_}S

V3 vy v

. [032("21 +Cy) . CifCrp*Cy) . Clzcaz}H CillCsp 3+ As2+Bs +C

V,V3 ViV, ViVs VivaVs

This equation is equivalent to
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(S+A (s +A,)5+4;) = 57 + (A +A,+A)s2 + (A Ay +A Ay +A,h)s + A AR,
where

Cy  Cy+Cyu+Cy ' Cyy

A=+ = = T4 2 = +A,+A

v v, vy b

C,(C C,C,, C.(C
B - Gyt zo)+ -3 32(Cu*Coo) Ay €A A + Ashy

vy, vV, v,V

C,,C,C
C = 1272032 _ 111213

Vi¥aVs

Note that the 1" dosing and blood sampling takes place at the plasma
compartment 2. The Laplace expression for compartment 2 is

+C v, 0 0
1 -C 0 -C _ AN (+Cpfv )s+Cyfvy)
(5+A)(s+A,)(s+A;) % &0 /% (5+A)(s+A)(s+A,)
0 0 s+Cyfvy

Gz(s ) =

Then

Gys) 82 +(Cppfv +Cpyfv)ls + C,Coplvyv,

2,0) (542 )05+ A )5+ Ay)
D E F
= + +
S+A s+A S+A

1 2 3

The state equation for the sampling compartment 2 is the inverse of the above transform:

y, = gz(O)[De M Ee ™y Fe 'A"J
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where
D - Af = (Cfvy + Copfv)A | + Cy,Cpfvyvy
()‘2 ')‘1)0‘3 ‘)‘1)
E- )“g = (Cpyfvy + Cppfvd, + CCiylvyv,

(* 1 —7&2)(13 ‘}‘2)
A3 = (Cpfv; + Copfv)hs + CCiplv v,
0‘1 ‘3'3)(}“2"13)

Note that there are eight unknowns in the system, C,,, C,,, Cy, C;y, Cy and
Vy» vy, V5. The C,, rate is determined by collecting urine samples and the v, distribution
volume is determined from the relationship v, = I '*'Dose/g,(0). The D, E, F and the A
values are determined from the nonlinear curve fitting process of the state equation
corresponding tothe sampling compartment. The remaining six unknowns are determined
from the six equations, namely 4, B, C, D, E, and F. If the unknowns are solved, the
Laplace transforms and the state equations for the remaining compartments are easily
defined. The following are the corresponding Laplace expressions for compartment 1 and
compartment 3:

0 -C,yv, 0
0)C,,/ C
G (s) = L (0) s+(cyy +CpprCollv, ~Copy,| - ELDCM G
(S +A )5 +A)(5+A;) (s+A)(s +A)(s+A,)
0 -Cplvy s+Cy,fv, '
and
+C /v, -Cyy /v, 0
Cf C
Gys) = ! ~Cpfv, sH(ey+CurCllv, 8(0) = LD C/Vils *Cv)
(s+A)(s+A)(5+A,) (s+A)(s+A)s+Ay)
0 ~Cylvs 0
Summary

Compartmental first order linear models are represented by differential equations
reducible to the form d¥/d:= (4 +B)Y +X, where Y is the set of state variables, 4 is a
matrix of constant coefficients determining exchange rates between compartments, B is
a matrix defining the system outputs to the outside environment and X is the set of input
functions of the system. The sum of the coefficients of each column of matrix 4 should
always add up to zero. The model represents a closed system if B is a null matrix,
otherwise the system is open.
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9.5 FITTING MODELS TO DATA OF CONTINUOUS SYSTEMS

Data of continuous systems are seldom recorded continuously. Most frequently,
the data is recorded at regular or at irregular intervals. As disclosed in Chapter 3, always
dt = At. Conversely, except for the particular case of the straight line, dy# Ay.
However, if At is small enough, dy could be an acceptable approximation to the increment
Ay of the function. Therefore, the same procedure for fitting models to discrete data is
feasible for continuous systems, provided the data is collected and organized in a discrete
arrangement. The procedure was presented in the previous chapter and is now illustrated
with continuous systems in the examples that follow. The procedure implies the
discretization of the continuous system that was already discretized by the data collection
method.

Example 9.5.1 The following data corresponds to Example 9.4.2 and is related to a
patient with an immunodeficiency problem, dosed with 9.9 grams of gamma globulin
intravenously. The following is the blood concentration of the patient Ig globulin:

t I 3 6 12 19 26 33 45 54 62
y I 427 420 374 340 301 298 241 238 259

where ¢ is days and y is the IgG concentration in mg/dl. Define an appropriate linear
model for the data.

Solution: The following is an adjusted difference table for the above data:

Table 9.5.1

t y Ay AylAt AYy  A%/Ar?
3 427 -7 -2.333 -39 -4.333
6 420 -46 -7.667 12 0.333
12 374 -34 -4.857 -5 -0.102
19 340 -39 -5.571 36 0.745
26 301 -3 -0.429 -54 -1.102
33 298 -57 -4.750 54 0.375
45 241 -3 -0.333 24 0.296
54 238 21 2.625

62 259
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The following is the second order equation, obtained by linear regression from
this table:

2
A7 4067642 10,0522y - 17.1574 - 0.1113¢
Ar? At

The statistical evaluation of this equation is shown in the next table. The coefficient of
determination and the standard error are here R? = 0.916 and s = 0.725. Note that the
coefficient related to the time variable is not significant.

Table 9.5.2
Variable Coefficient  Standard "t
Error
Ay 0.6764 0.1364 4.960
y 0.0522 0.0275 1.898
t -0.1113 0.1200 -0.927
Constant 17.1575 11.7113 1.465

As shown below, a new expression, with the non significant coefficient deleted, greatly
improves the stability of the other coefficients:

2
AY 06431 4 0.0272 = 64000

Ar? At

The statistics of this new equation, with R?= 0.892 and s = 0.713, is shown in the next
table:

Table 9.5.3
Variable Coefficient Standard A
Error
Ay 0.6431 0.1292 4976
y 0.0272 0.0052 5.227

Constant 6.4010 1.5808 4.049




9.5:Fitting Models to Data of Continuous Systems 339

The following is the Laplace expression of the new equations:

_ 8(0)(s+0.6431) +2°(0) | 6.4010
(5+0.0456)(s+0.5976)  s(s+0.0456)(s+0.5976)

G(s)

where the g(0) and g’(0) are initial conditions. Note that the zero time values are not
available from the data. These initial values were guessed from a graph of the data as
£(0)=460 and g’(0)=13. After solving the above transform, rearranging terms and fine
tunning the total response by non linear regression, the following are the resulting system
responses:

¥, = 523.0e 0046 _ g2 (e 0597
4 : .

¥y = 235.4 - 254.8¢ V561 4 19 g¢ 06
Y = 235.4 +268.2¢ 0056 _ 43 6o 056

i

where y,, is the free response, y, is the forced response and yt is the total response of
the system. The "goodness" of fit is shown in Fig. 9.5.1. Because the initial values and the
discretization procedure affect the state equations, some fine tunning by non linear curve
fitting methods is frequently needed. Non linear curve fitting methods were discussed in
Chapter 5.

500
400 _.,A\f -
NOA
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S 300 + ATAL
£ A a-A s Data
) 200 + . e — T
% - Total
100 T T aeeees Free
+ L, .
'/ .. s Forced
0 +—A—t—t—t———t |
0 10 20 30 40 50 60 70
Days
Figure 9.5.1

Example 9.5.2 The following is the data corresponding to Example 9.3.2, related to the
nitrogen fractions in the rumen of steers fed a soy-meal diet:
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Table 9.5.4

t » 14 t M Y2
0 15.0 127.0 7 19.1 140.5
1 245 154.0 8 18.2 142.0
2 26.0 152.0 9 17.1 141.5
3 26.5 142.0 10 16.0 141.0
4 243 144.0 11 15.5 140.5
5 21.5 140.0 12 15.0 140.0
6 20.0 139.5

where y, is protein nitrogen, y, is ammonia nitrogen in Mg/100 Ml of ruminal fluid and
t is days. Determine the differential equations of the system.

Solution: The following is the adjusted difference table corresponding to the above data:

Table 9.5.5

t Y Ay, », Ay,
0 15.0 9.5 127.0 27.0
1 24.5 1.5 154.0 2.0
2 26.0 0.5 1520  -10.0
3 26.5 22 142.0 2.0
4 24.3 2.8 144.0 -4.0
5 21.5 -1.5 140.0 -1.0
6 20.0 0.9 139.0 1.5
7 19.1 -0.9 140.5 1.5
8 18.2 -1.1 142.0 0.5
9 17.1 -1.1 141.5 -0.5
10 16.0 0.5 141.0 0.5
11 15.5 0.5 140.5 -0.5
12 15.0 140.0
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The set of equations obtained by linear regression from this difference table is as
follows:

AY

At

~1.0445
- t
1.6694

-0.9197 0.0964 10.7430
+
-1.1692 -0.6931 132.4006

The statistical evaluation of the regression coefficients is shown in Table 9.5.6.

Table 9.5.6
Variable  Coefficient  Standard "t"
Error
" -0.9197 0.1116 -8.238
-1.1692 0.3341 -3.499
Y, 0.0964 0.0571 1.687
0.6931 0.1710 -4.054
t -1.0445 0.0955 -10.938
-1.6694 0.2858 -5.841
Constant 10.7430 6.3745 1.685
132.4006 19.0786 6.940

The above set of equations is quite acceptable. The coefficients of determination are
R?=0.953 for protein nitrogen and R* =0.944 for ammonia nitrogen. Standard errors are
s = 0.813 and s = 2.432 for each of the two variables. However, as will be shown, the
stability of the coefficients is improved if the non significant coefficient 10.7430 is
deleted. The new set of equations is the one defined in Example 9.3.2;

AY _

-1.0249 0.1888 0 1.0911 .
il + -
At

-1.1692 -0.6931 132.4006 1.6694

The set of state equations corresponding to the above difference equations is
shown below and the corresponding graph is shown in Fig. 9.5.2:
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1.151

,_|278
" 1144.8]  [0.468

The statistics for these equations is shown in Table 9.5.7:

“ossou|12-80  2.82 |icos(0.4401)
17.81 -27.32]|[sin(0.4401)

Table 9.5.7
Variable Coefficient Standard "t"
Error

» -1.0249 0.1016 -10.089
-1.1692 0.3341 -3.499

A 0.1888 0.0175 10.766
0.6931 0.1710 -4.054

t -1.0911 0.1032 -10.876
-1.6694 0.2858 -5.841
Constant 10.7430 6.3745 1.685
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Figure 9.5.2
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Note that the response curves do not match the data very accurately at some
critical points. Therefore, a fine tuning of the state equations by a non linear regression

procedure is needed. The following equation represents the system when only those
coefficients related to the initial conditions were allowed to change:

27.80 1.151 12.90 -16.77
Y = _ [ - 0859
144.81] 10.468 16.70 -72.60

As shown in Fig. 9.5.3, the new set of state equations greatly reduced the mismatch:

cos0.440¢
sin 0.440¢

160 +
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140 +.* KAy pech-Aehaheea--A
20ﬁ_

s Data
80 + Protein
40 + o Data

"R esmw ... Ammonia

Nitrogen, Mg/100 Mi
of Ruminal Fluid
o]

Q

Hours After Feeding
Figure 9.5.3

Summary

The following procedure is recommended for fitting linear models to the data of
continuous systems:

* Express the data as a difference table

« Use a linear regression procedure to determine the most appropriate model
« Define the set of differential equation of the system

* Determine the state equations

« Use a non linear curve fitting procedure for fine tuning the state equations
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EXPERIMENTAL TESTS FOR A
SYSTEM ANALYSIS PROBLEM

The purpose of experimental tests in system analysis is to generate an abstract
model of the system. Before the experimental tests take place, the model of the system
exists only as a hypothesis. Depending on the statistical outcomes of the experiments, the
hypothesis may then be accepted or rejected.

This chapter is related to procedures for modeling and selecting the working
hypotheses, in a manner consistent with the concept of a system, as defined in Chapter 1.
It is also related with procedures for matching experimental treatments to the
mathematical model of the hypothesis.

10.1 THE EXPERIMENTAL HYPOTHESIS

A hypothesis is a speculation or conjecture about something that is not proven.
Therefore, an experimental hypothesis is, in agricultural research, a speculation about a
particular population related to agriculture. The researcher has often in mind a definite
notion about the population. Then, the purpose of experimentation is to get evidence
concerning such belief. Specifically, the following definition for an experimental
hypothesis applies in system analysis:

Definition 10.1.1 An experimental hypothesis is a pre experimental proposal of
mathematical models for the response functions of the system.

Statement of the Research Problem

A research problem may be defined as a set of questions on the cause-effect
relationships among variables. When no acceptable answers to the questions are known
to exist, such questions determine the existence of unknown quantities. Finding values of
the unknowns may require experimental tests.

A question may be defined as a function assigning a set of unknowns to a set of
cause-effect relationships. The domain of the question is the set of all factors affecting the
system. It includes factors related and factors not related to the research problem. The
codomain of the question is the set of all possible acceptable solutions to the unknowns.
It includes only solutions related to the research problem. The main constraints of the
solutions are the mathematical model of the hypothesis, the experimental design and the
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quality of experimental data.
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Figure 10.1.1

Example 10.1.1 An experiment is required to evaluate the effects of nitrogen fertilization
on the forage yield, as dry matter and as crude protein, of African Star grass and guinea
grass pastures. Define the research problem.

The question is here: "How is nitrogen fertilization affecting the dry matter and
crude protein yields of Star grass and Guinea grass?" Pasture yield is here a function of
the grass species and of nitrogen fertilization. Note that grass species and nitrogen
fertilization are two different types of variables. The grass species, s
Star grass and guinea grass, are component variables with no interface relationships. The
reader is reminded that component variables were defined in Chapter 6 as components of
a conjunctive coupled system. The different levels of nitrogen fertilization are input
variables. Thus, the following are the problem related factors that may affect the system:

Component variables - Grass species
Input variables - Nitrogen fertilization

The above factors may affect the following variables:

State variables - Available pasture and crude protein content
OQutput variables - Dry matter yield and crude protein yield
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Unknowns of the research problem:

» Available pasture as a function of the grass species

« Crude protein content as a function of the grass species

» Available pasture as a function of nitrogen fertilization

» Crude protein content as a function of nitrogen fertilization
» Dry matter yield as a function of available pasture

* Dry matter yield as a function of the crude protein content
» Crude protein yield as a function of available pasture

« Crude protein yield as a function of crude protein content

As shown above, the component variables generate some unknowns and the input
variables within components generate others.

Domain - {{Grass species, Nitrogen fertilization},{All other factors affecting the
system} }

Codomain - {Solutions}

Note that, before the experiment takes place, the set of solutions is only a set of
hypotheses. Depending on the outcomes of the experiment, a hypothesis may then be
accepted to become an actual solution or may be rejected.

The graphic representation of the research problem, defined as a conjunctive
coupled system, is shown in Fig. 10.1.2.

Experiment

Star Grass
— ) Available Pastur
and Crude
. Protein Content
Mtlgggn? - Forage and
Fertilizatio . ProteinYield
Guinea Grass
Available Pastur
— T “Pland Crude
Protein Content

—

— >

Figure 10.1.2

The statement of the research problem should be a simplified image of the system. In the
above example, the system has two component systems, called Star grass and Guinea
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grass. Each component accepts nitrogen fertilization as an input. Nitrogen fertilization
affects the states of the system, namely available pasture and crude protein content. The
system states affect the output, namely dry matter and protein yields. The complete picture
of the system should include the proposed mathematical models of the response functions.

The problem related factors, namely grass species and nitrogen fertilization in
the example, determine the experimental treatments. All other possible factors affecting
the system would determine the type of experimental design needed for managing the
experimental error.

o Factors ]
. Problem | . Other |
. Factors ' Factors |
L. ,7,47u§~.,,,, il ],*___T,_._,,fg
v |
' Experimental |
!

| i
| Treatments |

Figure 10.1.3

The statement of the research problem is the foundation for the formal definition of the
experiment as a system, as was explained in Chapter 6. It is also the foundation for the
mathematical models of experimental hypotheses.

The Null Hypothesis

As indicated before, component variables generate some unknowns in the
statement of the problem and input variables generate others. Thus, the notion of
experimental hypotheses should include both criteria, the hypothesis on the effects of
component variables and the hypothesis related to the state transition function or the
output function.

The fundamental hypothesis in experimental statistics is the statement that there
are no differences between hypothetical parameters or figures in the experimental sample
and the corresponding parameters or figures in the population. This statement is called
the null hypothesis. Thus, the null hypothesis may be defined as follows:

Definition 10.1.2 A null hypothesis is a statement that there are no differences between
hypothetical parameters in a sample and the corresponding parameters in the population
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Hypothesis f—\
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Figure 10.1.4

Depending on the experimental outcomes, the null hypothesis may be accepted
or rejected. The most common parameters tested by a null hypothesis are sample means
or a particular ratio. Testing differences among component systems only by their sample
means can be misleading. In system analysis, averages or ratios are not sufficient criteria
for testing a hypothesis. System analysis requires testing the coefficients of the
mathematical models of the response functions of the system. Each coefficient of the
mathematical model should be evaluated by a "t" test. If k represents a real coefficient of
the state transition function and £, represents the corresponding hypothetical value, then

The null hypothesis is here k-k, = 0, where S, is the standard error associated with
parameter k.

If the system has more than one component, k, represents a coefficient of the
state transition function ofthe i component and k, represents the corresponding coefficient
of the state transition function of the j component, for /= 1,2,....,n andj = 1,2,...,n, then

ok
\//Skz. +SI§

The null hypothesis isnow &, -k, = 0, where S, and S, arethe standard errors associated
with parameters £, and £, . ' ’
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Example 10.1.2 An experiment was designed to study how starch in the diet of steers
affects the digestibility of roughage. The experimental roughage were stems of the banana
plant, sugarcane leafs and African Star grass hay. Different amounts of green bananas
provided the starch. In vivo digestibility procedures were carried out with fistulated steers.
The following differential equation was proposed as experimental hypothesis:

Lb} . (%9
—= = ~au ; u = be
a7

where y is percent digestibility of crude protein, ¢ is hours and x is percent of dried
bananas in the diet. Define the null hypothesis for the constant coefficients and for
differences between roughages.

Solution: Each roughage is a component of the experiment as a system and must have its
own differential equation and the corresponding constant coefficients should be compared
by a "t" test between roughages. Then, the following is the set of null hypotheses:

Lanana = asugarcane = aSlargrass =0
b =b =b =0

banana sugarcane Star grass

Cbanana = Csugarcane = CSlargmss -

Table 10.1.1

Coefficient Banana Stems Sugarcane Leafs Star grass Hay
a 64.25 54.35 64.33
S, 8.92 5.74 12.41
b -0.06196 -0.03979 -0.04175
S, 0.00634 0.00992 0.00872
c -0.01312 -0.01010 -0.01009
S. 0.00298 0.00666 0.00574

The a, b and ¢ coefficients and the corresponding errors are displayed in
Table10.1.1". The reader may wish to check if the differences are significant, with 20

IComputed from R.I. Medina-Certad
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degrees of freedom for within roughages and 40 for between roughages.
Summary

A research problem may be defined as a set of questions assigning unknowns to
the cause-effect relationships among variables. The domain of the question is the set of
all factors affecting the system. The codomain is the set of acceptable solutions to the
unknowns, as defined in the problem. In system analysis, solutions are expressed as
mathematical models of the response functions of the system. Before the experiment takes
place, the set of solutions is only a set of hypotheses, defined as proposals of mathematical
models of the response functions. Testing these models requires testing the coefficients
of the mathematical models using the null hypothesis criteria.

10.2 MATHEMATICAL MODELS OF THE RESPONSE FUNCTIONS

The agricuitural scientist has often some notion or image about the relationships
between variables in the population that he is dealing with. Mathematical models of the
experimental hypothesis must reflect this image. Several choices of mathematical models
are often available.

Selecting the Model

The existence of some patterns of the expected response functions are useful
indicators in determining an appropriate mathematical model:

* Maximum and minimum values
* Asymptotic values

* Inflection points

* Initial values

However, several empirical models may represent a particular response curve, sometimes
sharing all of the above indicators. Then, inspecting additional properties of the
mathematical model may be necessary. The following example illustrates this statement.

Example 10.2.1 Determine the most appropriate mathematical model for an experimental
hypothesis of the growth curve of steers.

Solution: A growth model is represented by an S shaped curve, meaning that the curve
has an inflection point and the rate equation has a maximum. In this example, the curve
is expected to have also an asymptotic value. Many models would satisfy these
requirements and some are listed in Table 10.2.1. Except for the polynomial, all these
maodels conform to curves having an inflection point and an asymptotic value representing
the mature weight of the steers. The task is now selecting the most appropriate
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experimental hypothesis.

Model 1 in the list is a third degree polynomial. As such, this polynomial has a
maximum and a minimum, a feature that is inconsistent with growth curves. Note that
using polynomial models is always an option and a temptation. Polynomials are also
called "the poor man’s equations," because they do not require too much pre experimental
thinking and, depending on the degree of the polynomial, they may fit all kind of data.
Sometimes, these convenient features may just be what the agricultural scientist needs,
especially if the available data corresponds to only a segment of the response curve. The
major inconvenience is that finding statistical significance and a geometrical meaning to
the constant coefficients of polynomials is not always feasible. In addition, minor
extrapolations of conclusions may be very risky.

Table 10.2.1
State Equation Differential Equation Inflection Point
1) y=a+bt+ct?+dt? Y - pe2ct+3de? ¢ 37 ke, 2
dt 3d 27d*
1 dy 2
2 = L +acy-cy=0 ——ln -alb), —
)y Ty 5 oy [ (-a/b), )
3) y = ael e @—be = ( —l—ln—c— ae®" c)/‘]
dt c
4) y =a-ec+di %+by=ab—de b ( dbsc a-e bc)/d(d/b))
1

Finding a geometrical meaning for the constant coefficients of the mathematical
model is important for determining the appropriate hypothesis and for determining the
appropriate experimental treatments. This statement will be discussed later.

Model 2 is the well known and widely used logistic growth equation. The
ordinate of the inflection point of this equation is exactly half the asymptotic value 1/a.
Assuming that the inflection point is determined only by the mature weight of the steers
is a severe constraint for the data. Physiological facts do not support such assumptions.
In addition, model 2 is represented by a non linear differential equation, which is an
inconvenience.

Model 3, known as the Gompertz equation, and model 4 are better choices. Thus,
the selection process is confined now to only model 3 and model 4. Note that model 3 is
represented by a homogeneous differential equation. This means that the system has only
the free response due to initial conditions. This feature of model 3 gives to model 4 some
advantage. Data support this advantage. The following are the state equations for both
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models, using actual data from birth to seven years of age®. The third degree polynomial
is also included for comparison.

18.67 +293.48¢ -38.32¢2 + 1.58¢°

y =
y = 45.4¢25501-¢ 710913
y = 749 - 6_0'948{(722 + 560t)

where y is weight in kilos and 1 is age in years.

The coefficient of determination for the polynomial is a shining R? = 0.998 with
a standard deviation of Sy_ ,=17.02. However, the intercept 18.67 is not statistically
significant. In addition, note that the maximum and the minimum have as coordinates
(6.23, 742) and (9.94, 701). Thus, the inflection point is outside the segment
corresponding to the seven years of data. A second degree polynomial would be a better
choice. Clearly, a polynomial does not represent a growth curve.

The statistics R® = 0.998 and S,,=13.50confirm the accuracy of model 3.
Additional statistics are shown in the following table:

Table 10.2.2
Coefficient Error A
45.37 9.06 5.01
2.548 0.307 8.30
0.9125 0.0511 17.86

A smaller standard deviation of S, ,=7.54 and a better stability of the constant
coefTicients prove the advantage of model 4, as shown in Table 10.2.3. Note that model
3 overestimates the birth weight of the steers by roughly 50%. The estimate of birth
weight by model 3 is 45.4 Kg, as compared with 27 Kg in model 4, a value within
expectations. Both models remain good choices. As shown in Fig. 10.2.1, both curves
virtually overlap.

2vohnout, K. Unpublished
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Table 10.2.3

Coefficient Error "t"
749.33 6.03 124.27
0.9481 0.0449 21.12
721.70 9.83 73.42
559.64 64.73 8.65
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Figure 10.2.1

Geometric Interpretation of the Expected Response

Some common response curves found in agricultural systems include diminishing
returns, positive and negative growth, rate equations, periodic functions, among others.
However, as new variables are added to the problem, mathematical modeling may be more
complex than these basic functions. Some geometrical analysis of the expected response
curves of the system may help with the task of modeling and may also help avoiding the
dependence on polynomials. The following examples illustrate this statement,

Example 10.2.2 Determine an appropriate mathematical model for the response curve of
pasture production, as affected by nitrogen fertilization.

Solution: Pasture production displays a cyclical response due to climatic conditions. Thus,
an appropriate option is a second order periodic linear model, with a state equation of the
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form

y = a+becos[p(t - c)]

where y is pasture production and ¢ is time.
If the above model is selected, the geometrical meaning of the five constant
coefficients should be first determined. The following definitions apply to this model:

* Coefficient a is the distance between the abscissa and the axes of the response curve
» Expression be * modulates the amplitude response

« Coefficient B modulates the frequency response, such that a cycle is equal to 27t/p

* Coeflicient c is an out-of-phase parameter

The above geometrical definitions are shown in Fig. 10.2.2:

Time
Figure 10.2.2

Note that when « < 0 the amplitude decreases over time, when « > 0 the
amplitude increases and when ¢ = 0 the amplitude is only determined by coefficient b.

For determining which coefficients are most likely affected by nitrogen
fertilization, is helpful to look at the input term A,A,a in the system differential equation

d’y
dt?

. (A,dg% “A Ay = Aha

where A = a+if. Then, the input term becomes (a? + B?)a. As shown, the coefficients
related to the input term in the differential equation are a, « and p.
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Nitrogen fertilization would most likely affect coefficient a, the distance between
the time abscissa and the axes of the response curve, because a represents the average
pasture production. Nitrogen may also affect coefficient «, because & changes the
amplitude of the response curve over the time variable. Tt is unlikely that nitrogen
fertilization would affect the frequency coefficient 3. The proposed model is shown in Fig.
10.2.2 for an a < 0 value.

The task is now to determine appropriate equations for the presumable nitrogen
dependent coefficients @ and «. If these coefficients are no longer considered constants,
they should be renamed as a=wue U and ¢ =ve V. It is safe to assume that nitrogen would
increase pasture production. Then, as indicated in Fig. 10.2.3, the response of variable u
to fertilization would probably be a curve of diminishing returns with an initial valueof £, - &,
and an asymptotic value of k.

13

4
/

k 1 -k2

,,,,, ,X

— ;’ .

Figure 10.2.3

Equation u = k, - ke e represents the above relationship, where  is average pasture
production and x is nitrogen fertilization.

It is also save to assume that pasture production over time would decrease due
to the nutrient depletion of the soil. Then, variable v would have negative values.

-k,

Figure 10.2.4
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If the goal is maintaining a constant pasture production with fertilization, v would have
. -kx .
to grow to an asymptotic value of zero, such that v = ~k,e ", where v determines the
changes of amplitude of the response function over time. The picture of this expression
is shown in Fig. 10.2.4.
After replacing the above expressions in the original state equation, the following
new equation represents now the system experimental hypothesis:

B ~kyx ke
y =k —ke 7 +be™ " coslp(t -c)
Example 10.2.3 Determine a mathematical model for the response curve of pasture
production, as affected by nitrogen fertilization and by stocking rate.
Solution: It was assumed in the previous example that only coefficients a and «, in the

state equation for pasture production, where a=u and «=v, are affected by nitrogen
fertilization, such that

y = u+be"cos[p(r -c)]
u=k -ke ki

_ ~ksx,
v = ke

where u is the average pasture production, v determines the changes in amplitude of the
response curve over time, x, is nitrogen fertilization and 7 is time.

S, S,

G

X, X,
Figure 10.2.5
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It is now valid to assume that the same coefficients affected by fertilization are
alsoaffected by stocking rate. Then, as stocking rate grows very large, coefficients k and k,
in variable u should approach zero. Thus, these coefficients may be renamed as &, =5, € 5,
and k,=5,€S,, such that s, =c,(I -e *sz) and s, = czek’x2 , where x, is stocking rate.
The graph of these expressions is shown in Fig. 10.2.5.

Afier replacing the above expressions in », the new equation for average pasture
production is now

—k / — +
u :cl(l_e s’z)_cze (kyxy +Epx,)

showing that nitrogen fertilization would increase pasture production by making » larger,
from an initial value of ¢, -c, to an asymptotic value of ¢,. Conversely, increasing
stocking rate would decrease pasture production by diminishing the value of u. These
relations are shown in Fig. 10.2.6.

|
!
CCy | €,-C, .‘Xz

Figure 10.2.6

Increasing stocking rate would probably deplete the soil progressively faster.
Therefore, assuming that stocking rate affects coefficient &, in the equation for variable
v, this coefficient would grow gradually larger as stocking rate increases. Then, coefficient
k, should be renamed as variable k, =s;€.5;, such that sis = kc3xzk ®. After replacing the
above expression in v, the new equation is now v = -¢;x,'e 1 showing that nitrogen
fertilization would make the negative values of v progressively smaller, from the initial
value of c;x," to an asymptotic value of zero. Conversely, from an initial value of zero,
stocking rate would make the negative values of v progressively larger. The above
relationships are shown in Fig. 10.2.7:
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vV 1 14
X, X,

Figure 10.2.7

After replacing the # and v equations in the initial state equation, the experimental
hypothesis becomes

_ hx + o (B, ksx1
y =cfl-e kﬁ/xz) -c,e k) | pe 5% ¢ cos{B(t-¢)]

In general terms, mathematical modeling may take the following steps:

First step: Select a mathematical model for the experimental hypothesis using critical
points indicators

Second step: Determine the geometrical meaning of the constant coefficients of the
selected state equation

Third step: Determine which constant coefficients may be affected by the input variables
of the system

Fourth step: Define mathematical expressions for the possible relationships between
input variables and coefficients

Experimental design and treatments must be consistent with the experimental
hypothesis. Afier the data are collected, all the constant coefficients of the model must be
tested by null hypothesis criteria.

Summary

Critical points of the response curve, such as maximum and minimum values,
inflection points and asymptotic or initial values, are useful indicators for defining a
mathematical model of the experimental hypothesis. Understanding the geometrical
meaning of the constant coefficients of the state equation, determining which coefficients
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are most likely affected by input variables and determining expressions for the presumable
relationships between the input variables and the selected coefficients, are also useful
modeling procedures.

10.3 GENERATION OF EQUATIONS BY GEOMETRIC ANALYSIS

The models of the expected response curves must reflect what is assumed that the
response curves might be and treatments must provide the data points for the
mathematical expression. Therefore, the pre-experimental selection of the mathematical
model is essential for determining the proper experimental treatments.

Ifthe researcher can figure them out, several choices of mathematical models are
often available for a given system. As indicated before, some geometric analysis is
required for determining those choices.

As a complement of the previous section and to help the reader defining
mathematical models, this section gives some guidelines in analytic geometry, as it applies
to assembling the most common response curves found in agricultural research. Several
examples are provided to show how theoretical considerations, related to the expected
response of the system, match the observed response.

Equations Related to the Straight Line

The simplest equation to assemble is the straight line. Without understanding
how a straight line is born, building more complicated mathematical models is hardly
possible. Consider the points P\(t,,y,) and P,(t,,y,) in the TY plane. The two points
determine a line segment with the following slope:

Vo=V
L1

tan0 = = b

By rearranging terms, the above expression may be written as the straight line
equation y, =y, +b(t,~t,). If ¢, =0 and y, =a, this equation becomes

y=a+bt

This is the most common expression for the straight line. The above relation is shown in
Fig. 10.3.1.
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Figure 10.3.1

Consider now equation y = at ®. Bya logarithmic transformation, this expression
is the straight line Iny = bint +k, where k=Ina. This mathematical model has been
applied mainly to problems of animal metabolism and growth of body parts relative to the
whole body.

Example 10.3.1 The following equation represents the relationship between body weight
and metabolic rate in 26 animal species, from mouse to cow *:

y, = 674y, "

Iny, =4.21 +0.756Iny,

where y, is metabolic rate in kcal/day and y, is body weight in kilograms. The
corresponding graphs are shown in Fig. 10.3.2. Note that this is not a state equation but
a relationship between two state variables.

A straight line is also obtained from a logarithmic transformation of the state
equation y = ae %. Then Iny = k + bt, where a is the initial value and k=Ina. If 5>0,
the equation represents exponential growth. If 5<0, this expression represents exponential
decay. The following is the corresponding differential equation:

a7

3Kleiber, M.
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This is a first order homogeneous equation, representing only the free response due to
initial conditions.
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Example 10.3.2 The following is the fitted equation for the residual of in vivo digestibility
of cell walls of sugarcane leaves *:

102¢ -0.060751¢
4.628 - 0.00751¢

y
Iny

o

where y is percent of undigested residual and ¢ is days. The graphs of this function are

4Cornputed from San Martin, F.A.
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shown in Fig. 10.3.3:
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If a constant ¢ is added to the exponential decay equation, expression
+c is obtained, where ¢ is an asymptotic value and a+c is the initial value. Note

that when c<a, the asymptotic value is negative. Conversely, when ¢>a the asymptote is
a positive value. The following is the corresponding differential equation:

dy

+by = bc
a

This is a non homogeneous equation and represents the total response of the system. Thus,

by adding the constant ¢ to the exponential decay expression, a first order model for the
total response was obtained.

Example 10.3.3 The following equation was fitted to the energy content of milk from a
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group of cows®:

y = 2.821 +0.965¢ 042

where y is the energy content of milk in Mjoules/Kg and ¢ is days after calving. The graph
of the response functions of this system is shown in Fig. 10.3.4:
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Figure 10.3.4

Ifthe expression of exponential decay is subtracted from a constant ¢, equation y = ¢ - ae ™%
of diminishing returns is obtained, where ¢ is the asymptotic value and ¢ - a is the initial
value. Note that when c=a, the above equation becomes y = a(l —e *) and the initial
value is zero. Then, there is no free response, because the initial value is zero. Note also
that when c<aq, the initial value of the function is negative. Conversely, when c>a the
initial value is positive.

Example 10.3.4 The following is the fitted equation for the bacteria count of the rumen
of a calve’:;

y = 4.59 - 3.74¢ 015V

where y is the bacteria count in millions/gram x 10* and ¢ is weeks. Fig. 10.3.5 shows the
graph of the response curves of the system.

5Computed from Lowman, B.G. et.al.

6Compu’ted from Lengemann, F.W. and N.N. Allen
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None of the models assembled so far provide maximum, minimum or inflection
points for the response curves. For such, combining two or more different terms in the
time variable is needed. Two terms determine a second order system, three terms
determine a third order system, and so on.

Polynomials are always an option but, as was pointed out in the previous section,
determining a geometrical meaning of the polynomial constant coefficients is often
difficult. Since assembling response curves by the geometrical meaning of the constant
coefficients is what this section is all about, polynomials are here excluded from
consideration.

Example 10.3.5 An insect control program was tested in a pasture field and the following
is the corresponding fitted equation:

y, = 2193(0.6686)" ~ 1943(0.5359)"

where y is the number of insects per square meter and » is months. This equation has two
terms in the time variable. Therefore, it represents a second order system. The following
is the second order difference equation of the system:

¥,., - 12045y  +0.3583y, =0

This is a homogeneous time invariant equation. As discussed in a previous chapter, a
second order time invariant homogeneous equation is equivalent to a first order time
variant non homogeneous equation. The following is the first order difference equation:
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Y, - 0.5359y = 290.77(0.6686)"

The response curves of the system are shown in Fig. 10.3.6.
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Time delay is another feature worth considering. The following example illustrates the
manipulation for including the time delay in the model.

Example 10.3.6 The following is the fitted equation to the in vivo digestion of the cell
walls of corn plant stubs’:

y = 0.783[@ ~0.00883(1-17.98) _ e«o‘nsufnss)]

where y is digestion rate, as percent per hour and ¢ is hours. Note that there is a time lag

of 17.8 hours in the digestion process. The graph of the total response of the system is
shown in Fig. 10.3.7.

The following equation was also fitted to the data:
y = 0.0453(t - 16.7)e ~00280¢167)

Note that the time delay coefficient always goes with the time variable. This equation is

7Computed from San Martin, F.A
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less accurate than the first one.
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Periodic Functions

Periodic functions are mathematical expressions defined in polar coordinates. As
such, they are functions of the radius r of the circle. Then, a point P is defined over
parameters r and 0, such that P(r,0), where 0 is the angle between two vectors whose
length is r.
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o ,
t
Figure 10.3.8

As shown in Fig 10.3.8, sin0 = y/r and cos0 = #/r. Then
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y = rsin0Q
t = rcos@

The above expressions are called parametric equations of the curve.
If the angle O is expressed in radians, such that 0 = at, then the parametric
equations may be written as

y = rsinat
t = recosat

where the radius » modulates the amplitude of the function, such that-r<y<r and
parameter a modulates the frequency. Note that these functions are defined in periods or
cycles of magnitude 2n. A cycle is completed when ar=2n. Then

Cycle = —

The graph of these functions is shown in Fig. 10.3.9.
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An important equation representing response curves that occur frequently in
biological problems is y =r,cosat +r,sinat. As discussed in the previous chapter, an
equivalent expression has the form y = rcos[a(t - b)}, where a modulates the frequency,
b is a time lag or out of phase coefficient and r modulates the amplitude. Coupling the
above equation to an exponential term could change the amplitude of the response curve
over the time variable. If the exponent a is negative, the amplitude decreases over time.
Conversely, if the exponent is positive, the amplitude increases. The distance between the
abscissa and the axes of the response curve could also be changed by adding a constant
¢ to the equation. The following is the resulting expression:

y = re®cosfa(t - b)} + ¢

Example 10.3,7 The population of an animal species decreases each generation roughly
by half the number of animals of the previous one. To prevent extinction new animals are
introduced with each generation. The following is the equation representing the total
response function of the system:

¥, = 309 +957(0.5)"cos %’i(n —0.365)}

where y is number of animals and # is generations. Note that the axes of the response
curve has a value of 309. The radius is 957 and the cycle is 21/3. The curve is 0.365 out
of phase. The graph of the above function is shown in Fig. 10.3.10.
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As disclosed in the previous section, input variables may affect the constant
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coefficients of a state equation. The task for the researcher is proposing also appropriate
expressions for such relationships.

Summary

Many equations in Cartesian coordinates are related to the straight line by a
logarithmic transformation and assembling complicated equations is possible by simple
manipulations of these transformations. Periodic functions are expressions defined in
polar coordinates and assembling many useful equations is possible by manipulation of
the sinus, cosines and exponential functions. A pre experimental selection of
mathematical models of the expected response curves of the system is essential for
determining the proper experimental treatments.

10.4 ASSIGNMENT AND ARRANGEMENT OF TREATMENTS

The assignment and arrangement of experimental treatments must be consistent
with the statement of the research problem and with the hypothesis representing the state
transition function of the system. Note that an input trajectory f and the initial state
determine the state y of the system at any time ¢, such that

y = ulf,yy,)

This is the fundamental expression determining the experimental treatments. Note also
that input variables are related to the mode of operation of the system and that component
variables are related to the structure. Thus, the following variables determine the
categories of treatments that must be considered:

* Input Variables
« Initial state of the system
» Component variables

The reader should not confuse the notion of assignment and arrangement of
experimental treatments with the concept of experimental design. Experimental design
is the procedure for increasing the accuracy of experiments by grouping the sources of
variation and determining the variability that is not due to treatments. Such variability is
then subtracted from the experimental error. Therefore, experimental design is the
management of the variability that is not related to the experimental problem and is not
within the scope of this book.
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Treatments Related to Input Variables

For continuous systems, an input trajectory is a set of ordered pairs of the form
(1, x), where xeX is an input value and teT is a value defined over the time scale 7 of the
system. In agricultural experiments, an input trajectory is usually a constant value for the
duration of the experiment. Thus, input related treatments may generate a factorial
arrangement of the form

X = X, X..XX,X..XX

m

where X, = (x
such that

..X,,) isan input variable. Then, a treatment is an element of the factorial,

ir:

X = {x = (x,j,...,xmj):x,.je/\’i}

where the m-tuple x is a treatment, X; for / = 1,2,...,m isan input variable and X j;
for j =1,2,....,nis a value within a treatment. This factorial may be nested in any
experimental design.

The following example illustrates the concept of a factorial arrangement of
treatments as defined above.

Example 10.4.1 An experiment is designed with three levels of nitrogen fertilization and
two levels of phosphoric acid. Define the factorial arrangement of treatments.

Solution: If nitrogen is denoted by X, and phosphoric acid by X, , then

X = XXX, = {(xll’x21)’(xl1’x22)’(x12’x21)’(x12’x22)7(xl3’x21)’(x13’x22)}

where each ordered pair is a treatment that includes a nitrogen value and a phosphoric
acid value. Therefore, there are six treatments in the experiment.

Given the input variables in the research problem, the following factors
determine the experimental treatments:

* A capacity factor related to the number of treatments
* A potential factor related to the values assigned to each treatment

The number of treatments affects the significance test for the constant coefficients of the
response functions, because significance tests are related to the degrees of freedom. The
values assigned to each treatment modulate the response functions, affecting the
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coefficient of determination.
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The relationship between degrees of freedom and the probability of a larger value
in the "t" test is shown in Fig. 10.4.2.
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Note that, as the number of degrees of freedom increases, the "t" value approaches 2.576
for P < 0.01 and 1.960 for P < 0.05. The researcher would have to compromise between
the accuracy of the "t" test and the affordable number of treatments in the experiment.
Note also that more than four or five degrees of freedom no longer provide dramatic
reductions of the "t" values. Therefore, a minimum of four or five degrees of freedom for
the error term in the "t" test seems an acceptable settlement. Without previous knowledge
of the variability expected for a research problem, the chart of Fig. 10.4.2 or a
corresponding table, may prove useful in choosing the number of treatments for an
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experiment.

Example 10.4.2 The following is the proposed mathematical model for the expected milk
production response of dairy cows to a low protein supplement:

y=e®™b+cx)+d

where y is milk production and x is the percentage of a low protein supplement in the diet.
Determine the number of treatments if five degrees of freedom are chosen.

Solution: This equation has four constant coefficients. If five degrees of freedom are
chosen, then nine treatments are required because n=4+5, where n is the number of
treatments. Nine treatments would fulfill the chosen degrees of freedom and also the
modulation of the response equation.

Note that this function increases from an initial value of b+d, to a maximum and
then decreases to an asymptotic value of d. Thus, the expected shape of the milk
production response to supplementation is as shown in Fig. 10.4.3. Note also that the
treatments were not spaced equally, but placed more closely where the expected maximum
would most likely happen. Such distribution of treatments was decided for modulation of
the response curve.
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Usually, for experiments with a single independent variable, providing degrees
of freedom for the error term is often more critical that providing treatments for
modulation of the response curve. Conversely, when the research problem has more than
one variable, providing treatments for modulation of the response curve may be more
critical than providing degrees of freedom for the error term.
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Example 10.4.3 Determine an appropriate number and distribution of treatments for the
pasture production problem in Example 10.2.3.

Solution: The following was the mathematical model proposed for the experimental
hypothesis of Example 10.2.3:

y = u+be"cos[p(t - ¢)]

& kg,
u = cl(l —e 6/”2) -c,e (kyxy +kpxy)
y = frp s

—C3x2

where u is average pasture production, v determines the amplitude of the response
function over time, x, is nitrogen fertilization, x, is stocking rate and ¢ is time. There are
three independent variables and 11 coefficients in the above equation. With 11
coefficients, if five degrees of freedom are chosen for the error term, a minimum of 16
data points would be required. A 3X3 factorial would provide nine data points from nine
treatments. If data is collected monthly during one year, then a total of 108 data points
would be available, giving a generous 97 degrees of freedom to the error term. Clearly,
obtaining degrees of freedom for the error term is not critical here. The graph of the
average pasture production u, for a 3X3 factorial arrangement, is shown in Fig. 10.4.4:
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Figure 10.4.4

The question is whether a 3X3 factorial would provide sufficient data points for
the modulation of the expected response curve. By observing Fig.10.4.4, it seems very
unlikely that three data points would modulate properly the expected curves. As shown
in Fig.10.4.5, a 4X4 factorial, representing 16 treatments, seems more suitable here:
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Clearly, the number of treatments, determined to provide degrees of freedom for the error
term, is not a sufficient criterion for defining the experimental treatments. Treatment
distribution should be determined only after an evaluation of where the system response
is expected to have extreme values and the largest changes, as affected by the independent
variables.

Modulation of the response curve should be determined also for the system
response to the time variable. Therefore, data collected over time should meet the same
criteria and requirements as data collected over the input variables.

Example 10.4.4 The following is the graph of the expected state equation of an insect
control program:

Insectsim?

0 2 4 6 8 10 12
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Figure 10.4.6

The number of data points in the above response curve may look as too many.
However, as often happens, it is assumed here that data are collected monthly and that the
time scale of this system is discrete.



10.4:Asignment and Arrangement of Treatments 375

Example 10.4.5 The following is the graph of the expected response of the pasture
production problem in Example 10.2.2.
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As shown in the graph, four data points per year may yield an adequate modulation of the
response curve. However, a bimonthly collection of data would probably be more
appropriate.

Researchers that are more concerned with parameters such as the mean, rather
than with the dynamic condition of the system, may question the importance placed here
on modulation of the system response. Systems change over time and the name of the
game is forecasting the system response. Much effort and resources are wasted in small
experiments, designed with mass production mentality, that are irrelevant because
conclusions are based on the traditional A versus B comparison of means. The A versus
B comparison of means has often very little predictive value.

The coefficient of determination estimates the predictive value of the
mathematical model of the system response. As mentioned earlier, modulation of the
system response affects the coefficient of determination. The coefficient of determination
is the proportion of the total variability that is attributable to regression, that is

RZ - Zy*Z

D

whereZ ¥, is the variability due to the mathematical model that is, the variability due to
regression and E d? is the variability of the deviations from regression. Thus, the
following factors affect the coefficient of determination:

* The mathematical model of the system response
* The modulation of the system response
* Variability not due to regression
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The variability that is not due to regression is estimated by the corresponding
standard deviation. The standard deviation from regression represents the size of the
deviations of the system response in relation to the mathematical model of the system
response, that is

where n is the total number of data points and m is the total number of constant
coefficients. Thus, the following factors affect the standard deviation from regression:

* The mathematical model of the system response
* Degrees of freedom
* Variability of the sample

The reader is reminded that, as the number of constant coefficients increases, R
gets larger, approaching 1.0 as the number of coefficients approaches the number of data
points. Thus, how much the coefficient of determination can be trusted depends on the
standard deviation of the regression coefficients. Non significant coefficients must be
deleted from the regression equation or an alternative mathematical model should be
determined. Multiple options of mathematical models for the expected response of a
system are often available. The subject was presented and discussed several times before.
The reader is also reminded that the experimental design affects the variability of the
sample.

Treatments Related to Initial States of the System

As previously indicated, the dynamic condition of a system is represented by the
expression y = u(f,y,,1), Where y is a state trajectory, u is the state transition function, f
is an input trajectory, y, is the initial state and ¢ is time. Note that the initial value in the
above expression is an independent variable but is not an input. Therefore, initial values
are not a part of the factorial arrangement of treatments.

The set of initial states is defined as

¥ :{Vo,vyo,z’"-ayo.n} (24

Each initial value y, , may generate a different state trajectory. Thus, an initial state
related treatment is a subclass within the experiment. As such, initial states determine a
set of component systems coupled conjunctively in the experiment as a system. This
coupling is shown in Fig. 10.4.8:
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Experiment

Figure 10.4.8

The factorial arrangement of treatments should be nested in each of the above subclasses
and treatments should be randomized over each subclass. This conception is illustrated
in Fig. 10.4.9:
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Figure 10.4.9

Example 10.4.6 The following is the mathematical model proposed for the experimental
hypothesis of Example 10.2.3:
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y = u+becos[p(t - o)
u = cl(l —e ‘ks/"z) -c,e (kg +kxy)
X

i

v = —c3x2k8e‘
Yoy = €157 €5~ bycos(Bic)

where u is average pasture production, v determines the amplitude of the response
function over time, x, is nitrogen fertilization, x, is stocking rate, y, ; is an initial state
and tistime. It is assumed here that the maximum production is obtained during the rainy
season of a tropical environment and the minimum production during the dry season. The
experiment is conceived as to start the system at three different stages of the production
cycle: three months before the peak production of the rainy season, at the peak production
and three months after the peak production. Determine the subclasses and the nesting of
the factorial.

Solution: The following is the graph of the expected state trajectories for the three initial
states defined for the system. Note that each of the three state trajectories corresponds to
a different component system, determined by a different initial state.
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Figure 10.4.10

As shown in Fig. 10.4.11, the X, x X, factorial should be nested and treatments
randomized over each of the component systems.



10.4: Asignment and Arrangement of Treatments 379

e - YO 4_‘_ -
| |
|
Yo i R L) Yos ‘f
S L e
f i ;
| i i
1 |
N _ - L i R R
! ! ;
i i
|

Treatments Related to Structural Components

The causal factors related to an experimental problem may include input
variables and variables that cannot be defined as functions of time. Variables that cannot
be defined as functions of time are usually qualitative traits and were called components
in Chapter 6.

As defined previously, treatments related to component variables are not inputs
of the system, but may determine component systems coupled conjunctively within the
experiment as a system. It was also defined previously that treatments related to initial
states may also generate component systems coupled conjunctively. However, systems
determined by component variables and systems determined by initial states are at
different structural levels within the experiment. Component variables are at a higher
level of the pyramid. Then, if treatments related to initial states are subclasses, treatments
related to component variables should be classes. This stratification of treatments is
known as a split-plot arrangement. A class is a main plot that is being split into smaller
subplots or subclasses. Subplots should be nested randomly over a main plot.

The set C of component variables is denoted here as C = {cl,cz, ...,cm}, where
each component ¢, C should nest the set of treatments ¥ related to initial states. The
total number of split-plot treatments SP is the product SP = CxY,. Each component
¥,,€ ¥, should nest the factorial arrangement of input related treatments. Thus, the total
number of experimental treatments E is E = CxY;x X, where X = X, x...x X, . This
structural arrangement of treatments is shown in Fig. 10.4.12.
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Figure 10.4.12

Note that the sequence shown in Fig. 10.4.12, component variables - initial states - input
variables, should never be changed. This sequence may be nested in any experimental
design. Note also that the component variables may also determine a factorial
arrangement of treatments at the upper level of the pyramid.

Example 10.4.7 Determine the arrangement of treatments in a pasture production
experiment with three blocks, three pasture species, three initial states, four levels of
nitrogen fertilization and four levels of stocking rate.

Solution: This experiment has four variables: pastures, the initial state, nitrogen
fertilization and stocking rate. It has four structural levels: blocks, pastures, initial states
and the factorial. The split-plot arrangement has nine treatments nested in each block for
a total of 9x3=27 plots. The 16 factorial treatments are nested in each initial state for a
total of 16x9x3=432 plots. An experiment with 420 plots is very large, mainly for the
necessity of modulating the system response and for the inclusion of the initial state
variable. Thus, the researcher may be facing the challenge of reducing the size of the
experiment by cutting down the number of plots with the minimum loss of information.
Deleting the initial state variable is one choice. Manipulation of the factorial arrangement
of treatments is another available choice.

The following summarized plan for the analysis of variance reflects the picture
of the arrangement of treatments:
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Table 10.4.1

Sources of Variation Degrees of Freedom
Blocks (B) 2
Split-plot 24
Pastures (P) 6
P 2
PxB 4
Initial States (I) 18
I 2
Ixp 4
IxB 4
IxPxB 8
Factorial 405
Nitrogen 3
Stocking Rate 3
Interactions 399
Total 431

Manipulation of the Factorial Arrangement of Treatments

As indicated before, if the problem has more than one independent variable,
providing treatments for modulation of the response functions of the system is often
critical. For such, four or five and sometimes more data points are needed for each input
variable. For a 5x5 factorial, that means 25 treatments. Three variables would result in
125 treatments. Central composite rotatable designs have been among the most widely
proposed schemes for reducing the number of treatments. The concept of rotatability is
related to the distribution of the standard error of the regression estimate. In a rotatable
scheme, the standard error is the same for all points that are at the same distance from the
center of the response curve®. A central composite rotatable arrangement combines a 2*
factorial, a 2(k) star part and central points, where £ is the number of input variables.

Example 10.4.8 Determine a central composite rotatable arrangement of treatments for
two input variables.

Solution: With two input variables, a central composite rotatable design is obtained by
placing four treatments equally spaced around a circumference of a circle in the X, 1,X2
plane with center (0,0), plus one or more points at the center. The number of treatment
replications at the center of the circle is chosen so that the standard error of the regression
estimate is approximately the same at the center as it is at all points on the circle with

8Box, G.E.P. and J.S. Hunter
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radius 1. In addition, four more treatments are placed at the vertices of a square inscribed
in the circle. This arrangement is shown in Fig. 10.4.13.

Figure '1 04.13

As shown above, the total number of treatments is nine and the total number of data points
is 13, including the five central points, as compared with 25 in a regular 5x5 factorial. As
with the regular factorial, there are also five data points for the modulation of the response
of each of the two input variables.

Note in Fig.10.4.13 that the coordinate values are coded. The rotatable designs
were developed at a time where the most sophisticated tools were the IBM 1620 computer
and the Monroe electric desk calculator. Thus, coding of the coordinate values was very
helpful for the computation of regression polynomials. After computations were
completed, regression coefficients had to be decoded. Coding is unnecessary with the
computer facilities available today.

If blocking is used in central composite rotatable schemes, the factorial and some
central points form one block or sometimes two blocks in larger designs. The star part plus
the remaining central points form an additional block. These are called incomplete blocks.

An inconvenience of central composite rotatable designs is their rigidity, because
the distance between data points is fixed. Such distribution of treatments makes
modulation of the response function of the system more difficult. Another inconvenience
is the exclusion of the corner data points of the 5x35 grid. Corner points represent extreme
values, which are often required for an efficient modulation of the response curve. An
optional compromise would be inserting those corner treatments in the layout. Thus, this
modified arrangement includes the 2* factorial, the 2(k) star points, one central point and
the additional 2* corner points.

Example 10.4.9 Determine a modified central composite rotatable arrangement with two
input variables.
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Solution: A modified central composite design with two factors should have four factorial
points, four star points, one central point and four corner points, totaling 13 treatments.
The modified design is shown in Fig. 10.4.14.

2 0 1 3 X

Figure 10.4.14

Example 10.4.10 Define a modified central composite design with three factors.

Solution: The modified central composite design with three variables should include eight
factorial points, six star points, one central point and eight corner points, totaling 23
treatments. This arrangement is shown in Fig. 10.4.15.

Figure 10.4.15



384 10: Experimental Tests for a System Analysis Problem

Note that the central composite rotatable scheme with three input variables has only 15
treatments, making a total of 20 data points with the replications of the central points, as
compared with 23 for the modified design. Thus, the trade-off for the convenience of
having the corner treatments is three more data points.

A less restrictive arrangement of treatments is a combination of factorials, as
shown in the next example.

Example 10.8.11 Combine a 3 and a2> factorial.

Solution: Combining a 3% anda 23 factorial, as in Fig. 10.4.16, requires a total of 35
treatments.

i =
o

Figure 10.4.16

Options for the arrangement of treatments depend on and the ability of the
research team to figure them out, on the research needs or on the availability of resources.
Thus, in general terms, determining a design for the distribution of treatments may take
the foliowing steps:

First step: Define the degrees of freedom required for the error term and the data points
for modulation of the response functions of the system

Second step: Determine if the size of the experiment is compatible with available
resources

Third step: Adjust the number and distribution of treatments with a design compatible
with available resources
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Summary

Assignment of treatments should be consistent with the research problem and
with the model of the expected state transition function of the system. As such, treatments
should be related to input variables, to initial states and to component variables.
Treatments related to input variables may generate a factorial arrangement. The number
and distribution of treatments in the factorial must be chosen to attain the best modulation
of the system response functions. When appropriate, the factorial should be nested in the
initial states related treatments, which in turn are nested in the treatments related to
component variables. Component variables are here the main plots and initial states are
the subplots. An experiment with this structure may become extremely large. Central
composite rotatable designs and modifications of these schemes are available for
negotiating between the accuracy and the feasibility of experiments.
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MISCELLANEOUS MATRIX
CONCEPTS AND PROCEDURES

Definition of a Matrix. Matrix is a rectangular array of numbers arranged in rows and
columns. In general terms, a matrix A4 is represented as follows:

.
ay ay . ay .,
@G Gy . G . @,
A =
a, a, .. a; .. a,
Bt Gy - Gy Gy

where @ denotes the element in the i th row and the j th column for a matrix of 7 rows
and ¢ columns.
An abbreviated form is here

A4 = {a,]}, for i=12..,m and j=12 ..,n

Matrix addition. If A = {a,-j} and B = {b,-j } , then

A+ B ={ a;, + b, Y, for i=12,.,m and j =12,..n

The above operation can take place only if the matrices involved have the same
number of rows and the same number of columns, in other words, if they are of the same
order. The following definition is here set forth:

* When matrices are of the same order, it is said that they are conformable for addition.
* Matrices that are conformable for addition are also conformable for subtraction

Matrix addition and subtraction are commutative, that is
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A+B=B+4
Matrix addition is associative, that is
Ad+B +C=4+(@B+0

Matrix Multiplication. Addition of two equal matrices can be written as follows:

+ A4 = ,} 2a} =24 for i=12,.m and j =12,..n

This result can be extended to the addition of & equal matrices:

A+ A+ .. +A4=k4A

Thus, a matrix 4 multiplied by a constant £ is the matrix 4 with each of its elements
multiplied by £.

The product of two vectors is the sum of the product of each element a, of the
row vector ¢’ multiplied by the corresponding element x, of the column vector x. Then,
if

a = a..a) and X =

the product a’x must be

@xX =ax, +tax, t .. +ax, = Zla,x,.
b

i=12,...,n

If each row in matrix 4 is multiplied by vector x. Then the product Ax is as
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follows:

o .
Pl
ay Ay - 4y ’
n
a, a,, .. a a,x.
g = | 2 2 z:Jg.lzfx,
aml am2 amn n n
;amij

Thus, if A:{a,j} and x:{xj}then

Ax = {jg'xa”xj } , for i=12..m;j=12..,n

In multiplying two matrices, each row vector of one matrix is multiplied by a
column vector of the other matrix. This is a repetitive operation of multiplying one matrix
by each column vector of the other matrix.

For a product AB to exist, it is required that the number of columns in matrix
A to be the same as the number of rows in matrix B, such that

AMXHB'IXS :ABmxs

The following definition applies here:

» When the number of columns in matrix A4 is the same as the number of rows in matrix
B, the matrices are said to be conformabie for multiplication.

Thus, if 4 ={a, ) for i=1,2,...,m and j=12,..,n and B = { b,.].} for

I

i=12,..nand j=12..s, suchthat 4 B = AB, , , then:

The ij th element of AB is Y a,b, and 4B = {Zaikbkj }
k1 k=1

If the matrices are conformable for multiplication, the following properties are
here set forth:
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« Matrix multiplication is associative, that is A(BC) = (4B)C
 Matrix multiplication is distributive, that is

A(B + C) = (4B + AC)
(4+B)C=4C + BC
A(kB) = k(AB) = (kA)B

* Matrix multiplication is not commutative, unless all the matrices are of the same order,
that is AB # BA

Transpose of a Matrix. By interchanging rows and columns, matrix 4" becomes the
transpose of matrix A. Thus

4 =1 a,.j} + A ={ aﬁ} ;o i=12..m 5 j=12,.n

The following properties for the transpose operation are here set forth without
proof:

* The transpose operation is reflexive, that is (4°) =4

* The transpose of a product matrix is the product of the transposed matrices taken in
reverse order, thatis (4B)’ = B’A’

* The transpose of the addition of matrices is the addition of the transposed matrices, that
is 4+By=4"FR

Elementary Operations. The following are called elementary operations:

* Exchanging two rows or two columns
+ Adding or subtracting a multiple of a row or column to another row or column
* Multiplying a row or column by a constant & # 0

Matrices related by elementary operations are called equivalent matrices. Thus,
matrix 4 and matrix B are said to be equivalent, if matrix B can be obtained from matrix
A by elementary operations. Then 4 ~ B

Expansion of Determinants. A determinant |4] is a polynomial of the elements of
a square matrix 4. It is a scalar value. Thus, if 4 is a second order matrix, then |4] is
defined as follows:
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1 4
IAI = = a]](azz) +(-1) azl(alz)
2 G

The process of obtaining the value of a determinant [4] is known as evaluation or
expansion of the determinant.

Elementary expansion. The expansion of a second order determinant is the product of
the diagonal terms minus the product of the off-diagonal terms. A third order determinant
can be expanded to three second order determinants:

n 4 94
A =Py Gy ay
31 G 933
n 9y 21 9y 21 9y
=4y +(-1) a;, tday
32 33 31 933 31 93

= A0y — anayndyy ~ Qpdy Ay + Apdy dy; + d30y,33 — 413050y,

Note that the three second order determinants are multiplied by three coefficients
that are elements either of a row or from a column of the third order determinant. Each
second order determinant is multiplied, in an alternate way, by (+1) and by (-1). Thus, the
third order determinant is a linear function of three second order determinants, whose
coefficients are either elements of a row or elements of a column. The second order
determinants are called minor determinants or simply minors.

By making this process general, the expansion of a determinant of a square
matrix of order n is as follows:

n 9 - 9
u 4 - G - o d v L
|4] = = Ya(-YIA4 | = Ya(-1Y7|4| i j=12,..n
S ji e ij
nl Gny - Gy

Note that, when j (or i) iseven, (-1)7 = -1 and when j (or /) isodd, (-1)7=1.
Note also that g, is an element of matrix A and that |4, ]| is its minor.
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The product (-1)'"/ |Ay.| is known as the cofactor of coefficient a, and is written
u,. The minor |4, [is written as |[M,|. Thus

n n n
IA] = Z]ai](»l)”j“‘lzjl = _Z]aijuij = ’.Elaijuij 5 l’.] = 1,2,...,”
J= J= =

Diagonal Expansion. A matrix can be expressed as the sum of two matrices, one of
which is a diagonal matrix. A square matrix is called diagonal when all the non diagonal
elements are zero. Such a matrix is shown below:

d,, 0
0 d 0
D - 7
0 0 d

Then, given 4 = {alj}, for ij = 1,2,...,n, a matrix (4+D) can be defined. The
determinant of such a matrix can be obtained as a polynomial of the elements of D.
The diagonal expansion is useful, because the determinant form |4+D|occurs
often. It is also useful when some minors of |4|are zeros or can be made zeros by
adopting a |4+D| form or when all the elements of the diagonal matrix D are the same.
For a second order matrix, the determinant |4 +D| can be expanded as follows:

a, + d a;

[4+D| = =(ay; +d)ay + dy) - apay,

a,, a,, +d2

This expression can be written as a function of &, and d,:

1n %

|4+D| = dd, + diay, + dya;; +
21 9

For a third order determinant the expansion is as follows:
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n td ap, a;3
|[4+D| = | ay ay, + d, gy
a3 a3 az; + dj

= didyd; + ddyay; + didsay, + dydyayy +

n 4n 93
7 93 1n 43 n 9
da + d, + dy + My Gy Ay
3 433 31 933 h1 9
31 93 Y33

The following are some additional important properties of determinants:

* The determinant of the transpose of a matrix is the same as the determinant of the
matrix, thatis |4’] = |4]|

« If A is a scalar and a factor of a row, it is also a factor of the determinant, such that
Al4]

* If A is a scalar and a factor of an »n x n matrix, then |Ad4| = A"|4]

« If one row of a determinant is a multiple of another row, the value of the determinant is
zero. The same rule applies for columns.

* If a determinant has a row or column of zeros, the value of the determinant is zero.

« The determinant of the product of two squared matrices of the same order is the product
of the determinants of the individual matrices, thatis |[4B| = [4]||B|

Matrix Inversion. Given a square matrix A, defining amatrix 4 "' is possible, such that
AA V=1, where Iis the identity matrix. Matrix 4 ! is called the inverse matrix of 4. The
process of finding matrix A ! is called matrix inversion. If A has an inverse then, A is
called an invertible or non singular matrix.
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1 - 0

0 0
I =

00 .1

Matrix inversion is related to the process of division of a matrix by another
matrix. In a strict sense, however, division does not exist in matrix algebra. The process
of dividing a matrix B by a matrix 4 is, actually, a multiplication of B by the inverse
matrix 47!

The following properties of the inverse are here set:

* An inverse matrix A4 ' is commutative with A, thatis 4'4 = 447
* The inverse of A4 is unique

* The determinant of the inverse of 4 is the reciprocal of the determinant of 4, that is

_1:_1__
|47 i

* The inverse of 4 ' is A4, thatis (4™ ) = 4

» The inverse of a transpose is the transpose of the inverse, that is (4°)' = (4 ')

* The inverse of a product is the product of the inverses taken in reverse order, that
is UB)!'=B14"}

o If a matrix A is such that its inverse equals its transpose, 4 is said to be orthogonal.
Then, the product of the two matrices is the identity matrix 7, that is 44 = [

s A squared matrix is invertible when determinant |4|#0
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BASIC CONCEPTS AND
PROCEDURES IN CALCULUS

Definition of a Derivative. A derivative is defined as follows:

» The derivative of a function at a point is the limit of the ratio of the increment Ay of the
dependent variable, to the increment Ax of the independent variable, when the latter
increment approaches zero as a limit.

When such a limit exists, the function is said to be differentiable at that point. The process
of obtaining the derivative of a function is called differentiation.
The above definition can be expressed mathematically as follows:

y = flx)
y + Ay = fix + Ax)
Ay = filx + Ax) - fix)
Ay _ fix + Ax) - fix)

Ax Ax
lim Ay lim Ax + Ax) - ix) _ dy
A0 Ay  Ax-0 Ax s

A derivative of f{x) is denoted by the & symbol. It is also a function of the
variable x. Therefore, if y = fx) then

The symbol 4 is called the derivative operator. Other commonly used symbols are D,
y'and f(x).

All derivatives can be found by applying the above definition, which is called the
general rule of differentiation. The above process, for a function y = f{x), is shown in Fig.
B1:
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Figure B1

According to Fig. B1 and by the third step of the general rule of differentiation, the
following relationship is obtained:

by _ fix + Ax) - fix)

Ax Ax
_ RQ _ sina
PR CoS0

Note that, as Ax approaches zero as a limit, the secant line PQ approaches the tangent
line at point P(x, y) and angle a approaches angle (. Then

lima = p
Ax~0

By the fourth step of the differentiation process, the following is obtained:

lim Ay lim sine _ lim tana

A0 A = A0 gy -~ Axe0 - 2P

Then, the value of the derivative becomes
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%— = tanf

The above definition can be stated as follows:

* The value of the derivative at any point of a curve is equal to the slope of the tangent line
to the curve at that point.

Thus, the direction of the curve at any point can be determined by the value of
the tangent line at that point. Maximum and minimum values of a function are obtained
by making zero the value of the first derivative. Inflection points are determined by
making zero the value of the second derivative.

Partial derivatives. Many biological problems are determined by more than one
independent variable. Consider the function z=f{x, y). If x is held constant, such that x=a,
then

z = fla, y) is a function of y, then, 9%z j——ﬂa, y)

dy dy

where dz/dy is called the partial derivative of z with respect to y. If y is now hold
constant, such that y=54, then

z = fix, b) is a function of x then, oz = —if(x, b)
ox dx

where 9z/0x is called the partial derivative of z with respect to x.

As shown in Fig. B2, function z = £x, y) determines a response surface defined
over the XY plain with values in coordinate Z. If a point P(x, y, z) is defined on this
response surface, such a point, projected on the XY plain, determines a point P'(a, b) on
the XY plain. Note that, by cutting the response surface through point P with a plane TPS,
parallel to the plane YZ, a function z=f{a,y) is defined. Note also that by cutting the
response surface through point Pwith a plane QPR, paralleltothe plane XZ a function z = f{x, b)
is also determined.
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Figure B2

By holding one independent variable as a constant, all the rules developed for
function y =f{x) apply for each of the partial derivatives of function z = f{x, y). It should
be pointed out here that

d d
Ey‘ Aa, y) and e fix, b)

are the tangent lines at P in function z = ffa, y) and in function z =f(q, y), respectively.
These relationships are illustrated in Fig. B3.

i ——

QP R,

,\\
> -

T Psy
Figure B3

&
!

Definition of an Integral. An integral is the antiderivative of a function, that is

—%f(x) = f/(x) is the derivative of function f{x)
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f f(x) dx = fix) + C is the integral or anti derivative of function f'(x)

The symbol [(...) dx is called the integral operator and C is called the constant of
integration. The process of finding the integral of f'(x) is called integration. Note that,
upon integration, C is unknown and indefinite. Thus

fix) + C is the indefinite integral of f'(x)dx
The indefinite integral of /(x) dx determinesa family of curves whose difference
is only the value of the constant C.
Definite Integrals. Consider the function y = g(x) in Fig B4. Let u be the area CMPD.

Note that when x takes an increment Ax, the area y takes an increment Au, where Au is
the area MNQP.

Figure B4

Note also the following relationships among areas:
Area MNRP < area MNQP < area MNQS
Thus

MP(Ax) < Au < NQ(Ax) or, MP < % <NQ
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Now let Ax approach now zero as a limit:

fim 2% - oy
A
Ax—0

Then, using differentials, the following relation is determined:

du = ydx

The above is translated into the following definition:
* The differential of an area bounded by a curve, the x-axis, a fixed ordinate value and a
variable ordinate value, is equal to the product of the variable ordinate and the

differential of the corresponding abscissa.

It follows that, if y = g(x) then

du = g(x) dx
u=fg(x)afx
=flx) + C

Note in Fig. B4 that, when x = q, then u = 0. Thus

Ra) + C =0
C = -fla)
u = ) - fla)

Now, ifx = b, the area CMPD becomes
Area CMPD = f(b) - fla)
The following new definition is now possible:
* The area bounded by any curve whose ordinate is y, by the x-axis and by two fixed values

for the ordinate, corresponding tox = g and x = b, is equal to the difference of the values
of fydx for x=a and x=5.
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This area is represented by the symbol

fbydxorfbg(x)dx

If between a and b the curve does not rise or fall to infinity or cross the x-axis, an

integration between the finite limits ¢ and b has always a definite value. That is why

integral f b y db is called a definite integral. The constant C has been canceled out here.
a

From the above, the definite integral clearly represents, in geometrical terms, the
area under the curve and between two limits in the independent variable. The process of
determining the definite integral is summarized as follows:

First Step:  Integrate the differential expression.

Second Step: Substitute in the indefinite integral the value of the independent variable,
first by the value of the upper limit and then by value of the lower limit.

Third Step: Subtract the last result from the first.

Improper Integrals. A special case of the definite integral is the improper integral. An
improper integral is determined when one or both of the limits are infinity. Three cases
are here possible provided that the limits exist: the upper limit is infinite, the lower limit
is infinite or both limits are infinite, that is

f :g(x) dx = lim f abg(x) dx

b0

f_:g(x) dx = lim fabg(x) dx

aQ— —©

f:g(x) dx = lim f abg(x) dx

@~

b
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PROBABILITY DEFINITIONS AND FORMULAS

Probability of Events in a Finite Sample Space. A sample space is defined as
follows:

* A sample space S is the set of all possible outcomes of an experiment.

The outcomes of the sample space are called sample points or elementary events. Then
S = {el,eZ, ,en}

where e is an outcome.
When the number of outcomes is finite, the sample space is also finite.
Conversely, when the number of outcomes is infinite, then the sample space is infinite.
Any union of outcomes is a subset of the sample space and is called an event.
Then, an event may be defined as follows:
* An event E is any subset of the sample space S.

Then
E = {e;ecS}

Since events are sets, using set operations is possible.
Events that are complementary are defined as follows:

* Given an event E in the sample space S, the complementary event E is the set of
outcomes in S but not in E.

Then
E = {e;ecS;e¢ E}

In some situations the probability of an event can be obtained simply by common
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sense. Common sense suggests that, if a coin is perfectly balanced, then the probability
of heads would be '%. Frequently, however, obtaining probability values may require
gathering experimental data. If an experiment is performed to test the coin, in the early
stages of tossing a coin the proportion of heads varies considerable. As the experiment
continues, the proportion of heads approaches the expected value of 0.5. Then, the
following generalization is possible. The probability p for an event E to occur m times, is
the limit of the relative frequency m/n of the event, when the number of repetitions 7 of
the experiment approaches infinity. Thus

)
o = p(E)
n

where p is the probability function and p(E) is the probability of the event E. If n is large
enough, the probability of an event may be defined as

p(E) = m _ number of elementary events of £
n number of elementary events of S

An event E was defined previously as a subset of the sample space S and as a set
of elementary events. Then, the probability p(E) of the event is the sum of the probabilities
of the elementary events. Thus, if

E = {e,e,,...e,}

then

P(E) = ple)+p(ey)+...+ple,)

Note that given p(E) = m/n, when m = n then E = S. Thus

pS) =1

where S is the sample space. Expression p(S) is called the probability space. Conversely,
when m = 0, then
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p(@)=0

where @ is called the impossible event. The above implies that the probability of event £
is some value between 0 and 1. Thus

0<p(E)<1;EcCS
It also implies that the probability of the complementary event E must be 1 - p(E):

PE) = p(S)-p(E) = 1-p(E)

Mutually Exclusive Events. The following definition applies for mutually exclusive
events:

* Mutually exclusive events are events that cannot occur simultaneously because they have
no sample points in common.

If two events £, and E, are mutually exclusive, then ENE, = @
If £, and E, are two mutually exclusive events, the probability that either £, or
E, occurs is the sum of the individual probabilities of the two events, that is

P(EVE) = p(E)) + p(E) if E\NE, = o
This result can be extended to » mutually exclusive events, that is
p(E\VE,L...GE ) = p(E)+p(E)+...+p(E)

The above relationship does not apply when events are not mutually exclusive.
For any two events not mutually exclusive, the following reiationship applies:

p(E1UE2) = P(EI) +P(E2) —p(ElﬂEZ)
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Note that, for mutually exclusive events, p(E\NE,) = o. Therefore, this formula applies
equally for not mutually exclusive events and for mutually exclusive events.
The following probability applies for three not mutually exclusive events:

p(E1UEzUE3) =p(E)+p (Ez) +p(E;)
- PENE) -p(EE) -p(ENE))
+ p(E,NE,NE))

Conditional Probability. Between no information and complete information on the
outcomes of an event, there may be many levels of partial information. If known, this
partial information may be a condition that can affect the probabilities of occurrence of
events and must be taken into account. Then, conditional probability may be defined as
follows:

* For a sample space S and events E, and E, in S, conditional probability is the probability
that event E, occurs given the condition that event E, also happened.

Conditional probability has the following notation:
P(E||E)

The probability p(E, |E,) is called the conditional probability of E, given E ,.

To calculate p(E, | E)) it is necessary to know the probability that £, occurs and
the probability that E, and E, occur together on a trial. If an event E, contains / sample
points and an event E,nE, contains m sample points, then

p(E) = L and p(EE) = T

n n
where 7 is the total number of sample points in the space S. Since the condition is that the
event E, occurs, the outcome of the experiment must be one of the / sample points in E,.
Among these / points, there are sample points for which E, also occurs. These are the m
sample points in £ NE,. Thus

number of sample points of ENE,

EI|E) =™ -
P(E||E)) ] number of sample points of £,
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Note that £,nE, is considered as an event in the sample space E,cS. This concept is
illustrated in Fig. C1.

Figure C1

If numerator and denominator are divided by n, the following is obtained:

/n _ P(ENE)
PEE) = T =
n p(E)

From the above, if E and E, are events in the sample space S and p(E,) # 0, the
conditional probability of E| given E, is

p(ENE)

PEIR)

Frequently, the problem is to compute the probability of events that occur
together in a trial. The following is obtained by rearranging the conditional probability
expression for two events:

p(E,ﬁEZ) = p(E1)p(E2[E1) = p(Ez)p(EllEz)

This result is known as the multiplication theorem of conditional probability. The
multiplication theorem of conditional probability can be generalized for »n events:

* Given E ,E,,...,.E, events in the sample space S, and p(E\nE,n..nE, ) # 0, then
P(ENEN...NE) = p(E) p(E,|E) (E;|E\NE,)... p(E, | E\NEN...NE, )

In many problems, partitioning the sample space S into subsets may be more
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meaningful. This would be the case, for example, if a herd of cattle is partitioned into
subgroups according to breed, sex, age or any other criteria. As indicated in Fig. C2, an
event £ can be expressed as the following disjoint union:

E = (EnS)UW(ENS,)U... (ENS,)

with probability

HE) = p(EnS) +p(EnS)) +...+ p(ENS,)

If p(ENS) = p(E|S)p(S,), then

P(E) = p(EIS)P(S) +P(E|S,)P(S)) + ... + pE|S,)P(S,,)

S

Figure C2

independent Events. Independent events are defined as follows:

« Two events are said to be independent when the probability of an event £, is not
affected by the knowledge that an event E2 occurs.

Then

P(EllEz) = N(E)

1t was shown, however, that
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PENE,)

E |E) =
P(E||E) ED

By equating these two expressions, the following is the mathematical definition for
independent events:

p(ElﬁEz) = p(El)p(Ez)

The definition of independent events can be generalized to » events. If events
A4,,4,,...,4, are independent, then

PENEN..NE) = p(E)p(E))...p(E,)

The idea of independent events should not be confused with the concept of
mutually exclusive events. For two events to be mutually exclusive, it is required that
E\nE, = . Then p(E\NE,) = 0, simply because p(e) = 0. In two independent events, it
is required that the probability of one event to be zero when p(E,nE,) = p(E)p(E,) = 0.
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RULES OF COUNTING

Mutltiplication Principle. The multiplication principle is stated as follows:

*Ifaset 4, contains n, objects, a set 4, contains n, objects,..., and a set 4, contains 7,
objects, the number of ways to choose one object from each of the ksets is nxn, x..xn,

Permutation. A permutation is the act or process of changing the order of a set of objects
and to arrange these objects in all possible ways, that is:

* A permutation of » objects is an arrangement of these objects in a definite order and
without repetition

Thus, the first rule for permutations can be written as follows:

* The number of permutations of a set with » distinct objects is
1(2)...(n-1)n) = n!
Often the interest is in the number of ways of choosing » objects taken k at a
time, rather than all possible ways in choosing » objects. Then, the second rule of

permutations is as follows:

» The number of permutations in a set of n distinct objects taken k at a time is
n!

" h)

Ofien, not all the objects that are being permuted need to be distinguished. The
following is the third rule of permutations:

*Forasetof n = n, +n,+... +n, objects, where the objects within »n,,n,,...,n, are
indistinguishable, the number of permutations is the multinomial coefficient

( . ) 5
n sl T
ety n'nt,..n!

Combinations. There are many cases in which the ordering of objects is not important.
For example, with three objects that can be selected from the set {1, 2, 3, 4}, there are 24
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permutations of objects taken three at a time. There are more permutations than subsets
with objects taken three at a time, because permutations distinguish the ordering of
objects, while subsets do not. Therefore

123and321
are different permutations of {1, 2, 3, 4} with objects taken three at a time, while the sets
{1,2,3}and {3, 2, 1}

are not different because they have the same objects. Thus, the following definition applies
here:

* A subset of £ objects chosen from a set of » objects is called a combination of the n
objects taken k at a time.

The rule of combination is the number of permutations divided by k! and is stated
as follows:

* The number of combinations of » di%t'inct objects taken £ at a time is

C |, = i
b H(n- k)

Often the notation is used in place of C, , is '( nl . This notation is known as the
binomial symbol and usually is used here in relatio Ag the expansion of the binomial
expression (@ + b)".
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PROBABILITY DISTRIBUTIONS

The Binomial Distribution

In many experiments, the primary interest is whether a certain outcome does or
does not occur. These are experiments for which there are only two possible outcomes,
success and failure. On a one trial experiment, the probability of success may be called
p and the probability of failure ¢q. Then

Probability of success is p
Probability of failureisg =1 -p

Thus, the sample space would have only two elementary events, If the above experiment
is repeated twice, the sample space will have four elementary events, that is 22 If the
outcome of the second trial is not affected by the outcome of the first trial, independence
allows the multiplication of probabilities. Then, the probabilities of the four elementary
events would be

success, success = p’
success, failure = pg
failure, success = qp

failure, failure = ¢*

By adding up the above probabilities, the following expression is obtained:

prepg+gp+q? = (p+g) = 1

If the experiment is repeated three times, the sample space would have eight outcomes,
that is 2°. Then

p’+3pq+3pg*+q® = (p+q) =1

If the experiment with two outcomes is repeated n times, then it will be 2" possible
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outcomes in the sample space. Thus

n
p+q) = pn*_npn-lq+ n(’;"‘l)pn~2q2+m+qn - 20:( :)pan~x =1

where | ” :————n-!—— forx=1,2,...,n
x x!(n-x)!

Each element of the above binomial is a binomial probability P(X =x).
Experiments for which there are only two possible outcomes are called binomial
experiments or Bernoulli experiments and the variable X is called a binomial random
variable. Thus, the following definition applies here:

* The binomial probability P(X =x) of having x successes in » independent
trials of a binomial experiment is given by expression

n
X

PX=x) = fix) =[ )p"q"""

Given the number of trials », the number of successes x and the probability of success
of an outcome p, the binomial probability can also be written as

Anx,p) = ( ;’)p *g"*

Individual terms of the binomial distribution can be found in standard mathematical
tables.

The expected value of the mean E(X) and the variance o of the binomial
random variable X are given by the following expressions:

EX) = np
o’ = npg = p(1-p)

i

where # is the number of trials, p is the probability of success and g is the probability of
failure.
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The Multinomial Distribution

The binomial distribution was shown to represent repeated trials of an
experiment with two random variables, .X; and X, with probabilities p, = P(X| =x,) and
P, =P(X, =x,). Then, expression

» « X X X
@,+p) = Z(n]pl y2

0

represents the set of all the outcomes in # trials. If x, is a success, then x, must be a
failure. For  trials, it will be n, outcomes of type X, and n, outcomes of type X,.
Therefore, x, + x, = n.

Each element of the above sum is a binomial probability P(X, =x,, X, = x,), such
that

PX, =x,, X,=x)) = fix,x)) = *ELPIXIP;Z
x,ix)!

This approach can be generalized to experiments with m possible types of
outcomes. Let X, X, ..., X be the different types of outcomes of an experimental trial
and p, = P(X,=x)), p, = P(X, =x,), ..., p,, = P(X,, =x,) be the probabilities of these
outcomes where p, +p,+...+p_ = 1. If the experiment with m random variables is
repeated # times, then the total possible number of outcomes is represented by the sum

Id

(p[ +p, +...+pm)" = Z__'__’.__T
o minmt..n!

n! XX

xﬂl
P1 P2 Pm

where x, +x, +...+x, = n isthetotal number of outcomes. Each element of the above sum
is a multinomial probability P(X,=x,,X,=x,,...X, =x,) and X, X,, ..., X, are the
mudtinomial random variables. The joint distribution of these variables is called the
multinomial distribution. Thus, the following definition applies here:

* The multinomial probability P(X,=x,X, = x,,.., X =x,) is given by the expression

n % Xm
fxpxy,.0x,) = P Dy P

NNy, 0,
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n n!
Where = —‘ﬁ“——T .
RNyl nint.nt

As expected, the mean p and the variance ¢ of the multinomial distribution are
the same as in the binomial distribution, but defined over each of the X; random variables,
that is

v, = np,
i np,’(l “p,') = u,(l _pi)

Q
()
i1

where » is the number of trials and p, is the probability of the outcome X,

The Geometric Distribution

The binomial probability P(X = x) was shown to be

P(X=x) = (:)p g

which is the probability of x successes in » trials of the experiment, where p is the
probability of a success and ¢ the probability of a failure. If the binomial experiment is
performed # times, until the first success occurs, then the above formula becomes

P(X=1) = ( 'lq)pq"“ =pg""

Note that the random variable X becomes now the number of trials required for
the first success to occur and not the number of successes. Then, the random variable X
is said to have a geometric distribution and can be any positive integer value. The
geometric probability function takes the following form and definition:

* The geometric probability P(X=x) of having a success in x trials is given by
the expression fix) = pg*'

Since the random variable X is any positive integer, the sample space is infinite,
with range S_={x:xel'} where I' is the set of positive integers.
The cumulative geometric probability P(X>x) is the sum
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n n
Fx) = Y. pg*! = py_ q*!
[} 0
=p(l+g+q°+..+q"

:p(l‘q):l_qn
I -q

Note that this sum is a geometric series, which gives the name to the geometric
distribution. Note also that

lim (1 -¢™ =1

R~ oo

The expected number of trials for the first success and the variance for the
geometric distribution are the following expressions:

[ ]
!
SHPRAE

where p and g are the probabilities of success and of failure.

The Poisson Distribution

For experiments with probabilities p for success and g = 1 - p for failure, the
sample size is often too large or undefined and the probability of success is very small. In
such situations, applying the binomial distribution may not be convenient or even feasible.
To avoid these problems, an approximation to the binomial distribution, called the
Poisson distribution, has been developed. The Poisson distribution can be used whenever
n is too large and p is too small and is defined as follows:

« The Poisson probability P(X=x) of having a success x is given by the expression

X
fx) = Ee
x!
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where g = np > 0 is the mean.

The expected value of the mean for the Poisson distribution was already defined
as p = np where # is large and p is small. Since p is small, then g = 1 - p is approximately
equal to 1. The variance in the binomial distribution is 0° = npq. Since g is approximately
1, then npq is approximately equal to np and the variance in the Poisson distribution
becomes equal to np, which is also the mean y. Thus

=
1

np
o° = np

%3

A classical example of a Poisson distribution is the radioactive decay. Given the
following definitions

n the number of radioactive atoms

p the small probability of decaying during a 1-second period
it = np the expected number of decays per second

t the time in seconds

then the probability distribution is

flx) = L g
x!

where pt is the expected number of decays in ¢ seconds.

The Normal Curve
The normal distribution may be defined as an approximation to the binomial
distribution. As the number n oftrials increases, the area under the histograms approaches

the area under a bell shaped curve. Then, if p is success and ¢ is failure, as » increases,
the binomial probability function

fnxp) = (z}p gt

approaches the density function
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Ax) = 1 1 e ~(x-np)*/2npq

Vrpq \/2m

called the normal density function.
Note that npq is the variance o and np is the mean p. Then, the following
definition applies:

* The random variable X is said to be normally distributed on the range —oo<x <oo,

if its density function is fx) = b w2 where u is the mean and o®
oy2m
is the standard deviation

The graph of the normal curve is shown in Fig. E1. Note that the mean x = p is
the center of symmetry of the curve and that the inflection points occur at x = p - o and
atl=p+o.

£x)
04r 1/ov2n
03}
- Inflectiol
021 % Points 1/aV27e
01]
0 . i t R
-6 p pto X
Figure E1

The random variable X has the following distribution function:

Flx) = P(X<x) = L fx VW2 g
oy2m 7

Of particular importance is the normal curve with ¢ = 1 and p = 0, called
standard normal distribution or unit normal distribution function. By defining a random
variable Z, such that z = (x - p)/o, the normal density function is simplified to the
following definition:
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* Given the random variable Z, the standard normal density function is determined by
the expression f{z) = L e
Vi

By avoiding the parameters u and o, the mathematical manipulation of the normal
distribution function is made more practical. Tables for the standardized random variable
Z are available.

The random variable Z has the following standard distribution function:

Fz) = PX<p+0z) = P(Z<z) = 1 fze—sz/zds
21 Y

where s = (y - u)/o. This means that, if the random variable Z has a standard normal
distribution, then X = u + 0 Z isnormally distributed with mean p and variance 0> Thus,
tables of probability values of the standard density and distribution functions can be used
to obtain probabilities for normal random variables with any mean p and variance o>

Confidence Intervals

In statistical analysis, measuring the deviation of an outcome from the expected
mean as standard deviation units, is often convenient. If the variable is the sample mean,
it is possible to define a random variable "T", such that

Sz

t = XK

Note that "t" is the deviation of the sample mean from that of the population mean,
measured as standard error units for » observations. The sampling distribution of the
random variable "T" is known as Student’s ™" distribution. Like the normal, the "t"
distribution is symmetrical about the mean. In large samples it is essentially normal, with
p = 0and o = 1. However, for samples of less than 30 the difference becomes evident, the
“t" distribution being more peaking at the center than the normal. Note also that p is
seldom known. Without knowing p, "t" cannot be calculated, but tables of the "t"
distribution for the required degrees of freedom are available. Thus, the actual "t" is
expected to lie between the negative and the positive tails of the "t" distribution. For

example, if the value tO 05 is chosen, then
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x-p
“thos € = < fops
Sz

Upon rearranging, the above expression becomes

X -tyosSp S U S XA t) 0555

that is, the probability that the above interval will include p is 0.95 .
A major application of this analysis is determining the sample size of an
experiment. If "t" is redefined, such that

x-p _ d

shfn  si\n

where d is the least significant difference that the experiment is expected to detect. Then

where s is the sample standard deviation, "t" is a tabulated value and # is the sample size.
Note that, as a starting value, "t" is not known. Thus, it takes some manipulation to
converge to the value n of the sample size.
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MOST FREQUENTLY USED
STATISTICAL FORMULAS

« Random variable: X = {(e, x); e GS}
» Discrete probability function: f = {(x, P(X =x)); x€S r}
* Discrete distribution function: F' = {(x, P(X=x)); xeSr}
« Continuous distribution function: F' = {(x, P(X <x)); - <x<oo}
* Density function: f{x) = —;; Fx)
* Expected value: E(X) = p = E x ﬂx)
* Variance: 02 Z (x,- u)zf(x) 2; (x, - u)zri = %il (x; - p)?, where n
ni= J=
is the number of cases
* Standard deviation: 0 = \/—(;5
* Standard error: 0, = o/yn
* Sample mean: X = (X, +X, +...+X )0 = (X, r +X, 1, +...+X, 1, )/n .
« Sample variance: §° = Z (x -x)* = ———1—— i (sz) 1 z": xj) }
-1{in n\ j-1
* Sample standard deviation: 5§ = \/EE

* Sample standard error: s = S/\/I_’l

* Coefficient of Variation: C = (s/Xx)100
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e The y ? distribution test for £ expected and O observed values:
2
) (O-E)
Z - Z E
, _ d
» Comparison between two means, paired observations: = —

Sg

%-%

» Comparison between two means, not paired observations: ¢ = > >
\/s, In + s, /n,

2w

¢ The regression coefficient: b = .
D x

* The multiple regression coefficient: b = Z ¢, Z X,y , where

2 —

an X+ C.zz XXy .ot c;,,.E, xx =10,..0
2 —

‘7212 XX F szz Xt cz,,,E  x,x =0,1,...0

C,,,IZ X, X + cmzz X, X, 4.4 cmmz x2 =00,..,1
* Sum of squares due to regression: Z y= Z bjz x,y

* Sum of squares not due to regression: Z d’ = Z y2 - fz

» Mean square deviation from regression for p independent variables:

2
2, -v4
Y12..p n-p

* Sample standard deviation of a regression coefficient: s, = §;,, ,4/C;

. -b
« Comparison between a regression coefficient and hypothetical value b, : t = ——
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» Comparison between a regression coefficient of two different treatments:
b - bj

f= o t—
2 2
2.5+,

25

* Coefficient of determination: R? = Z 3
Yy

p(- R

» Coefficient of determination adjusted for sample size: R> = R* - o
n-p-

» Coefficient of determination when a new independent variable is entered in the equation:

R

2 2
change — R - Rj
where R}- is the coefficient of determination when all independent variables except the

Jth are in the equation

= Comparison between two coefficients of determination:
Rczan e(n~ p_ 1)
F;}umge = s 2
q(1- R%)
where ¢ is the number of variables entered at this step
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TABLE OF LAPLACE TRANSFORMS

Definition of the Laplace Transform
L[ f(t)] = F(s) = j: e f(t)dt

Selected Properties of the Laplace Transform

F(s) S)

@ F(5) + ay F5(s) a f,(t)+ a,f,(t)
F(s/a) af(at)
aF (as) fla)

F(s+a) e f(1)

F(s-a) e” £ (1)
sF(s)~ f(0) f1(@®
s*F(s)~ sf(0)- £'(0) S @
s"F(s)= 5" f(0)- 5" f'(0)~--— £ (0) S
Fi(s) - (0

F"(s) £ f(2)

F"(s) D" f (@)




Table of Laplace Transforms

423
F(s)/s _[f(r)dr
F t
(S)G(S) Lf(f)g(t_ T)dl' —
[r@- gy
lim s(s) lim £ (£) = £(0%)
lim sF(s) lim £(¢) = f(w)
50 >
e "F(s) S-17)
Some Useful Laplace Transform Pairs
F{(s) flo 0
1 & (¢) unit impulse
e’ ™’ o (t - 1) delayed impulse
1 1(2) unit step
s
¢ unit ramp
s*
2 2
s
1 n-1
— n=123,.. d

]

(n-1)




424

Appendix G
1
;e‘” 1(t - 1) delayed step
1 e—at
s+a
1 1
b— = 1,2,3,.. n-1_-at
(s - a)" " (n—l)!(t ¢ )
1 1
~(1-e)
s(s+a) a
1
e‘at _ e~bt
(s+a)s+bd) b- ( )
1 _1_(1 be ™ X ae’b')
s(s+a)(s+b) ab\ b-a b-a
1 e et e
(s+a)s+b)s+0) | (b-a)c-a) (a-b)c-b) (a-c)b-o)
s 1 a 5(t)- e ™
s+a  s+a
1
L (ae at _ be—br)
(s+a)s+b) a-b
1 t 1
BE YIRS ~-—(1-e)
s(s+a) a a
1 Pt 1
[, PR o 1_. —at
S3(S+ a) 2a az * a3 ( € )
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1 1
s* - a? —2;(e“’+e )
s 1
- a? E(eat - e_m)
s -
> (1- ar)e ™
(s+a)
1 1
at ~at _
s(s2 - a2) % (e +te 2)
a sinat
s+ a’
S cos at
s* + a?
1 sinat - at cosat
(s2 + az) 24°
s tsinat
(s2 + az) 2a
s sinat + at cosat
(s; +a’ )2 2a
$* - > tcosat
(s2 +a’ )2
a e sinat
(s+b) +a?
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aQ e sinat
(s-8)+a®
- bt
s+a e cosat
2
(s+8)+d°
S+a e cosat
(s-b8)’ +a?
s )
— at smat
(Sz + az) cosat - 5
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TABLE OF Z TRANSFORMS

Definition of The Z Transform
2 f(n)]= F(2)= 2 f(mz"

Selected Properties of The Z Transform

FGz) An) n=1.2,..
a,F(z)+a,F(z) a fi(m+a,f,(n)
2F(2) - zf (0) f(n+ 1)
22 F(2) - 2°£(0) S(n+2)
2" F(2)- z" f(0)- 2" f(D)---—2zf (n- 1) f(n+ k)
z*F(2) Sf(n-k)
lim(1- z7)F(z) = F(o) AW
fim(1 - zYF(z) S (@)
F(2)F,(2) ° (&
Z[ fi(n- k)fz(i))z‘":
n=0\ k=0
D (}: fy(n- k)fl(z))z‘"
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Appendix H
F(z/a) a"f(n)
Some Useful Z Transform Pairs
F(z) fln) n=1.2,...
zn 1 at n, O elsewhere
z 1 unit step sequence
z-1
z n unit ramp sequence
(z- 1
z2(z+ 1) n?
(z-1y
Z e—an
z-¢e“
z" (n+ D(n+2)--(n+ k-1
z-D" (n- 1!
z a”
z-a
az na”
(z-a)
Zn

(n+ D(n+2)--(n+ k- I)a”

(n-1!




Table of Z Transforms 429
1 a"+(-a)
Z2 - a2 2(12
z a’ n 1
(z-a)z-1)? (a-12 1-a (-ay
1 Oforn=0
(z-a)(z-b) 1
.y (a”‘l - b"kl) for >0
i
s @)
(z-a)z-b) a-
z(1-a) 1-a"
(z-a)z-b)
zsina sinan
22 - 2zcosa+1
z(z - cosa) cosan
z2 - 2zcosa+1
z a” coszn
z+a
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THE DELTA FUNCTION

To define and understand the delta function, it is first necessary to define the unit step
Jfunction represented by the expression

1for¢>
1("’0):{1fort5tg

The unit impulse function or delta function & (?) is defined as follows:

1) -1z - At)}

lim
t)=
5( ) At 0F At

The mathematical interpretation is that of a function representing a spike whose ordinate
approaches infinity and the width of the independent variable approaches zero. The area
under the curve is equal to one, that is

[ sar=1

meaning that a unit of input is compressed to an infinitesimally small duration of time.
Note that the delta function has a value only at ¢ = 0. The following is the Laplace
transform of the delta function:

L[5 ()] = j: e S(t)de = 1

Then, L'[1]= 6(¢).
Expression &(¢~ r) is called a delayed impulse, such that

L'[5(t-1)= ™
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Discrete Systems, 5, 8
Discretization of continuous system, 337

E

Eigenvalues, 55

Elementary matrix operations, 389

Equations related to straight line, 359

Euler’s formula, 117

Evaluations of constant coefficients, 166

Expansion of determinants, 389
diagonal expansion, 391
elementary expansion, 390

Experimental hypothesis, 344

Experimental treatments, 369
capacity factor, 370
categories of treatments, 369
experimental design, 369
number of treatments, 370

Index

potential factor, 370

distribution of treatments, 384
related to initial states, 376
related to input variables , 370
related to system components, 379
values assigned to, 370

F

Factorial arrangement of treatments, 377

Field model, 1

Finite differences, 71

First order finite difference, 19

Fitting models to data,
continuous systems, 337
discrete systems, 287

Forced response, 23

Free response, 23

G

General method, nonlinear curve fitting, 143
Generation of equations, 359
Geometric analysis, 359
Geometric distribution, 413
cumulative geometric probability,
413
geometric distribution, 413
geometric probability, 413
mean, 414
random variable, 413
variance, 414

H

Homomorphic image, 1
Hypothesis on input-output relationships, 1
Identity matrix, 10

Inverting matrices, 48
augmented matrix, 48
invertible matrix is, 51
non singular, 51

Improper integrals, 400

Independent events, 406
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Initial conditions, 4, 6, 23

Initial parameter values, 160
graphic approach, 160, 163
for nonlinear regression, 149

Input trajectories, 6, 181

Interactive coupled systems, 15

Interactive coupling, 210, 211
compartmental analysis, 211
compartmental systems, 211
compartments, 211
non compartmental systems, 215
open system, 211

Invariant vectors, 56

Latent roots, 55
Laplace transform, 120
inverse Laplace operator, 120
inverse transform, 120
Laplace operator, 120
selected properties, 122
Least squares concept, 140
Linear combinations, 36
linearly dependent, 37
linearly independent, 37
Linear difference equation, 88
Linear differential equation, 100
Linear systems, 38
consistent, 40
homogeneous, 40
inconsistent, 40
multiple solutions systems, 51
nonhomogeneous, 40
non singular matrix, 51
single solution systems, 44
solution set, 38
system of linear equations, 38
system with infinite solutions, 39
trivial solution, 41
Logistic equation, 103

M

Manipulation of factorial arrangements, 381
rotatable central composite, 381
combination of factorials, 384
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modified rotatable central
composite, 382
Markov chains, 222
next state diagram , 224
probability matrix, 223
probability vectors, 223
transition matrix, 223
Markov processes, 222, 236
Mathematical models of experimental
hypotheses, 350
geometric interpretation, 353
selecting the model, 350
Matrix equation, 32
Matrix multiplication, 387
matrices conformable for
multiplication, 388
matrix multiplied by a vector, 387
product of two vectors, 387
properties, 388
Matrix addition, 386
Matrix inversion, 392
identity matrix, 392
invertible, 392
non singular, 392
properties of the inverse, 393
square matrix, 392
Modulation of the response curve, 374
Multidimensional linear models, 274
Multidimensional non compartmental
systems, 316
Multinomial distribution, 412
mean, 413
multinomial distribution, 412
multinomial probability, 412
multinomial random variables, 412
possible number of outcomes, 412
random variables, 412
types of outcomes, 412
variance, 413
Multiplication theorem of conditional
probability, 227
Mutually exclusive events, 403

N

Next state equation, 32
Next state function, 5, 187
Non compartmental systems, 16
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Nonlinear difference equation, 88
Nonlinear differential equation, 100
Non-Markov processes, 226
Nonlinear curve fitting, 140
Normal curve, 415
inflection points , 416
density function, 415
distribution function, 416
mean, 416
norma! density function, 416
random variable, 416
random variable Z, 417
standard deviation, 416
standard normal density function,
417
standard normal distribution, 416
unit normal distribution , 416
variance, 417
Normal linear equations, 141
Null hypothesis, 347
"t" test, 348
coefficients of the mathematical
model, 348
differences among component
systems, 348
Null matrix, 10
Number of data points, 374
Number of degrees of freedom, 371
Number of treatments, 374

0

Order and rank of a matrix, 41
Matrix dimension, 41
Rarnk, 42

Output function, 5, 193

Qutput port, 184

Qutput trajectories, 5, 185

Over parameterization, 149

Overflow convergence problems, 149

P

Parametric equations of the curve, 367
Partial derivatives, 396

Partial fraction expansion, 109

Partial fractions, 109

Index

Periodic functions, 366
Poisson distribution, 414
expected value of the mean, 415
mean, 414
Poisson probability, 414
probability of success , 414
sample size, 414
Polar coordinate system, 116
Polar coordinates, 117
amplitude, 117
frequency, 117
Polar form of complex numbers, 116
Portrait of a system, 2
Powers of a probability matrix, 230
Probability matrix, 32
Probability of events in a finite sample space,
401
elementary events, 401
event, 401
impossible event, 403
probability function, 402
probability space, 402
sample points, 401
sample space, 401

R

Radius of convergence, 132
Rank of a matrix, 43
Rational function, 109
Regular Markov processes, 241
steady state, 243
steady state matrix, 242
regular transition matrix, 241
Relationship between order and dimension,
259, 295
generalizing the model, 262, 299
one component system, 259, 295
two-component system, 260, 296
Response functions, 195
forced response, 195, 196
free response, 195
steady state, 197
steady state response, 196
total response, 196
transient response, 196, 197
Rotatability, 381
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S probability vectors, 223
Stochastic processes, 258
seiecung a mathematical model, 178 Stochastic systems, 13
Sequence, 66 Structural levels within the experiment, 379
Series, 66 Structure of systems, 15, 210
convergent, 66 Subscript notation, 74
divergent, 67 System analysis, 1
finite series, 66 System test plan, 1
infinite, 66 System variables, 179, 186
test-ratio method, 70 input, 3, 180
Single input linear models, 263 output, 4, 184
first order constant coefficients, 263 state, 3, 182
second order constant coefficients, time scale, 3, 7, 179
265
Single input non compartmental linear T
models, 300
first order constant coefficients, 300 "t" test, 21, 27
first order non homogeneous time Time scale of the system, 7
variant, 309 Transfer functions, 202, 203
forced response, 307 Transition table, 32
free response, 307 Transpose of a matrix, 389
second order constant coefficients, Treatment distribution, 374
306 Treatments related to,
second order homogeneous time input variables, 370
invariant, 309 initial states, 376
Solution of the system differential equations, structural components, 379
21
Solving linear equations using determinants, U
44
Solving linear systems, 44 Uncertainties of events, 13
multiple solutions systems, 51 Underflow convergence problems, 149
single solution systems, 44 Unit impulse function, 206, 430
Split-plot arrangement, 379 Unit step function, 430
Standard deviation from regression , 376
State equation, 10 \Y
State trajectories, 4, 183
State transition function, 4, 6, 187 Variability due to regression, 375
State transition matrix, 9 to deviations from regression, 375
Statement of the research problem, 1, 344 to mathematical models, 375
codomain, 344
domain, 344 Z
Steps in mathematical modeling, 358
Stochastic models, 34, 222, 252 Z Transform, 131
Markov processes, 222 inverse Z operator, 131
next state diagram, 224 selected Properties, 133

non-Markov processes, 226 Z operator, 131
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