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Preface

Standard advice for writing a preface tells the author to begin by answering the
question, “Why did you write this book?” The published answers almost always
include an explanation of how something is still missing in the already vast body of
existing literature, and how the book in question represents a valiant attempt to fill the
void at least partially.

This book is no exception. There still is a dearth of good collections of step-by-
step procedures, or recipes, for design and implementation of anything beyond just
the most elementary DSP procedures. This book is an attempt to fill this void—at least
partially. However, the tagline for this book is most definitely not meant to be, “Get
a result without really gaining much understanding along the way.” Here, the focus is
clearly on the recipes, but supporting explanations and mathematical material are also
provided. This supporting material is set off in such a way so that it is easily bypassed
if the reader so desires.

This book provides an opportunity to delve deeper into the nuances of certain in-
teresting topics within DSP. A good alternative title might be Exploring the Nooks and
Crannies of Digital Signal Processing. As with all books, every reader will not resonate
with every topic, but I'm confident that each reader will share an interest in a large sub-
set of the topics presented.

Note 1, Navigating the DSP Landscape, provides diagrams that map the relationships
among all the book’s various topics. One diagram is dedicated to processing techniques
that operate on real-valued digital signals to modify in some way the properties of those
signals while leaving their fundamental real-valued and digital natures intact. A sec-
ond diagram is dedicated to processing techniques that are concerned primarily with
conversion between real-valued digital signals and other entities such as analog signals,
complex-valued signals, and estimated spectra.

Many of the Notes include examples that demonstrate an actual application of the
technique being presented. Most sections use MATLAB tools for routine tasks such as
designing the digital filters that are used in the reference designs. When appropriate, the

Xi
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Preface

use of these tools is discussed in the text. The results provided in Note 66, Generating I and Q
Channels Digitally: Generalization of Rader’s Approach, were generated by a modified version of
the PracSim simulation package that is described in Simulating Wireless Communication Sys-
tems (Prentice Hall, 2004). However, the filter coefficients used in the simulation were generated
using MATLAB. The examples make heavy use of MATLAB as a convenience. However, it is not my
intent to make this a MATLAB “workbook” with projects and exercises that require the reader to
use MATLAB, because I want the book to remain useful and attractive to readers who do not have
access to MATLAB. The m-files for the MATLAB programs discussed in the book, as well as for
programs used to generate some of the illustrations, can be found at the websitewww.informit.
com/ph.

This book is not the best choice for a first book from which to learn DSP if you're start-
ing from scratch. For this task, I recommend Understanding Digital Signal Processing by Rich-
ard Lyons (Prentice Hall, 2004). This book is, however, a good N+1st book for anyone—from
novice to expert—with an interest in DSP. Its contents comprise an assortment of interesting
tidbits, unique insights, alternative viewpoints, and rarely published techniques. The following
are some examples.

o The set of five techniques for generating analytic signals presented in Notes 60 through 64 do
not appear together in any single text.

« The visualization techniques used in Note 22 probably are not discussed anywhere else, be-
cause I came up with them while writing this book. These techniques follow directly from
first principles, but I've never seen them explicitly presented elsewhere.

« Natural sampling, as discussed in Note 6, usually can be found only in older texts that cover
traditional (that is, analog) communication theory.

My overarching goal was to write an easy-to-read book loaded with easy-to-access informa-
tion and easy-to-use recipes. I hope I have succeeded.


www.informit.com/ph
www.informit.com/ph

About the Author

C. BRITTON RORABAUGH has a B.S. and M.S. in electrical engineering from
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Note 1

Navigating the DSP Landscape

D igital signal processing (DSP) is based on the
notions that an analog signal can be digi-
tized and that mathematical operations can effec-
tively take the place of (or even surpass) electronic
manipulations performed on the original analog
signal. In the earliest days of DSP, its applications
were limited to sonar and seismology because these
fields utilized low-bandwidth signals that could be
sampled at adequate rates using the available tech-
nology. As digital processing circuits and analog-
to-digital converters have become faster and faster,
the number of applications for DSP has exploded.

FIR Filters
optimal designs

N32-N34, N37

Real-
Valued
Digital
Signals

Decimation
to decrease
sample rate

N52 - N54
Interpolation

to increase
sample rate

N55 - N57

Hundreds of techniques (and variations thereof)
are used in DSP, and it can be difficult to see the big
picture—how all these various techniques relate to
each other and to a particular application at hand.
Rather than a comprehensive treatment of all the
possible topics within DSP, this book is an attempt
to document in-depth explorations of some of the
“nooks and crannies” in DSP that often are glossed
over in traditional texts. Figures 1.1 and 1.2 show
diagramatically the realtionships among the vari-
ous processing techniques explored in this book.
The topic areas are arbitrarily split into two groups

Window
Functions

N21 - N25

FIR Filters
designs based
on windows

N35, N36

z Transform

IIR Filters used in IIR
derived from - design &
analog designs analysis

N49 - N51

N44 - N48

Analog Filter
Designs

N38 - N43

Figure 1.1 Processing techniques that modify the properties of real-valued digital signals. The
numbers “Nnn” indicate the Notes in which each technique is discussed. Solid paths indicate “run-
time” data connections. Dashed paths indicate “design-time” connections.

1-1



1-2

for organizational purposes. Figure 1.1 shows those
techniques that are concerned primarily with op-
erating on real-valued digital signals to modify in
some way the properties of those signals while leav-
ing their fundamental real-valued and digital na-
tures intact. Given that complex-valued signals are
really just quadrature pairs of real-valued signals,

Natural Sampling
model for analog
signal commutation

N6

Sampling

Analog models for
Signals A/D conversion
N2 - N5, N58

Instantaneous

Real-

Sampling Valued
model for Digital
D/A conversion Signals

N7, N8

Generating

Complex &
Analytic Signals DFT
N60 - N66 N13 - N19

Complex-
Valued
Digital
Signals

Notes on Digital Signal Processing

most of these techniques are easily extended to cor-
responding complex cases. Figure 1.2 shows those
techniques that are concerned primarily with con-
version between real-valued digital signals and
other entities such as analog signals, complex-
valued signals, and spectrum estimates.

Parametric Modeling of
Discrete-Time Signals

N67 - N73

Window
Functions

N21 - N25

Improved
Estimate
of Signal’s
Spectrum

Periodogram
Techniques

N26 - N31

Parametric Modeling of
Discrete-Time Signals

N67 - N73

Figure 1.2 Processing techniques that convert real-valued digital signals to or from other things such as analog signals,
complex-valued digital signals, or spectral estimates. The numbers “Nnn” indicate the Notes in which each technique is
discussed. Solid paths indicate “run-time” data connections. Dashed paths indicate “design-time” connections.



Note 2

Overview of Sampling Techniques

This note discusses the difference between implicit and explicit sam-
pling. It introduces three different mathematical models of explicit
sampling techniques—ideal sampling, natural sampling, and in-
stantaneous sampling.

D igitization of an analog signal is the one pro-
cess above all others that makes DSP such
a useful technology. If it were limited to work-
ing with only those signals that orginate in digital
form, DSP would be just an academic curiosity.
Digitization actually comprises two distinct opera-
tions: sampling and quantization, which are usually
analyzed separately.

2.1 Implicit Sampling Techniques

In implicit sampling, a sample measurement is trig-
gered by the signal attaining some specified value
or crossing some specified threshold. Recording
the times at which zero-crossings occur in a bipolar
signal is an example of implict sampling.

x(t)

2.2  Explicit Sampling Techniques

Unlike implict sampling, in which samples are trig-
gered by some aspect of signal behavior, in explicit
sampling, signal values are measured at specified
times without regard to the signal’s behavior. Con-
sider the continuous-time sinusoidal signal and its
two-sided magnitude spectrum depicted in Figure
2.1. There are three explicit sampling techniques—
natural sampling, instantaneous sampling, and ideal
sampling—that can be used to sample such a signal.
The results produced by these techniques, and the
corresponding impacts on the signal’s spectrum are
compared in Key Concept 2.1.

Ideal Sampling

As depicted in Key Concept 2.1, zero-width sam-
ples take on instantaneous values of the analog
signal. Neglecting quantization and timing errors,
the sequence of values produced by an analog-to-
digital converter can be modeled as the output of

X(f)

Figure 2.1 Continuous-time sinusoid and its two-sided magnitude spectrum

2-1



an ideal sampling process. Ideal sampling
is discussed further in Note 3.

Natural Sampling

Nonzero-width samples have time-vary-
ing amplitudes that follow the contours of
the analog signal, as shown in Key Con-
cept 2.1. Commutator systems for time-
division multiplexing of telegraph signals,
first proposed in 1848, used an approxima-
tion to natural sampling. The sample pulses
were created by gating a signal with rotat-
ing mechanical contacts. This multiplex-
ing technique was subsequently applied to
telephone signals in 1891. It was the ap-
plication of natural sampling to telephony
that first led to consideration of just how
rapidly a continuous-time signal needed to
be sampled in order to preserve fidelity and
ensure the ability to reconstruct exactly the
original, unsampled signal. Natural sam-
pling is explored further in Note 6.

Instantaneous Sampling

In instantaneous sampling, nonzero-width
samples each have a constant amplitude
that corresponds to the instantaneous
value of the analog signal at the beginning
of the sample. The sample values are held
constant long enough to create flat-topped
sample pulses. The output of a digital-to-
analog converter (DAC) can be modeled
as the output of an instantaneous sampling
process, often as the limiting case in which
the sample width equals the sampling in-
terval. As discussed in Note 7, the results
of the instantaneous sampling model play
a key role in the specification of the analog
filter used to smooth the DAC output.

Notes on Digital Signal Processing

e )
Key Concept 2.1

Explicit Sampling Techniques

Ideal Sampling
Models the output of an A/D converter

Ll
I

Spectral images all scaled equally

f

Zero width samples take on
instantaneous values of
the analog signal.

Instantaneous Sampling

Models the output of a sample and hold amplifier,
zero order data hold, or D/A converter

el
BRI n\.1|'/|| H ‘ “illn TN [T

Spectral images, including baseband,

Non zero width samples, each with are distorted by (sin x)/x envelope.

amplitude held constant over the
width of the pulse

Natural Sampling
Models the output of an analog demultiplexer

Ll
I

Non zero width samples with
time varying amplitudes that
follow the contours of the
analog signal

nn“u”H‘ |H ‘

Spectral images, with each image
scaled by a factor that is constant
over the image but varies image
to image
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Note 3

Ideal Sampling

he concept of ideal sampling can be viewed as

the foundation upon which the rest of DSP is
built. The simplest way to view ideal sampling is
as a mapping process, such as the one depicted in
Figure 3.1, that “grabs” uniformly spaced instanta-
neous values of the continuous-time function, x(t),
and uses these values to construct the discrete-time
sequence, x[n]:

x[n] < x(nT) (3.1)

where 7 is the is the integer-valued sample index
and T is the real-valued sampling interval. In or-
der to depict ideal sampling in a block diagram,
some authors adopt the concept of an ideal sampler,
which is usually depicted as a time-driven switch,
as in Figure 3.2(a). Oppenheim and Schafer [1] in-
troduce a more elegant depiction in the form of an

ideal continuous-to-discrete (C/D) converter, as
shown in Figure 3.2(b).

Without some augmentation, the ideal sampler
and C/D converter concepts are both just notational
conveniences to indicate that “sampling happens
here” They don’t provide any mathematical basis for
the spectral images that are known to arise due to
sampling. It is possible to successfully practice DSP
at the journeyman level without this mathematical
basis, and many introductory texts simply present
the facts concerning spectral images and aliasing
without delving into the mathematics needed to
derive these facts. However, the mathematical back-
ground is useful for exploring advanced topics like
sampling jitter and nonuniform sampling.

The formal mathematical model for ideal sam-
pling is presented in Note 5. The important result

x(t) x[n]
x(2T) x[2]
|
i
i N U e L
T ——f .
Tor i 12 I‘ | ‘
]
|

x[13]

Figure 3.1 Ideal sampling viewed as a simple mapping from a continuous-time

function to a discrete-time sequence

x(t) x[n]

p(t)

xa(t)

b
Cc/D —»
x[n] x,(nT)
T

Figure 3.2 Block diagram representation of an ideal sampling
process: (a) ideal sampler, (b) ideal continuous-to-discrete

converter
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produced by this model shows that sampling in the
time domain can be expected to create periodic
images of the original signal’s spectrum in the fre-
quency domain. Physical measurements confirm
that creation of images predicted by the mathemat-
ical model does in fact occur in the real world.

Consider an arbitrary continuous-time signal,
x(t), having a spectrum that is bandlimited to the
frequency range, +f,, as shown in Figure 3.3. The
spectrum for the ideally sampled version of the sig-
nal will consist of copies or images of the spectrum
for x(t) periodically repeated along the frequency
axis with a center-to-center spacing that is equal to
the sampling rate, as shown in Figure 3.4. The im-
age corresponding to the original signal’s spectrum
is often called the baseband.

The sample signal’s spectrum can be expressed
in terms of the original signal’s spectrum, X(f), as

X(f) —% )y X(f——)
fi mfs

(3.2)

A few texts (such as [2]) redefine the sampling rela-
tion of Eq. (3.1) to be

x[n] < Tx(nT)
X(f)
-A

| j f
fu fu

Figure 3.3 Bandlimited spectrum of an
arbitrary analog signal

Notes on Digital Signal Processing

thereby causing Eq. (3.2) to become

X(H=3 X(f——)

m=—co

The creation of the images is the important idea—
the presence or absence of the 1/T scaling factor is
usually lost in the overall scaling strategy of most
real-world sampling implementations.

3.1 Aliasing

Figure 3.4 shows the case in which f, > 2f,.. The
original baseband spectrum and the images are all
distinct, and theoretically the original signal could
be recovered exactly via ideal lowpass filtering to
completely remove all of the images and leave the
undistorted baseband spectrum. The sampling the-
orem, presented in the next section, provides a for-
mal statement of this property, as well as a formula
for reconstructing the original signal from the ideal
samples.

In the case where f, < 2f,;, the spectral images
overlap, as shown in Figure 3.5. This overlap cre-
ates the condition known as aliasing. Components
in the original signal at frequencies greater than
fs/2 will appear at frequencies below f,/2 after the

Xs(F)
Baseband

/ [Images

A

T/\V\ /\‘
L
2f;

T T T
1 f, fy 0 lel\ l\

N fl \\ A
fo fu % £, fy f fy

Figure 3.4 Frequency relationships for sampling-induced
images when f; > 2f,

[ Images X

ohe=



Ideal Sampling

sampling is performed. As depicted in Figure 3.6,
the result is as though the portion of the spectrum
above f/2 folds over the line at f= f,/2 and adds
into the spectrum immediately below f,/2. Based
on this viewpoint, f,/2 is sometimes called the fold-
ing frequency.

Note 4 shows how the concept of ideal sampling is
applied to real-world signals in practical applications.

3-3

Xs(f)

/7
o e
7

Figure 3.5 Frequency relationships for sampling-induced
images when f; < 2f,

Aliased content adds to content

Similar aliasing originally present in frequency

occurs at the range (fs —f;) < f <(f5/2), raising

negative edge
of the baseband.

to here.

f=-fif2)

Image Baseband

the apparent spectrum level

Overlap from the lower skirt of
the image looks like the upper
skirt of the baseband spectrum
was folded back at f5/2.

Figure 3.6 Aliasing viewed as spectral folding at f = f,/2

mﬁ’-_ ===

References

1. A.V. Oppenheim and R. W. Schafer, Discrete-
Time Signal Processing, Prentice Hall, 1989.

2. R.A.Roberts and C.T. Mullis, Digital Signal
Processing, Addison-Wesley, 1987.




Note 4

Practical Application of Ideal Sampling

This note shows how theoretical results from Note 3 are used
to develop a practical sampling strategy that minimizes the
effects of aliasing.

In the discussions of aliasing in Note 3,
the frequency f, is portrayed as an abso-
lute upper frequency. Prior to sampling, the
signal of interest has zero spectral content
at frequencies greater than f,. Under these
conditions, sampling at rates greater than
2f, would result in no aliasing. However,
this ideal situation is impossible to achieve
in practical applications, where there will al-
ways be some aliasing. In many cases, even
to achieve extremely low levels of aliasing,
f,, would have to be set so high that, in most
cases, sampling at a rate of 2f, would be pro-
hibitively difficult and expensive. In practi-
cal situations, rather than trying to avoid all
aliasing, the design goal is to minimize the
effects of aliasing while recognizing that they
can not be completely eliminated.

Practical sampling is performed at a rate
greater than 2f,, where the signal of inter-
est is known to have negligible (rather than
zero) spectral content above some upper
frequency, f,,. The definition of “negligible”
varies based on the particular application.
In some cases, f,, might be set so restrictively
that less than 0.01 percent of the signal’s en-
ergy is at frequencies greater than f,,. In less
demanding applications in which the analog-
to-digital converter (ADC) cost may need to
be kept low, f,, may be set lower to allow up
to 5 percent of the signal’s energy to be at fre-
quencies greater than f,,.

In most applications, the signal is passed
through an anti-aliasing filter prior to being
digitized. The purpose of that filter is to ensure

4-1

-
Key Concept 4.1

Aliasing

The sampling process creates periodic images of the origi-
nal signal’s spectrum in the frequency domain. Overlap
between these images creates a condition called aliasing,
in which components in the original signal at frequencies

greater than half the sampling rate will appear, or alias, at
frequencies below half the sampling rate in the spectrum of
the sampled signal.

Spectrum of
analog signal

Spectrum of
sampled signal

fu iy
/ Baset:% Images

|

! [
Overlap _/ ! |\
creates H_) Baseband and

first image cross
at half the
sampling frequency.

aliasing.
Center-to-center spacing
of images equals the
sampling frequency.

In practical systems, a lowpass anti-aliasing filter is typically
used prior to the sampling operation in order to attenuate
components at frequencies greater than half the sampling
rate and thereby minimize the effects of aliasing.




Practical Application of Ideal Sampling 4-2

Design Strategy 4.1
Setting the Anti-Aliasing Filter Specification

For the anti-aliasing filter, the designer’s challenge is to strike a good compromise between sampling

rate and filter complexity.
- Select a maximum passband
ripple level that is consistent
with the intended application.

Select an ADC sample
rate that is at least
twice the stopband
edge frequency, £,

Select a stopband
attenuation that is
sufficlent to drive the
aliasing down to a
level that is acceptable
for the intended
Lapplication. )

Select a passband edge
frequency that is:

(1) high enough to pass
the signal of interest with

(2) low enough to reject

interfering signals and
noise that lie outside the

|

|

|

|

|

|

minimal distortion, and >:
|

|

|

desired signal's bandwidth. | |
-/

[

wide enough to permit an

/\/ f The transition band should be

that achieves the required

efficient filter implementation
1 level of stopband attenuation.

that aliasing is held to tolerably low levels. A
value for f,, can be chosen based on the prop-
erties of the signal of interest and the require-
ments of the application, but in real-world
situations, it is generally not possible to guar-
antee that the chosen value for f,, bounds the
frequency extent of the actual signal that is
presented to the ADC. There are several rea-
sons why this is so:

« The signal of interest may be contaminat-
ed with wideband additive noise.

« The signal of interest may be contami-
nated with an unanticipated interfering
signal having a bandwidth that extends
beyond f,,.

o The signal of interest may contain spuri-
ous self-interference caused by nonlinear
processing in a mixer or a saturated am-
plifier prior to sampling. Because nonlin-
ear processing creates components at new
frequencies, some of this self-interference
may occur at frequencies above f,,.

The selection of the sampling rate, f,, and
the design of the anti-aliasing filter are co-
ordinated, observing the guidelines called
out in Design Strategy 4.1, so that the filter
produces minimal attenuation or distortion
for frequencies below f,,, but provides severe
attenuation for all frequencies above f/2.
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Note 5

Delta Functions and the
Sampling Theorem

5-1

hen ideal sampling is viewed as a di-

rect mapping process, as it is in Note
3, the creation of spectral images is simply
stated as a fact and accepted without mathe-
matical justification. To generate mathemati-
cal support for the existence of these images,
a more complicated mathematical model of
the sampling process must be adopted. In ad-
dition to correctly predicting the appearance
of spectral images, such a model can also
be used to derive the discrete-time Fourier
transform (DTFT) and the discrete Fourier
transform (DFT) from the “usual” contin-
uous-time Fourier transform (CTFT). (See
Math Boxes 12.1 and 13.2.)

If the result of ideal sampling is considered
in the continuous-time domain, each sample
exists for a single instant on the continuous-
time axis, and the value of the sampled wave-
form is zero between sample instants. This
differs from the approach corresponding to
Eq. (3.1) in Note 3 in which the result of ideal
sampling is viewed in the discrete-time do-
main where the result is defined only at the
sample instants—between samples the result
is not zero, it is simply not defined at all.

An ideal sampling process that produces
a continuous-time result can be constructed
using a generalized function: The impulse is
sometimes called the delta function (due to
its usual notation) or the Dirac delta func-
tion, in honor of the English physicist Paul
Dirac (1902-1984), who made extensive use
of impulse functions in his work on quantum
mechanics.

Math Box 5.1

Sampling Theorem

If the spectrum, X(f ), of a function, x(t), van-
ishes beyond an upper frequency of f,, Hz,
then x(¢) can be completely determined by its
values at uniform intervals of less than 1/(2f, ).

Reconstruction Formula

If a function is sampled at a rate, f;=T ", that
satisfies the sampling theorem, the original
function, x(t), can be reconstructed from the
samples as

5.1 Dirac Delta Function

As far as mathematicians are concerned,
the Dirac delta function is not a function in
the usual sense, and its use in engineering is
sometimes controversial. Nevertheless, the
delta function provides a convenient way to
relate the spectra of ideal sampling, natural
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sampling, and instantaneous sampling that
are discussed in Notes 3, 6, and 7.

A number of nonrigorous approaches for
defining the impulse function can be found
throughout the literature. A unit impulse can
be described loosely as having zero width
and an infinite amplitude at the origin such
that the total area under the impulse is equal
to unity.

The impulse function is usually denoted
as §(t) and is depicted as a vertical arrow at
the origin. The rigorous definition of &(¢),
introduced in 1950 by Laurent Schwartz
[1], rejects the notion that the impulse is
an ordinary function and instead defines
it as a distribution. The rigorous definition
notwithstanding, most engineers are more
comfortable defining the impulse in an op-
erational sense. Specifically, §(t) is taken as
that function which exhibits the so-called

sifting property:

(5.1)

[ ft)de = f(0)

It has been shown [2] that the impulse func-
tion exhibits the properties listed in Math
Box 5.2.

5.2 Comb

In DSP, the delta function is most often en-
countered in the form of an infinite periodic
sequence of impulses:

> 8(t—kT) (5.2)
k=—oco
The DSP literature is about evenly split be-
tween two different names and notations for
the function represented by Eq. (5.2). Many
texts refer to this function as a Dirac comb
and use the notation §,(f)—or sometimes

Math Box 5.2
Properties of the
Dirac Delta Function
[8dt=1 MB52)
[ 8—t)f(t)de=ft,) MB5.3)
1
d(at)=—=6 (1) (MB5.4)
o
O(t—t,) f(t)=8(t—1,) f(¢,) (MB 5.5)
o) <—FT—> 1 (MB 5.6)

A, (t)—to indicate an impulse sequence
having a period of T seconds:

8:(t) Y 8(t—kT) (5.3)
k=—oco
Other texts refer to this function as the shah
function and denote it using the Cyrillic letter
shah, which somewhat resembles the graph
of the function

m(t) Y S(t—kT) (54)

k=—oo

5-2
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5.3 Sampling Model

A sequence of samples can be modeled as
the result of multiplying the original signal
and a comb of Dirac impulses:

x,(t) = x,(£)6,.(t)

where

5:t) 3 8(t—nT)

Figure 5.1 shows a C/D converter that has
been modified to include a representation of
this multiplication.

As indicated by Eqs. (MB5.10) and
(MB5.11), the Fourier transform of a Dirac
comb with a spacing of T in time is a second
Dirac comb with a spacing in frequency of
T "' Hz, or 21/ T radians per second:

F{6:(t)}=1.6,.(f) (5.5)
=6, (0) '

where

5.() Y 8(f-mf)

i o(w—mw,)

m=—oo

0, (@)

Multiplication in time corresponds to
convolution in frequency, so the spectrum of
the sampled signal can be obtained by con-
volving the original signal’s spectrum with
the right-hand sides of Eq. (5.5):

XN =X £.8.(N)]

1
X,(0)= E(X(w)-[ws 5, (®)])

Finally, exploiting the shifting property of
the delta function yields

X() S 3 X )

X (w)

25(0) ma,)

m——oo

Notes on Digital Signal Processing

Math Box 5.3

Properties of the Dirac Comb

5,(t)x(t)= S x(kt)S(t—kT)

P (MB5.7)
O () ®x(t)= ]g;x(f —kT) (MB5.8)
S.( Iz; exp(j2rnt / T) (MB5.9)
5.(t) E,lkz_;&[ ) (MB5.10)

5.(t) >

q‘w

i (w k—) (MB5.11)

C/D converter

Convert from
a weighted
impulse train

—— e ———

]

| in continuous

| time to a |
: discrete-time |
: Dirac comb sequence. :
H&t) 3 6t-nT) :
I i |
| |
[, { _________________ |

T

Figure 5.1 Continuous-to-discrete converter with two
separate processing steps

x[n]
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Historical Note 5.1

Development of the
Sampling Theorem

The early history of sampling theory is de-
tailed in a 1999 article by Liike [3]. It was the
application of multiplexing in telephony that
first led to consideration of just how rapidly
a continuous-time signal needed to be sam-
pled in order to preserve fidelity and ensure
the ability to reconstruct exactly the original
unsampled signal.

The early practitioners in telephony pub-
lished vague or incorrect statements regard-
ing the required minimum sampling rate for
a given signal. In some cases, a sample rate
was deemed adequate based on intelligibil-
ity of the reconstructed signal rather than on
the absolute accuracy of the reconstruction.

The result, now known as the uniform sam-
pling theorem or sometimes Shannon’s sam-
pling theorem, was independently formulated
and published by H. Nyquist in 1928 [4], V. A.
Kotelnikov in 1933 [6], and by H. Raabe in
1939 [7]. Raabe’s work was cited by Bennett in
1941 [8], and Bennett was subsequently cited
by Shannon in 1949 [5].

Shannon makes no claim to discovering the
sampling theorem, having written that the
sampling theorem result “is a fact which is
common knowledge in the communications
art” Shannon’s name is associated with the
sampling theorem because he published the
first proof of the theorem in English, and he
was the first to publicize the theorem widely
within the communications engineering
community.

-~
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Note 6

Natural Sampling

In natural sampling, an analog signal is gated in
such a way that the resulting signal consists of
pulses with time-varying amplitudes that follow
the contours of the original waveform as shown in
Figure 6.1. In this example, the original signal is a
sinusoid with a period of T,, and the sampled sig-
nal has a sampling interval of T, and a sample width
of t. Natural sampling is mathematically equivalent
to multiplying the original signal with a train of
unit-amplitude rectangular sampling pulses. There-
fore, the spectrum of a naturally sampled signal can
be determined by convolving the original signals
spectrum with the spectrum of the train of sam-
pling pulses.

Figure 6.2 summarizes the relationships be-
tween the original signal (labeled T4), the naturally
sampled signal (labeled T5), and the corresponding
spectra (labeled F4 and Fs, respectively). The train
of sampling pulses (labeled T3) can be generated by
convolving a single pulse of width 7 (labeled T1) with
a Dirac comb having impulses spaced at intervals of
T (labeled T2). The resulting pulse train has a magni-
tude spectrum like the one shown in Figure 6.3.

—
a
X
=

\i
t__
r____-‘

\J

Figure 6.1 In natural samping, the amplitudes of the sample
pulses follow the varying amplitudes of the original function.
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-
At a Glance

o Natural sampling is a mathematical model that
can be used to analyze the impacts of analog mul-
tiplexing and signal commutation and decommu-
tation.

o In natural sampling, the samples have nonzero
width and the amplitude of the sample varies
across the width of the sample to match the am-
plitude of the analog signal.

« In the magnitude spectrum of a naturally sam-
pled signal, each image is scaled by a factor that
is constant over the image but that varies from
image to image according to the magnitude of a
sinc envelope.

L
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Time I Frequency

Rectangular pulse n

CTFT

]

Domain I Domain

F1

( Spectrum of pulse

1, <<
p(t) { i 2

0, otherwise
T2

Dirac comb

st)= 3 8¢t nT) [corer

CTFT

Rectangular pulse train

»
»

kP(f) tsinc, (f1)

F2

Spectrum of Dirac comb

Ap(t)=T 1! i 6(f mT 1)

F3
Spectrum of pulse train
P(F)Ar(f)

Spectrum of original signal
X(f)
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x(t)

)

Time Frequency
Domain Domain
T5 F5
[Naturally sampled signal CTFT Spectrum of naturally sampled signal
& (sin(zmf,)
X=X |2 s IX(F  mf,
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Figure 6.2 Natural sampling is mathematically equivalent to multiplying the original spectrum with a train of rectangular
sampling pulses. Therefore, the spectrum of a naturally sampled signal can be determined by convolving the original
signal’s spectrum with the spectrum of the train of sampling pulses. (The multiply operation that creates spectrum E3
is not mathematically rigorous, but it is consistent with typical engineering use of Dirac delta functions as discussed in
Note 5. “CTFT” indicates the continuous-time Fourier transform.)
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Figure 6.3 Magnitude spectrum of rectangular pulse train (corresponds to block £3
in Figure 6.2)
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6-3 Notes on Digital Signal Processing

The magnitude spectrum for a naturally sam- corresponding to the center of the image. In other
pled sinusoid is shown in Figure 6.4. The spacing words, the image centered at f=nf, is scaled by
of the images is equal to the reciprocal of the sam- 7T7"|sinc,( nf,7)|. This factor changes from image to
pling interval, and each image is amplitude scaled image, but remains constant across the width of each
by the value of 7T'|sinc,(fr)| at the frequency image.

£=0
B e
|smc (fr) . N
IIIH 1IHH | ‘II SN
T 1k ! :
TP e 71
- f, T

Figure 6.4 Magnitude spectrum of naturally sampled sinusoid (corresponds to block k5
in Figure 6.2)
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Note 7

Instantaneous Sampling

n instantaneous sampling, the value of the ana-

log signal is captured at the sampling instant and
held constant for the duration of the sample pulse,
as shown in Figure 7.1. Instantaneous sampling is
sometimes called “flat-topped” sampling or zero-
order-data-hold sampling.

Instantaneous sampling is mathematically
equivalent to convolving a single rectangular sam-
pling pulse with an ideally sampled version of the
original signal. Therefore, the spectrum of an in-
stantaneously sampled signal can be determined by
multiplying the ideally sampled signal’s spectrum
with the spectrum of a single sample pulse.

Figure 7.2 summarizes the relationships between
the original signal (labeled T2), the instantaneously
sampled signal (labeled T5) and the corresponding
spectra (labeled F2 and 5 respectively). A single
pulse, p(t), (labeled T4 in the figure) defined by

pe)=4 b It <<

0, otherwise
has the Fourier transform, P(f), (labled F4) given by

P(f) tsinc,(fT1)

Il
B3l

T >,

Figure 7.1 In instantaneous sampling, the amplitude
of each sample remains constant over its width.

P
At a Glance

o Instantaneous sampling (also known as zero-
order-data-hold (ZODH) sampling) is a math-
ematical model that can be used to analyze the
impact on signal quality of digital-to-analog con-
version, as shown in Note 8.

o In instantaneous sampling, the samples have
nonzero width and the amplitude of the sample
remains constant across the width but varies
from sample to sample to match the amplitude of
the analog signal at each sample’s starting instant.

+ In the magnitude spectrum of an instantaneous-
ly sampled signal, all spectral components are
scaled by the magnitude of a sinc envelope. Be-
cause the scaling varies across the width of each
spectral image, the signal is distorted.

’”’”“"\\'«I”I\/H”H :

||\I|x ETRINTET

7-1



7-2 Notes on Digital Signal Processing

The magnitude spectrum of an ideally sampled IX(F)
sinusoid is shown in Figure 7.3. Multiplying this
spectrum (3 in Figure 7.2) by P( f) yields the re-
sult shown in Figure 7.4. The scaling factor does
not remain constant across each image, as it does in
the spectrum for natural sampling. If the spectrum ;
of the original spectrum is represented as X( f), | | I | :
-1
then the spectrum of the corresponding instanta- e T _’:"‘_J e 7
neously sampled signal is given b b °
y samp & g Y AR
7 (sin(7f7) ) < 0
Xs(f):[jm(f)J 3 (f—nT 1) . . e
T\=nfr )&, Figure 7.3 Magnitude spectrum of ideally sampled sinusoid
(corresponds to block £3 in Figure 7.2).
Time I Frequency

T1 Domain I Domain F1

Dirac comb Spectrum of Dirac comb

’k Al TS s mr )

CTFT |

s.(t) S 8¢ nT)

Original signal
x(t)

F2

Spectrum of
original signal

X(f)

T3

(Ideally sampled signal

Spectrum of ideally sampled signal

X(f) T?! i X(F mT 1)

m=

T4 Rectangular pulse

T

1, t| <=

p(t) i 2
0, otherwise

Spectrum of pulse

P(F) tsinc,(fr)

Time Frequency
Domain Domain
T5 F5
CTFT Spectrum of instantaneously
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| X.(F) %[Smn(;’fr)] S X(F-mT 1)

Figure 7.2 Instantaneous sampling is mathematically equivalent to convolving a single rectangular sam-
pling pulse with an ideally sampled version of the original signal. Therefore, the spectrum of an instanta-
neously sampled signal can be determined by multiplying the ideally sampled signal’s spectrum with the
spectrum of a single sample pulse. (“CTFT” indicates the continuous-time Fourier transform.)
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Instantaneous Sampling

4 N Each component is gain scaled
by the sinc envelope.
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Figure 7.4 Magnitude spectrum of instantaneously sampled sinusoid (corresponds to block 5 in Figure 7.2)
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Note 8

Reconstructing Physical Signals

8-1

-
The Basic Idea

An analog signal is typically reconstructed from a discrete-time signal using a
digital-to-analog converter (DAC) followed by a reconstruction filter.

Digital Analog
samples Digital-to- Reconstruction output
—»| analog > >

filter
converter

Baseband
Imagesx \ [ Images

The spectrum of the DAC output signal is distorted by a sinc envelope, with the nulls
of the sinc envelope falling in the center of each image other than the baseband.

Images are
severely distorted
by sinc envelope.

Spectrum of
digital signal
i f
—T71 0 T71

Higher frequencies

in baseband image Spectrum of

are attenuated by DAC output

sinc envelope. signal

sinc envelope
e P

-21! -T! 0

T1 211

The reconstruction filter must remove the images and correct for the sinc distor-
tion in the baseband. The close spacing between the baseband and the adjacent
images can make the design of this filter relatively difficult.




he mathematical signal reconstruction tech-

niques presented in Note 5 do have practical
uses, but these techniques are not really suited for
converting a sequence of digital signal values back
into a continuously time-varying voltage that can
be used to drive a speaker or a pair of headphones.
Reconstruction of a physical analog signal is usually
accomplished using a digital-to-analog converter
(DAC). The input to the DAC is a sequence of digi-
tal words, and the output is a time-varying voltage
that is proportional to the sequence of values rep-
resented by the input words. Each output voltage is
held constant until the input value changes.

The output of the DAC can be viewed as a special
case of the instantaneously sampled signal described
in Note 7. In Note 7, each voltage pulse is depicted
as being significantly narrower than the sampling

digital stepped smooth

signal analog analog

values d'g':aallo'to' waveform analog signal

— convertger reconstruction |——»
(DAC) filter

Figure 8.1 Block diagram of the signal reconstruction process

interval. The DAC output is a special case in that the
DAC typically holds each output value for an entire
sampling interval, thereby generating a “stair-step”
signal, such as the one shown in Figure 8.2, in which
the sample width equals the sampling interval.

The spectrum of the DAC output contains im-
ages and is multiplied by a (sin x) /x envelope, as dis-
cussed in Note 7. However, the illustrations in Note
7 depict the case in which the sampling interval, T, is
several times larger than the sample width, 7. When
the sample width is equal or nearly equal to the sam-
pling interval, the distortion effects caused by the
(sin x) /x envelope are much more severe.

Assume that the ideally sampled signal inside
the processing computer has a simple trapezoi-
dal baseband spectrum, as depicted in Figure 8.3.
The corresponding DAC output has a spectrum,

|
|
|
[
Mol T

Figure 8.2 Output of DAC modeled as the limiting case of
instantaneous sampling

21! -T*

0

271

Figure 8.3 Idealized trapezoidal spectrum for a sampled signal, showing (a) the baseband
spectrum of the original signal, and (b) spectral images created by the sampling process
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as shown in Figure 8.4, with the main lobe of the
(sin x)/x envelope having a null-to-null width of
just twice the sampling rate. All of the images are
severely distorted by the side lobes. Because it oc-
cupies such a large portion of the main lobe, the
baseband component of the spectrum also experi-
ences distortion from the (sin x) /x envelope.

The reconstruction filter that follows the DAC
needs to have both a stopband response that se-
verely attenuates the spectral images and a pass-
band response that is designed to correct the
(sin x) /x distortion present on the baseband spec-
trum. When the sample rate equals exactly twice
the highest frequency component in the signals
original spectrum, the signal is said to be critically
sampled. When the signal is critically sampled, as
in the case depicted in Figure 8.4, the images are
close together, thus making it almost impossible to
design a filter that can both remove the images and
compensate for (sin x)/x distortion. Most filter de-
signs that can remove the images under these con-
ditions are likely to introduce phase distortion into
the baseband signal.

Design and implementation of the reconstruc-
tion filter can be made easier by modifying the DAC

Notes on Digital Signal Processing

output signal in a way that separates the spectral im-
ages, as shown in Figure 8.5. In many practical sys-
tems, the sample rate is already significantly higher
than twice the signal bandwidth, which causes the
images to be spread farther apart and simplifies the
filter design task. In other applications, such as au-
dio CD players, it is necessary to take explicit steps
to make the reconstruction problem easier to man-
age by increasing the Nyquist bandwidth (which is
equal to one-half the sample rate) without increas-
ing the utilized bandwidth, as shown in Figure 8.5.
Audio CD players use a sample rate of 44.1 kHz
to support a utilized bandwidth of about 20 kHz,
so there would be a gap of about 4 kHz between
images in the DAC output. Design of an acceptable
reconstruction filter is not impossible, and there
were many early CD players built that used direct
reconstruction of the 44.1 kHz sample stream.
However, CD players are consumer products, and
there is constant pressure to make them smaller,
lighter, cheaper, and better-sounding. Increasing
the CD sample rate would make it easier to build
cheaper reconstruction filters with good perfor-
mance, but an increased sample rate for the re-
corded signal would require more samples for each

-1

0

T71

Figure 8.4 Spectrum at output of DAC (solid trace). Shown for comparison are the
undistorted images of the trapezoidal spectrum (dashed trace) and sinc envelope

(dotted trace).
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second of audio, thus resulting in reduced playing
time for a disc having a given total bit capacity.
Most newer CD players advertise 4x, 8x, or
even 16x oversampling, but the increased sample
rate is not used for the recorded signal. Instead, the
digital signal is interpolated to create new sample
values in between the sample values that are actu-
ally read from the disc. This type of oversampling
does not increase the utilized bandwidth; that
is, it does not increase the bandwidth of the re-
corded signal or the reconstructed signal. What it
does do is increase the Nyquist bandwidth, which
moves the spectral images farther apart so that it
becomes relatively easy to design a reconstruction
filter that will reject all of the non-baseband im-
ages while simultaneously compensating for the
(sin x) /x distortion in the baseband spectral com-
ponent. As shown in Figure 8.5, this oversampling
will also have the effect of widening the main lobe
of the sinc function so that the utilized bandwidth
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coincides with a more central, flatter portion of the
main lobe, thus lessening the severity of the distor-
tion that the reconstruction filter must correct.

If oversampling is carried throughout the digi-
tal processing and if the utilized bandwidth has
not already been limited by this processing, then
it may be prudent to perform digital filtering to
limit the utilized bandwidth just prior to sending
the signal to the DAC. Because of the increased
Nyquist bandwidth (due to the higher sampling
rate), earlier processing may have inadvertantly in-
troduced components outside of the intended sig-
nal bandwidth and thereby increased the utilized
bandwidth, reducing the effectiveness of the over-
sampling strategy. On the other hand, if the over-
sampling is introduced by an interpolation process
just prior to sending the signal to the DAC, there
is no opportunity to inadvertently increase the uti-
lized bandwidth, and additional filtering would not
be necessary.

Utilized bandwidth

Y.

A

———
. ———-
. -

e —————

Nyquist bandwidth

Y

71 f%

f% -1

Figure 8.5 Spectrum at output of DAC with 2x oversampling



Note 9

Overview of Fourier Analysis

9-1

Fourier analysis is based on the notion
that signals can be represented and
analyzed as weighted sums of sinusoidal
components over a range of different fre-
quencies. The collection of amplitudes
and phases for the sinusoids needed to
completely represent the signal is usually
called the spectrum of the signal. Depend-
ing upon the nature of the signal being
analyzed, the spectrum can span either
a continuum of frequencies or a count-
able (but possibly infinite) set of discrete
frequencies.

9.1 Fourier Series

Periodic continuous-time signals have fi-
nite power (but infinite energy), and can
be analyzed using the Fourier series (FS)
defined by

X[n]= %Jx(t)exp(—jna)ot)dt

T
forn=0, +1, 2, +3,..., too

where w is the fundamental radian fre-
quency of x(t), T is the period of x(t), and
the single limit of T on the integral indi-
cates that the integration is performed over
one period of x(t).

The spectrum produced by the Fourier
series is a function of discrete frequency—
or in other words, the spectrum has non-
zero values only at discrete frequencies
that correspond to integer multiples (in-
cluding zero) of the periodic time signal’s
fundamental frequency. The Fourier series
is discussed in more detail in Note 10.

P
Major Categories of Fourier Analysis

Fourier Series
o Signal: periodic function of continuous
time

o Spectrum: nonperiodic function of
discrete frequency

e Detailed in Note 10

Fourier Transform

« Signal: nonperiodic function of continu-
ous time

o Spectrum: nonperiodic function of con-
tinuous frequency

e Detailed in Note 11

Discrete-Time Fourier Transform
o Signal: nonperiodic function of discrete
time

o Spectrum: represented as a periodic func-
tion of continuous frequency

e Detailed in Note 12

Discrete Fourier Transform

o Signal: periodic function of discrete time

o Spectrum: periodic function of discrete
frequency

 Detailed in Notes 13 through 16

Fast Fourier Transform

+ Collection of techniques for efficient
implementation of the discrete Fourier
transform

o Detailed in Notes 17 through 19




Overview of Fourier Analysis

9.2 Fourier Transform

Mathematically defined continuous time
signals having finite energy can be analyzed
using the Fourier transform (FT, or some-
times CTFT to emphasize the continuous-
time nature of the input) defined by

oo

X(@) = [ x(t)exp( jeot)dt

where w represents continuous radian fre-
quency. There are also some “special” signals
that have a Fourier transform even though
the signals do not have finite energy. The
spectrum produced by the Fourier trans-
form is a function of continuous frequency.
Details of the Fourier transform are dis-
cussed in Note 11.

9.3 Discrete-Time Fourier
Transform

Discrete-time signals that have finite en-
ergy can be analyzed using the discrete-time
Fourier transform (DTFT), defined by

oo

X(w)= 2 x[n]exp(—jonT)

The spectrum produced by the DTFT is a
function of continuous frequency and is peri-
odic, with a period equal to the reciprocal of
the time-domain sampling interval. If the dis-
crete-time signal is viewed as having been cre-
ated via sampling of a properly bandlimited
continuous-time signal, then one period of
the DTFT’s periodic spectrum can be inter-
preted as the spectrum of the original analog
signal. The DTFT is discussed in Note 12.

9.4 Discrete Fourier Transform

Periodic discrete-time signals have finite
power and are analyzed using the discrete
Fourier transform (DFT), defined by

X[m]= Ex[n]exp(—jZiranT)

n=0

The spectrum produced by the DFT is dis-
crete in frequency and periodic, with a
period equal to the reciprocal of the time-
domain sampling interval. Many practical
applications do not involve periodic discrete-
time signals—in such applications, a finite-
duration segment of the sampled signal is
assumed to represent exactly one period of
a periodic (and infinite duration) signal and
analyzed using the DFT. If the segment of the
discrete-time signal is obtained by sampling
a properly bandlimited analog signal, then
one period of the DFT’s periodic spectrum
can be interpreted as a frequency-sampled
estimate of the original analog signal’s spec-
trum. The DFT and its properties are dis-
cussed in Notes 13 through 16.

9.5 Fast Fourier Transforms

Direct computation of an N-sample DFT in-
volves a number of arithmetic operations that
is proportional to N? . There are a number of
different algorithms that exploit periodicities
in the sine and cosine functions to compute
the DFT using significantly fewer arithmetic
operations. These algorithms are collectively
referred to as the fast Fourier transform (FFT).
The most commonly used FFT algorithms
require a number of arithmetic operations
that is proportional to Nlog, N. Fast Fourier
transform algorithms are presented in Notes
17 through 19. Using FFT algorithms to per-
form fast convolution is discussed in Note 20.

9-2



Note 10

Fourier Series

he Fourier series forms a mathematical

link between periodic continuous-time
signals and their discrete-frequency spectra.
In many books and engineering courses, the
Fourier series is often introduced merely as
a stepping stone on the way to the Fourier
transform. However, within DSP, the Fourier
series plays an important role in the design
of finite-impulse-response (FIR) digital fil-
ters, which are discussed in Note 32.

10.1 Classical Form

The “classical” presentation of the Fourier
series (FS) is given in a form that emphasizes
that the time signal is being represented by a
weighted sum of discrete sinusoids:

x(1) =2+ [a, cos(nayt) + b, sin(n,)]
n=l (10.1)
where 5 T2
a=r | xat

=T/2

2 T/2
a, :? _[ x(t)cos(na,t)dt

=T/2

2 T/2
b, =? J x(t)sin(nawyt)dt

-T/2

T = period of x(t)

1
=cosh| —cos
p [N

Using a few trigonometric identities, the
ES can be put in the magnitude-and-phase
form given by

x(t)=c,+ ch cos(nawy,t —6,) (10.2)

n=1

where the ¢, and 0, can be obtained from a,,
and b, as

10.2 Modern Form

Mathematical manipulations are often made
more convenient if the FS is put into the ex-
ponential form given by

x(t)= Y Xinlexp(jamnf)  (103)

n=—oo

where

X[n] =+ [ x(t)exp(—j2mnfi, )dt (104)

1
T T

In general, the values of X[n] are complex,
and they are often displayed in the form of
a magnitude spectrum, |X[n]|, and a phase

spectrum, arg{X[#n]} given by

[X[| = (Re{X[n]})’ + (Im{X[n})’

L (Im{X[n]}
arg(X[n])=tan (Re{X[”]} J



Fourier Series

Notice that the spectra represented by Eqgs. (10.1)
and (10.2) are each “one-sided” in that their co-
efficients are only defined for values of n>0. The
spectrum represented by Eq. (10.4) is “two-sided”
in that X[n] is defined for all integer values of .
The two-sided spectrum of X[n] can be related to
the one-sided spectrum of (a,, b,) using

L

Gen T S0 jb., n<0

X[n]= a, n=0
2

10.3 Dirichlet Conditions

The Fourier series can be applied to most periodic
signals of practical interest. However, there are a
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few mathematical functions for which the series
will not converge. The FS coeflicients exist, and the
series will converge uniformly if x(f) satisfies the
following:

1. x(t) is a single-valued function.

2. x(t) has, at most, a finite number of discontinui-
ties within each period.

3. x(¢) has, at most, a finite number of extrema
within each period.

4. x(t) is absolutely integrable over a period:

_ﬂx(t)|dt <0

T

(105)

These conditions are known as the Dirichlet con-
ditions in honor of Peter Gustav Lejeune Dirichlet
(1805-1859), who first published them in 1828.

Table 10.1 Properties of the Fourier Series

Property Time Function Frequency Function
Homogeneity ax(t) aX[n]
Additivity x(£)+ y(t) X[n]+Y([n]
Linearity ax(t)+by(t) aX[n]+bY[n]
Multiplication x(£)y(t) z X[n—m]Y[m]
1 T
Convolution ?Jx(t -T)y(1)dr X([n]Y[n]
0
N —j2mnt
Time shifting x(t—7) exp T X[n]
o —j2rmt
Frequency shifting ~ exp —r x(t) X[n—m]




Note 11

Fourier Transform

Mathematically defined continuous-
time signals having finite energy can
be analyzed using the Fourier transform
(FT), defined in Math Box 11.1. The FT can
be expressed as a function of either cyclic
frequency, f, or radian frequency, w =2nf.
In some contexts, the Fourier transform is
referred to as the continuous-time Fourier
transform (CTFT) to emphasize the distinc-
tion between it and the discrete-time Fourier
transform that is presented in Note 12.

A number of frequently encountered Fou-
rier transform pairs are listed in Table 11.1,
and a number of useful FT properties are
listed in Table 11.2.

Math Box 11.1

Fourier Transform

oo

X(f)= fx(t)exP(—jMft)dt (MB11.1)

—oo

oo

X(@)= [ x(exp(-jot)dt  ms12)

Inverse Transform

x(t)= [ X(f)exp(jom fr)df

1= (MB11.3)
- j X(w)exp(jort)do
27 ©




Fourier Transform

Table 11.1 Fourier transform pairs

# x(f) X(f) X(w)
1. 1 o(f) 276 ()
1 1 1
2. Ml(t) %4‘56(]{) jia)‘*'ﬂ'(s (CO)
3. () 1 1
4. " IAWID 27§78 (e
(5£) 87 o)
5. sinot %[6(f+f0)—6(f—fo)] jr[d(w+w,)-6@-w,)]
1
6. cosat E[5(f+f0)+5(f—fo)] n[(0+w)+5@-,)]
7. e tun) : 1
e"u -
’ ' j2nf+a Jota
3 u(t)e"”sinwt 2”f0 #
: ‘ ’ (a+j2mf) +Qnf,) (a+ jo) +@
w a+j2nf a+jo
9. w(De cosat (a+j2mfy +Qnf,) (a+jo)f +@;
1 MS% . . o
10. { 0 otherwise sinc f smc(ﬁ)
1 oy Sinmt 1 |f]<s 1 |o|sz
: sme Tt 0 otherwise 0 otherwise
atexp(—at) t>0 a a
12. 0 otherwise (a+j2rf) (a+ joy
2a 2a
13. eXP(—a|t|) o +47l'2f2 @+ o’
1 t>0
14. signum¢ 0 t=0 .1 i
jrf jo

-1 t<0




Table 11.2 Fourier transform properties

Notes on Digital Signal Processing

#  Property Time function Transform
1. Homogeneity ax(t) aX(f)
2. Additivity x(t)+ y(t) X(NH+Y(f)
3. Linearity ax(t)+by(t) aX(f)+bY(f)
4. Time shifting x(t-1) e X(f)
5.  Frequency shifting exp(—j27 fot)x(t) X(f+f£,)
6. Multiplication x(£)y(t) [~ Xy (f-2)da
7. Convolution | nt-o)x(vdr H(f)X(f)
8. Sine modulation x(t)sin(27 fit) XS =)+ X(f+£)]
9. Cosine modulation x(t)cos(27 fot) X ==X+ £,)]
10. Time and frequency x( t ) 250 aX(af)
scaling a
11. Duality X(t) x(=f)
12.  Conjugation x*(t) X*(=f)
13.  Real part Re[ x(t) ] IxX(N)+X* ]
14. Imaginary part Im[ x(t)] HxH-x1=n]
15 Differentiation jt x(t) (j2m ) X(f)
16. Integration Lx(r)dr ]};(nf; + %X 0)5(f)




Note 12

The discrete-time ~ Fourier  transform
(DTFT) is the appropriate Fourier tech-
nique to use in order to obtain a continu-
ous-frequency spectrum for a signal that
is a function of discrete time. The continu-
ous-frequency spectrum obtained from the
DTFT is periodic, with a period equal to T,
where T is the discrete-time sampling inter-
val. The DTFT finds widespread use within
DSP, primarily because a digital filter’s unit
sample response and frequency response
comprise a DTFT pair.
The DTFT is defined by

)

X()= Y, xnle ™™ o

Nn=—oo

and the corresponding inverse is given by

1 % o
x[n]=— | X&) dw  (122)
2 3
where w is the continuous radian frequency
and T is the discrete-time sampling interval.
The z transform is defined in Note 44 as

oo

X(2)= z x[n]z™" (123)
If e/@T is substituted for z in this definition,
the result is identical to Eq. (12.1). This re-
sult indicates that the DTFT is equal to the
z transform of x[n] evaluated on the unit
circle in the z-plane.

Discrete-Time Fourier Transform

Math Box 12.1

Deriving the Discrete-Time
Fourier Transform

The delta function model of ideal sampling
can be used to derive the discrete-time Fou-
rier transform (DTFT) from the continuous-
time Fourier transform (CTFT). Begin with
the delta function model of ideal sampling
applied to the continuous-time function, x(¢):

x(O="3 x()8(t-nT)

n=—oo

=Y x(nT)6(t—nT)
The CTFT for the sum in the equation above
can be computed term by term. For any par-
ticular value of n, x(nT ) is a constant, so the
CTFT can be written as

oo

Fla )= (xt) F{5(t—nT)})

n=—oo

= 3 x(nT)8(t—nT)

n=—oo

Replacing x(nT') with the discrete-time se-
quence notation x[n] yields

oo

X (0)= 2 x[n]exp(—jonT)

n=—oo

which agrees with Eq. (12.1).
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Table 12.1 Discrete-time Fourier transform pairs

x[n]

DTFT

1

d[n]

uln]

exp( jw,n)

iZﬂﬁ(w+2ﬂk)

k=—oco

+ i o (w+2rk)

o
1-e J=—oo

S 218(0—, + 27K)

k=—oco

1

a'uln), |a|<1 1-aexp(-jo)
sinw.n 1, 0< ‘w‘ <.
nn 0, o<o|sm
l, -Ms<n<M sin[ 7 f (2M +1)]
Wealn] = . —_—
0, otherwise sin(7 f)
Table 12.2 Properties of the DTFT
Time
Property Sequence DTFT
x[n] X(eJ©)
yn) ¥(e J©)
Linearity ax[n] + by[n] ax(eJ9) 1 by (e J©)
Time shift x[n—-m] e‘f‘“”‘X(ejw)
Time reversal x[-n] X(e —j“’)
Frequency shift ej Dol (1] X(e j(w—wo))
Convolution x[n] ® yln] X(ejw)Y(ejw)
Differentiation . d jo
—X
of transform nx{n] de (e )




Note 13

Discrete Fourier Transform

he discrete Fourier transform (DFT)

is perhaps the single most important
mathematical tool in all of DSP. Unlike many
other Fourier analysis techniques that can
be applied only to signals that are expressed
in the form of mathematical functions, the
DFT can be implemented in practical sys-
tems to analyze sampled real-world signals
numerically. The DFT also plays a role in
certain types of filter design as well as in
the efficient implementation of filter banks,
transmultiplexers, and demodulators for
multi-frequency communication signals
such as orthogonal frequency division multi-
plexing (OFDM).

Direct computation of an N-point DFT
involves a number of arithmetic operations
that is proportional to N?. There are many
different algorithms that exploit periodic-
ity, symmetry, and phase relationships in
the sine and cosine functions to compute
the DFT using significantly fewer arithmetic
operations. These algorithms are collectively
referred to as the fast Fourier transform

L -----x
—mmm-eX
Semmmoex

X
|
|
1
|
|
1
|

L -—---x

P
Essential Facts

The DFT operates on an input record of
N samples. The spectral interpretation of
the DFT output assumes that the input
samples are uniformly spaced in the in-
put domain (usually time). If the input
samples are not uniformly spaced, the
conventional interpretation of the output
will be incorrect.

The mathematical derivation of the DFT is
based on an assumption that the N-sample
input record comprises exactly one period
taken from a periodic input signal.

The DFT produces an output record of
N samples that are uniformly spaced in
the output domain (usually frequency).
The sampled nature of the output can be
viewed mathematically as either a cause
or a consequence of the assumed period-
icity of the input.

The DFT’s output record represents exactly
one period of an infinite periodic spec-
trum. The periodicity in frequency can be
viewed mathematically as either a cause or
a consequence of sampling in time.
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Figure 13.1 Implicit periodicity in the DFT spectrum. Solid drop lines indicate the
“main” spectrum for 0 < m < (N—1). Dashed drop lines indicate periodic replications

of the “main” spectrum.
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(FFT). The most commonly used FFT algo-
rithms require a number of arithmetic op-
erations that is proportional to N log, N. The
existence of these computationally efficient
FFT algorithms makes real-time DFT analy-
sis a viable choice for many DSP applications.
This note deals with exploiting fundamental
DFT behaviors and properties that are inde-
pendent of the specific FFT mechanization
that is ultimately selected.

The inverse DFT, or IDFT, is sometimes
called the synthesis DFT because it can be used
to synthesize a time-domain signal from a
frequency-domain specification. Similarly, the
forward DFT is sometimes called the analysis
DEFT because it can be used to analyze the fre-
quency content of a time-domain signal.

13.1 DFT Periodicity in the
Frequency Domain

As discussed in Note 3, sampling in the time
domain creates periodic spectral images in
the frequency domain. How is this physical
reality reflected in the mathematics of the
DFT? In the equations that define the DFT,
the frequency sequence, X [m], is defined only

all T

|
-N/2 0 N/2
Frequency index

Figure 13.2 Two-sided presentation of DFT spectrum
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Math Box 13.1

Discrete Fourier Transform

For a signal represented by an N-point sequence of samples,
x[n],forn=0,1,..., N—1, having a sample interval of T,
the discrete Fourier transform (DFT) can be used to compute
an estimate of the signal’s spectral content at the N discrete
frequencies of 0, F, 2F, ..., (N— 1)F, where F = (NT)™. The
DFT is defined by

N-1

X[m]= Zx[n]exp(—jZn'an T)

N-1
=) x[n]cosQmrmFnT)— ij[n]sin(Zn’an T)
n=0

0
form=0,1,...,N—-1 (MB13.1)

Inverse DFT

Given all N samples of the frequency sequence, X[m], it is
possible to recover the original sequence, x[#], using the in-
verse DFT (IDFT) defined by

N-1
x[n)="Y X[m]exp(j2wmFnT) (MB13.2)

n=0

Alternate DFT Definition

Because FT = N, the DFT from Eq. (MB 13.1) can be re-
cast in terms of the sequence length N without any explicit
appearance of the sampling interval T, or the frequency in-
crement F:

X[m]= Ex[n]exp(WJ

N-1
zzx[n]cos(z”m”) (MB13.3)
n—0 N
= . 2mmn
]Zx[n]sm( N J

n—0

This formulation allows construction of generic DFT soft-
ware routines that depend only upon the sequence length.
In general, the frequency sequence, X[m], is complex-valued
even in cases where the time sequence, x[n], is real-valued.
However, when x[#n] is an even-symmetric function in time,
the corresponding DFT, X [m], is even-symmetric and real-
valued. The roles of complex-valued time sequences are dis-
cussed in Note 60.




Discrete Fourier Transform

for 0 < m < N. What happens if we try to gen-
erate X[m] for m > N or for m < 02 Applying
a few trigonometric identities and some al-
gebraic manipulation to the DFT equations
reveals that X[m + kN] = X[m] for k, an inte-
ger. In other words, if the index m is not con-
strained to the interval 0 < m < N, the DFT
produces a discrete frequency sequence that
is periodic with a period of N samples, as il-
lustrated in Figure 13.1. This periodicity is
consistent with the physical results observed
in real-world sampling experiments. The DFT
in Egs. (MB 13.1) and (MB 13.3) could be re-
stated as being valid for all integer values of
m. However, all of the useful spectral infor-
mation is contained in a single period—the
choice of the particular period corresponding
to 0 < m < N is somewhat arbitrary.

Despite an arbitrary choice of the period
over which the DFT results are typically de-
fined, periodicity in the results allows for
some flexibility in how they are displayed.
Consistent with the definitions (MB 13.1)
and (MB 13.3), DFT results are often dis-
played for frequency indices from zero
through N—1. This format requires that
the usual mathematical definitions of even
and odd symmetry be recast to accommo-
date the fact that, in this format, the “nega-
tive” frequencies correspond to the indices,
m, for (N/2) <m < N. It is also fairly com-
mon to display results for frequency indices
in the range +N/2 using a “two-sided” for-
mat, as illustrated in Figure 13.2. This two-
sided format is sometimes a more intuitive
way to look at the frequency-domain sym-
metries. It should be noted that a two-sided
plot involves N +1 points because the point at
m = N/2 is duplicated for m = —N/2.
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Math Box 13.2
Deriving the DFT from the DTFT

It is possible to create a DFT by applying the discrete-time
Fourier transform (DTFT) to a finite-duration, discrete-
time sequence, and evaluating the DTFT for only a finite
set of specific discrete frequencies. The DTFT is defined in
Note 12 as

o

X(w)= g;x[n]e)(p(_jnwﬂ (MB 13.4)
If we assume that x[n] is nonzero for only the N samples
corresponding to n =0, 1, ..., N—1, then the summation
limits in (MB 13.4) can be changed to yield

X(w)= Ex[n]exp(—jan) (MB 13 5)

n=0

However, X(w) is still a function of continuous frequency,
w. If we attempt to define a DFT by evaluating Eq. (MB
13.5) at an arbitrary set of discrete frequencies, the result
is generally not inverse-transformable back into the origi-
nal sequence, x[n]. However, if we relax the constraints on
x[n] somewhat, it becomes possible to obtain an invertible
spectral representation that involves nonzero values at only
N discrete frequencies. Specifically, we define xp[#] to be the
periodic extension of x[n], such that the original N samples
of x[n] comprise one period of the new periodic signal:

xp[n]=x[k modN] forallkeZ

As discussed previously, sampling in the time domain leads
to periodicity in the frequency domain, and periodicity in
the time domain leads to sampling in the frequency domain.
The DTFT of xp[n] is periodic, with a period equal to the
original sampling frequency. Furthermore, due to the time-
domain periodicity of xp[#], the DTFT is nonzero at only N
discrete frequencies per period. Specifically, the discrete fre-
quencies for the period occupying the interval 0 < w < T™'is

wm:27r_m form=0,1,...,N—-1
NT

Substituting w,, for w in Eq. (MB 13.5) and converting to
discrete sequence notation yields

n=0

N-1
X[m]sz[n]exp(—jzn%J form=0,1,...,N-1

which is the DFT defined by (MB 13.1).
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13.2 Periodicity in the Time Domain

In the DSP literature, the DFT is described as oper-
ating on a time signal that is both discrete in time
and also periodic, with a period of N samples. How-
ever, in the equations that define the DFT, values of
the time sequence x[n] are needed only for values of
n from 0 through N —1; so why does it matter how
x[n] behaves outside the interval 0 < n < N ? Fur-
thermore, as given in Eq. (MB 13.2), the definition
of the inverse DFT seems to imply that x[#] is de-
fined only for values of # inside this interval. What
does it really mean to say that the time signal that
serves as input to the DFT is periodic?

The results produced by the DFT are as though
the original N samples of x[n] have been duplicated
along the time axis, as shown in Figure 13.3. In this
periodic version of the signal, the sample at n=0

Notes on Digital Signal Processing

is immediately preceded by a copy of the sample
from n=N-1, and the sample at n=N-1 is im-
mediately followed by a copy of the sample from
n=0. If there are discontinuities at these juxta-
posed samples, the spectrum computed by the DFT
may exhibit significant high-frequency content not
present in the original signal. This spurious high-
frequency content is sometimes called leakage. The
usual technique for dealing with leakage is to mul-
tiply the time sequence by a window function that
tapers the input sequence to values of zero or near
zero at each end. This windowing technique effec-
tively removes the discontinuities that cause leak-
age. Techniques for analyzing leakage are presented
in Note 14, and leakage-reducing windows are dis-
cussed in Note 24.

xXxXXX

T
-N -N/2 0

Time index

Figure 13.3 Periodically extended presentation of DFT input record



Note 14

Analyzing Signal Truncation

An N-point DFT is often used to analyze a sam-
pled signal that is much longer in duration than
N samples. Truncating the DFT input sequence usu-
ally introduces spurious frequency content, called
leakage, that is not present in the original signal. In
order to analyze the effects of truncation, we need to
start with a mathematical model of the truncation
process. The relationships among the various signals
and spectra discussed in this note are summarized
in Figure 14.1, below. These relationships are used in
Note 15 to explore DFT leakage for sinusoidal input
signals.

14.1 Truncation

Truncating the original signal sequence (block 1
in Figure 14.1) to a length of just N samples can be
viewed as multiplying the longer sequence with an
N-point rectangular window sequence (block 2 in

Original signal

-
Key Points

« Truncating the DFT input sequence to a

length of N samples can be mathematical-
ly modeled as multiplying the sequence by
a rectangular window sequence that has
non-zero values only for sample indices 0
through N-1.

The spectrum changes due to truncation
in the time domain can be assessed by
convolving the spectrum of the untrun-
cated input signal with the spectrum of
the rectangular window sequence.

The spectrum of the rectangular window
sequence can be defined in terms of the
Dirichlet kernel, D, as

W(f)=Nexp[-jmf(N-1)] Dy(27f)

where D, (x) can be obtained via the Mat-
LAB call diric (x,N).

Figure 14.1 Relationships among the various signals and spectra involved in the

analysis of leakage in the DFT

Rectangular
window sequence

x[n] wln]
1 o 2
DTFT
7
Truncated signal
DTFT x[n]
6
DTFT
4 5 Sample 3 2
Continuous- at frequency . Continuous-
frequency interval of (NT) frequency
spectrum of spectrum of
original signal window
X(f) Convolve w(r)
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Figure 14.1), defined by

1 0<n<N
wln]= ] (14.1)
0 otherwise

The multiplication indicated in the diagram is
not actually performed—it is just a mathemati-
cal model of truncation that can be used to pre-
dict how the truncated signal’s spectrum will differ
from the original signal’s spectrum.

Both the DTFT and DFT exhibit the property
that multiplication of two functions in the time do-
main is equivalent to convolving the two functions’
DTFTs, or DFTs in the frequency domain. There-
fore, one way to assess the frequency-domain im-
pact of truncating a time sequence is to convolve
the DTFT (block 3 in Figure 14.1) of an N-point
rectangular window with the spectrum (block 4) of
the untruncated time sequence. The result of this
convolution will be the DTFT spectrum (block 5)
of the truncated signal (block 6) that was provided
as input to the DFT. The DFT output (block 7) can
also be obtained by sampling the DTFT spectrum
(block 5) at a frequency interval of F = (NT')™".

Using the relationships depicted in Figure 14.1
to analyze the spectral impact of truncation in the
time domain depends on being able to compute the
DTFT of a discrete-time rectangular window.

14.2 DTFT of a Rectangular Window

The DTFT of the rectangular window defined by
Eq. (14.1) is given by

W(f)= exp[—jn’f(N —1)]% (14.2)

(Note: All of the equations in this note follow the
common convention of using a normalized sam-
pling interval, T'=1.)

The exponential factor in Eq. (14.2) has unity
magnitude for all values of f, and represents a sim-
ple linear phase shift. This phase shift is a conse-
quence of defining the window over the interval 0
< n < N. If the rectangular window is defined to be

Notes on Digital Signal Processing

symmetric about the origin, then the DTFT of the
window will be

W, (f)= sin(N7 f)

sin(r f)

The ratio of sine terms in Eqgs. (14.2) and (14.3) is
called the Dirichlet kernel' and can be computed
using the diric function in MATLAB. A call to
diric (x,N) returns D (x) as given by

(14.3)

sin(Nx /2)
Nsin(x/2)

Dy(f)= (14.4)
The DTFT of the rectangular window can be ex-
pressed in terms of D, as

W(f)=Nexp[—jrf(N-1)|Dy@rf) (145

When N is odd, a rectangular window symmetric
about n = 0 can be defined as

1 —_(N_I)SHSN_I

ymlM]= 2 2
0 otherwise

w (14.6)

and D, is periodic with a period of 2m, as shown in
Figure 14.2. When N is even, D, is periodic with a
period of 4m, as shown in Figure 14.3.

A period of 4 appears to violate the rule that
a DTFT spectrum is always periodic with a period
of T™' Hz, or 2n /T radians per second. In try-
ing to resolve this apparent violation, we discover
that defining an even-length window that is sym-
metric about n=0 is problematic. For even N, the
closest we can get to symmetry would be to have

1. The MatLAB help files refer to Dy, as the “Dirichlet function,” but in
nearly all of the mathematical literature, D, (or minor variants thereof)
is called the “Dirichlet kernel” The term “Dirichlet function” is usually
reserved for the function defined as

f(x)= lim lim cos*"(m!mx)
M—>o0 1—>00

{1 for x rational

0 for x irrational
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one sample at n=0, with N/2 samples to one side
of zero, and (N/2) — 1 samples to the other side of
zero. Rather than attempting to define a symmetric
window with samples at odd multiples of T/2 in-
stead of at integer multiples of T, we simply note
that any practical use of a an even-length rectangu-
lar window involves the window defined over the
interval 0 < n < N, as in Eq. (14.1), and having the
DTFT given by Eq. (14.5). For even N, the expo-
nential factor in Eq. (14.5) corresponds to delaying
a symmetric window (with samples at odd multi-
ples of T/2) by (N — 1)/2 sample times. The samples
of the delayed result occur at integer multiples of

0.8

0.6 H

0.4}

Dy (x)

0.2}

-0.2}

0 m 2 3 amr
X

Figure 14.2 Dirichlet kernel for N = 15
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T, thereby “rectifying” the spectrum and making it
periodic in 2m, as shown in Figure 14.4.

The Fourier transform of a rectangular pulse in
continuous-time is a sinc function, and one period
of the Dirichlet kernel is similar in appearance to a
sinc function. Some DSP texts incorrectly claim that
the DTFT for a discrete-time rectangular window
is a “sinc function in frequency.” However, the sinc
function and the Dirichlet kernel really are different
beasts. Some sources accentuate the difference but
acknowledge the similarities between the discrete-
time and continuous-time cases by referring to the
Dirichlet kernel as the aliased sinc function.

DN(X)

0 m 2 3m am
X

Figure 14.3 Dirichlet kernel for N =16

3 am

Figure 14.4 Comparison between raw Dirichlet kernel for N =
16 (dotted trace) and the same kernel after phase shifting via the
exponential factor from Eq. (14.2) (solid trace)



Note 15

Exploring DFT Leakage

15-1

This note uses the model of signal truncation developed
in Note 14 and applies this model to sinusoidal signals to
demonstrate how leakage can corrupt a DFT result—of-
ten to the point where the DFT results can be misleading
when used to estimate signal frequency. The insights pro-
vided by this demonstration are the foundation for the in-
troduction and analysis of windowing techniques in Notes
23 through 27.

he effects of truncation are absent in

cases where the input signal is a sinusoid
having a frequency that exactly matches one
of the DFT bin frequencies. For example:

e Consider a DFT with N=32and T=1.

 The signal of interest is x(t)=cos(27nft),
where f =4F.

 Figure 15.1 shows the DFT magnitude
spectrum for this signal; all of the re-
sponse is concentrated in the bins corre-
sponding to +4F as expected.

However, in general, the effects of trunca-
tion are very noticeable. Again, consider a
DFT with N=32and T=1:

o The signal of interest is changed to
x(t) = cos(2nf,t), where f.=4.5F.

o Intuition suggests that the postive-
frequency response would be split equally
between bins 4 and 5, and that the neg-
ative-frequency response would be split
equally between bins 27 and 28.

 Figure 15.2 shows the DFT magnitude
spectrum for this signal. The responses in
bins 4 and 5 are not equal. Furthermore,
there is a non-zero response in each of the
32 bins.

How can a small change in input frequency
result in Figures 15.1 and 15.2 being so

different? To explore leakage in a quantita-
tive fashion, we need to draw upon the re-
sults of Note 14, as described in Recipe 15.1
and demonstrated in Example 15.1.

Magn tude

0 4 8 12 16 20 24 28 32
DFT frequency index
Figure 15.1 DFT magnitude spectrum of a rectangularly

windowed, 32-sample segment of a sinusoid having a
frequency of f, = 4F.
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Figure 15.2 DFT magnitude spectrum of a rectangularly
windowed, 32-point segment of a sinusoid having a
frequency of f, = 4.5F
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Example 15.1
DTFT for Sinusoidal Pulses

Consider a DFT with N = 32 and T = 1. The
signal of interest is x(¢) = cos2mnft. Apply
Recipe 15.1 for the cases of f = 4F and f =
4.5F.

+ The effects of truncation are hidden
in cases where the frequency of the in-
put sinusoid exactly matches one of the
DFT bin frequencies. Specifically, in the
case of f = 4F = 4/(NT'), the magnitude
spectrum has a null at every bin fre-
quency except for the bins correspond-
ing to +4F as shown in Figure 15.3.
(Note: Figures 15.3 and 15.4 are unusual
in that they each contain both a DFT re-
sult having a discrete-frequency abscissa
and a DTFT result having a continuous-
frequency abscissa. See Math Box 15.1
for a discussion of how to set up the
equations so that the DFT and DTFT
results plot correctly on the same set of
axes.)

« When the sinusoid’s frequency does not
exactly equal one of the DFT bin fre-
quencies, there is generally some non-
zero magnitude response in every bin.
This is illustrated in Figure 15.4 for f =
4.5F. In this case, the main lobes of X( f)
are wide enough to each span two DFT
bins, thus making it difficult to discern
the frequency of the sinusoid.

+ Intuition might suggest that a sinusoid at
fc = 4.5F should have equal magnitude
responses in the bins for f=4Fand f= 5F
but examination of Figure 15.4 reveals
that this is not the case. The responses
in bins 4 and 5 are unequal because of
asymmetries in the side lobe that take
place in the interval going from bin 5 to
bin 27 and in the interval going from bin
28 wrapping around to bin 4.

—
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Magn tude
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Normalized frequency, f/F
Figure 15.3 Fourier spectra of a rectangularly win-
dowed segment of a sinusoid having a frequency of
f. = 4F. The solid trace represents the magnitude of the
DTFT, and the small circles indicate the magnitudes
produced by a 32-point DFT.
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Figure 15.4 Fourier spectra of a rectangularly win-
dowed segment of a sinusoid having a frequency of
f.=4.5F. The solid trace represents the magnitude of
the DTFT, and the small circles indicate the magni-
tudes produced by a 32-point DFT.
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Math Box 15.1

Plotting DFT and DTFT Results
Together in the Same Graph

Figures 15.3 and 15.4 are unusual in that they
each contain both a DFT result and a DTFT
result. These two types of transform results
are usually plotted on diffrently scaled axes.

o The result of a DTFT is typically plotted
against a real-valued frequency axis. Be-
cause the DTFT result is periodic with
a period of T -1, only a single period of
the result is usually plotted. For a two-
sided plot format, the period plotted is ei-
ther for cyclic frequencies in the interval
[-%T -1, 2T —1] or for radian frequen-
cies in the interval [-nT -1, nT —1]. For a
single-sided plot format, the period plot-
ted is either for cyclic frequencies in the
interval [0, T —1] or for radian frequen-
cies in the interval [0, 2T —1]. When the
conventional normalization of T = 1 is
followed, the plotted frequency interval
becomes either -2 < f<Yror-n<w<m,
for two-sided plots, and either 0 < f< 1 or
0 < w < 27, for one-sided plots.

o On the other hand, DFT results are usu-
ally plotted against a sequence of integer-
valued frequency indices or “bin numbers”
m=0,1,2,...,N-1. The cyclic frequency
corresponding to DFT bin m is given by

m
=mF=—
f NT
To cover the same [0, T '] frequency in-
terval as the DTFT, the DFT frequency in-
dices would need to run for N + 1 values
from m = 0 through m = N.

« Because this particular note is concerned
with leakage in the DFT, and the DTFT
is playing only a supporting role, it seems
logical to keep the plotting format con-
sistent with typical DFT plots. Therefore,
for Figures 15.3 and 15.4, the values of
this normalized frequency are numeri-
cally equal to the corresponding DFT bin
numbers.

Recipe 15.1

Computing the DTFT for
Sinusoidal Pulses

+ An ideal sinusoid of cyclic frequency f.
has a continuous-time Fourier transform
whose magnitude consists of two Dirac
delta functions, one located at f = f and
the other located at f= —f. The phasing of
these two delta functions depends upon
the phase of the sinusoid.

o For x(t) = cos2nft, the delta func-
tions are both real and positive.

o For x(t) = sin2mft, the delta func-
tions are both purely imaginary; the
delta function at f = f, is negative and
the other is positive.

o If x(f) is multiplied by a time domain
window, w(t), the DTFT for the result-
ing product is equal to the convolution

of X( f) and W( f).

¢ The result of convolving W( f) with a
delta function, &(f), shifts W(f) so
that its peak is centered at f. The Fourier
spectrum for a rectangularly windowed
sinusoid is the sum of two shifted in-
stances of W( f), with one instance cen-
tered at f = f and one instance centered

atf=-—f:

Y(f)=X()@W(f)

—uW(f-f)+ow(r+p) T

_ (1,1) x(t)=cos(2m f,t)
UG )=sineafy 052

» The DTFT for arectangularly windowed,
weighted sum of M sinusoids is given by

V()= 3 A [uW(F - f, 4, W(F+£.)]




Note 16

Exploring DFT Resolution

This note provides demonstrations of a technique called zero
padding, which is often used to obtain a finer frequency-domain
increment when using a discrete Fourier transform (DFT). These
demonstrations show that although zero padding improves the
observability of some frequency domain features, it does not
improve the frequency resolution of a DFT.

S ometimes important features of a signal’s spec-
trum fall at frequencies between the DFT bin
frequencies, making potentially important fea-
tures of a signal’s spectrum difficult to detect or
observe. This inability to see critical details that fall
at frequencies that are not integer multiples of F =
NT -1 is sometimes called the picket fence effect
because it is similar to trying to view the details of a
scene while looking through a picket fence—some
details are clearly visible, while others are hidden
by the slats of the fence. The picket fence effect can
be mitigated to some extent by reducing the size of
the frequency increment, F, but the effect can never
be completely eliminated as long as we continue to
operate in the discrete frequency domain.

In a DFT, the relationship FNT = 1 always holds.
Therefore, the only way that F can be reduced is by
increasing T or N. In the design of most signal pro-
cessing strategies, there is usually not much “wiggle
room” when it comes to increasing the value of T.
Any viable approach for reducing F must therefore
involve increasing N.

16.1 Zero Padding

A classic approach used for decreasing F is called
zero padding. This technique involves padding the
original N-point input sequence with p zero-valued
samples to create an input sequence of length L =
N + p. The straightforward approach is to simply
extend the DFT to some longer length, L, and col-
lect this new larger number of input samples before
computing the L-length DFT.

p
Key Points

« Sometimes important features of a signal’s spec-
trum fall at frequencies between DFT bin fre-
quencies, making these features difficult to detect
or observe. This phenomenon is sometimes called
the picket fence effect.

+ One approach for mitigating the picket fence ef-
fect involves padding the DFT input sequence
with a number of zero-valued samples so that a
longer DFT with more finely spaced frequency
bins can be used. This approach is called zero-

padding.

o When a DFT input sequence is zero-padded, the
DFT results no longer represent samples of the
unpadded signal’s DTFT. Thus, zero padding may
make it easier to observe the approximate fre-
quency of a spectral peak, but the observed am-
plitude of the peak generally is incorrect.

« With regard to the DFT, resolution is the ability to
distinguish two closely spaced features in a sig-
nal’s spectrum. Despite some claims to the con-
trary, zero padding does not improve the DFT’s
resolution. In applications where resolution is
important, the only viable choice is to use a larger
DFT that processes a longer sequence of the origi-

nal signal.

16-1
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Example 16.1

Zero Padding Improves Observability

The signal of interest (SOI) is a sinusoid having a fre-
quency of f, = 0.140625 Hz. For the case of T =1 and
N = 32, the sinusoid’s frequency can be expressed in
terms of Fas f, = 4.5F.

» 'The positive-frequency half of a 32-point DFT
magnitude spectrum for the SOI is shown in
Figure 16.1, along with the corresponding DTFT
magnitude spectrum.! The peak in the DTFT oc-
curs at f. = 4.5F, but the DFT provides outputs
only at integer multiples of F, making it impossi-
ble to observe the peak directly in the DFT result.

+ Note that the result in Figure 16.1 runs contrary
to intuition, which expects the responses at f = 4F
and f= 5F to be equal if the signal’s true frequency
lies exactly halfway in between 4F and 5F. This
observed asymmetry is because the sum of the
Dirichlet kernels for f = f, and for f = —f, are not
symmetric about f.

« In an attempt to better observe the frequency of
the spectral peak, we increase the DFT length
from N=32 to L = 64 by appending 32 zero-
valued samples to the original input sequence.
The frequency increment is halved (F'= F/2),
and the frequency corresponding to bin 9 in the
new, longer DFT exactly equals the frequency of
the sinusoid:

f.=45F=4.502F)=9F (16.1)

As shown in Figure 16.2, the result for bin 9 is a
peak, but the amplitude of this peak does not match
the peak amplitude of the DTFT result, which is
plotted for comparison. In fact, none of the 64-point
DFT bins appear to be samples of the DTFT re-
sult. The DTFT plotted in the figure is the DTFT
for a 64-sample segment of the SOI. However, the
64-point DFT results do agree with the DTFT for a
32-sample segment of the SOI, as shown in Figure
16.2. This observation should not come as a sur-
prise; the segment of SOI is only 32 samples long
whether zero-padding is employed or not.

1. For the figures in this note, the DTFT results and the DFT results
are each plotted against a different abscissa, as explained in Math
Box 16.1.

—
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Zero padding does improve observability of some
spectrum features, but contrary to claims often made
in the DSP literature, zero padding does not improve
frequency resolution in the frequency domain.

As already stated, the zero padding technique
involves extending the original N-point input se-
quence by appending p zero-valued samples to
create an input sequence of length L =N + p. An L-
point DFT is then computed instead of an N-point
DFT. The frequency domain values then fall at inte-
ger multiples of F'= (LT)™ rather than at multiples
of F = (NT)™. Because L > N, the new frequency
increment of F'is finer than the original increment
of F, thereby improving observability, as demon-
strated in Example 16.1.

Because zero padding is able to provide improved
observability in the discrete-frequency domain,
some texts incorrectly claim that zero padding in-
creases the resolution of the DFT. Resolution is the
ability to distinguish two closely spaced features in
a signal’s spectrum. As shown in Example 16.2, zero
padding does not improve the DFT’s resolution.

Frequency, normalized for T=1
0 0.125 0.25 0.375 0.5

Magn tude

0 4 8 12 16
Frequency bin index, m
Figure 16.1 Fourier spectra from Example 16.1. The spectra are
for a rectangularly windowed segment of a sinusoid having a
frequency of f. = 4.5F. The solid trace represents the magnitude
of the 32-point DTFT, and the dots indicate the magnitude
produced by a 32-point DFT.
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Math Box 16.1

Frequency Scaling in Figures 16.1
through 16.6

o The DTFT results in Note 9 are plotted against a
normalized frequency f/F, for which integer val-
ues correspond to DFT numbers.

« In this note, results for DFTs having different
values of F are plotted along with DTFT results.
Therefore, to avoid confusion regarding the val-
ue of F used for normalization, the DTFT results
are plotted against a normalized frequency axis,
which for T'=1 has a value of 0.5 at the frequency
bin corresponding to DFT bin number N/2.

+ Because frequencies scaled in this way are not nu-
merically equal to DFT bin numbers (as they are
in Note 9), each plot has two frequency axes. The
solid trace, representing the DTFT result, is plot-
ted against the top axis, and the dots, represent-
ing the DFT result, are plotted against the bottom
axis in each figure.

Frequency, normalized for T=1
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Figure 16.2 Fourier spectra from Example 16.1. The spectra
are for a rectangularly windowed segment of a sinusoid having
a frequency of f.=4.5F. The dots indicate the magnitudes
produced by a 64-point DFT of a 32-sample signal segment that
has been padded with 32 zero-valued samples. The solid trace
represents the magnitude of the DTFT for a 64-point segment of
the original sinusoid.
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Example 16.2

Zero Padding Does Not Improve
Resolution

The signal of interest (SOI) is the sum of two sinu-
soids—one having a frequency of f; = 0.146875 Hz
and the other having a frequency of f, = 0.165625
Hz. For the case of T = 1 and N = 32, the sinusoids’
frequencies can be expressed in terms of F as f; =
47Fandf, = 5.3F.

« The positive-frequency half of a 32-point DFT
magnitude spectrum for the SOI is shown in
Figure 16.4, along with the corresponding DTFT
magnitude spectrum. There is a peak in both the
DTFT response and in the DFT response at f= 5F,
which is midway between 4.7F and 5.3F. We are
not able to distinguish the two different frequency
components in this result.

+ Inan attempt to improve the resolution of the re-
sults, we increase the DFT length from N = 32 to
L = 64 by appending 32 zero-valued samples to
the original input sequence. As shown in Figure
16.5, the DFT result still consists of samples from
the DTFT for a 32-sample segment of the SOI. All
that zero padding has been able to accomplish is
to cause the DFT bins to be more closely spaced
in frequency.

—
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Figure 16.3 Fourier spectra from Example 16.1. The spectra
are for a rectangularly windowed segment of a sinusoid having
a frequency of f.=4.5F. The dots indicate the magnitudes
produced by a 64-point DFT of a 32-sample signal segment that
has been padded with 32 zero-valued samples. The solid trace
represents the magnitude of the DTFT for a 32-point segment of
the original sinusoid.
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16.2 Lengthening the DFT

The straightforward approach to improving both
observability and resolution in the DFT result is
simply to extend the DFT to some longer length,
L, and collect this new, larger number of input
samples before computing the DFT. Example 16.3
applies this approach to the two-tone signal from
Example 16.2 .

Frequency, normalized for T=1
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Figure 16.4 Fourier spectra from Examples 16.2 and 16.3. The
spectra are for a rectangularly windowed segment of a signal
consisting of two sinusoids having frequencies of f; = 0.146875
=4.7F and f, = 0.165625 = 5.3F. The solid trace represents the
magnitude of the 32-point DTFT, and the dots indicate the
magnitudes produced by a 32-point DFT.
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Example 16.3
Lengthening the DFT Improves Resolution

The signal of interest (SOI) is the sum of two sinu-
soids—one having a frequency of f; = 0.146875 Hz
and the other having a frequency of f, = 0.165625.
For the case of T = 1 and N = 32, the sinusoids’ fre-
quencies can be expressed in terms of F as f; = 4.7F
al'ldfz =5.3F.

« The positive-frequency half of a 32-point DFT
magnitude spectrum for the SOI is shown in
Figure 16.4, along with the corresponding DTFT
magnitude spectrum. There is a peak in both the
DTFT response and in the DFT response at f= 5F,
which is midway between 4.7F and 5.3F. We are
not able to distinguish the two different frequency
components in this result.

+ Inan attempt to improve the resolution of the re-
sults, we increase the DFT length from N = 32 to
L = 64, and using 64 samples of the SOI, compute
the magnitude response shown in Figure 16.6.
The DFT result shows two distinct peaks at bins 9
and 11, with a notch between the peaks at bin 10.
—
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Figure 16.5 Fourier spectra from Example 16.2. The spectra are
for a rectangularly windowed segment of a signal consisting of
two sinusoids having frequencies of f; = 0.146875 = 4.7F and f, =
0.165625 = 5.3F. The solid trace represents the magnitude of the
DTEFT for a 32-sample segment of the signal. The dots indicate
the magnitudes produced by a 64-point DFT of a 32-point
segment of the signal padded with 32 zero-valued samples.
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Figure 16.6 Fourier spectra from Example 16.3. Spectra are for
a rectangularly windowed segment of a signal consisting of two
sinusoids having frequencies of f; = 0.146875 = 4.7F and f, =
0.165625 = 5.3F. The solid trace represents the magnitude of the
DTEFT for a 64-sample segment of the SOI, and the dots indicate
the magnitudes produced by a 64-point DFT.
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Note 17

FFT: Decimation-in-Time Algorithms

onsider the discrete Fourier transform
for an N-point sequence

Wy =exp(%) (17.1)

N-1

X(m] =Y x[n]wy"

n=0

where

For even N, the DFT summation can be split
into two separate summations—one for the
even-indexed samples of x[#n] and one for
the odd-indexed samples.

N/2-1 N/2-1

=Y 2n]W+ D x2n+ WS
n=0

n=0
N/2-1 N/2-1

=) x2n]WI" + W Z x[2n+1]JWem
n=0 n=0
N/2-1 N/2-1

= D XMW W Y Xoaa W,
n=0 n=0

(17.2)

Each of the summations in the final line of
Eq. (17.2) is in the form of an (N/2)-point
DFT. The signal flow graph (SFG) corre-
sponding to the final line of Eq. (17.2) is
shown in Figure 17.1 for the specific case of
N=8. In a circuit analysis context, SFGs of-
ten include curved lines, and the direction of
signal flow is almost always indicated by an
arrow. In a DSP context, it is conventional to
use only straight edges, with signals flowing
from left to right through the edges, unless
indicated otherwise by the presence of an
arrowhead. Each node represents a signal
formed by the sum of all the inbound edges
incident to the node.

17-1

The node for X[0] in the upper right-hand corner of
the figure has two incident edges. The lower edge, com-
ing from node X, ;[0], has a weight of WY, as indicated
by the annotation near the arrowhead. The upper edge,
coming from node X, ,[0], has no weight indicated. This
configuration of the node and the two incident edges in-

dicates that

X[0] =Xy 0[0] + WO X, ;[0]

X,40[0]
X[0] —> L o X[0]
4-point w°
Ot Xaol1]
X[2] —> L ® X[1]
W1
X40l2]
x[4] ——> < » X[2]
X[6] —>
X[1] —>
4-point
DFT
X[3] ——> & >
Xaal1] w?e
X[5] ——>f ¢ >» X[6]
X4412] we
X[7] ——>| ¢ 8 X[7]
X4[3] w’

Figure 17.1 Signal flow graph depicting operations defined by the final

line of Eq. (17.2)
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The complete set of equations represented by
Figure 17.1 is

X[0]=X40[0] + WO X, 1[0]
X[1] =X, 0011 + W Xy (1]
X[2] =Xy 0[2] + W2 Xy (2]
X[3]=Xy0[3] + W3 X, 3]
X[4] =X, 0[0] + W4 X, (4]
X[5]=Xy0[1] + W Xy, [5]
X[6]=Xy0[2] + WO Xy (6]
X[7)=X,0[3] + W7 Xy 1[7]

where the X, o[m] are the output of the up-
per, or “even,” 4-point DFT, and the X4)1[m]
are the outputs of the lower, or “odd,” 4-point
DFT.

The weighting factors, Wk, have been
called twiddle factors since the earliest days
of digital signal processing. If N/2 is even,
then the summations in Eq. (17.2) can each
be split again. If N=2L, the summations
at each stage can be split until the original
transform is expressed as a combination of N
1-point DFTs. A 1-point transform is trivial:

i [ojw*
x[0]

After L=log, N stages of splitting, all of the
computational burden has been moved out
of the summations and into the operations
needed to combine 1-point transforms into
2-point transforms, 2-point transforms into
4-point transforms, and so on. The SFG for
N=8 and L=3 is shown in Figure 17.2. Pairs
of input points from x[n] are combined to
form the eight values X, ;[m] for k=0, 1, 2, 3
and m=0, 1. One complex multiply-add op-
eration is required for each of the eight values.

17-2

At the second stage, pairs of X, j[m] values are com-
bined to form the eight values X, ;[m] for k=0, 1 and
m=0, 1, 2, 3. One complex multiply-add operation is re-
quired for computing each of the eight combinations.

Finally, pairs of X, ;[m] values are combined to form
the eight values X[m] for m=0, 1, . .., 7. In general, com-
puting an N-point transform using this approach entails
log, N stages of combining with N complex multiply-add
operations per stage for a total computational burden of
only N log, N complex multiply-add operations.

The output values, X[m], as shown in Figure 17.2, ap-
pear in “natural” order from X[0] through X[7]. The input

X201 X4,0[0]
x[0] o X[0]
WO
x[4] o X[1]
W1
x[2] o X[2]
X/W W2
X
x[6] 4] » X(3]
Xo4(1] we
W3
Xoal0]  X44[0]
x[1] »—e X[4]
W4
x[3] »—e X[5]
W5
x[5] >»—e X[6]
WG
x[7] > >»—o X[7]
Wt Xgalll w8 X,,08] w’

Figure 17.2 Signal flow graph for 8-point decimation-in-time FFT with
permuted inputs and naturally ordered outputs
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values, x[n], appear in the permuted order x[0],
x[4], x[2], x[6], x[1], x[5], x[3], x[7]. This order is
called bit-reversed order because the index for the
kth input value can be obtained by representing k
with log, N bits and reversing the order of these
bits. For example, when k=3=(011),, the corre-
sponding bit-reversed index is (110),=6. Thus,
the input x[6] appears in position 3 of the input
sequence. The values x[0] and x[7] remain in their
original positions because (000) and (111) are the
same backward or forward. FFT algorithms of the
type represented by Figure 17.2 are called decima-
tion-in-time, permuted input-natural output (DIT-
PINO) FFTs. It is possible to rearrange the nodes

x[0]

Notes on Digital Signal Processing

in Figure 17.2 without disturbing the connections
between the nodes to obtain the SFG shown in Fig-
ure 17.3, where now the inputs are in natural order
and the outputs are in bit-reversed order. This SFG
represents a decimation-in-time, natural input-per-
muted output (DIT-NIPO) FFT.

17.1 Implementation
Consideratons

For SFGs of FFTs that are drawn in “standard”
form, the the edges connecting adjacent columns
of nodes in can be grouped into patterns that are
called butterflies because of their shape. Figure 17.4
shows the SFG of Figure 17.2, with one butterfly in

X4l0] X3,0[0]

x[1]

x[2]

x[3]

x[4]

x[5]

x[6]

x[7]

Figure 17.3 Signal flow graph for 8-point decimation-in-time FFT with
naturally ordered inputs and permuted outputs
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each stage highlighted in bold. Figure 17.5 defines
some convenient terminology we can use in this
series of notes whenever butterflies and the opera-
tions that they represent are discussed.

Let’s take a closer look at the butterflies in Fig-
ure 17.4 to uncover the patterns that are essential
to software mechanization of the underlying math-
ematical operations. The first butterfly in stage 2 of
the SFG of Figure 17.2 has X, ,[0] and X, ,[0] as
its input nodes and X, ,[0] and X, ¢[2] as its output
nodes. The rising diagonal is multiplied by W and
the bottom edge is multiplied by W4, The top edge
and falling diagonal each have unity gain. Notice
that for every butterfly in the SFG, when the rising

17-4
Top edge
Top b e Top
input output node
node
Rising
diagonal
Falling
diagonal
Bottom
input Bottom
node

Bottom edge output node

Figure 17.5 Butterfly terminology

x[0] $ X[0]
x[4] o X[0]
x[2] o X[0]
x[6] ® X[0]

) ><\/ -
x13] &> / ><>< > X[0]

x[5]

x[7]

Y

® X[0]

»—® X[0]

Figure 17.4 Bold edges depict the butterfly structures embedded in the SFG

for an FFT.
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diagonal is multiplied by W¥, the bottom edge is
multiplied by W*+*N/2, Invoking the definition of
Wk it is easy to show that WHkHN2_ _ k.

WhN2 exp(_zj(k "I'\]N/z)ﬂ )

=exp(— jn’)exp( _2;7 kn )

=_W*k

Thus, each butterfly can be implemented using a
single complex multiplication and two complex
additions. The bottom input node is multiplied by
Wk to produce an interim result that is added to
the top input node to obtain the top output node.
The interim result is subtracted from the top input
node to obtain the bottom output node. In an ef-
ficient implementation, all of the input nodes for
a given stage are stored in a single array. Once
the array location holding the bottom input node
is used for computing the interim result, it is no
longer needed and can be overwritten with the
value computed for the butterfly’s bottom output
node. The interim result can then be added to the

Notes on Digital Signal Processing

array location holding the top input node to pro-
duce the top output node. The following fragment
of C code summarizes this approach for butterfly
implementation.

temp = array[bot node_ idx] * twiddle;
array [bot_node_idx]

= aray[top_node_ idx] - temp;
array[top _node] += temp;

The four butterflies in stage 1 of Figure 17.2 can
all be computed in sequence using the single mul-
tiplier W°. There are two viable approaches for do-
ing the stage-2 computations. The first approach
computes the butterflies in order from top to bot-
tom, generating (or perhaps recalling from storage)
the multipliers W9, W2, W9, and W? in sequence
as they are needed. The second approach generates
WY only once, using it for each butterfly where it
is needed before moving on to generate W2, The
first approach involves either extra trigonometry
or storage for the multipliers. The second approach
requires only slight additional complexity in the
addressing scheme used to access locations in the
node array.



Note 18

FFT: Decimation-in-Frequency Algorithms

D ecimation-in-time FFTs are based on
repeatedly splitting the DFT sum-
mation into two summations—one for
the decimated time sequence from which
even-indexed samples have been removed
and one for the decimated time sequence
from which odd-indexed samples have
been removed. As the name implies,
decimation-in-frequency FFTs split the
DFT summation in a way that produces
decimated frequency sequences. The DFT
summation can be specialized for com-
puting only the even-indexed frequency

samples: .
-1

X[2r]=Y x[n]Ws™
; N (18.1)

r=0,1,...,(N/2)-1

After some algebraic manipulations, Eq.
(18.1) can be put in the form

(N/2)-1 N "
X[2r]= z (x[n] + x[n + ?:| ]szz

n=0
(N/2)-1

= z aln] Wil (182)

n=0
r=0,1,...,(N/2)-1

where a[n] is the sequence formed by
adding together corresponding samples
from the first and second halves of the
original time sequence:

a[n]=x[n]+ x|:n + %]

Thus, the even samples of the frequency
sequence can be generated by performing
an (N/2)-point DFT on combinations of
samples from the original time sequence.

x[0]
4-point — X0l
DFT
x[1] \ / — X[2]
x[2] — X[4]
x[3] — X[6]
WO
x[4] ivo — X[1]
4-point
we° DFT
x[5] ;WO —— XI[3]
/ ¢
x[6] T/VO —— X[5]
/ ¢
x[7] — X[7]

Sy
o

Figure 18.1 Signal flow graph depicting operations defined by Egs. (18.2)

and (18.3)

18-1
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The DFT summation can also be specialized for
computing only the odd-indexed frequency samples:

N-1
X[2r+1]=) x[n]Wye

n=0

(N/2)1 N
= z (x[n]—x[n+—:|)WﬁWN”/'z
n=0 2
(N/2)-1
= ) bln]WAWR

n=0 (183)
where b[n] is the sequence formed by subtracting
samples in the second half of the original time se-

quence from the corresponding samples in the first
half of the original time sequence:

N
b[n]= x[n]— xl:n + ?]

x[0] & X[0]

x[1] &

x[2] &

x[3]

x[4]

x[5] &

x[6] &

x[7] &

Figure 18.2 Signal flow graph for 8-point decimation-in-
frequency FFT with naturally ordered inputs and permuted
outputs
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Thus, the odd samples of the frequency sequence
can be generated by performing an (N/2)-point
DFT on weighted combinations of samples from
the original time sequence. The SFG correspond-
ing to Eqs. (18.2) and (18.3) for the specific case of
N=8is shown in Figure 18.1. If N=2 L the summa-
tions at each stage can be split. The SFG for N=8
and L =3 is shown in Figure 18.2. The input values
appear in natural order from x[0] through x[7].
The output values appear in the bit-reversed order
X[0], X[4], X[2], X[6], X[1], X[5], X[3], X[7]. It is
possible to rearrange the nodes in Figure 18.2 with-
out disturbing the connections between the nodes
to obtain the SFG shown in Figure 18.3, where the
inputs are in bit-reversed order and the outputs are
in natural order.

x[0]

x[4]

x[2]

x[6]

x[1]

x[3]

x[5]

y

x[7] >
w2

w3

Figure 18.3 Signal flow graph for 8-point decimation-in-
frequency FFT with permuted inputs and naturally ordered
outputs



Note 19

FFT: Prime Factor Algorithm

he radix-2 algorithms described in

Notes 17 and 18 are very useful, but in
certain situations, a DFT block size of 2 is
just not acceptable. The prime factor algo-
rithm (PFA) is a technique for constructing
fast transforms of length N, where N can be
expressed as a product of mutually prime
factors. A DFT of length N= NN, can be re-
structured as an N; by N, two-dimensional
DFT:

N,-1 Ni-1

X,k k1= Wy [sz[m,nzw’“ ]
n,=0 m=0

(19.1)

where ]
W, =exp(—j2p /N,)

W, =exp(—j2p /N,)

In order to make use of the restructured
transform, the one-dimensional input se-
quence, x[n], must be mapped into a two-
dimensional sequence, x,[n;,n,], using the
index transformation

n=(N,n,+ N,n,) modulo 2

where
n =01 ,N; -1
n,=0,1, ,N,—1
After transformation, the two-dimen-

sional result, X,[k;, k,], is mapped into the
one-dimensional result using the index
transformation

k=(N,tk, + N,t,k,) modulo 2
where ¢, and t, are chosen such that

N,t, =1 modulo N,
N,t, =1 modulo N,

19.1 Small-N Transforms

There are a number of very efficient spe-
cialized implementations for N-point DFTs
when N is very small (see Math Boxes 19.1
through 19.3). These implememetations are
ideally suited for use as component DFTs in
the prime factor algorithm.

Math Box 19.1
3-point DFT Algorithm

u=2m/3
t; = x[1] + x[2]
my = x[0] +1;

my = ty(cosu —1)

m, = j(sinu)(x[2] —x[1])

X[1] =s;+m,
X[2] =s;—-m,

19-1
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Math Box 19.2

5-point DFT Algorithm
u=2mn/5
t; = x[1] + x[4]
t3 = x[1] — x[4]
to=t +1t,

mg = t5 + x[0]
m, = (t; —t,)[(cos u —cos2u)/2]
my = —jt,(sinu + sin2u)

$1=m0+m1
S3 = M3 —My
S5 =mgz + m>

t, = x[2] + x[3]
ty = x[3] — x[2]

m, = ts[(cosu + cos2u)/2 1]
my = —j(t3 + t4)sinu
ms = jtz(sinu — sin 2u)

32251+m2

S4=851—my

X[].] =5 + 53
X[3] = 54 - 55
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Math Box 19.3
7-point DFT Algorithm

u=2ml7

t; = x[1] + x[6]
t3 = x[3] +x[4]
t5 = x[1] — x[6]
t; = x[4] — x[3]
tg =13 -1
th=t;-1Is
ti3=—lg— Iy

mo = t4 + x[O]

my = tg[(2 cosu — cos2u —cos 3u)/3]
my = ty3[(cosu + cos2u — 2 cos 3u)/3]
me = jt11[(2sinu — sin2u — sin 3u)/3]
mg = jit;4[(sinu + sin2u + 2 sin2u)/3]

Sp =~y —mj
Sy = —mg — My
54=m0+m1
56:S4+Sl
Sg=Ms5— 5
510=m5+52+53

X[0] = m,
X[2] =55+ 59
X[4] = s; + 519
X[6] = 55— sg

ty = x[2] + x[5]
ty=t) +1, + 13
te = x[2] — x[5]
tg=1t;— 13
t10=t5+t6+t7
tp=ts— 17
tiy=-t1 — 2

my = ty[(cosu + cos2u + cos3u)/3 —1]
ms = to[(cosu — 2 cos2u +cos 3u)/3]
ms = —jtyol(sinu + sin 2u — sin 3u)/3]
my = jty5[(sinu — 2sin2u + sin3u)/3]

S1= My — My
53:m6+m8
S5=S4 =39
S7=S4+SO—$1
Sg = Mg — 3

X[l] = 35 + 58
X[3] = 57 - 510
X[S] = 56 - 59

19-3



Note 20

Fast Convolution Using the FFT

Consider an FIR filter having a unit-sample
response, h[n], that extends for Np samples.
Such a filter’s output, y[k], at time k is given by the
discrete convolution

ylk]= Nf:h[n]x[k —n] (20.1)

where x[k] is the input sequence. In order to pro-
duce a block of Ny output samples, y[0] through
y[Np—1], Eq. (20.1) must process a block of
Np+Np—1 input samples from x[-Ngp+1]
through x[Ng—1]. Assuming that x[k] is valid only
for k>0, the first Ny —1 samples of the output will
not be valid because computation of these values
depends on samples of x[k] before k=0. To pro-
duce a second block of Ny output samples, y[Njp]
through y[2Np—1], Eq. (20.1) must process a block
of Ng+Np—1 input samples from x[Nz—Np+1]
through x[2Np—1]. The final Ny —1 input samples
processed in the first block will be the first Np—1
input samples processed in the second block. This
can be extended to say that the final Np—1 input
samples processed in block b will be the first Np—1
input samples processed in block b+ 1. Therefore,
to produce each block of Ny output samples, only
Np new input samples are needed, along with Ny —1
old input samples used in the previous block.

When the filtering is performed in the frequency
domain using fast convolution, a technique called
overlap and save can be used for managing the old
and new input samples. The first step in imple-
menting this technique is selecting appropriate
values for the memory length, N;;; FFT length, N;
and input and output block length, N, subject to
the following constraints:

« The memory length, N, must be selected such
that N,,+ 1 is equal to or greater than the filter’s
unit sample response.
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 The FFT length, N, must be a highly composite
number to facilitate the use of a “fast” algorithm
for computing the DFT.

« The input/output block length, N, is equal to
N-N,.

The processing sequence for the overlap and save
technique is listed in Recipe 20.1.

Recipe 20.1

Overlap-and-Save Fast Convolution

The following steps assume that values for N, N,
and Np have been selected based on the criteria dis-
cussed in the text.

1. Load the first Ny input samples into the first
Np locations in the FFT input buffer. Set the re-
maining N - Np locations in the FFT input buf-
fer equal to zero.

2. Perform the FFT.

3. Multiply the FFT result by the N-point sampled
response of the filter being implemented.

4. Perfrom the inverse FFT.

5. Take the first Np samples of the IFFT output as
the next N samples of the filter output.

6. Move the contents of locations (Np—Ny)
through (N —1) from the FFT input buffer into
locations (N—N,,) through (N—1) of the same
buffer.

7. Load the next N new input samples into loca-
tions 0 through (Nz—1) of the FFT input buffer.

Repeat steps 2 through 7 until filter operation is
halted.




Fast Convolution Using the FFT

Figure 20.1 depicts the relationships between
the input samples and output samples when Rec-
ipe 20.1 is used. For the specific case depicted in
the figure, the FFT length is N= 64, the memory
length is N,;=18, and the input/output block
length is N = 46. For pass k, the N,; input samples
saved from the end of pass k—1 are placed at the
end of the FFT input block, as shown at (a) in Fig-
ure 20.1. A block of Np =46 new input samples is
read into locations zero through Ng—1 of the FFT
input block, as shown at (b) in the figure.

As discussed in Note 13, the N-point time se-
quence and N-point frequency sequence related
by an N-point DFT are both implicitly periodic,
with a period of N samples. Owing to this periodic
extension, the N, saved input samples at the end
of the FFT block are effectively prepended to the
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beginning of the FFT block, as shown at (c) in the
figure. Thus, as depicted at (d) in the figure, the
filter is able to produce the first output sample of
block k by effectively operating on a continuous
block of N, +1 samples, comprising the N, saved
samples and the first new sample that is placed in
location zero of the FFT input block.

The span of the filter’s impulse response is suc-
cessively moved one sample to the right, producing
one output sample after each such move until the
span reaches the position depicted at (e) in Figure
20.1. In this position, the filter is operating on the
final N, new input samples plus the oldest one of
the saved input samples, and the output produced
is not valid. Therefore, the final N, samples (f) in
the IFFT output block are discarded. The first Ng
samples (g) in the IFFT output block are issued as

4
+++++

.
;
I
I
I
I
I
I
I

Figure 20.1 The overlap-and-save technique for filtering a long signal sequence
via fast convolution: (a) the N, samples from the previous pass, (b) the Ny new
input samples for the current pass, (c) the periodic extension of the N, saved
samples, (d) the span of the filter’s impulse response corresponding to the first
output of sample of the current pass, (e) the span of the filter’s impulse response
response corresponding to the first invalid sample in the IFFT’s output block,
(f) discarded IFFT output samples, and (g) filter output samples.
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the filter’s output for pass k. In preparation for pass
k+1, the first N, input samples for pass k are then
copied into the end of the FFT input block in ac-
cordance with step 6 of Recipe 20.1.

Figure 20.2 shows how a number of IFFT output
blocks are reassembled to produce a continuous se-
quence of filter output samples that exactly match

Notes on Digital Signal Processing

the sequence of samples that would be produced
by a direct convolution performed using Eq. (20.1).
Notice that in either approach, output samples y[0]
through y[N,,;—1] are not valid because there is
insufficient input history for the filter until output
sample y[Ny,].

‘ Pass 2 1%

Pass 4

N

)

A \
Reassembled output

Figure 20.2 Continuous output sequence reassembled from IFFT output
blocks using the overlap-and-save technique



Note 21

Using Window Functions:
Some Fundamental Concepts

Within DSP, window usage can be di-
vided into two broad categories: (1)
windowing of signal segments to reduce
leakage in the DFT, and (2) designing FIR
filters that are based on using windows to
reduce the Gibbs phenomenon in finite ap-
proximations to ideal filters. Additional de-
tails concerning the use of windows for FIR
filter design are discussed in Notes 23 and 24.

21.1

As discussed in Note 14, truncating a DFT
input sequence to a length of N samples can
be mathematically modeled as multiply-
ing the sequence by a rectangular window
sequence that has non-zero values only for
sample indices 0 through N—-1

(] 1 0<u<N
wln]=
0 otherwise

Elementary Windows

(21.1)

Rectangular windows are not particularly
well suited for illustrating some of the time-
and frequency-domain characteristics that
make using windows so attractive. There-
fore, we will begin by introducing a simple
tapering window, called the triangular win-
dow, or sometimes, the Bartlett window.

Often, the mathematical descriptions of
windows and their frequency responses are
simplified if the window is defined centered
around the zero index, as shown in Figure
21.1. A window in this position is sometimes
called a lag window. It is natural to have an
odd number of samples in a lag window so

that one sample lies on the vertical axis and
there are an equal number of samples to the
left and to the right of the vertical axis. In
this position, a triangular window can be de-
fined as

[2n—N+1|
wln]=1-——
N-1 212)
for —(N—1)<n<N—1
2 T2

As defined, this window has a value of
zero at each end and a peak value of 1 in the
center. It could be argued that this window
really has a length of only N—-2 because of
the two zero-valued end-points. However,
it is convenient for some analyses of win-
dow properties to include the zero-valued
endpoints as part of the window. There are
a number of different window families with
similar concerns. Hann and Blackman win-
dows are other commonly used windows
that have zero-valued endpoints.

Different authors adopt different conven-
tions with regard to how zero-valued end-
points are treated. For the case of triangular

Figure 21.1 Triangular lag window with 33 points



windows, MATLAB supports both ap-
proaches—the function triang (N) gener-
ates a triangular window having N nonzero
values, and the function bartlett (N)
generates a triangular window with zero-
valued endpoints and N-2 non-zero
values. This support must be used with
caution. For odd window lengths, as illus-
trated in Figure 21.2, for the case of N=63,
triang (N) produces a window that ex-
actly equals the center N points of the win-
dow produced by bartlett (N+2). In
other words, the result from triang (N)
can be obtained just by removing the two
zero-valued endpoints from the result
produced by bartlett (N+2). In each
case, the slope for the left side of the tri-
angle is 1/32. However, this relationship
between the results from triang (N) and
bartlett (N+2) is not maintained for
the case when N is even. As shown in Fig-
ure 21.3(a), in the window produced by
bartlett (62), the peak of the triangle
falls midway between sample indices 31
and 32. The left edge rises from a value of 0
at sample index 1, to a value of 1 at a point
equivalent to sample index 31.5; thus the
left-side slope is obtained as

1=0 _ 2 _ 0327869
315-1 61

slope =

As shown in Figure 21.3(b), in the win-
dow produced by triang(60), the peak
of the triangle falls midway between sam-
ple indices 30 and 31. Rather than having
the first sample be equal to the first non-
zero sample from bartlett (62) (which
would locate the missing zero-valued
samples at abscissae corresponding to
sample indices 0 and 61), the implement-
ers of MATLAB chose to construct the tri-
angle in a way that places the zero values
at abscissae corresponding to sample
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(a) Result from bartlett (65)

0.03125 0.03125

(b) Result from triang(63)

0.03125

0.03125

Figure 21.2 Comparison of windows produced by MarLas functions
bartlett and triang for odd N

(a) Result from bartlett (62)

0.983606
Slope = %0‘5

Figure 21.3 Comparison of windows produced by MarLaB functions
bartlett and triang for even N



Using Window Functions: Some Fundamental Concepts 21-3

indices 0.5 and 60.5. This choice causes the
left edge to rise from a value of 0 at a point
equivalent to sample index 0.5, to a value
of 1 at a point equivalent to sample index
30.5; thus the left-side slope is obtained as

1- 1
dope=——0 __ 1 _ 033333
305-05 30

21.2 Even-Length Windows for
DFT Applications

Even-length windows are most often used
for reducing DFT leakage—the windows
used in FIR filter design are usually odd
in length. However, due to the implicit pe-
riodic extension inherent in the DFT, the
correct way to generate the even-length
windows used with even-length DFTs in-
volves truncating the final point of an odd-
length window. Figure 21.4(a) shows a
symmetric 8-point triangular window and
several of its images due to periodic exten-
sion. Figure 21.4(b) shows an asymmetric
8-point window that began as a symmetric
9-point window before the final point was
truncated. As shown in the figure, the first
point in each window image also fills the
place of the missing final point for the pre-
ceding image.

Looking at Figure 21.4, the difference be-
tween the two approaches might not seem
important, but proper generation of the
DFT window is crucial if the DFT results
are to represent samples of the DTFT result.
Figure 21.5 shows the positive-frequency
DTFT spectrum for a 33-point triangu-
lar window with zero-valued endpoints
(i.e., the results from bartlett (33) in
MATLAB). Superimposed on the continu-
ous trace of the DTFT spectrum are circles
marking values from the DFT of the asym-
metric 32-point window that results from

(b)

1
'
'
'
'
'
'
'
'
'
'
'
'
[N
L

Figure 21.4 Two different configurations for an even-length window: (a)
naive approach, and (b) approach that exploits the periodic extension
implicit in the DFT
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Figure 21.5 Magnitude of DTFT for 33-point triangular window (solid
trace) with magnitude of DFT for coresponding 32-point truncated
windows (circles)
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truncating the final point of the original
33-point window. Figure 21.6 shows the
DFT locations that result from the incorrect
use of a 32-point symmetric window. The
DFT locations are displaced from their cor-
rect locations, but they are close enough to
explain why many practitioners are able to
use even-length symmetric windows incor-
rectly and still obtain usable results.

21.3 Lobe Structure in the
Frequency Response

There are four fundamental characteristics
tied directly to the lobe structure of a win-
dow’s DTFT response.

1. Width of the main lobe. The width can
be specified as the null-to-null width or
as the 3-dB or 6-dB bandwidth of the
main lobe.

2. Peak level of the first side lobe.

3. “Ultimate” attenuation of side lobes far
removed from the main lobe. In the case
of discrete-time windows, the ultimate
attenuation is the attenuation at the side
lobe peak closest to w=t.

4. Spacing of the nulls in the DTFT re-
sponse.

Re at ve magn tude (dB)

20
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Figure 21.6 Magnitude of DTFT for 33-point triangular window (solid
trace) with magnitude of DFT for symmetric 32-point window (circles)



Note 22

Assessing Window Functions:
Sinusoidal Analysis Techniques

hen a window is employed to reduce

leakage in the DFT, the window’s
DTFT response can be used directly in one
of two ways to assess the DFT’s output due to
known (or approximately known) sinusoidal
components in the input signal.

o The bin-centric approach, detailed in
Recipe 22.1, determines the response of a
single DFT bin to signals over the entire
range of frequencies supported by the cho-
sen sampling rate (i.e., the frequency range
-(2T) " to 2T)™).

o The signal-centric approach, detailed in
Recipe 22.2, determines the response of
every DFT bin to a signal component con-
sisting of a single sinusoid at frequency f..

Recipe 22.1

Using a Window’s DTFT Response to
Assess the Frequency Response for
a Single Bin in a Windowed DFT

This analysis determines the response of a
single DFT bin, say, bin k, to signals over the
entire range of frequencies from —(2T)™ to
(2T)*, where T is the time-domain sam-
pling interval.

L.

Center a copy of the window’s DTFT re-
sponse, W( f ), over the frequency corre-
sponding to bin k. This frequency-shifted
copy of the response can be denoted as
WAf):W(f—kF)

. For an input signal consisting of an

ideal sinusoid of cyclic frequency f;, the
DEFT bin k response due to the positive-
frequency portion of the input signal’s
spectrum is determined as

Xk = W.(f.) for x[n]=cos(2m f,nT)
KI=\_jwi(£) for sinl=sin(2z fnT)

. The DFT bin k response due to the

negative-frequency portion of the input
signal’s spectrum is determined as

B W, (NF-f.), x[n]=cos(2zfnT)
| /Wi (NF-£.), x[n]=sin(2x f,nT)

4. The total bin k response is then deter-

mined as
X[k]=XT[k]+ X [k]

22-1
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_
Example 22.4

Analyzing Triangular Window
Performance Using a

Bin-centric Strategy

Assume that a triangular window is ap-
plied to the input of a 32-point DFT.
Use Recipe 22.1 to determine the re-
sponse in a single DFT bin, say, bin 6,
when the input signal is

10.
x[n]=cos Zn'nE
F

where F is the frequency interval be-
tween DFT bins. Figure 22.1 shows the
real and imaginary components for
Ws(f ). As indicated in the figure, the
DFT bin 6 response due to the positive-
frequency portion of the input spec-
trum is obtained as

X'[6]=—0.149672— j0.201809
and the bin 6 response due to the
negative-frequency portion of the input
spectrum is obtained as

X[6]=-0.0298469 — j0.040244

The total bin 6 response is then

X[6]=X"[k]+ X [k]
=-0.179519 - j0.161565

The magnitude of the response is

| [6]=4/-0.1  )*+(0.161565)

=0.242517
=-36.42 to main lobe peak
—— e Y
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Peak at bin 6 is 16.0 (off scale)
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Figure 22.1 DTFT response for a triangular window after response has been
shifted to align the center of the main lobe with the frequency corresponding to
DFT bin 6: (a) real part, (b) imaginary part
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Example 22.5

Analyzing Triangular Window Performance
Using a Signal-centric Strategy

Assume that a triangular window is applied to the input of
a 32-point DFT. Use Recipe 22.2 to determine the response
in the DFT bins when the input signal is

x[n]=cos 27[;110—7
F

where F is the frequency interval between DFT bins. The
real and imaginary parts of the composite continuous-
frequency response, X(f ), obtained using Eq. (R22.1) from
Recipe 22.2, are shown in Figure 22.3. The magnitude of
this response is plotted with the corresponding DFT mag-
nitude response, ]X[m]|, in Figure 22.4. Notice that the
bin 6 response matches the response obtained using the
bin-centric approach in Example 22.1.

—

0 4 8 24 28 32

1
10.7 21.3
Normalized frequency %_

Figure 22.2 Analysis strategy for signal-centric approach. One copy of the DTFT
spectrum (solid trace) is centered at frequency f,, and a second copy (dotted trace)
is centered at frequency NF-f,

22-3

—

Recipe 22.2

Signal-Centric Approach for
Assessing the Response of a
Windowed DFT

This analysis determines the response
of every DFT bin to a signal component
comprising a single real sinusoid at fre-

quency f.

1.

2.

Center a copy of the window’s DTFT
response, W( f), at frequency f,and a
second copy at NF-f, as indicated in
Figure 22.2. These frequency-shifted
copies of the response can be denoted
as W(f-f) and W(f-NF+£f),
respectively. It would be cumber-
some to plot two copies of a com-
plex DTFT response in a single fig-
ure, therefore Figure 22.2 shows the
magnitude responses |[W(f-f,)| and
|W( f- NF+£,)| just to convey a sense
of the frequency relationship be-
tween the two copies of the response.

The composite continuous-frequency
response, X( f), is obtained as the ap-
propriately phased complex sum of
W(f-f.) and W(f-NF+f,)

W(f-f)+W(f-NF+f)
for input of x[n]= cos(27x f,nT)

X(f)=

—jW{f - £)+jW(f-NF+f,)
for input of x[n]=sin(2x f»nT)

(R22.1)

The DFT response, X[m], is obtained
by sampling X( f) at the DFT bin fre-
quencies

Ximl=X(f)__ m=01.,N-1
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Figure 22.3 DTFT response for a triangular-windowed input signal x[n]=cos(2m f,nT): (a) real part, (b) imaginary part
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Figure 22.4 DTFT magnitude response (solid trace) and DFT magnitude response
(circles) for a triangular windowed, 32-sample segment of input signal x[n]=cos(27 f,nT)



Note 23

Window Characteristics

here are many different window functions,

and selecting the best one for a particu-
lar application can be a daunting task. However
there are a number of metrics that can be used to
weed out the unsuitable windows and zero in on
the several “best” window choices for particular
requirements.

23.1 Main Lobe Width

Any window having a finite duration in time has a
frequency-domain magnitude response that exhib-
its a lobed structure similar to the example shown
in Figure 23.1. Perhaps the most obvious quan-
tifiable characteristic for a window concerns the
width of the main lobe in the magnitude response.
The null-to-null measurement is a conceptually
straightforward way to characterize the width of the
main lobe, but it is not the most useful way.

The 6-dB bandwidth of the main lobe is a useful
metric because for two equal-strength tones to be
resolvable in the output of a windowed DTFT, their

frequencies must differ by more than the 6-dB band-
width of the window.

The 3-dB bandwidth of the main lobe is also use-
ful because it can be combined with the equivalent
noise bandwidth, discussed later, in section 23.3, to
form an indicator of window performance. Specifi-
cally, in [1], harris compared more than 40 differ-
ent windows, and based on DFT results for these
windows, he concluded that the ratio of equiva-
lent noise bandwidth to 3-dB bandwidth is a sen-
sitive indicator of overall window performance. Of
the windows he tested, good windows always had
bandwidth ratios that satisfied

Bne
1.04 < "0 <1.055 @31

3dB
Windows with this ratio less than 1.04 had wide
main lobes that resulted in high processing loss.
Windows with this ratio greater than 1.055 tended
to have high side lobe structure that resulted in

poor two-tone detection capability.

Main lobe

Re at ve magn tude (dB)

1 2 3
i f,
Normalized frequency %_.

4

5 6 7 8

Figure 23.1 DTFT response of a rectangular window showing the
features of the response’s lobed structure
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23.2 Side Lobe Attenuation

There are two useful measures of side lobe
attenuation.

1. Peak level of the first side lobe.

2. Ultimate attenuation of side lobes far removed
from the main lobe. In the case of discrete-time
windows, the ultimate attenuation is the attenua-
tion at the side lobe peak closest to w=m.

Poor side lobe attenuation degrades the two-tone
detection capability of a window, especially in cases
where one tone is much stronger than the other.
Even when the tones’ frequencies are separated by
more than the 6-dB bandwidth of the window’s
main lobe, the weaker signal often is lost in the side
lobes of the stronger signal’s response.

Poor side lobe attenuation also causes bias in
the amplitude and frequency estimates formed by
the DFT. The side lobes of the negative-frequency
component for a tone create bias in the positive-
frequency component, and the side lobes of the

0
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positive-frequency component create bias in the
negative-frequency component.

23.3 Equivalent Noise Bandwidth

The magnitude-squared response for a typical win-
dow function is shown in Figure 23.2. If the win-
dow function is applied to a signal consisting of
zero-mean white noise, the total noise power in the
result can be computed in the frequency domain as

@)™

[ Wl ar

—(21)™!

Ny

Py =— (23.2)

Figure 23.2 also shows a dashed-line rectangle that
can be thought of as the magnitude response of
an ideal lowpass filter. This rectangle has a height
equal to the peak in the window’s response and a
width equal to 2B,.o. The output noise power from
the ideal filter is

P, =N,B[W(0)] (233)

The value of B for which the window and the ideal
filter produce the same output noise power is called

Noise
<«—— equivalent
bandwidth

f

Figure 23.2 Equivalent noise bandwidth. The total area under the
curve equals the area of the dashed rectangle.



Window Characteristics

the equivalent noise bandwidth', and is found by
equating Egs. (23.2) and (23.3) and solving for B to
yield

Jo Wt ds
B, =B="%
2[wO]

neq
We can invoke Parseval’s theorem to obtain time-
domain expressions for the numerator and de-
nominator of Eq. (23.4) to yield a more convenient
equation for B, that is based directly on the time-
domain window function

Sty
Az

The index limits for the summations are not stated
explicitly, because in some applications n will range
from—N/2 through N/2 and in other applications n
will range from 0 through N-1.

(23.4)

neq

(23.5)

23.4 Processing Gain

The processing gain of a windowed transform can
be analyzed by considering the DFT to be a bank
of matched filters, with each filter matched to a si-
nusoid at one of the bin frequencies, wy . The win-
dowed transform’s processing gain, G,, is defined
as the ratio of output signal-to-noise ratio (SNR)
to input SNR, when the input to the transform
is a noisy sinusoid at one of the transform’s bin
frequencies:

Gp — Sout /Nout (23.6)

S, /N,

mn

when the input signal is defined by

x[f’l]=Aexp(ja)knT)+p(nT) (23.7)

1. Equivalent noise bandwidth is also called noise equivalent bandwidth
or simply noise bandwidth. The subscript “neq” is used here because
“eqn” is so often used as an abbreviation for “equation”

23-3

where o
=k (23.8)
O NT

and p(nT) is a white noise sequence with variance
o, The input signal power is simply §;, = A% and
the input noise power is N;, = 0;. That portion of
the windowed transform’s output that is due to sig-
nal is given by

Xs(o,) =

EW(”T)A exp(jonT)(exp(—jwnT)

n=0

= AEW(HT)

n=0 (239
and the corresponding signal power is given by

_ 2
Sout = |X8(wk)|2 = A2 [EW(WT)] (23.10)
n=0

The coherent gain is defined as the magnitude of the
output signal divided by the magnitude of the input
signal:

(23.11)

AEW(HT)‘ o

Gep =——' = T
h |A| Z;W(H )

The portion of the windowed transform’s output
due to noise is given by

Xy(@)= ¥ wnT)p(nT)exp(~jonT)
n=0 (23.12)

and the output noise power is the mean-square
value of X, (wy):

No =E{Xu(@)f }

=033, [wn) ]

(23.13)
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Thus, the processing gain can be determined as

Gp — Sout /Nout
Sin /Nin
N-1 2 N-1 "
AZ[ZW(HT):| /GéZ[w(nT)]
_ n=0 n=0

A’lo;

:[;w(nT)] o
Z‘([w(nT)]2 2B,

(23.14)

where B, is the equivalent noise bandwidth dis-
cussed in Section 23.3. The processing loss, L, is

the reciprocal of the processing gain

L,=—=2B (23.15)

23.5 Scalloping Loss

The processing loss computed in the previous sec-
tion is based on an input signal that is a sinusoid at
a frequency corresponding to one of the DFT bin
frequencies. There will be additional loss for an in-
put sinusoid at any frequency that is not one of the
bin frequencies. The maximum loss will occur for
an input frequency that is exactly midway between
two consecutive bin frequencies. The input signal
becomes

x[n]= Aexp(ja)(kﬂ/z)nT) +p(nT)

where

21
Wiy = ﬁ(k +1/2)
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The portion of the windowed transform’s output in
bin k that is due to a noise-free sinusoidal signal of
frequency (1) is then given by

X (w(k+1/2) ) =

N-1
ZW(” T)Aexp(j@nT)exp(—jonT)

n=0
After some trigonometric manipulation, this out-
put component can be expressed as

N-1
T
X (w(k+1/2) ) = AZW(n T)exp(j N”)
n=0
The scalloping loss is defined as the ratio of the co-
herent gain for a signal midway between two bin
frequencies to the coherent gain for a signal at a bin
frequency:

N-1
T i
_ Geon (w(k+1/2)) _ Z},W(I’l )eXp(] N n)
S - N1
Gcoh(a)k)
EW(HT) (23.16)

‘W k2
_ NT
T W)

23.6 Worst Case Processing Loss

The worst case processing loss is defined as the
product of the processing loss from Eq. (23.15) and
the scalloping loss from Eq. (23.16).
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Note 24

Window Choices

In this note, some of the more useful windows and some of the more
commonly encountered windows are compared in terms of the char-
acteristics discussed in Note 23. The characteristics of all windows dis-
cussed in this note are listed together in Table 24.1 for easy reference.

24.1 Rectangular Window

The rectangular window is somewhat different
from all of the other window functions in that
rather than being explicitly applied to a data se-
quence, it instead represents the situation when
a long or infinite sequence is truncated to form a
shorter-duration segment. Modeling the truncation
process as a windowing operation does provide a
convenient mechanism for analyzing DFT leakage,
as demonstrated in Note 15. The rectangular win-
dow is included in this note because it serves as a
baseline from which the improvements offered by
other windows can be gauged.

Truncating a DFT input sequence to a
length of N samples can be mathemati-
cally modeled as multiplying the sequence
by a rectangular window sequence that has
non-zero values only for sample indices 0
through N-1:

1 0<n<N
W["]_{o otherwise

For a normalized sampling interval of T=1,
the DTFT of the rectangular window de-
fined by Eq.(24.1) is given by

W(f)=exp[ —jrf(N-D]=—==

(24.1)

sin(N7 f)
sin(z f) (242)

The exponential factor in (24.2) has a
magnitude of 1 for all values of f, and rep-
resents a simple linear phase shift. This
phase shift is a consequence of defining the
window over the interval 0< n<N. If the

10

20
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Figure 24.1 DTFT magnitude response for a 16-point

rectangular window
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rectangular window is defined to be sym-
metric about the origin, then the DTFT
of the window is
sin(N7
W, () = SNET)
sin(z f)

The DTFT magnitude response for a
16-point rectangular window is shown
in Figure 24.1. The null-to-null width of
the main lobe for the rectangular win-
dow is 2F where F is the DFT bin spac-
ing. The peaks of the first side lobes are
about 13 dB below the peak of the main
lobe. The ultimate side lobe attenuation is
about 30 dB. As shown in Figure 24.1, the
rectangular window’s response has nulls
at all integer multiples of the frequency
increment F = (NT) . This spacing of the
nulls means that for a sinusoidal signal
with a frequency of f= kF, the DFT has
a non-zero response only in bins k and
N — k. However, for a sinusoidal signal
with a frequency that is not an integer
multiple of F, the DFT exhibits some re-
sponse in every bin. As shown in Figure
24.2, when the main lobe of the rectan-
gular window’s response is centered on a
frequency component that falls between
two adjacent DFT bin frequencies, the
main lobe straddles the two adjacent bins.
When the signal is near the midpoint
between two bins, the response in each
of the two straddled bins is significant.
However, as the signal is moved closer to
one of the bins, the response in the other
straddled bin becomes less significant.

(24.3)

24.2 Triangular Window

The triangular window’s response has
nulls at even-valued integer multiples of
the DFT frequency increment. As shown
in Figure 24.3, the side lobe peaks occur
at frequencies very close to odd-valued

Notes on Digital Signal Processing
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Figure 24.2 DTFT magnitude response for 16-point rectangular window,
after shifting the center of the main lobe on a normalized frequency of 6.5
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Figure 24.3 DTFT magnitude response for a 16-point triangular window
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integer multiples of the frequency in-
crement. Furthermore, the null-to-null 10l |
width of the main lobe in the response
spans an interval of 4F. Therefore, when
the triangular window’s response is cen- —10}

tered on bin k, the responses at bins k—1 @

and k+1 are down only 7.8 dB from g 2O |
the peak. The responses at bins k+3 are 2 30l 1
down by about 26.7 dB from the peak at §

bin k. When the signal frequency is not s —04

an integer multiple of F, the main lobe g -50 f

straddles four consecutive DFT bins, as

shown in Figure 24.4. The ultimate side Rl

lobe attenuation is about 48 dB. -70 |

6= 8
Normalized frequency VF

Figure 24.4 DTFT magnitude response for a 16-point triangular window
after shifting to center the main lobe on a normalized frequency of 6.5

Table 24.1 Window Characteristics

Sidelobe  3dB 6dB  Equiv.
Side fall-off band- band- noise

lobe rate width, width, band- Worst-case
peak  (dB per Bsgg  Bggg  Wwidth, Bny Scalloping processing
Window (44 (dB) octave) (bins)  (bins) Bneq (bins) B, loss (dB) loss (dB)
Rectangular — -13 -6 0.89 1.21 1.00 1.1236  3.92 3.92
Triangular — =27 -12 1.28 1.78 1.33 1.0391 1.82 3.07
Dolph-Chebyshev 2.5 =50 0 1.33 1.85 1.39 1.0451 1.70 3.12
30 -60 0 1.44 2.01 1.51 1.0486 1.44 3.23
35 =70 0 1.55 2.17 1.62 1.0452 125 3.35
4.0 -80 0 1.65 2.31 1.73 1.0485 1.10 3.48
Kaiser 20 —46 -6 143 1.99 1.50 1.049 1.46 3.20
25 =57 -6 1.57 2.20 1.65 1.051 1.20 3.38
3.0 -69 -6 1.71 2.39 1.80 1.0526  1.02 3.56
35 -8 -6 1.83 2.57 1.93 1.0546  0.89 3.74
Hann — -32 -18 1.44 2.00 1.50 1.0417 1.42 3.18

Hamming — —43 -6 1.30 1.81 1.36 1.0462 1.78 3.10
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24.3 Dolph-Chebyshev Window

The Dolph-Chebyshev window has its
origins in antenna design [2] and its
response has the minimum main-lobe
width for a given side lobe level. As de-
picted in Figure 24.5, all the side lobes
peak at the same level. For a side lobe
level of —20«, the window’s discrete-fre-
quency response is given by

cos|:N cos™ |:B cos(fc k ):H
. N
W(k)=(-1)

cosh [N cosh™( ﬂ)]
0<[k|<N-1

(24.4)
where

B= cosh|:;]—cosh1 (10”’ ):|

Often, f>1 and, consequently, evalua-
tion of Eq. (24.4) may entail computing
the inverse cosine of values with magni-
tudes greater than unity. In such cases,
the following formula can be used:

T _tan™ aa | |x| <1
cos (X)=4 2 Vi-x*
ln(x+\/x2—1), |x|>1
The time-domain window coeflicients

are obtained by taking the inverse DFT
of Eq. (24.4).

24.4 Kaiser Window

The discrete-time Kaiser window is de-
fined by

Notes on Digital Signal Processing
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Figure 24.5 DTFT magnitude response for a 32-point Dolph-Chebyshev
window
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where I is the zero-order modified Bessel function
of the first kind, given by

g

k=0

The Kaiser window is discussed further in Note 25,
and its use in designing FIR filters is discussed in
Note 36.

24.5 Hann Window

The discrete-time, odd-length Hann lag window is
defined as

wln]=cos’ (n—ﬂ)
N
= l|:1 + cos(zﬂ ):|
2 N

_—(N-D (N-1)

»--—L0,1,...,

and the discrete-time (usually even-length) Hann
data window is defined as

n=0,1,2,...,N-1

24-5

24.6 Hamming Window

The discrete-time, odd-length Hamming lag win-
dow is defined as

w[n]=0.54 + 0.46cos(2ﬂ )
N

—(N-1)

-1
n =7,...,—1,0,1,...,(N )
2

and the discrete-time (usually even-length)
Hamming data window is defined as

w[n]=0.54—-0.46 cos(zﬂ J
N

n=0,12,...,N-1

g
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Note 25

Kaiser Windows

25-1

ne way to structure the window opti-

mization problem is to find the par-
ticular time-limited function having the
minimum energy outside the main lobe
of its frequency response. The solution to
this problem, found by Slepian and Pol-
lak [1], involves prolate spheroidal wave
functions. Kaiser [2, 3] found an approxi-
mate solution that is simpler to compute
than the exact solution of Slepian and
Pollak. The continuous-time form of the
Kaiser window and its frequency response
are listed in Math Box 25.1. The specifi-
cation of the continuous-time window is
such that it spans a time interval of (N-1)
T. This span is equivalent to saying that
the continuous-time window begins at the
time corresponding to sample -(N-1)/2
and ends at the time corresponding to
sample (N —1)/2, where N is odd.

The definition and properties for the
discrete-time window are summarized in
Math Box 25.2. A closed-form expression
has not been found for the frequency re-
sponse of the discrete-time window. The
response given in Eq. (MB25.4) is simply
the window function’s DTFT after simpli-
fication, based on the window’s even sym-
metry around its central sample. Equation
(MB25.5) is a closed-form approximation
of the spectrum derived by Antoniou in [4],
and Eq. (MB25.6) is a closed-form approxi-
mation given by f. j. harris in the famous pa-
per [5], in which he catalogs the properties
of many different window functions. In this
same paper, harris refers to the window de-
fined by Eq. (MB25.2) as the Kaiser-Bessel
window.

p
Essential Facts

A time-limited window optimized to have
minimum energy outside the main lobe
of its frequency response takes the form of
a prolate spheroidal wave function.

The Kaiser windows are an easier-to-
compute family of approximations to the
prolate spheroidal wave functions.

The definition of the Kaiser window in-
cludes a parameter, f3, that can be used
to adjust the trade-off between peak side
lobe ripple and the width of the main lobe
in the window’s frequency response.

Because of the extra degree of design
freedom provided by the parameter f3, the
Kaiser window is the one most often used
in the windowing technique for designing
linear phase FIR filters that is described
in Note 35.

0.5 0.25 0 0.25 0.5

Normalized time (t/7)

Figure 25.1 Kaiser window with 8 =5.4414 (solid
trace) compared to Hamming window (dotted trace)




Kaiser Windows

The Kaiser window performs well in com-
parison to other windows. Figure 25.1 shows
a Hamming window and a Kaiser window
with B =7+/3. As shown in Figure 25.2, the
main lobe width for the Kaiser window’s re-
sponse matches the main lobe width for the
Hamming response, but the side lobes roll
off more quickly.

As shown in Figure 25.3, for $=8.5, the
main lobe of the Kaiser window’s response
is slightly narrower than the Blackman main
lobe. The close-in side lobes are almost 10
dB lower for the Kaiser window; however,
the Blackman side lobes continue to drop
until they fall below the Kaiser side lobes at
approximately f = F;/4. The difference in the
time domain is not so dramatic. As shown
in Figure 25.4, the difference between the
Blackman window and the Kaiser window
with f=8.5 is barely discernible. The area of
greatest difference is in the tails, as shown in
the zoomed area.

In [3], Kaiser gives the spectrum of (MB25.1) as

2sin (T\/a)z —(B/1)? )
Iy (BN —(BiT)

(N-1)T
2

W (w)=

where

25-2
Math Box 25.1
Continuous-Time Kaiser Window
The continuous-time Kaiser window is defined as
2t Y

I 1-|l1-——=— _

| ( (N—l)T] for < DT
Wc(t) =

1,(B) (MB 25.1)
0 otherwise
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Figure 25.2 Comparison of magnitude spectra for a Hamming window (dashed
trace) and for a Kaiser window with 8 =5.4414 (solid trace)
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Math Box 25.2

Discrete-Time Kaiser Window

The Kaiser data window is defined as

2n 2
,oyﬁ [j]
0<n<N-1

I(B)

win]=
(MB 25.2)

where I, is the zero-order modified Bessel
function of the first kind given by

- k%
Io(x)=2[(x,/<,2) }

k=0

(MB 25.3)

In most practical applications, an adequate
approximation for Io(x) can be obtained
from the first 20 terms in the summation of

Eq. (MB25.3). The spectrum of the Kaiser
window is given by
W () =w[0]+2) wln]cos(wnT)

k=0
(MB 25.4)

The spectrum can be approximated as

(N- 1)sin[/3,/(an/ By -1}

W(w)=
BI,(B) (ot /B) -1
(MB 25.5)
or
Nsinh|: B- (Nw/z)Z}
W(w)=

I(B) m (MB 25.6)
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Figure 25.3 Comparison of magnitude spectra for a Blackman window (dashed
trace) and for a Kaiser window with 8 =8.5 (solid trace)
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Note 26

Unmodified Periodogram

26-1

This note presents the definition and basic properties of the
unmodified periodogram. The unmodified periodogram
is the simplest of the dlassical, nonparametric, DFT-based
methods that are used to estimate the power spectrum of
a discrete-time signal. Examples of its performance against
various signal combinations and noise conditions are also
presented.

or a discrete-time signal, x[n], the un-
modified periodogram, S [m], is com-
puted as the normalized, squared magnitude
of the N-point DFT for an L-sample segment
of the signal that has been padded with N-L
zeros (see Note 16: Exploring DFT Resolu-
tion for a discussion of zero-padding in the
DFT):
2
Sulom] = -] 251

where X[m] is the slightly modified DFT
given by
N —j2rmn
X[m]= Zx[n]exp(gJ (26.2)
n=0 N
In order to generate a periodogram plot
that appears to be a function of continuous
frequency, it is a common practice to use
a DFT length, N, that is many times larger
than the number of signal samples, L. In
fact, the periodogram is formally defined
as a function of continuous frequency that
involves the DTFT of x[n]. However, in
practice, the periodogram is evaluated at a
number of discrete frequencies using the
DFT as in Eq. (26.2). It is not necessary to
include the N-L zero-valued padding sam-
ples explicitly in Eq. (26.2). The denomina-
tor in the exponential factor is based on an
N-point DFT, but the zero-valued samples
are implicitly included by having the upper
summation limit of L—1 rather than N-1.

P
Essential Facts

« Historically, periodograms have been defined as
functions of continuous frequency that are re-
lated to the corresponding discrete-time signal
via the discrete-time Fourier transform (DTFT).
However, in practice, the DFT or FFT is used to
evaluate the DTFT at only a finite number of dis-
crete frequencies, leading to a result that is a func-
tion of discrete frequency.

+ The unmodified periodogram is the simplest of
the classical Fourier-transform-based spectrum
estimation techniques.

 The unmodified periodogram’s response to a dis-
tinct sinusoidal component has the narrowest
main lobe response available from any periodo-
gram technique.

 The main disadvantages of the unmodified peri-
odogram include

o High side lobe leakage

o No reduction in additive noise that may be
present in the signal

o High variability in the result when the input
signal is inherently random (such as a com-
munications signal that has been modulated
by a random data sequence)




Unmodified Periodogram

The unmodified periodogram is also
referred to as the sample spectrum or sim-
ply periodogram. The use of the descriptor
“unmodified” is primarily to emphasize
the distinction between Eq. (26.1) and the
modified periodogram that is discussed in
Note 29.

The unmodified periodogram’s advantage
over other spectrum estimation techniques
is its simplicity and relatively low computa-
tional burden (particularly if the periodo-
gram is evaluated using a DFT that is sized
to allow implementation via an efficient FFT
algorithm). These advantages can be decisive
in an application such as a front-panel spec-
trum display in a consumer audio device.
In such an application, the performance
requirements might be quite lax—the high
and low frequency content of the displayed
spectrum needs only to appear correlated
to the audio that is playing. In addition, be-
cause the input signal is truncated with a
simple rectangular window, the unmodified
periodogram’s response to a distinct sinusoi-
dal component has the narrowest main-lobe
response available from any periodogram
technique.
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Math Box 26.1

Properties of the Unmodified
Periodogram

Definition
o 18 )
Sy (e’ )=ﬁ[zx[ﬂ]eXP(—J”w)} (MB 26.1)

Bias

. 1 , .
E{SU (e )}: Esx () @W,(e”) (MB26 2)
where £ indicates expected value, Sx(ejw) is
the true power spectrum of x, and W (e ) is
the Fourier transform of the Bartlett window.
The presence of W ,(e/*) in Eq. (MB 26.2) in-
dicates that the unmodified periodogram is a
biased estimate of S,(e/”). However, as N be-
comes very large, W (e/) approaches an im-
pulse function, so

tm £{5, (e*)}=5. ¢")

Therefore, the unmodified periodogram is said
to be an asymptotically unbiased estimate of
S.(e’?). The appearance of a Bartlett window
in Eq. (MB 26.2) might seem odd given that
the unmodified periodogram does not involve
the explicit use of a window function. How-
ever, like all “unwindowed” DFTs, the peri-
odogram does implicitly involve a rectangular
window to accomplish the truncation of the
input sequence to just N nonzero samples. By
Parseval’s theorem, the power spectrum is the
Fourier transform of the autocorrelation func-
tion, and the autocorrelation of two rectangu-
lar windows is a triangular window—hence
the convolution by W (e /) in Eq. (MB 26.2).

(MB 26 3)

6-dB Bandwidth of Bin Response
21
Oy = O'SQW (MB 26.4)
Variance

warfs ()} =[5, ()]

(MB 26 5)
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Note 27

Exploring Periodogram Performance:
Sinusoids in Additive White Gaussian Noise

27-1

This note demonstrates how the unmodified periodogram’s
ability to resolve sinusoidal components with distinct fre-
quencies varies with both the signal-to-noise ratio and the
frequency separation of the components. In subsequent
notes, similar techniques are used to assess the perfor-
mance of other types of periodograms—most of which
outperform the unmodified periodogram.

27.1 SNRVariations

The MATLAB code in Computer Listing 27.1
generates two cosine waves embedded in ad-
ditive white Gaussian noise (AWGN) and
then computes the unmodified periodogram
for the composite signal. This code was run
for the combinations of frequency and SNR
listed in Table 27.1, with the results plot-
ted in the figures as indicated by the table
entries.

When the SNR is set to 200 dB, the noise
in the signal can be considered nonexistent.
For Case 1, the frequencies of the two sinu-
soids are symmetric about the normalized
frequency 0.125, which corresponds to FFT
bin 32. The frequencies selected provide a
separation equal to the 6-dB bandwidth of

Table 27.1 Cases Demonstrated in Section 27.1

Computer Listing 27.1

Unmodified Periodogram for
Sinusoids in AWGN

The following segment of MATLAB code
computes the unmodified periodogram for a
256-sample segment of two equal amplitude
cosine waves in AWGN.

% Specifics for current demonstration
%

N=256;

noige geed = 113057;

gnr = 200;

fregql = 31.555/N;

freq2 = 32.445/N;

ti = 0:N-1;
x1 = cos(ti*2*pi*freql) ;
x2 = cos(ti*2*pi*freq2) ;

x = x1 + x2;

y = awgn(x, snr, ‘'measured’ ,noise_seed) ;
%

% Computing the unmodified periodogram

_U = periodogram(y, [1,’twogided’) ;

o 0 of

% Plotting result

%

abgcigsa = 0:1:N/2;

abgcigsa = abscissa/N;

plot (abscissa, 10*loglo(S_U)) ;

Case freql freq2

Af snr Figure

1 31.555/N =0.123262
2 31.555/N =0.123262
3 31.555/N =0.123262
4 31.95/N = 0.124805
5 31.55/N =0.123242

32.445/N = 0.126738
32.445/N =0.126738
32.445/N = 0.126738
33.05/N =0.129102
33.45/N = 0.130664

0.89/N =0.003477 200 27.1
0.89/N =0.003477 0 272
0.89/N =0.003477 -10 27.3
1.1/N=0.004297 200 27.4
1.9/N=0.007422 200 27.5
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the bin response as listed in Math Box 26.1
of Note 26. As shown in Figure 27.1, there
are two distinct peaks in the periodogram.
Because a DFT is used to generate the peri-
odogram, peaks in the result can occur only
at frequencies that correspond to the bin
frequencies of the DFT. The peaks in Figure
27.1 fall at f, = (31/N)=0.121094 and at
f»=(33/N) = 0.128906, so the normalized
errors in estimating f, and f, are 0.002168
and -0.002168, respectively.

Cases 2 and 3 demonstrate how the re-
solvability of closely spaced frequency com-
ponents degrades as the SNR is decreased.
Figure 27.2 shows the periodogram for the
case where SNR=0 dB; the peaks are still
distinct and larger than any other frequency
components. Figure 27.3 shows the periodo-
gram for the case where SNR= —10 dB; the
peaks are no longer discernible.

Increasing Af from 0.89/N to 1.1/N, as in
Case 4, demonstrates that increasing the fre-
quency separation of the sinusoids does not
always improve or even maintain the resolv-
ability exhibited in cases having smaller fre-
quency separations. Figure 27.4 shows only
a single peak in the periodogram.

Increasing Af further, to 1.9/N, as in
Case 5, restores two distinct peaks, as shown
in Figure 27.5, but the notch between the
peaks is not as deep as the notch in Case 1.
The shallower notch fills in quickly as the
SNR is reduced.

27.2 Frequency Spacing

The periodogram sometimes exhibits coun-
terintuitive results wherein increasing fre-
quency separation in the input signals
frequency components leads to degraded
resolvability of peaks in the periodogram.
This note demonstrates this phenomenon
and reveals the mechansim that causes the

Re at ve PSD (dB)

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 27.1 Periodogram result for Case 1, with
f1 = 31.555/N = 0.123262,f2 = 32.445/N = 0.126738,
and SNR =200 dB
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Re at ve PSD (dB)

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 27.2 Periodogram result for Case 2, with
f, = 31.555/N = 0.123262, f, = 32.445/N = 0.126738,
and SNR =0 dB

15
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Re at ve PSD (dB)

10

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency
Figure 27.3 Periodogram result for Case 3, with
f, = 31.555/N = 0.123262, f, = 32.445/N = 0.126738,
and SNR =-10dB
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counterintuitive result. The plots generated
in this demonstration have been designed to
provide a zoomed-in view of the area around
the peaks in the periodogram.

 The plots have been modified to include
the continuous-frequency result corre-
sponding to the discrete-frequency peri-
odogram. The periodogram represents
a sampled version of this continuous-
frequency result, and the resolution be-
havior of the periodogram is governed by
the location of the sampling instants rela-
tive to the peaks and valleys of the con-
tinuous result.

e In this demonstration, the DTFT of the
two-sinusoid signal is generated using the
Dirichlet kernel, as described in Note 14.
The square of the Dirichlet kernel is the
Fejer kernel, but the continuous-frequency
power spectrum for a sum of sinusoids is
not a sum of Fejer kernels. The Dirichlet
kernels corresponding to the individual
components must be summed before
computing the squared magnitude.

o MATLAB code that generates a periodo-

gram, along with the corresponding
continuous-frequency result, is provided
in Computer Listing 27.2. When this code
is run for the cases listed in Table 27.2,
it produces results that are plotted in the
specific figures indicated in the right-most
column of the table.

 Case 1 corresponds to Case 1 from Section

27.1. As shown in Figure 27.6, the notch
between the two peaks falls directly on a
bin frequency, and the two adjacent bin
frequencies fall close enough to the peaks
in the continuous-frequency result to pro-
vide good resolvability. The frequencies
of the sinusoids are indicated in the plot,

Notes on Digital Signal Processing

Re at ve PSD (dB)
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Normalized frequency

Figure 27.4 Periodogram result for Case 4, with
f, = 31.95/N = 0.124805, f, = 33.05/N = 0.129102, and
SNR =200 dB

Re at ve PSD (dB)
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Figure 27.5 Periodogram result for Case 5, with
f1 = 31.55/N = 0.123242,f2 = 33.45/N = 0.130664, and
SNR =200 dB

15} Nf, 31.555 Nf, 32.445

Re at ve PSD (dB)
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DFT bin index

Figure 27.6 Periodogram result for Case 1. The

dashed trace indicates the corresponding continuous-

frequency power spectrum.
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Computer Listing 27.2

Sinusoids in AWGN: Resolution Behavior
llluminated

The following segment of MATLAB code computes the
unmodified periodogram for a noise-free 256-sample
segment of two equal-amplitude cosine waves. The
results for DFT bins 29 through 35 are plotted along
with the continuous-frequency result corresponding
to the discrete-frequency periodogram.

N=256;

fregl = 31.6/N;

freq2 = 33.4/N;

ti = 0:N-1;

x1 = cos(ti*2*pi*freql);
x2 = cos(ti*2*pi*freq2);
¥y = x1 + x2;

interp_ fact = 10;

x = linspace (0,pi* (N-1) /N, l+interp
fact* (N-1));

x cyc = x./(2*%*pi);

x 1 lo = x - 2*pi*freql;

x 1 hi = x - 2*%*pi*(1l-freql);

x 2 lo = x - 2*pi*freq2;

x 2 hi = x - 2*%*pi*(1l-freq2);

losinc 1 = exp(-j*x_1_lo* (N-
1)/2) .* (N*0.5%diric(x 1 lo,N));
hisinc_1 = exp(-j*x 1 hix (N-
1)/2) .* (N*0.5*diric(x 1 hi,N));
losinc 2 = exp(-j*x_2 lo* (N-
1)/2) .* (N*0.5%diric(x 2 lo,N));
hisinc_2 = exp(-j*x 2 hix (N-

1) /2) . % (N*0.5%diric(x 2 hi,N));

dtft_result = losinc_1 + hisinc 1 + losinc 2
+ hisinc 2;

dtft_result = dtft result/sgrt (pix*N);
dtft_db = 20*logl0(abs(dtft_result));

abgcigsa = (0:1:N/2)/N;

plot (abscissa,10*logl0 (S _U),'ko’ ,absciassa, 10
*10gl0(S_U), ...

‘k!,x_cyc,dtft _db, r’);

xlim('manual’);

x1lim([29/N 35/N]1);

and these frequencies are offset some-
what from the peaks in the composite
continuous-frequency result. The peaks in
this composite result are shifted outward
from the notch due to destructive inter-
ference between the individual Dirichlet
kernels comprising the overall result.

 Case 2 has Af identical to Case 1, but the

two frequencies are shifted so that the
notch in the continuous-frequency spec-
trum does not fall on a DFT bin frequen-
cy. As a result, the periodogram exhibits a
single wide peak, as shown in Figure 27.7.
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Figure 27.7 Periodogram result for Case 2.
The dashed trace indicates the corresponding
continuous-frequency power spectrum.
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+ In Case 3, the frequency f, is the same as
in Case 1, but Af is increased to 1.495/N
= 0.00584. The periodogram for this case
exhibits a single wide peak, as shown in
Figure 27.8.

« In Case 4, Af has been increased to 1.8/N
= 0.007031, which is more than twice the
6-dB bandwidth of the bin response given
in Note 26. As shown in Figure 27.9, the
periodogram exhibits a single peak with a
plateau that extends over four DFT bins.

Based on the results of this demonstration
and the one in Section 27.1, it appears that
the periodogram may not be the best analy-
sis tool for signals involving closely spaced
frequency components. Improved two-tone
resolution performance can usually be ob-
tained from one of the spectrum estimation
techniques based on an autoregressive sig-
nal model. These techniques are introduced
in Note 68. When one of the two tones has
a much greater amplitude than the other, it
can be difficult to resolve the weaker tone
even when it is well separated in frequency
from the stronger tone. In these cases, re-
solvability of the weaker tone often can be
improved by the increased side lobe sup-
pression offered by the modified periodo-
gram technique described in Note 29.

Table 27.2 Cases Demonstrated in Section 27.2

Re at ve PSD (dB)

15¢

15¢
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29 30

31 32 33 34 35
DFT bin index

Figure 27.8 Periodogram result for Case 3. The
dashed trace indicates the corresponding continuous-
frequency power spectrum.
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Figure 27.9 Periodogram result for Case 4. The
dashed trace indicates the corresponding continuous-
frequency power spectrum.

Case freql freq2 Af snr  Figure
1 31.555/N=0.123262 32.445/N=0.126738 0.89/N =0.003477 200 27.6
2 31.86/N =0.124453  32.75/N=0.127930  0.89/N =0.003477 200  27.7
3 31.555/N =0.123262 30.5/N=0.129102 1.495/N =0.00584 200 27.8
4 31.6/N =0.123438 33.4/N =0.130419 1.8/N =0.007031 200 279




Note 28

Exploring Periodogram Performance:
Modulated Communications Signals

This note demonstrates the performance of the unmodified
periodogram when it is used to estimate the spectrum of a
continuous-phase frequency shift keyed (CPFSK) signal. This
signal has nulls in its spectrum, but these nulls are not evi-
dent in the periodogram.

he utility of a spectrum estimation

technique should not be judged solely
on the technique’s ability to resolve closely
spaced sinsoidal components. This note ap-
plies the unmodified periodogram tech-
nique to a binary CPFSK signal. The random
nature of the data signal used to modulate
the CPFSK signal helps to highlight how the
unmodified periodogram’s high variance has
a weakness in dealing with signals that are
inherently random, even when there is no
noise added to the signal.

The properties of CPFSK signals are sum-
marized in Math Box 28.1. A PracSimsimu-
lation [1] was used to generate a 256-sample
segment of a binary CPFSK signal with a
symbol duration of T =8, a sampling in-
terval of T =1, and a peak frequency de-
viation of f; = 0.04375.

 The segment of MATLAB code in Comput-
er Listing 28.1 computes the unmodified
periodogram for the CPFSK signal that
was generated by PracSim and written
to the file cpfsk sig.txt. The MATLAB
code also plots the theoretical power spec-
tral density (PSD) from Eq. (MB 28.1)
that has been pre-computed and stored in
the file samspedb. txt. The resulting plot
is shown in Figure 28.1.

Math Box 28.1

Power Spectral Density for Continuous
Phase Frequency Shift Keying (CPFSK)

For a peak frequency deviation of f; and a modulat-
ing signal consisting of rectangular pulses of width
T, a CPFSK signal has a power spectral density given
by [1] as

T M , i N M
S( f)—m[;An(fH m D ZAn(f>Am(f)Bn+m(f>]

n=l m=1

(MB 28.1)

where M is the number of different symbols in the
signaling alphabet, and

sin{zT[ f- f,(2k-1-M)]}
nT[ f-f,(2k-1-M)]

Ak(f)=

cos(2r fT — oy, )— B cosoy,
1+ % -2 cos(27 fT)

Bk(f):

o, =27f,T(k—1-M)

M/2

B= %Zcos[Zﬂde(Zn - 1)]

o The noise-like variations in the periodogram

plotted in Figure 28.1 are a consequence of using
a single sample function to estimate the statis-
tics across the ensemble of all possible data se-
quences that could drive the CPFSK modulator.
These variations can be reduced by using a modi-
fied periodogram technique, such as the Bartlett
periodogram discussed in Note 30, that averages
over multiple sample functions.
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Re at ve PSD (dB)

Figure 28.1 Periodogram result for CPFSK signal. The
dashed trace is the theoretical PSD, and the solid trace is the
corresponding unmodified periodogram.
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Computer Listing 28.1
Unmodified Periodogram for CPFSK Signal

M = csvread(‘cpfsk_sig.txt’};
samp_idxs = M(:,1);
sig_vals = M(:,2);

R = csvread(‘samspcdb.txt’);
pracsim_freq = R(:,1};
pracsim_pdgm = R(:,2);
cpfsk_ideal_psd db = R(:,3);

N = 256;

noise_seed = 113057;

snr = 200;

= awgn(sig_vals, snr, ‘measured’  noise_ seed);
= hamming (N) ;

((norm(w))*2) /N;

gk

Computing the Periodogram
ft_result = E£ft(y.*w);
2 = abs(fft_result.*conij (fft_result));
= 8 U 2(1:1+(N/2));

s

t._
U._
U

U _U./ (N*U) ;

Plotting result

o of of [0 10 10 Hh of of of

abscissa = 0:1:N/2;

abscissa = abscissa/N;

plot (abscissa,10*logl0 (S _U),'ko’, ...
pracsim_freq,cpfsk_ideal psd db, 'r’);

—
L

0.1

0.2

Normalized frequency

1. C. B. Rorabaugh, Simulating Wireless
Communication Systems: Practical Models in
C++, Prentice Hall, 2004.




Note 29

Modified Periodogram

Re at ve PSD (dB)

he modified periodogram is an other-

wise unmodified periodogram in which
a window function is applied to the signal
before the DFT is performed:

T 2
Sur [m]:N—U‘Y[m] (29.1)
where Y [m] is the DFT of y[n] = w[n]x[n],
with w[n] being a window function and
x,[n] being an N-point sample extracted
from x[n] according to

- {xE)n]

The window function w[n] can be any one
of the windows listed in Table 24.1. The factor
U that appears in Eq. (29.1) is obtained as

0<n<N

otherwise (292

1 N-1 2
U= ﬁgw[”ﬂ (293)

This factor is needed in order for S, [m]
to be an asymptotically unbiased estimate of
P (e7).

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 29.1 Periodogram result for Example 29.1 using a
rectangular window

P
Essential Facts

 The modified periodogram is only slight-

ly more costly to implement than the
unmodified periodogram discussed in
Note 26. The additional cost is associated
with applying a window function to the
data prior to performing the DFT.

The response to a distinct sinusoidal com-
ponent has a wider main lobe response
than for the case of the unmodified tech-
nique.

Side lobe leakage is reduced relative to the
unmodified periodogram. The amount of
reduction depends upon the particular
window function that is used.

The absence of any averaging still leaves
two major disadvantages:

o No mitigation of additive noise that
may be present in the signal

o High variability in the result when
the input signal is inherently random
(such as a communications signal that
has been modulated by a random data
sequence)
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Example 29.1

Side Lobe Reduction in the
Modified Periodogram

The MaTLAB code in Computer Listing 29.1
generates a signal consisting of two cosine
waves—one strong and one weak—and then
computes the modified periodogram for this
signal.

This code was run for several different win-
dow types: (1) rectangular window (equiva-
lent to the unmodified periodogram), (2)
Hann window, and (3) Hamming window.
The amplitude of the stronger cosine was
ten times larger than the amplitude of the
weaker cosine. The results are shown in Fig-
ures 29.1 through 29.3. Of the three cases,
the Hamming window clearly offers the best
resolution of the weaker component.

—

Example 29.2

Spectral Nulls in the Modified
Periodogram

A PracSim simulation [4] was used to
generate a 256-sample segment of a binary
CPFSK signal with Tg%lb =8, i':samp =1, and
£;=0.04375. The modified periodogram for
this signal was then computed for the cases
of: (1) rectangular window (equivalent to
unmodified periodogram), (2) Hann win-
dow, and (3) Hamming window. The results
are shown in Figures 29.4, 29.5, and 29.6, re-
spectively. The use of a window improves the
periodogram’s fidelity in the vicinity of the
spectral nulls, and it also appears to reduce
the periodogram bias error at higher fre-
quencies. However, the noise-like variations
in the periodogram are relatively unaffected
by windowing. The properties of CPFSK sig-
nals are summarized in Math Box 28.1 of
Note 28,

—
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Re at ve PSD (dB)

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 29.2 Periodogram result for Example 29.1 using a
Hann window
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Figure 29.3 Periodogram result for Example 29.1 using the
Hamming window

Re at ve PSD (dB)

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 29.4 Periodogram results for Example 29.2. The
dotted trace is the theoretical PSD, and the solid trace is the
corresponding unmodified periodogram.



Modified Periodogram

—

Computer Listing 29.1

Modified Periodogram for
Sinusoids of Disparate Powers

The following segment of MATLAB code
computes the modified periodogram for
a 256-sample segment of two unequal-

amplitude cosine waves.

01 %

02 % Specifics for this example
03 %

04 N=256;

05 fregl = 31.3/N;

06 freq2 = 33.9/N;

07 a = 0.10;

08 ti = 0:N-1;

09 x1 = cos(ti*2*pi*freql);

10 x2 = cos(ti*2*pi*freqg2);

11 y = x1 + a*x2;

12 w = hamming (N) ;

13 U = ((norm(w))"2)/N;

14 %

15 % Computing the periodogram
16 %

17 fft_result = fft(y.*w');

18 S U_2 = abs(fft_result.*...
19 conj (Eft_result));

20 S U =8 U 2(1:1+(N/2));

21 S U =8 U./(N*U);

22 %

23 % Plotting result

24 %

25 abscigsa = 0:1:N/2;

26 abscissa = abscissa/N;

26 plot(abscissa, 10*logl0(S8_U));

Re at ve PSD (dB)

29-3
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Normalized frequency

Figure 29.5 Periodogram results for Example 29.2. The
dotted trace is the theoretical PSD, and the solid trace is the
corresponding modified periodogram using a Hann window.

Re at ve PSD (dB)

0.1 0.2 0.3 0.4 0.5
Normalized frequency

Figure 29.6 Periodogram results for Example 29.2. The dotted
traceis the theoretical PSD, and the solid trace is the corresponding
modified periodogram using a Hamming window.
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Note 30

Bartlett’s Periodogram

he Bartlett periodogram is based on the no-

tion of creating a pseudo-ensemble of sample
sequences by dividing a long sequence of samples
into P non-overlapping segments of D samples each.
The individual sample spectra for these segments are
then averaged to form the periodogram. There is an
implicit assumption that the random process un-
der consideration is ergodic and that therefore this
pseudoensemble is an adequate substitute for the un-
observable “true” ensemble. The steps for computing
a Bartlett periodogram are listed in Recipe 30.1.

—

Example 30.1

Noise Reduction in the
Bartlett Periodogram

The MaTLAB code in Computer Listing 30.1 gener-
ates a pair of cosine waves in AWGN and then com-
putes the Bartlett periodogram for different combi-
nations of SNR and B, as listed in Table 30.1.

Case 1, with P = 1, is equivalent to the unmodified
periodogram, and the signal is noise-free. Two dis-
tinct peaks corresponding to the two sinusoids are
visible in the plotted results, shown in Figure 30.1. In
Case 2, the SNR is reduced to -10 dB, and the pres-
ence of the sinusoidal signal components cannot be
discerned in the periodogram results (Figure 30.2).
Case 3, with P = 8, demonstrates the advantage pro-
vided by the Bartlett periodogram. A peak is clearly
visible in the plotted result (Figure 30.3). However,
it is not possible to resolve two distinct peaks corre-
sponding to the two distinct sinusoidal frequencies.

—

Recipe 30.1

Computing the
Bartlett Periodogram

1. Divide the available sample sequence
into P non-overlapping segments of D
samples each. If the original sequence is
x[k], the pth segment can be expressed as

xp[n]=x[pD+n]

2. Compute the discrete-frequency sample
spectrum for each of the P segments

D1 2

Splm] =% Y xplnlexp(—j2wmn/ D)

n=0

=%|Xp[m]|Z m=0,1,...,D—1

where XP[m] is the DFT of the segment
xp[n].

3. Compute the arithmetic average of the
P different sample spectra at each fre-

quency:

]. P-1
Sslml==Y.S,[m]  m=0,1,..,D-1
P&

The result, S;[m], is the Bartlett periodo-
gram.

Table 30.1 Cases for Example 30.1

Case freql freq2 snr D p Figure
1 31.555/D  32.445/D 200 256 1 30.1
2 31.555/D 32.445/D -10 256 1 30.2
3 31.555/D  32.445/D -10 256 8 30.3
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Bartlett’s Periodogram

Re at ve PSD (dB)

0 0.1 0.2 0.3 0.4 0.5
Normalized frequency
Figure 30.1 Periodogram result for Example 30.1, Case 1
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Figure 30.2 Periodogram result for Example 30.1, Case 2
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Figure 30.3 Periodogram result for Example 30.1, Case 3

Computer Listing 30.1
Bartlett Periodogram

The following segment of MATLAB code com-
putes the Bartlett periodogram for a signal
consisting of two equal-amplitude cosine
waves in AWGN.

%
% Specifics for current experiment
%

D=256;

P=8;

N=D*P;

noise seed = 113057;
snr = -10;

freql=31.555/D;

freq2=32.445/D;

phi = 0*pi;

ti=0:N-1;

¥l=cog(ti*2*pi*freqgl);

*®¥2=cog (ti*2*pi*freg2+phi) ;

X = x1 + x2;

y=awgn (x, snr, ‘'measured’ ,noise_seed);
%

% Computing the Bartlett Periodogram
%

S B = 0;
pD = 1;
for p=1:P

fft_result = fft(y(pD:pD+D-1));
S P 2 = abs(fft_result.*.. .
conj (£ft_result)) ;
5 P S P 2(1:1+(D/2));
S B=SB+ S P;
pD = pD+D;
end;
S B = S B./(D*P);
%
% Plotting result
%
abscisgsa = 0:1:D/2;
abscissa = abscissa/D;
plot (abscissa,10*logl0(S_B)) ;
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T —————————————
Example 30.2

Variance Reduction in the
Bartlett Periodogram

A PracSim simulation[3] was used to gen-
erate a 2048-sample segment of binary
CPFSK signal with Tyymb=8, Teamp=1,
and f; = 0.04375. The properties of CPFSK
signals are summarized in Math Box 28.1
of Note 28. The Bartlett periodogram was
computed for the cases of P =1 (equivalent
to unmodified periodogram) and P = 8. The
results are shown in Figures 30.4 and 30.5
respectively. The averaging provided by the ) , ,
Bartlett technique reduces the noise-like Figure 30.4 Periodogram result for Example 30.2, with P = 1
variations in the periodogram at low fre-
quencies, but the periodogram’s bias error at
higher frequencies is relatively unaffected by
the averaging.

—

Re at ve PSD (dB)
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Normalized frequency
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Note 31

Welch's Periodogram

he Welch periodogram can be viewed

as a generalization of the Bartlett
periodogram. As with the Bartlett, the
Welch periodogram is based on the no-
tion of creating a pseudoensemble of sam-
ple sequences by dividing a long sequence
of samples into a set of shorter segments.
However, these shorter segments can be
allowed to overlap with their neighbors
for some portion of their length. Further-
more, a data window, w[n], is applied to
each segment before the segment’s sample
spectrum is computed. The specific steps
for computing a Welch periodogram are
listed in Recipe 31.1.

—

Example 31.1

Side Lobe Reduction in the Welch
Periodogram

The MATLAB code in Computer Listing 31.1
generates a signal consisting of two cosine
waves, x; and x,, in AWGN, and then com-
putes the Welch periodogram for this signal.
The amplitude of x, is four times larger than
the amplitude of x,. This code was run for the
combinations of P, overlap, and window type
listed in Table 31.1, with the results plotted
in the figures indicated by the table entries.

Case 1, with a rectangular windowand P =1,
is equivalent to an unmodified periodo-
gram. Case 2, with P =128, is equivalent to
a Bartlett periodogram. The low side lobe
levels of the Hann window used in Case 3
and of the Hamming window used in Cases
4 and 5 make it possible to distinguish the
spectral peak corresponding to the weaker
signal, x,.

—

Recipe 31.1

Computing the Welch Periodogram

1. Divide the available sample sequence into
P (possibly) overlapping segments of D
samples each, with a shift of S < D sam-
ples between consecutive segments. If the
original sequence is x[k], the pth segment
can be expressed as

x,[n]=x[pS+n]
2. Applyadata window, w[n], to each segment:

yp[nl=wlnlx,[n]  p=0,1,.,P-1

3. Compute the discrete-frequency sample
spectrum for each of the P windowed
segments:

s, [m]=—~

gl

m=0,1,...,D-1

where

U= 274|w[n]|2

n=0

4, Compute the arithmetic average of the P
different sample spectra at each frequency:

Sulml=L s [m]

, m=01,..,D-1

M'u

1
P

Il
=3

P

The result, Sy, [m], is the Welch periodo-

gram.
J
Table 31.1 Cases for Example 31.1
Overlap
Case P  (Samples) Window Figure
1 1 — Rectangular  31.1
2 128 111 Rectangular  31.2
3 128 111 Hann 31.3
4 128 111 Hamming 314
5 128 0 Hamming 31.5
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Computer Listing 31.1
Welch Periodogram for Two Unequal Sinusoids

The following segment of MaTLAB code computes the
Welch periodogram for a signal consisting of two unequal-
amplitude cosine waves.

%

% D = 256;

P = 128;

overlap = 0O;

a = 0.25;

8 = D - overlap;

N = D*p;

noise_seed = 113057;
snr = -10;

freql = 31.55/D;
freq2 = 34.45/D;

phi = 0*pi;

ti = 0:N-1;

x1 = cos(ti*2*pi*freql);

x2 = cos(ti*2*pi*freqg2+phi) ;

X = X1 + a*x2;

Yy = awgn(x, snr, ‘'measured’,noise_seed);
%

% Computing the Welch Periodogram
%

S W=0;

pD = 1;

window=hamming (D) ;
U = ({norm(window))*2)/D;
for p=1:P
fft_result = fft((window’).*y(pD:pD+D-1));
s 2 = abs(fft_result.*conj (fft_result));
= 8_P_2(1:1+(D/2));
W =S_W+ 8_P;
pD = pD+S;
end;
S W = S_W./(D*P*U) ;
%
% Plotting result
%
abscissa = 0:1:D/2;
abscissa = abscissa/D;
plot (abscissa,10*1ogl0(5_W)) ;

—P—
s_p
S W
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Figure 31.1 Periodogram for Example 31.1, Case 1
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Figure 31.2 Periodogram for Example 31.1, Case 2
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Figure 31.3 Periodogram for Example 31.1, Case 3



Welch’s Periodogram
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Figure 31.4 Periodogram for Example 31.1, Case 4

Example 31.2

Spectral Nulls in the
Welch Periodogram

A PracSim simulation [1] was used to
generate a 2048-sample segment of binary
CPFSK signal with Ty =8, Tymp=1,2nd
f1=0.04375. The segment of MATLAB code
in Computer Listing 31.2 computes the
Welch periodogram of this signal. The code
was run for the different combinations of P
and the window types listed in Table 31.2,
with the results plotted in the figures in-
dicated by the table entries. In each case,
there is no overlap between consecutive ap-
plications of the window. Each plot of re-
sults also includes the theoretical PSD for
CPFSK that was discussed in Note 28.

Re at ve PSD (dB)
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Figure 31.5 Periodogram for Example 31.1, Case 5
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—

Table 31.2 Cases for Example 31.2

Case P Window Figure
1 1 Rectangular 31.6
2 1 Hamming 31.7
3 32 Rectangular 31.8
4 32 Hamming 31.9

~—

Computer Listing 31.2
Welch Periodogram for CPFSK Signal

e

M = csvread(‘cpfsk_sig big.txt’);
samp idxs = M(:,1);
sig vals = M(:,2);

R = csvread(‘samspcdb.txt’);
pracsim freq = R{:,1);
pracsim pdgm = R({:,2);
cpfsk_ideal psd db = R{(:,3);

D=256;

b=1;

averlap = 0;

S = D - overlap;

noise seed = 113057;

snr = 200;

y=awgn(sig vals, snr, 'measured’,noise_sesd) ;
w=hamming (D) ;

U = ((norm(w))*2)/D;

% Computing the Periodogram

S W= 0;
pD = 1;
for p=1:P

fft result = fft(w.*sig vals(pD:pD+D-1));
S P 2 = abs(fft_result.*conj(fft_result));
= S P 2(1:1+(D/2));

e l({) [}

B

Plotting result

e

abscissa 0:1:D/2;

abscissa = abscissa/D;

plot (abscissa,10*1ogl0(S_W),pracsim freq, ...
cpfsk ideal psd_db, 'r’);
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Note 32

Designing FIR Filters:

Background and Options

he block diagram in Figure 32.1 represents the
canonical form for an Mth order finite-impulse
response (FIR) digital filter in that the diagram is a
direct implementation of the filter’s defining differ-

ence equation:
M

ylnl=Y bxln—k] (32.1)
k=0

Examination of the equation reveals that the fil-
ter’s output at time » is simply a weighted sum of
the inputs at times n-M through n. The notation
used in Eq. (32.1) is consistent with the notation
used in the difference equation for an IIR filter, as
presented in Note 49. Comparison of Egs. (32.1)
and (49.1) reveals that FIR filters can be viewed as a
special case of IIR filters.

Equation (32.1) has the form of an (M+1)-point
discrete convolution, with the coefficients b, taking
the place of the unit-sample-response sequence,
h[k]. Therefore, for an FIR filter, the unit sample re-
sponse, h[k], is defined by the coefficients b, , and
Eq. (32.1) can be immediately rewritten as the con-
volution equation:

M
yln]= Y hlk]x[n—k]
k=0
The filter’s system function, H(z), is obtained by
taking the z transform of h[k]:

H(z)= ih[k]z’k (32.2)

This system function has zeros but no finite
poles, so in some contexts, FIR filters are referred
to as all-zero filters. (See Note 44 for a discussion of
the z transform.)

.
Essential Facts

o Itispossible to design FIR filters that have exactly
linear-phase response and which therefore do not
introduce delay distortion into signals passing
through the filter.

o In order to achieve narrow transition bands, FIR
filters often require many more coefficients than
an IIR design of comparable performance.

o Linear-phase FIR designs exhibit coefficient sym-
metry that can be exploited to reduce the compu-
tational burden for implementing the filter.

« FIR filters are also referred to as all-zero filters or
moving-average filters.

(] = ‘e 71

bO bM—l bM

) @ @l @

yln]
z A

Figure 32.1 Block diagram for FIR filter
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32.1 Implementation Structures

The block diagram in Figure 32.1 can be converted
into the corresponding signal flow graph shown in
Figure 32.2(a). The transposition theorem can be
applied to this direct form structure to obtain the
transposed direct form structure in Figure 32.2(b).

The system function from Eq. (32.2) can be ex-
pressed as a product of first- and second-order
polynomials in the form

M,
-1
H(z)= H(ﬂo,k +Puz )
k=1
M,
X [ (box +bisz” +b,527)
k=1
(32.3)
where
M=M, +2M,
and
bO
x[n] g y[n]
zly A
bl
x[n-1] >
zly A
b2
x[n-2] >
D bua
x[n-M +1] >
zly A
bM
x[n-M] »
(a)

Notes on Digital Signal Processing

o Each real root of H(z) is the root of one of the
first-order polynomials.

« Each second-order polynomial has as its roots a
complex-conjugate pair of complex roots from
H(z).

Typical FIR filters usually have a single real root,
and for real-input-real-output FIR filters, the com-
plex roots of H(z) always occur in conjugate pairs.
Under these constraints, Eq. (32.3) can be rewritten
for even M as

M/2

H(@) =] (bos+bisz ' +byi27)
= (32.4)
and for odd M as
H(z)= (bO,O +b,z" )
(M=1)2
-1 -2
X H (bo,k +b,z +by,z )
k=l (32.5)
bO
x[n] - yln]
\ 4 Az
bl
x[n] »
\ 4 A z1
b2
x[n] > b,x[n]
X I +bsx[n-1]
1 [
! ! + by x[n-M+2]
A
x[n] > by_yx[n]
+byx[n-1]
v A 1
bM
x[n] »- by x[n]
(b)

Figure 32.2 Structures for an FIR filter: (a) direct form, (b) transposed direct form



Designing FIR Filters: Background and Options

FIR filters can be implemented in a form that
mimics the structure of Eq. (32.4) or (32.5). Each
second-order polynomial has a complex-conjugate
pair of roots and can be implemented as a second-
order filter section having real-valued coefficients.
The second-order section, shown in Figure 32.3
implements the polynomial

-1 )
by, +b,z" +by, 2z

An even-order filter can be implemented as a
cascade of these second-order sections, as shown

32-3

in Figure 32.4. An odd-order filter can be imple-
mented as a cascade of second-order sections plus
one first-order section, as shown in Figure 32.5.

The linear-phase FIR filters discussed in Note 33
all exhibit symmetries in their unit-sample re-
sponses. These symmetries, which are listed in
Table 32.1, can be exploited to design the efficient
implementation structures shown in Figures 32.6
through 32.9.

by« Table 32.1 Linear-phase FIR Filter Types
” i Type N h[n] symmetry
R A 1 odd even
z b 2 even even
1,k
> 3 odd odd
4 even odd
\ 4 A
Z—l
by«
Figure 32.3 A second-order filter section
bO,l bO 2 bO,(N/Z)
x[n] y[n]
Y A Y A Y 4
z1 z1 z1
by, by b1, (ny2)
Y A Y A Y 4
z1 z1 z1
b, 4 b, ba,wy2)

Figure 32.4 Cascade structure for an even-length FIR filter
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bo,0 by, by, bo,n/2)
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1) -1 -1 -1
z z
b b, | b, z bi (w2
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This multiplication implements
the center coefficient of the
odd-length filter.

Figure 32.6 Direct-waveform structure for type 1 (odd length, even symmetry) linear-phase FIR filter
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Figure 32.7 Direct-form structure for type 2 (even length, even symmetry) linear-phase FIR filter
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of a Type 3 filter is
y[n] always zero.
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Figure 32.9 Direct-form structure for type 4 (even length, odd symmetry) linear-phase FIR filter

here with no multiplier
between them because
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Note 33

Linear-Phase FIR Filters

One of the advantages that FIR filters have over IIR filters is that it is
relatively easy to design FIR filters that have constant group delay
across all frequencies. Constant group delay is a desireable property
for a filter to have because it means that a signal passing through
the filter does not experience any delay distortion due to different
frequency components being delayed by different amounts. Linear-
phase FIR filters are conventionally separated into four types de-
pending upon the four combinations of odd-even filter length and
odd-even symmetry in the filter's impulse response. This note exam-
ines these four types of linear-phase FIR filters and their properties.

hen a filter has constant group delay (see

Note 39, section 39.2), the filter’s phase
response is a straight line in the phase-versus-
frequency plane—hence, such filters are usually
called linear-phase filters. However, in mathemati-
cal terms, the phase is a linear function of frequency
only if the straight-line phase response passes
through the origin of phase-versus-frequency plane
and can therefore be expressed as

O(w)=-0w (33.1)

where the constant « is equal to both the filter’s
group delay and phase delay. A straight-line phase
response that does not pass through the origin can
be expressed as

0(w)=p-ow (33.2)

Even though Eq. (33.2) defines a straight line,
the phase response is not a linear function of fre-
quency because the mathematical definition of lin-
earity is not satisfied, specifically

0(w,)+6(w,)=2p-a(w, +w,)
#z0(w, +w,)

Filters that satisfy Eq. (33.2) have constant group
delay, but for non-zero f3, they do not have con-
stant phase delay. Such filters are properly called
constant group delay filters, but historically they
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p
Strategic Considerations

o Alinear-phase FIR filter has constant group delay,
and therefore, delay distortion is not introduced
into signals passing through the filter.

» Most of the popular FIR design techniques yield
constant-group-delay (CGD) designs.

« A signal is delayed by (N-1)/2 sample times in
passing through a CGD filter of length N. To
achieve narrow transition bands, N often needs
to be rather large, leading to large signal delays. In
applications where such delays are unacceptable,
designs other than linear-phase FIRs should be
considered. The best alternative in these cases is
usually a minimum-phase FIR design.

« A CGD filter can be classified as one of four types
based on whether the filter’s impulse-response
length is odd or even and whether the symmetry
of this impulse response is odd or even. Type 1
has odd length and even symmetry. Type 2 has
even length and even symmetry. Type 3 has odd
length and odd symmetry. Type 4 has even length
and odd symmetry.

o Because of the symmetry conditions that must
be satisfied, Types 2 and 3 are not suitable for
highpass or bandstop filters, while Types 3 and
4 are not suitable for lowpass or bandstop filters.
Because of a constant 90-degree phase shift in
their phase responses, Types 3 and 4 are useful
for implementing FIR differentiators and Hilbert
transformers.

have been lumped together with filters that satisfy
Eq. (33.1) and are informally referred to as linear-
phase filters. True linear-phase filters that have a
phase response of the form given by Eq. (33.1) are
categorized as either Type 1, if the length of their
impulse response is odd, or as Type 2, if the length
of their impulse response is even. The properties of
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Type 1 and Type 2 filters are summarized in List
33.1. Constant-group-delay filters that have a phase
response of the form given by Eq. (33.2) are catego-
rized as either Type 3, if the length of their impulse
response is odd, or as Type 4, if the length of their
impulse response is even. The properties of Type 3
and Type 4 filters are summarized in List 33.2.
Table 33.1 summarizes the frequency response
properties for the four different types of linear-
phase FIR filters. Each filter’s frequency response,
H(w), is expressed as a product of a complex ex-
ponential phase term and a purely real-valued
amplitude response, A(w). The symmetries that
the various A(w) exhibit with respect to w=0 and
w=1 limit the applications for which each filter
type can be used. Because Types 3 and 4 must have

33-2

A(0)=0, they are not suitable for use as lowpass
or bandstop filters where a nonzero response is
needed at w=0. Similarly, because they must have
A(m)=0, Types 2 and 3 are not suitable for use as
highpass or bandstop filters.

The period of 4n that Table 33.1 gives for the
normalized-frequency amplitude response of fil-
ter types 2 and 4 is often the source of some con-
sternation. The very definition of “normalized
frequency” was set up so that the baseband image
of a digital filter’s response spans a normalized fre-
quency interval of +0.5 cyc/samp or +mn rad/samp.
The filter’s response is completely specified by its
behavior in a frequency interval of 2 rad/sec, so
how can it not be periodic in 2n radians? This issue
is discussed at length in Note 34.

Table 33.1 Frequency Responses for Linear-Phase and Constant-Group-Delay FIR Filters

Type H(w) Aw)
— (N-1)/2
1 eXp(—ij%)A(w) Y a,coswkT
k=0
—1 N/2
2 exp(—ijT)A(w) Zbk cosliw(k—%)T]
k=1
— (N-1)/2
3 exp(—] T%—%DA() a, sinwkT
k=1
N-1 & NP2
4 exp[_] T_Z ——DA() thsin[a)(k—%)T]
k=1

= =

fork#0

2

N -1
——k] bkzzh[g—k]
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List 33.1

Properties of True Linear-Phase
FIR Filters

The phase response, 8(w), is a linear function of
frequency:

b@=—0w -n<w<n 3.1
where the constant « is both the phase delay and
the group delay of the filter in units of sample in-
tervals.

The phase response is a straight line, with a slope
of &, passing through the origin of the phase-
versus-frequency coordinate plane.

For an FIR filter having N coefficients, there is
a unique value of & for which a linear phase is
produced. This value is given by
_N-1

2

o (33.2)
In order to achieve a linear-phase response, the
impulse response of the filter must exhibit even

symmetry:

hln]=h[N-1-n] 0<n<N-1 (33.3)
For a Type 1 filter, the number of taps, N, is odd,
and the center of symmetry coincides with the
sample at n=(N-1)/2,as shown in Figure 33.1(a).

For a Type 2 filter, the number of taps, N, is even,
and the center of symmetry falls midway be-
tween the sample at n=(N-2)/2 and the sample
at n=NJ/2, as shown in Figure 33.1(b).

List 33.2

Properties of Constant-Group-Delay
FIR Filters

The phase response, 8(w), has constant slope but
is not constrained to pass through the origin of
the phase-versus-frequency coordinate plane:

w)=p-ow (33.1)

For afilter having N coefficients, there are unique
values of & and f for which this phase response
can be produced, and these values are given by

N-1
o=

2

In order to achieve the phase response of (33.1),
the impulse response must be odd symmetric or
antisymmetric, that is, h[n] must satisfy
h[n]=—h[N -1-n]
0<n<N-1

_4 {33.2)
=+
P 2

{33.3)

For a Type 3 filter, the number of taps, N, is odd
and the center of antisymmetry coincides with
the sample at n=(N-1)/2, as shown in Figure
33.2(a). When n=(N-1)/2 with N odd, Eq.
(33.3) yields

5]

Therefore, h[(N-1)/2] must always equal zero in
Type 3 filters.

For a Type 4 filter, the number of taps, N, is even,
and the center of antisymmetry falls midway be-
tween the sample at n=(N-2)/2 and the sample
at n=N/2, as shown in Figure 33.2(b).
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Figure 33.1 Impulse responses for linear-phase FIR filters: (a) the coefficients for a Type 1 filter exhibit
even symmetry about n=(N-1)/2, and (b) the coefficients for a Type 2 filter exhibit even symmetry
about the abscissa, midway between n=(N-2)/2 and n=N/2.
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Figure 33.2 Impulse responses for constant-group-delay
FIR filters: (a) Type 3 filter has odd symmetry about
n=(N-1)/2; (b) Type 4 has odd symmetry about the
abscissa, midway between n=(N-2)/2 and n=N/2.



Note 34

Periodicities in Linear-Phase

FIR Responses

Most filter design tools generate a filter’s frequency response in
magnitude-phase form. When working with linear-phase filters, it
is sometimes convenient to view the filters’ responses in amplitude-
phase form. This note explores some of the issues that arise in con-
verting a magnitude-phase form into an amplitude-phase form.

he magnitude-phase response can be con-

verted into the amplitude-phase response us-
ing Recipe 34.1. However, when this is done for
Type 2 or Type 4 linear-phase FIR filters, the re-
sulting normalized-frequency amplitude response
is periodic in 4n. This result appears to contradict
the fact that the normalized-frequency response for
any digital filter should be periodic in 2. This note
explores this apparent contradiction.

1
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Figure 34.1 Magnitude and phase responses for a
7-tap “boxcar” FIR averaging filter
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Example 34.1
Responses for Type 1 Filter

Figure 34.1 shows the magnitude and phase re-
sponses for a 7-tap FIR “boxcar” averaging filter,
which happens to be a Type 1 linear-phase filter. The
impulse response of this filter is rectangular, having
equal weights for all coefficients.

6
y[n]= Z%x[n —k]
k=0
The nickname “boxcar” comes from the appearance
of the rectangular impulse response as it slides along
the time axis. The nulls in the magnitude response
occur at the same frequencies at which the phase re-
sponse exhibits jump discontinuities of 180 degrees,
or 7 radians.

Using Recipe 34.1, the magnitude and phase re-
sponses of Figure 34.1 can be converted into the am-
plitude and phase responses of Figure 34.2. The zero
crossings in the amplitude response correspond to
the nulls in the magnitude response of Figure 34.1.

The phase response shown in Figure 34.3 has phase
jumps of 3 x 360 = 1080 degrees removed at frequen-
cies corresponding to odd multiples of m radians per
second. The phase is presented in this way to show
that the phase is a ramp of constant slope across the
full 2 of the baseband and each of its images. The
phase decreases by 1080 degrees across each im-
age, and we’re showing a 1080-degree jump increase
at the end of each image. Thus the phase starts at
the same value of 540 degrees at the lefthand edge
of each image. If we remove all jumps that are in-
teger multiples of 360 degrees, the phase response
is equivalent to the continuous ramp shown in Fig-
ure 34.3. Notice that the slope of this ramp agrees

with Eq. (33.2) from Note 33.
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Figure 34.2 Amplitude and phase responses for a 7-tap
“boxcar” FIR averaging filter
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Figure 34.3 Phase response equivalent to Figure 34.2
with all phase jumps of 360 degrees removed
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Recipe 34.1

Converting Magnitude-Phase Response
to Amplitude-Phase Response

1. Initially, set the amplitude response equal to the mag-
nitude response.

2. Start at w=0 and begin moving left along the phase
response, looking for a 180-degree jump decrease in
phase.”

3. When a 180-degree jump is encountered at some fre-
quency, w;, do the following:

(a) Modify the amplitude response by inverting the sign
of the amplitude at frequencies to the left of the phase
jump.

(b) Remove the phase jump by adding 180 degrees to the
phase response at all frequencies to the left of the jump.'

4. Continue moving left along the phase response and
performing step 3 for each encountered jump until the
left edge of the phase response is reached.

5. Start at w=0 and begin moving right along the phase
response, looking for a 180-degree jump increase in

phase.

6. When a 180-degree jump is encountered at some fre-
quency, w;, do the following:

(a) Modify the amplitude response by inverting the sign of
the amplitude at all frequencies to the right of the phase
jump.

(b) Remove the phase jump by subtracting 180 degrees

from the phase response at all frequencies to the right
of the phase jump.

7. Continue moving to the right along the frequency re-
sponse and perform step 6 for each encountered jump
until the right edge of the phase response is reached.

* Due to the quantized and sampled nature of the numerically computed
phase response, the jump discontinuities are rarely exactly 180 degrees. Any
jump that is within a reasonable tolerance of 180 degrees should be con-
sidered a 180-degree jump. It should be noted that the phase response of
a linear filter should not include any discontinuities other than 180-degree
phase jumps.

' It is tempting to refer to removal of these phase jumps as “unwrapping”
the phase, However, unwrapping is used to describe the process of remov-
ing jumps of 2n from phase responses. Such removals can be performed on
any phase response. Removing jumps of m, as discussed in this procedure,
is appropriate only when adapting the “usual” phase response to be used in
conjunction with the amplitude response rather than with the magnitude
response.
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Figure 34.4 Amplitude and phase responses for an
8-tap “boxcar” FIR averaging filter.
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Example 34.2

Responses for Type 2 Filter

Figure 344 shows the magnitude and phase re-
sponses for an 8-tap FIR “boxcar” averaging filter,
which happens to be a Type 2 linear-phase filter. The
nulls in the magnitude response occur at the same
frequencies at which the phase response exhibits
jump discontinuities of 180 degrees, or © radians.

Using Recipe 34.1, the magnitude and phase re-
sponses of Figure 34.4 can be converted into the am-
plitude and phase responses of Figure 34.5. The zero
crossings in the amplitude response correspond to
the nulls in the magnitude response of Figure 34.4.
As shown, the amplitude response is periodic in 4,
with even images and odd images having opposite
signs.

The phase decreases by 1260 degrees across each im-
age, but because 1260 is not an integer multiple of
360 degrees, we cannot simply insert jumps of 360n
degrees at the end of each image to make the phase
response periodic in 27t. The phase response can be
made periodic in 4m by alternating phase jumps of
1080 degrees and 1440 degrees, as shown in Fig-
ure 34.6.

Another possibility that might come to mind would
be to reverse the sign of alternate images to yield the
amplitude response shown in Figure 34.7, which is
periodic in 2. The phase response must be changed
to compensate for the sign changes in the amplitude
response. We can add 180 degrees to the 1080-degree
jump and subtract 180 degrees from the 1440-de-
gree jump to obtain a phase response that is also
periodic in 2m, as shown. Unfortunately, this phase
response is equivalent to the unwrapped response
shown in Figure 34.8, which cannot be made into a
continuous ramp.

The bottom line is that the normalized-frequency
response for a digital filter can always be made pe-
riodic in 2m, but there may be discontinuities at the
inter-image boundaries. In some cases, to obtain a
response without discontinuities, it is necessary to
cast the response in terms of components that are
periodic in 4w rather than in the expected 2.

—
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Figure 34.5 Amplitude and unwrapped phase
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Note 35

Designing FIR Filters:

Basic Window Method

he window method of FIR design is based on

the fact that the frequency response of a digital
filter is periodic, and therefore can be represented
as a Fourier series. A template for the desired fre-
quency response is selected and expanded as a
Fourier series. This expansion is then truncated to
finite-number terms by multiplying the sequence
of Fourier series coefficients with a sequence of

Recipe 35.1

Fourier Series Method for
FIR Filter Design

The following steps detail the basic strategy for us-
ing the Fourier series method. This strategy is spe-
cialized to specific band configurations in Recipes
35.2 through 35.5.

1. Specify a desired response, H;(A), as a function
of normalized continuous radian frequency A for
~-m<A<m

2. Specify the desired number of filter taps, N.

3. Compute the filter coefficients h[n] for n=0, 1, 2,
..., N-1using

H[n]= —;;_j; H,(1) [cos(m A)+ jsin{m /1)] dA

where m=n-(N-1)/2. When H,(1) is even
symmetric, computation of the coefficients sim-
plifies to

h[n]= lTHL,(/l)cos(na?L)d/l
T 0

4. Using the DTFT, compute the frequency re-
sponse of the filter defined by h[n]. If the perfor-
mance is not adequate, modify N and/or H,(A),
and repeat step 3.

35-1

samples obtained from a time-limited window
function. The resulting finite sequence of terms is
then used as the coefficients for an FIR filter. This
filter has a frequency response that approximates
the original desired response. When a rectangu-
lar window is used to truncate the coefficient se-
quence, the window method is called the Fourier
series method.

Recipe 35.2

Approximating the
Ideal Lowpass Filter

Perform the following steps to approximate

the ideal lowpass filter response depicted in
Figure 35.1(a).

1. Specify the desired cutoff frequency, A .

2. Determine the desired number of filter
taps, N.

3. Forn=0,1,2,..., {N%]—l, compute h[n]
and h[N-1-n] as

_sin(mA)

h[n]=h[N—-1-n]
mr

where m=n-(N-1)/2. The notation [ x|
indicates the ceiling function, which has a
value equal to the largest integer, less than
or equal to x.

4. 1f Nis odd, compute B[(N-1)/2] as
h[ﬁ]zh

2 T
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Recipe 35.3

Approximating the
Ideal Highpass Filter

Perform the following steps to approximate
the ideal lowpass filter response depicted in

Figure 35.1(b).
1. Specify the desired cutoff frequency, A,.

2. Determine the desired number of filter
taps, N.

3. Forn=0,1,2,... ,{%]—l,compute h[n]
and h[N-1-n] as

Hn]=hN- hﬂ:M
mn
where m=n-(N-1)/2.
4. 1f N is odd, compute h[(N-1)/2] as

h[&}zl_ 3
2 T

~

Recipe 35.5

Approximating the
Ideal Bandstop Filter

Perform the following steps to approximate
the ideal bandpass filter response depicted in

Figure 35.1(d).

1. Specifythe desired lower cutoff frequency,
A,, and the upper cutoff frequency, 4.

2. Determine the desired number of filter
taps, N.

3. Forn=0,1,2,..., [%-' —1, compute h[n]
and h[N-1-n] as

hn)=hN-1-n]
1 [sin(m/lL) - sin(m/lv)]

MR
where m=n-(N-1)/2.
4. 1f N is odd, compute h[(N-1)/2] as

N1 A
2 T

Recipe 35.4

Approximating the
Ideal Bandpass Filter

Perform the following steps to approximate
the ideal bandpass filter response depicted in

Figure 35.1(c).

1. Specifythe desired lower cutoff frequency,
A, and the upper cutoff frequency, A,

2. Determine the desired number of filter
taps, N.

3. Forn=0,1,2,... ,[%]—l,computeh[n]
and h[N-1-#] as

h[n]=h[N-1-n]
=L [sin(mA,)-sin(m,)]
mm
where m=n-(N-1)/2.
4. 1f Nis odd, compute h[(N-1)/2] as

JN=11_A=2,
2 b4
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Note 36

Designing FIR Filters:

Kaiser Window Method

he Kaiser window is the window most often
used in the windowing technique for de-
signing linear-phase FIR filters that is described
in Note 35. In order to exploit the adjustability of
the Kaiser window most effectively, the filter design
techniques presented in Note 35 must be modified,

Recipe 36.1

as shown for the lowpass case in Recipe 36.1. Com-
paring Recipe 35.1 and Recipe 36.1 reveals that
Recipe 36.1 can be made generic with respect to
band configuration if changes are made to steps 2,
8, and 9 to obtain the result shown in Recipe 36.2.

Designing Lowpass FIR Filters Using the Kaiser Window

Perform the following steps to approximate the ideal
lowpass filter response.

1. Based on the intended application, determine the
following:

« the normalized passband edge frequency, Ap
« the normalized stopband edge frequency, A5
» the maximum tolerable passband ripple, 5p
» the maximum tolerable stopband ripple, 85

2. Determine the transition width, AA, as

AA=As- 4,
3. Set 8 equal to the smaller of 8 or ds, and compute
A as
A=-20log,, 6

4. Use the value of A computed in step 3 to determine
the value for 8" as

0.1102(A- 8.7) A>50
B =10.5842(A -21)*" +0.07886(A —21) 21<AL5)
0 A<21

* This formula for § was determined empirically by Kaiser and re-
ported in [3].

5. Determine the required number of taps, N, as
A-8
2.285AL

6. Compute the window coefficients as

Laffmy]

N-1
= =0,1,...,| ——
Wil 1L(B) { 2 W
7. For n=0, 1, . . ., {N%]—l, compute h[n] and
h[N-1-n] as
i )12
Hin)=HIN - 1- ] = sm[m(/lp +A4)/ ]w[n]
M

where m=n-(N-1)/2.
8. If Nis odd, compute h[(N—1)/2] as

h[ﬁ] - kw[ﬁ]

2 b4 2

9. Check the filter response against the conditions
specified in step 1. If the filter meets the specified
conditions, the design is complete. If the filter re-

sponse does not meet the specifications, increase N
by 1, and return to step 6.
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Recipe

Designing FIR Filters Using the Kaiser Window

36.2

Perform the following steps to approximate the ideal
filter response.

1. Based on the intended application, determine the
following specifications:

(a)

(b)

The maximum tolerable passband ripple, dp,
and maximum tolerable stopband ripple, dg.
Bandpass filters have two stopbands. If the
tolerable ripple is different for these two stop-
bands, set dg to the to the more stringent of
the two. Bandstop filters have two passbands;
if the tolerable ripple is different for these two
passbands, set §p to the more stringent of the
two.

Critical frequencies, as depicted in Figure
35.1

the normalized passband edge frequencies: A,
for LP, HP; A, and A, for BP, BS

PL
the normalized passband edge frequencies: A
for LP, HP; A, and A, for BP, BS

2. Determine the transition width, AA, as

A=

As =2 lowpass
_ A’P _’15 highpass

min(A,, — A, A, —Apy) bandpass

min(Ag —Ap, Apy —4gy)  bandstop

3. Set & equal to the smaller of §, or 8, and compute

Aas
A=-20log, 6
4. Use the value of A computed in step 3 to determine
the value for B as
0.1102(A-8.7) A>50

B =105842(A-21)"" +0.07886(A - 21) 21<A<50

0

A<21

5. Determine the required number of taps, N, as

A-8
2.285A4

6. Compute the window coefficients as

I B 1—[1_;fljﬂ

N-1
== =0,1,..| ——

7. Forn=0,1,...,,compute h[n] and h[N-1-n] as
hin]l=h[N-1-n]=

i +A5)/2
2L +2)12] lowpass
mn
_si +Ag)/2
w4 12] highpass
mit
oy S +As0) 2] sinl (R +) 2]
wln
mi
bandpass
W[n] Sin[m(lPL +Afg]_)f2]_sm[m(lPU +2’5U}!2]
mmn
bandstop
where m=n—(N-1)/2.
8. If Nis odd, compute h[(N-1)/2] as
2
[N-1]4, +A,
w| —— s lowpass
L2 | oz
W LN 2_1 (1_ /11’;7_:“5 J highpass
W N1\ Aoy +Asy = A —Ag bandpass
L 2 ] 2r
” N_l](l+ Apy +Asy — Ao A, ) bandstop
| | 2 2

9. Check the filter response against the conditions
specified in step 1. If the filter meets the specified
conditions, the design is complete. If the filter re-
sponse does not meet the specifications, increase N
by 1, and return to step 6.
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Note 37

Designing FIR Filters:

Parks-McClellan Algorithm

37-1

he Parks-McClellan algorithm is by far

the most widely used technique for
designing FIR filters. For many years, this
algorithm was called the Remez algorithm
or the Remez exchange. However, the recent
trend has been to name the approach in
honor of Thomas Parks and John McClellan,
the two individuals who first publicized the
utility of using the Remez exchange for de-
signing FIR filters.

An FIR approximation to some ideal de-
sired response typically exhibits error rip-
ples around the ideal response, as shown in
Figure 37.1(a). The Parks-McClellan (PM)
algorithm is based on the fact that, for a
given filter length, the worst-case error is
minimized when all of the error extrema

are equal in magnitude, as shown in Figure
37.1(b). Hence, a filter resulting from the
PM algorithm is often referred to as an equi-
ripple filter.

The filter produced by the PM algorithm
exhibits the following characteristics.

o The passband has ripples that deviate
from unity by +6,, .
o The stopband has ripples that deviate from

zero by *4; .

« The passband edge frequency, w, and
stopband edge frequency, w,, match the
specified values.

o The maximum approximation error is
minimized.
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(a) Ripple structure not optimized
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Figure 37.1 Comparison of magnitude responses for two 36-tap FIR filter designs: (a) suboptimal
design showing excessive ripple, (b) optimized equiripple design



Note 38

Laplace Transform

38-1

he Laplace transform is a mathematical

tool that is used primarily for analyz-
ing linear analog systems such as filters. This
transform is of interest in digital signal pro-
cessing because analog filters having transfer
functions defined in terms of Laplace trans-
forms are often used as the starting point in
the design of digital IIR filters. The character-
ization of analog filters is discussed in Note
39, and commonly used analog filter families
are discussed in Notes 40 through 43.

The Laplace transform for a continuous-
time function, x(t), is usually denoted as
X(s) or L[x(t)], and is defined by Eq. (MB
38.1). The complex variable, s, is usually re-
ferred to as complex frequency, and can be
put into the form o+jw, where ¢ and w are
real variables, sometimes referred to as neper
frequency and radian frequency, respectively.

Early interest in the Laplace transform
was driven by the fact that if we take the La-
place transform of both sides of a differential
equation in continuous time, ¢, we obtain an
algebraic equation in complex frequency;, s,
that can be more easily solved for the desired
quantity. The behavior of a linear analog fil-
ter is described by a differential equation in
t, and consequently, the Laplace transform
plays a big role in the analysis and character-
ization of analog filters.

The inverse Laplace transform is defined
by Eq. (MB 38.2). Evaluating the integrals in
Eq. (MB 38.1) and, especially, Eq. (MB 38.2)
can be a major chore. However, in practice,
direct evaluation of these integrals usually
can be avoided by using some well-known
transform pairs selected from Table 38.1,
along with a number of transform properties
selected from Table 38.2.

Math Box 38.1

Laplace Transform

X(s)= L{x()}= [ x(t)e"dt
Inverse Transform

x()=L7{X(s)}= Z%JJX (s)e'ds  (mB38.2)

where Cis a closed contour of integration
chosen to include all singularities of X(s)

(MB 38.1)




Laplace Transform

Table 38.1 Laplace Transform Pairs

# x(t) X(s)
1
1 1 -
s
1
2 uy (0 S
3 8 1
1
4 t =
n!
5 " —
Sn+1
) 0]
6 sin wt o
s
7 cos wt JENp
—at 1
8 e sta
—at . @
9 e “sinwt +af+ar
_at s+a
10 e ™ coswt (s+a)2+a)2

Table 38.2 Laplace Transform Properties

#  Property Time Function Transform
1  Homogeneity af (t) aF(s)
2 Additivity f)+g@) F(s)+G(s)
3 Linearity af (t)+bg(t) aF(s)+bG(s)
d
4 First derivative Ef () sF(s)— f(0)
& , d
5  Second derivative = f@® s*F(s)—sf(0) - £(0)
d(k) k-1
6  kth derivative Wf ®) SEF(s)= Y s f7(0)
¢ F 1t
7  Integration J._wf (v)dt g +5 (J_m f(x)d T)t:o
[ r@yr E©)
0 s
8  Frequency shift e f(t) X(s+a)
9  Time shift right w(t=7)f(t=1) e "F(s) a>0
10  Time shift left ft+7), f()=0for0<t<z e“F(s)
11  Convolution y(t)= I h(t =7)x(7)dr Y(s)=H(s)X(s)
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Note 39

Characterizing Analog

Several of the most popular techniques for de-
signing IIR filters are based on transformations
or mappings of analog prototype filters into digital
filters. Often these prototype filters are classic filter
designs such as Butterworth, Chebyshev, or elliptic.
These classical filters are usually presented in the
literature as normalized lowpass filters that must be
denormalized and possibly transformed into other
band configurations before they can be used as pro-
toypes for IIR filters. This note covers techniques
that are used to characterize and frequency-scale
classical analog filters.

Neglecting imperfections in the components
used to implement them, classical analog filters are
considered to be time-invariant, lumped-parameter
linear systems. The fundamental properties of lin-
ear systems are defined in Math Box 39.1.

Filters

A linear system can be characterized by a differ-
ential equation, step response, impulse response,
complex-frequency-domain system function, or
transfer function: There are a number of useful and
well known relationships between these various
characterizations.

o The time-domain input signal, x(¢), and output
signal, y(t), are related by a time-domain differ-

ential equation.

The complex-frequency-domain system function
is obtained by performing the Laplace transform
on the time-domain differential equation.

The impulse response, h(t), can be obtained by
solving the differential equation for x(t) set equal
to the unit impulse, 6(¢).

-
Key Concept 39.3

N

Using Analog Prototypes for IIR Filters

Frequency scale
and band transform
as needed.

\

Select prototype
lowpass response.

Map from s domain into
z domain using impulse
invariance or bilinear
transformation.

x[n]

M ~ Numerator
2 b,z coefficients
par) k are tap
H(z) = N weights for
1+ z aszk all zero section.
k=1
DenominN
coefficients
are tap
weights for

all pole section.

yln]

39-1



Characterizing Analog Filters

o The step response, a(t), can be obtained by solv-
ing the differential equation for x(t) set equal to
the unit step, u(t).

o The impulse response, h(t), can be obtained by
differentiating the step response, a(t), with re-
spect to time.

o The step response, a(t), can be obtained by inte-
grating the impulse response, h(t), with respect
to time.

« The transfer function can be obtained by solving
the complex-frequency-domain system func-
tion for H(s)=Y(s)/X(s), where Y(s) and X(s)
are, respectively, the Laplace transforms of y(t)
and x(t).

o The transfer function, H(s), can be obtained
as the Laplace transform of the impulse re-
sponse, h(t).

39.1 Transfer Functions

The transfer function, H(s), of a system is equal to
the Laplace transform of the output signal divided
by the Laplace transform of the corresponding in-

put signal:
° _L{w)

L {x(t)}
The transfer function can be put into the form
P(s)
Q(s)
where P(s) and Q(s) are polynomials in s, and H,,
is the gain of the filter at zero frequency. These

polynomials can be expressed in sum-of-powers
form to yield

H(s)

H(s)=H,

M k
CkS

() = Hy 2™

DI,

Alternatively, the polynomials P(s) and Q(s) can
be expressed in factored form to yield

H(s)=Hy —Hfgl(s_z")
| J ETY
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Math Box 39.1

Properties of Linear Systems

o A system, H, operating on an input signal, x(t), to
produce an output signal, y(¢), can be represented in
mathematical notation as

y(O)=H[x(t)]

o A system is homogenous if multiplying the input by a
constant gain, a, is equivalent to multiplying the out-
put by the same constant gain:

H is homogeneous < H[ax(t)] = aH[x(t)]

o A system is additive if the output produced for the
sum of two input signals is equal to the sum of the
outputs produced for each input individually:

H is additive & H[xl(t)+x2(t)] = H[xl(t)]+ H[Xz(t)]

+ A system that is both homogenous and additive is
called a linear system.

+ A system is said to be relaxed if it is not still respond-
ing to any previously applied input.

o The characteristics of a time-invariant system do not
change over time. A time-invariant system is also
called a fixed system or a stationary system.

o In a causal system, the output at time ¢ can depend
upon the input only at times ¢ and prior.
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The roots z,, z,, . . ., z,, of P(s) are called
zeros of the transfer function, and the roots
Py Py - - - > Py of Q(s) are called poles of the
transfer function. For the system represented
by H(s) to be stable and realizable in the
form of a lumped parameter network, the
conditions listed in Math Box 39.2 must be
satisfied.

39.2 Magnitude, Phase, and
Delay Responses

The steady-state frequency response of a lin-
ear system can be determined by evaluating
the transfer function, H(s), at s =jw:

H(jw)=H(s)| . =|H(jo)|e”"

s=jo

where 0(w) is the phase response given by

. |Im[H(jo)]
0(w)=tan {—Re[H(ja))]}

and |H (jw)l is the magnitude response given by
|H(jw)|=[ H(s)H(-s) ]

s=jo

- ({Re[H( jo) | +{tm[ Hjo) |} )U2

The group delay, 1(w), is defined as

u(w)=ﬁ@)

0(w;)

Figure 39.1 Group delay response

Notes on Digital Signal Processing

Math Box 39.2

Conditions for H(s) to be Stable and
Realizable as a Lumped-Parameter
Network

1. The coefficients, ¢, in P(s) must be real.

2. The coefhicients, d,, in Q(s) must be real
and positive.

3. The polynomial, Q(s), must have a non-
zero term for each degree of s from highest
to lowest unless all even-degree terms or all
odd-degree terms are missing.

4. If H(s) is the voltage ratio or current ratio,
the maximum degree of s in P(s) cannot
exceed the maximum degree of s in Q(s).

5. If H(s) is a transfer impedance or a transfer
admittance, then the maximum degree of s
in P(s) can exceed the maximum degree of
sin Q(s) by no more than 1.

8(w)

Figure 39.2 Phase delay response
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where 0(w) is the phase response. As shown in Fig-
ure 39.1, the group delay at a frequency w; is equal
to the negative slope of a tangent to the phase re-
sponse curve at the point corresponding to w;.
Group delay is also called envelope delay because
when a modulated carrier is passed through the
system, the modulated envelope is delayed by .
If the group delay is not consistent over the entire
bandwidth of the signal, the envelope is distorted.

The phase delay, 7,(w), of a linear system is de-
fined as

As depicted in Figure 39.2, the phase delay at a fre-
quency w, is equal to the negative slope of a secant
drawn from the origin to the phase response curve
at the point corresponding to w,. Phase delay is also
called carrier delay because an unmodulated carrier
at a frequency w, experiences a delay of 7,(w) when
passing through the system.

394

39.3 Features of the Lowpass Response

The magnitude response for an analog lowpass fil-
ter will have one of the four general shapes shown in
Figures 39.3 through 39.6. In each case, the filter re-
sponse can be divided into three segments—the pass-
band, the transition band, and the stopband. In some
cases, the boundaries between these segments are de-
fined by distinct features in the filter'’s magnitude re-
sponse, and sometimes the boundaries are based on
an arbitrary line drawn on the magnitude response.

« The monotonic magnitude response shown in
Figure 39.3 is an example of where the inter-band
boundaries are defined by the frequencies at which
the response crosses arbitrary levels. In most cases,
the passband is defined to end when the magni-
tude response is 3 dB below the response level at
zero frequency. Sometimes a different attenuation
level such as 1 dB or 6 dB is used to define the end
of the passband. In monotonic responses, there is
almost no agreement regarding the level that sets
the boundary between the transition band and the

:4— Passband —— 4

Wy
l«—— Stopband—
I

I
Transition band— <~—

Figure 39.3 Monotonic magnitude response of a lowpass filter



39-5

stopband. A Butterworth filter has a monotonic
magnitude response.

 The response shown in Figure 39.4 has ripples
in the passband, and the troughs of the ripples
define the level that defines the passband. The
transition band begins when the response drops
below the bottoms of the ripple troughs. If there
is less than 3 dB of ripple in the passband, the
3 dB attenuation point is occasionally used to de-
fine the end of the passband. As with the mono-
tonic response, there is no general agreement as
to the level that should be used to define the be-
ginning of the stopband. A Chebyshev filter has a
response with ripples in the passband.

« The response shown in Figure 39.5 has ripples in
the stopband, and the crests of the ripple define
the level that defines the stopband. The transition
band ends and the stopband begins when the re-
sponse first drops below the level corresponding
to the ripple crests. The passband edge is defined
as it is for the monotonic response. A Chebyshev
Type 2 filter has a response with ripples in the
stopband.

« The response shown in Figure 39.6 has ripples
in both the passband and the stopband. The
troughs in the passband ripple set the level that
defines the end of the passband, and the crests in
the stopband ripple set the level that defines the
beginning of the stopband. An elliptic filter has a
response with ripples in both the passband and
the stopband.

39.4 Passband Transformations

When working with the classical filter families pre-
sented in Notes 40 through 43, it is common prac-
tice to first select a lowpass prototype filter having
the appropriate characteristics and then transform
this prototype into a bandpass or bandstop con-
figuration as required. This note describes trans-
formations that can be used to convert lowpass
into bandpass or lowpass into bandstop. Similar
transformations exist for converting lowpass into

Notes on Digital Signal Processing

A, -
0
I
I

«— Passband

Stopband——

Transition band —» —

Figure 39.4 Magnitude response of a lowpass filter with ripples
in the passband

«——— Passband ———» «——— Stopband ——

! Transition band—>: :<—

Figure 39.5 Magnitude response of a lowpass filter with
ripples in the stopband
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Passband

Stopband —

Transition band — —

Figure 39.6 Magnitude response of a lowpass filter with ripples
in both the passband and the stopband.

highpass, but highpass filters are rarely used in DSP
applications.

Bandpass Transformation

Consider a lowpass filter normalized for 3-dB at-
tenuation at frequency w, and having a transfer
function, H(S). There are a number of different
transformations that can be used to map this proto-
type into a corresponding bandpass filter. The “con-
ventional” transformation is based on evaluating

H(S) at
S= @y S + &
w,— 0, (00 S (39.1)

to obtain a filter with center frequency w,, lower
3-dB frequency w,, and upper 3-dB frequency w,.
The properties of this transformation are examined
in detail in [1]. If the lowpass prototype has zeros
on the imaginary axis at S;=+jp, each such pair
transforms to two conjugate pairs of bandpass ze-
ros on the imaginary axis:

2
i Bl (1B
2 2 (39.2)

where y is the relative bandwidth given by
— w, — o
o)

4
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In order to use a lowpass protoype filter having a
real-valued pole at S;=—a, where a >0, the frequen-
cies of the bandpass filter must satisfy

w,— O, (393)

If Eq. (39.3) is satisfied, the real lowpass pole
transforms to the complex-conjugate pair of
bandpass poles:

2
o\ — .
ooce) L, (1
2 2 (39.4)

Each complex-conjugate pair of lowpass poles,
—a*jp, transforms to two complex-conjugate pairs
of bandpass poles given by

slza)0|:_—m+bij(ﬁ—aﬂ
2 2

szza)o[__m_bij ﬁjLaJ] (395)

2 2
where
. A+VA’+B
2
b —A+VA*+B
2
2(,2 P2 —Otﬁjfz
a1t @ -F) B

Bandstop Transformation

Consider a lowpass filter normalized for 3-dB atten-
uation at frequency w, and having a transfer func-
tion, H(S). For mapping such a prototype into the
corresponding bandstop filter, we can use a trans-
formation that is based upon evaluating H(S) at

_ s, — )
S= 2,2
O
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to obtain a bandstop filter with center frequency
w,, lower 3-dB frequency w;, and upper 3-dB fre-
quency w,. If the lowpass prototype has zeros on
the imaginary axis at S;=%jp, each such pair trans-
forms to two conjugate pairs of bandstop zeros on
the imaginary axis:

2
s=2j| L=y g 14| L
2p 28 (39.6)

In order to use a lowpass prototype filter having a
real-valued pole at S;=—«, where a >0, the frequen-
cies of the bandpass filter must satisfy
w,—w,
jof > 20, (39.7)
If Eq.(39.7) is satisfied, this pole transforms to the
complex-conjugate pair of bandstop poles:

2
5= 4 i, 1_(l)

20 (39.8)

Notes on Digital Signal Processing

Each complex-conjugate pair of lowpass poles
—a+jf transforms to two complex-conjugate pairs
of bandstop poles given by

_ —ya . B |
O p) 2 B
— —ya . YB |
I TP e Yo
where
. __—opy
e ) P w p

. /A+\/A2+Bz b —A+JA’+ P’
2 2
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Note 40

Butterworth Filters

Lowpass Butterworth filters are designed Math Box 40.1

to have a magnitude response that is as
flat as possible at low frequencies, and that
decreases monotonically with increasing
frequency, as shown in Figure 40.1. A low-
pass Butterworth filter has a transfer func-

Characteristics of
Lowpass Butterworth Filters

Transfer Function

tion of the form shown in Math Box 40.1. H(s)=— Dsas

Examination of this transfer function re- Hk:1(5 = Os ) (MB 40.1)
veals that a Butterworth lowpass filter is where

an all-pole design that is completely speci- C 2k+n-1

fied by just two parameters—the number of Pe= eXp(] T )

The number of poles is usually set to acheive
a desired amount of attenuation, Agp, at and
above some specified stopband-edge fre-
quency, wsp. This frequency and the amount
of stopband attenuation are not direct speci- log (10" —1)
fications on the filter—they are only indirect "= m
specifications that are used to determine the
minimum required number of poles using

poles, 1, and the 3-dB cutoft frequency, wsgp. ( 2dk+n—1 ) o ( 2k+n—1 )
=cos| T ———— |+ jsin| 1 ————

Minimum Order

(MB 40 2)

where

Agp = minimum stopband attenuation

Eq. (MB 40.2).
e ( ) w34p = frequency at which passband response is
3 dB below peak
wgg = frequency that defines the start of the stop-
band

Figure 40.1 Magnitude response showing critical features and
parameters used to specify a Butterworth filter: (a) passband, (b)
stopband, (c) transition band

40-1
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The poles for a Butterworth LPF always
lie at equally spaced points on the left half
of the unit circle in the s plane, as shown in
Figure 40.2. Odd-order filters have one real
pole at s=—1, and all remaining poles occur
in complex-conjugate pairs. The poles for
an even-order filter all occur in complex-
conjugate pairs. If the denominator factors
corresponding to complex-conjugate pairs
in Eq. (MB 40.1) are multiplied together, the
transfer function’s denominator can be ex-
pressed as a product of quadratic terms hav-
ing all real coeflicients:

H(S) — T Wi
Hk:I(S + Dby + Wiy,
n even
B Wl (40.1)
- (n-1)/2
(s+ I)Hk:ll (5" + Dy bys + Wiy,
n odd
where
b, =20, =-2Re{p,}
jw
S
- 1)( o 1
Sle/
1
1
I\ o
\
s, %
v |y
S,
(@)
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40.1 Frequency Response

Figure 40.3 shows the magnitude, phase, and
group delay responses for lowpass Butter-
worth filters of orders 1 through 6.

40.2 Prototype Considerations

Bilinear transformation (see Note 51) dis-
torts, or “warps,” the frequency axis in map-
ping an analog filter into the corrresponding
IIR digital filter. Typically, critical frequen-
cies used to specify the filter’s performance
are “pre-warped” to compensate for the
warping that occurs in the bilinear transfor-
mation. As indicated in Design Procedure
40.1, if a Butterworth filter is to be used as
a prototype for the bilinear transformation,
it is important to do the prewarping of w55
and wgy before these frequencies are used to
determine the necessary filter order.

Jjw
s
/lx’— 1
s, 7
X
/
/
1
S
! o
\
\
\
\X
Sin
N
SS
(b)

Figure 40.2 Pole locations for lowpass Butterworth filters: (a) fourth-order and (b) fifth-order
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Figure 40.3 Frequency response plots for lowpass Butterworth filters of orders 1 through 6
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Example 40.1
Butterworth Prototype

Use Design Procedure 40.1 to design a Butterworth
prototype filter that will be used in the bilinear
transformation to design an IIR filter that meets the
following specifications:

« The 3-dB cutoff frequency is 3 kHz.

« The sampling rate is 30,000 samples per second.

« Atleast 30 dB of attenuation is at frequencies at
or above 6 kHz.

The prewarped cutoff frequency for the prototype
is obtained as
3x10'  3x10'~
tan

Joan = n 3x10"
—3102.75 Hz

Oy45 = 27 [ =19,495.18 rad/sec.

The prewarped stopband frequency is obtained as
2 al

Wgp = ? tan 7
2 12,0007

= — tan
(30,000) 60,000
=43592.55 rad/sec.

—

—
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The minimum number of poles is obtained as

[log (107 —1)
n=|———=
Zlog(a)SB /a)3dB)

log(losono _ 1)
2log 43,592.55
19,495.18

Finally, the protoype’s transfer function is given by

=5

5
m3dB

Hi:l (S_ w3dBPk)

H,(s)=

where

3 3
P = cos?ﬂ+ jsin?ﬂ =—0.309017+0.951057

dr .. 4m .
P =cos?+]51n?=—0.809017+0., B

py=cosm+ jsinzr =—1

—cos6—n+ 'sin6—ﬂ:—cos4—ﬂ— 'sin4—n
Py 5 %0 5 %

=-0.809017 —0.587785j
—cos7—n+ 'sin7—ﬂ—cos3—ﬂ— ‘sing—n
P 5 /705 5
=—0.309017 —0.951057 j
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Design Procedure 40.1
Designing a Butterworth Prototype

1. Based on the requirements of the intended ap-
plication, determine desired values for the fol-
lowing critical performance parameters to be
exhibited by the final IIR design:

45 = 3-dB cutoff frequency

@ = stopband-edge frequency

Ag = maximum stopband level in dB

2. Determine the prewarped frequencies, w4p, and

wgp, corresponding to the desired final frequen-
cies, w’gp and wig. If the prototype is being de-
signed for use in the bilinear transformation, the
prewarped frequencies are given by

2, Oyl

where

3. Determine the minimum filter order as

log(10™"* ~1)

Wsp
2log

4. Generate the transfer function for the analog
prototype filter as

=

H

H(S)Z a’sdh

szl(s_m“bpk)

where

. 2k+n-—-1
b =€xp| & J
2n

2k+n-1 . 2k+n—1
=cos| T ———— |+ jsin| 7 ———
2n 2n




Note 41

Chebyshev Filters

Chebyshev filters comprise one of the analog filter fami-
lies that are commonly used as prototypes for IIR digital
filters designed using either the impulse invariance method
(Note 50) or the bilinear transformation (Note 51).

lowpass Chebyshev filter is obtained

as an equiripple approximation to the
response of an ideal lowpass filter. This ap-
proximation yields a filter having a squared
magnitude response given by

‘2 1
1+€’THw)

|H(jw)

where
€ 2 _ 10r/20 -1
r=passband ripple
T, (w) = Chebyshev polynomial of
order n

The first eleven Chebyshev polynomials are
listed in Table 41.1. The table can be ex-
tended using the recurrence relation:

T,11(®) = 20T ,(wW)-T,_1(w)

Table 41.1 Chebyshev Polynomials

Math Box 41.1

Chebyshev Transfer Function

The transfer function for an nth order Cheby-
shev LPF normalized for a ripple bandwidth

equal to 1 is given by
Hk:1(5 )

where
. I1._.»0 n odd
(U n
10 /20sz1(_pk)
P =0 +j
o = (“7)‘7]Sm (2k-1)m
. 2 2n
o = /y)—y ]COS(Zk—l)ﬂ
| 2 2n
1/n
ye 1+\/1+ez]
€

n even

(MB 41.1)

T,
1

w

202 -1
40w* - 3w

8w - 8w? + 1

16w — 20w® + 5w

320° - 48w* + 18w* — 1

64w’ — 112w° + 56w — 7w

128w® — 256w° + 160w* — 32w* + 1
2560° — 576w’ + 432w’ — 1200* + 9w

O 0 NN U W= ofR

10 512" — 128w® + 1120w® — 400w* + 50w* — 1




Chebyshev Filters

Figure 41.1 shows the important features
in the magnitude response for a Chebyshev
lowpass filter. The response is most often
presented in a form where the response is
normalized to have a ripple bandwidth, w,,
equal to 1, because this form involves sim-
pler calculations. However, comparison with
other filter families is often easier when the
magnitude response is normalized to have
the 3-dB frequency w,,p equal to 1. Design
Procedure 41.1 can be used to renormalize
a filter design from w, =1 to w;45 =1. The
transfer function for an nth order Cheby-
shev LPF normalized for w, =1 is given in
Math Box 41.1.

There are several different equations that
can be used to estimate the minimum num-
ber of poles that are required for a Chebyshev
lowpass filter to achieve a desired set of spec-
ifications. Two of the most commonly cited
equations are from Rabiner and Gold [1]:

log(g+\/g2 —1)
n=
log(a)sB + O, —1)

(41.1)

41-2

Design Procedure 41.1

Renormalizing Chebyshev
LPF Transfer Functions

Assuming that values of €, Hy, and the pole
values p; have been obtained for a Cheby-
shev filter having a ripple bandwidth nor-
malized to 1, this filter can be renormalized
for a 3-dB bandwidth equal to 1 by perform-
ing the following steps.

1. Compute A using

-1 2
A:cosh (lfe)zlln(l+\/1—e ]

n n £

2. Using the values of A obtained in step 1,
compute R as

A, A
e +e

R=coshA=
3. Use R to compute Hj p(s) as

H,/R
Hsdu(s) =o_/

H:=1(s - pk/R)

)
W3y

Figure 41.1 Magnitude response of a fifth-order Chebyshev
filter. Features are: (a) ripple limits, (b) ripple bandwidth, (c)
3-dB bandwidth, (d) transition band, (e) stopband, and (f)

stopband attenuation.
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where These two equations provide similar, but not identi-
AT =1 cal, results. It's worth noting that the MATLAB help
&= e’ file for the function cheblord() cites Rabiner and
A =104/ Gold, but Eq. (41.2) is used for the actual imple-
mentation contained in cheblord.m.
and from Van Valkenberg [2]: Figure 41.2 shows the magnitude and phase re-
sponses for lowpass Chebyshev filters of orders 1
cosh™ |:\/10ASB”° - 1/\/10AP“/1° —1:| through 6.
n=
-1
cosh™ (wg, /@
I ( SB/ PB ) | (41.2)
0 > 5 04 6 4 5 4
g g
3 0.5 T 05,
= Passband = 2
1o magnitude > 1.0 4 Passband 6
response 5 magnitude &
(odd orders) response
(even orders)
1.5 1.5
0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0
Normalized frequency Normalized frequency
0 - 0
\
20 o
90 A
. 40 - k
o
Z S 180
Z 80 d.é 270 A
S go 4
= Stopb_and § Phase 4
100 |~ magnitude s response
response o 360 4
120 A S
450 1
140 - 6
540 T T T T
1 2 3 4 5 6 8 10 0.1 0.2 0.5 1 2 5 10
Normalized frequency Normalized frequency

Figure 41.2 Frequency response plots for lowpass Chebyshev filters of orders 1 through 6
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Design Procedure 41.2

Designing a Chebyshev Prototype

1. Based on the requirements of the intended ap-
plication, determine desired values for the fol-
lowing critical performance parameters to be

exhibited by the final IIR design:
Wy = passband edge frequency based on
ripple bandwidth
wg, = stopband edge frequency
Ag, = minimum stopband attenuation
&€ = passband ripple parameter

2. Determine the prewarped frequencies, wsgg and
wgp, corresponding to the desired final frequen-
cies, wiyp and wj,. If the prototype is being de-
signed for use in the bilinear transformation, the
prewarped frequencies are given by

~
mPB = Etana)’;h
T 2
2wy T
Dgp = ¥tan

where T is the sampling interval for the IIR filter.
If the prototype is being designed for use with
the impulse invariance technique, there is no
prewarping, so ,

Opy = Wpy

D =0y

3. Determine the minimum filter order using either

Eq. (41.1) or Eq. (41.2).

4. Insert the value for & from step 1, and the value
for n from step 3 into Eq. (MB 41.1) to obtain the
desired transfer function.

~
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Note 42

Elliptic Filters

42-1

lliptic filters have ripples in both the pass-

band and the stopband, and generally
have better selectivity than Chebyshev filters
of comparable orders. Determining the trans-
fer function is somewhat more complicated
for an elliptical filter than it is for Butterworth
or Chebyshev filters. The process begins with
the specification of four parameters, which
are depicted in Figure 42.1.

A, = maximum passband loss, dB

A, = minimum stopband loss, dB
w, = passband cutoff frequency

w, = stopband cutoff frequency

The minimum filter order needed to achieve
the performance specified by these param-
eters is determined using Design Procedure
42.1. Once the order, n, is determined, the
actual minimum stopband loss can be com-
puted as

A= IOIOg(l +

104710 _q
164" (42.1)

where g is the modular constant computed
in step 4 of Design Procedure 42.1.

As with other filter types, the design of
an elliptical filter starts with a frequency-
normalized prototype. However, because
the passband edge frequency and stopband
edge frequency can be specified indepen-
dently, the normalization for an elliptical fil-
ter must be based on something other than
3-dB bandwidth. Specifically, the prototype
is normalized such that

V2,0 =1 (42.2)

where 2, and () are the normalized pass-
band edge frequency and the normalized
stopband edge frequency, respectively. These
frequencies are related to the correspond-
ing desired frequencies, w, and w, by a
frequency-scaling factor, , such that

o,
Q,=—L Q= & (423)
o o

0

Figure 42.1 Magnitude response showing parameters used to

specify an elliptical filter.
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Design Procedure 42.1

Determining the Minimum Required Order for Elliptic Filters

1. Based on the requirements of the intended
application, determine desired values for
the following critical performance param-
eters to be exhibited by the final IIR design:

w), = passband edge frequency
wj = stopband edge frequency
A, = minimum stopband loss, dB

A, = maximum passband loss, dB

2. Determine the prewarped frequencies, w,
and w,, corresponding to the desired final
frequencies, w), and wj. If the prototype
is being designed for use in the bilinear
transformation, the prewarped frequen-

cies are given by
0, = 2ean®T
T 2
a)s = Etana)s_T
T 2

where T is the sampling interval for the
IIR filter. If the prototype is being de-
signed for use with the impulse invariance
technique, there is no prewarping, so

, =0,

@y :a);

3. Using w, and w,, compute the selectivity
factor, k, as
k=w, /o

4. Using the selectivity factor computed in
step 3, compute the modular constant, g,
using

g=u+2u +15° +150u"

where
1-Y1-K

2(L+Qq117)

u=

5. Using the values of A, and A determined
in step 1, compute the discrimination fac-
tor, D, as

104" —1

- 100 _1

6. Using the value of D from step 5 and the
value of g from step 4, compute the mini-
mum required order, , as

ne log(16D)
log(1/¢)

We can solve for the required value of a by
substituting Eq. (42.3) into Eq. (42.2) to
obtain
w,0
ps =1

aZ

o= w0,

After the parameters k, g, and u are deter-
mined using Design Procedure 42.1, the corre-
sponding transfer function can be determined

using Design Procedure 42.2. If a specification
in terms of pole and zero locations is desired,
the poles can be obtained by solving for the
roots of

s’ +bs+c; =0 (42.4)

and the zeros can be obtained by solving for

the roots of

s +a =0

1
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~

Design Procedure 42.2

Designing an Elliptic Prototype Filter

1. Use Design Procedure 42.1 to determine a viable
combination of values for A,, A, w,, w,, and n.

2. Using the values of A, and n from step 1, compute

Vas
Api20
V:Lm 10“20+1
2n | 107 =1

3. Using the value of V from step 2, above, and the
value of g from step 4 of Design Procedure 42.1,
compute p, as

NI INE R sinh[(2m+ V]|
0.5+Z:'=0(—1)'"q"’1cosh(2mV) ‘

4. Using the value of k=w,/w, and the value of p,
from step 3, compute W as

W=|:(1+%§J(l+kp§)jlm

5. Determine the number of quadratic sections in
the filter as

7. Fori=1,2,...,r,compute ¥, as

Y, =[(1—X7"2J(1—kxf)]/z

8. Fori=1,2,...,r, use the W, X;, and Y, from steps
4, 6, and 7 to compute the coefficients a;, b;, and
¢;as

1
4 ="3
Xl‘
__2pY,
C14(p X, )
o = (BoY) + X WY
[+ exy T

9. Using a; and c;, compute H, as

L)
£
~ pol Is=1a; n odd
O ) AT
10°°% II i peven
i=14;

10. Compute the normalized transfer function as

B nf2 7 even
= (n=1)/2 nodd HN(S)=& T_sta
d s +bs+e
6. Fori=1,2,...,r, compute X; as where
s+p, nodd
2 1/4 6 _lm m{m+l) 2 +1 ’ d: $
X = 1 zmil(s ) 9 Zsm[( m+Lur /1] 1 1 even
1+22m=0(—1)’” q" cos(2mur /n)
where
i n odd
u=y. ,
i—1 neven
-
™
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Note 43

Bessel Filters

essel filters are designed to have maxi-

mally flat group-delay characteristics.
Consequently, there are no oscillations in
the step response, thus making Bessel filters
attractive for applications that call for low
levels of pulse distortion. The transfer func-
tion of an nth-order lowpass Bessel filter is
given by

H(s)= (43.1)

where ¢,/(s) is the polynomial of degree n
given by

qn (S) = zbksk
k=1

2n—-k)!
2" *kl(n—k)!

k:

The polynomial g,,(s) can be obtained from
d,-1(s) and q,,_,(s) using the recursion

qn (S) = (2]’[ - l)qn—l + qun—z

Table 43.1 lists g,,(s) for n=2 through n=8.
Equation (43.1) does not provide an ex-

plicit expression for the poles of a Bessel

filter. The pole locations are found by using

numerical methods to solve for the roots of
q,,(s)=0.

The filters defined by Eq. (43.1) are nor-
malized to have unit delay at w=1. The
poles, p;, and denominator coeflicients, by,
can be renormalized for a 3-dB frequency of
w=1 using

pi=Aps b = Anikbk

where the value of A is obtained from Table
43.2. Odd-order filters have one real pole,
and all remaining poles occur in complex-
conjugate pairs. The poles for an even-order
filter all occur in complex-conjugate pairs. If
the denominator factors corresponding to
complex-conjugate pairs are multiplied to-
gether, the denominator can be expressed as
a product of quadratic terms having all real
coefficients.

43.1 Frequency Response

Figure 43.1 shows the magnitude, phase, and
group-delay responses for lowpass Bessel fil-
ters of orders 2 through 6.

Table 43.1 Denominator Polynomials for Transfer Functions of

Bessel Filters Normalized to Have Unit Delay at w=0

q,,(s)

P2+35+3
S +6s%+ 155+ 15
s* 4+ 10 + 455% + 1055 + 105

0 NN Lok W o oR

s> + 15s* + 1055 + 420s% + 9455 + 945

s8 4+ 215° + 210s* + 1260s® + 47255% + 10,3955 + 10,395

s7 + 28s% + 3785° + 3150s* + 17,3255 + 62,370s* + 135,135s + 135,135

s% + 3657 + 630s® + 6930s° + 9450s* + 270,270s> + 945,945s5% + 2,027,025s + 2,027,025

43-1
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Table 43.2 Factors for Renormalizing
Bessel Filter Poles from Unit Delay at
w=0 to 3-dB Attenuation at w=1

A

1.35994
1.74993
2.13011
2.42003
2.69996
2.95000
3.17002

NNt W

0
0 1 10 4
0.5 20 4
2
g 1.0 1 @ 304
o
° Z
S 454 Passband @ 3
2 & magnitude E 40 Stopband
= response < magnitude 4
= 2.07 £ 50 response
5
2.5 41 60 -
6
3.0 1 70 -
0.1 0.2 03 04 0506 08 1.0 80 ) ) e . o
: : : : = U . : 1 2 3 4 5 6 8 10
Normalized frequency Normalized frequency
0 3.0
901 \ 2.5
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® response 2"
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Figure 43.1 Frequency response plots for lowpass Bessel filters of orders 2 through 6



Note 44

The zTransform

he z transform is a mathematical tool that plays
a role in the analysis of discrete-time systems

similar to the role played by the Laplace transform
in the analysis of lumped-parameter continuous-
time systems. It has a place in the theoretical ex-
ploration of all linear shift-invariant discrete-time
systems, but in practice, the z transform (and its
relationship to the Laplace transform) is most com-
monly used in the design of IIR filters. In fact, some
authors, such as Lyons [1], discuss the z transform
only in conjunction with IIR filter design.

Sometimes, pole and zero locations (which are
features obtained from the z transform) are used
as visualization aids to provide insight into the be-
havior of adaptive filters as their coefficients evolve
over time or converge to different values as a func-
tion of SNR. An example of such use is provided by
Kay in [2].

The z transform can be defined in either a one-
sided (unilateral) or two-sided (bilateral) form:

X(z)= ix[n]z’” (one-sided) (44.1)
=0

oo

X(z)= Y x[nle™" (two-sided) (4,
where z is a continuous complex-valued variable.
Different authors follow different conventions with
respect to which form they consider to be the de-
fault when “one-sided” or “two-sided” is not specifi-
cally called out. The two-sided transform is the form
most often used in DSP applications. When x[#n] is a
causal sequence, the two forms are equivalent.

44.1 Region of Convergence

The series represented by Eq. (44.2) does not always
converge for every possible value of z. The portion
of the z plane for which the series does converge

Key Concept 44.4

Role of the z Transform in
Digital Filter Analysis

o The z transform of a digital filter’s unit
sample response is called the system func-
tion and is denoted H(z). In general, a lin-
ear shift-invariant digital filter has a system
function that is a ratio of polynomials in z:

H(z) = P(2)/Q(z)

 Roots of these polynomials are often plot-
ted in the complex z plane to help visual-
ize various aspects of the filter’s behavior.
Roots of the numerator are called ze-
ros, and are typically plotted using small
circles (0). Roots of the denominator are
called poles, and are typically plotted using
small multiplication signs (x).

Im
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is called the region of convergence (ROC).
Whether or not the series converges depends
upon the magnitude of z rather than on the
specific complex value of z. Therefore, ROC
boundaries are always defined by circles cen-
tered at the origin of the z plane. There are four
major configurations for the ROC, as depicted
in Figure 44.1. Depending upon whether z=0
and |z| = e are included in the ROC, there are
a total of nine specific variations on the four
basic configurations:

« entire z plane

« entire z plane except for z=0

o entire z plane except for |z| = e

« entire z plane except for z=0and |z| = =

o interior of circle

o interior of circle except for z=0

« exterior of circle

« exterior of circle except for |z| = e

« annulus

As summarized in Table 44.1, the ROC for

any particular z transform depends upon the
characteristics of the sequence x[n].

7

Notes on Digital Signal Processing

Table 44.1 ROC configurations corresponding to various con-
straints placed on the sequence x[n]

x[n]

ROC for X(z)

Single sample at n=0

Finite-duration, causal,
x[n] =0forall n<0,
x[n] # 0 for some n>0

Finite-duration,
x[n] # 0 for some n <0,
x[n]=0foralln>0

Finite-duration,

x[n] # 0 for some n <0,
x[n] #0 for some n>0
Right-sided,
x[n]=0foralln<0
Right-sided,

x[n] #0 for some n<0

Left-sided,
x[n]=0foralln>0

Left-sided,
x[n] #0 for somen >0

Two-sided

Entire z plane

z plane except for z=0

z plane except for |z| = o

z plane except for z=0 and
|Z| = o0

Outward from outermost pole

Outward from outermost pole,
|| = o is excluded

Inward from innermost pole

Inward from innermost pole,
z=0is excluded

Annulus

Re

ass)

Re

7

(a) (b)

4%,
7

()

K27

(d)

Figure 44.1 Possible configurations for region of covergence: (a) the entire z-plane, (b) exterior of a circle, (c) interior of a circle, and

(d) an annulus



The zTransform

Table 44.2 Bilateral z-Transform Pairs

Table 44.3 Unilateral z-Transform Pairs

44-3

x[n] X(2) ROC x[n] X(2) ROC
d[n] 1 Allz ) z 2> 1
S[n-m],m>0 z " z#0 z—1
— —m o0
S[n-m],m<0 zz || = uln] ﬁ |z > 1
uln] Z-1 |z|>1 .
i d[n] 1 Entire z plane
—ul-n-1] 71 lz| <1 .
- @ 1> Ja
—a"u[-n-1] |z| > |a]
z—a
az na" 2 |2| > |al
—na"u[-n-1] (z—ay || <|al (z—a)’
- az(z+a)
n’a Pp |2| > |al
3n az(z* +4az+a®) S
wa e ra s 2l>1a
2
z
n
(n+1)a — 21> a
(n+1)(n+2) , z
(D), S 21> a
4
(n+1)(n+2)(n+3)an z i |z| S |a|
3! (z—a)
5
(7’!+1)(1’l+2)(1’l+3)(}’l+4)an z . |Z| > |a|
4! (z—a)
Tz
nT 1) |Z| >1
T?’z(z+1
(nT)? 7(2(_1)3 ) |2 > 1
T’z(z> +4z+1)
3 L2z TazTl)
(nT) (2_1)4 |Z|>]’
ﬂ ea/z 0
n!
z
e—anT Z_e*aT |Z| > |e—uT|
—al -
—anT o ze " sinw,T ~
e sin wOnT 2" —2ze" " cosw,T +e>*" |Z| > |e aT|
2> —ze " cosw,T
e T cos wynT iy |2] > ||

z* —2ze " cosw, T +e ™"
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Table 44.4 Properties of the z Transform

Notes on Digital Signal Processing

Property Time Sequence Transform ROC

x[n] X(2) R,

yin] Y(z) R,
Homogeneity ax[n] aX(z) R,
Additivity x[n] + y[n] X(2) + Y(2) Contains r, N 1), but may be larger
Linearity ax[n] + by[n] aX(z) + bY(z) Contains r, N I, but may be larger
Time shift x[n—m] z-"X(z) Ry

. _ -1
Time reversal x[-n] X(z™h 1/ R,
Frequency shift  a"x[n] X (Z ) la| R,
Convolution x[n] ® yln] X(2)Y(2) Contains R, N Ry, but may be larger
Conjugation x*[n] X*(z%) R,
Differentiation d
of transform nx[n] _ZEX(Z) Ry
- A
References

2. S.M.Kay, “The Effects of Noise on the

1. R. Lyons, Understanding Digital Signal
Processing, Prentice Hall, 1996.

Autoregressive Spectral Estimator,” IEEE Trans.
Acous. Speech and Signal Proc. ASSP, vol. 27,
no. 5, Oct. 1979, pp. 478-485.




Note 45

Computing the Inverse z Transform
Using the Partial Fraction Expansion

Often IR filters are designed in the z domain, and in order here are a handful of fundamentally
to obtain the filter’s unit sample response, it is necessary to different approaches for inverting the

c.ompute‘! the inverse z transform 9f the filter’s sys.tem fupc- z transform, and each of these approaches
tion. This note provides an overview of the partial fraction . . .
can have several different minor variations.

expansion (PFE) technique that can be used to compute the

inverse z transform. Notes 46 through 48 cover the specifics of Most of the popular approaches are based on
how the PFE is applied to system functions exhibiting various the idea that a function of interest in the z
properties, as detailed in the “Related Notes” sidebar on the domain can be broken down into a sum of
next page. simpler constituent functions that can be

easily inverted by using a table of common z

Key Concept 45.1
Using the Inverse z Transform to Compute the IIR Sample Response

Many IIR filters are designed directly in the z domain, and the inverse z transform must be used to obtain the system’s
unit sample response.

b,z
H(Z) k 0
(1 plz’l)(l pzz’l) (1 p,\,z’l)

Each binomial factor in H(z) denominator
becomes a separate denominator in
the sum of fractions

Each
Im denominator
root is a pole

Co + Bl + BZ + o BN ‘l
x 1 pzt 1 pz?t 1 pyzl
o —_— . P

Constant term in H(z)

° Re becomes an impulse _j
X in h[n]
After finding each
Poles & zeros take inverse transform
in the z plane s of each fraction
{c} S (M | p } )
ps 1 k(Pi
hln] V,_J 1 pz /A
_Y_ N
hInl ¢ [n1+  4(py)"<
k1 . )
Unit Unit-sample response includes
sample T T T sum of inverse transforms for
response T 3 ? n all N fractions

The sum-of-fractions expansion shown above for H(z) assumes that the numerator’s degree, M, equals the
denominator’s degree, N. When M < N, the ¢, term vanishes, and when M > N, there are additional non-
fractional terms of the form ¢;z™* for k = 1 through k = M - N.
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transform pairs. Because the transform and
its inverse are linear, the inverses of the con-
stituent functions can be summed to obtain
the inverse transform for the original func-
tion of interest.

For a linear shift-invariant discrete-time
system, the system’s z domain system func-
tion is the z transform of the system’s unit
sample response. Many IIR filters are de-
signed in the z domain, and in order to ob-
tain the system’s unit sample response, it is
necessary to compute the inverse z trans-
form of the filter’s system function. Consider
the system function given by

B(z)

. Az) (@5.1)

where A(z) and B(z) are polynomials in
powers of z*

M

B(z)= zb"z_k (45.2)

k=0

N
A(z)= Zakz"k
k=0

(45.3)

In discussing IIR filters, many texts show the
IIR system function as

M
-k
Sh
— k=0

H(z)=———
) i Lk (45.4)
N az

k=1

As shown in Note 61, this is the natural form
of the system function when it is derived
from the filter’s difference equation. How-
ever, in discussions about computing the
inverse z transform, it is notationally conve-
nient to use the denominator form defined
by Egs. (45.1) and (45.3). Despite the change,
the constant term, ao, should always equal
unity for an IIR filter. As shown in Note 61,

Notes on Digital Signal Processing

the constant term corresponds to the filter’s
“current” output in the difference equation
where a value other than unity makes no
sense. However, be aware that some texts
confuse matters by offering the advice that if
the constant term is some value, aq # 1, then
all of the coefficients in the denominator
should be divided by a, so that the constant
term becomes aq/ao = 1.

The denominator polynomial from Eq.
(45.1) can be recast as a product of binomials:
r 1
Alz)= l,;[(l_p"z ) (45.5)
where the values p; are known as poles of the
system function. If none of the N pole values
are repeated, then the system function is said

Related Notes

Note 46 Demonstrates use of the PFE for the
case in which all poles are distinct
and the system function, H(z), is a
proper rational function.

Demonstrates use of the PFE for the
case in which all poles are distinct
and the system function, H(z), is an
improper rational function. Poly-
nomial division is used to convert
H(z) into the sum of a polynomial,
((z), and a proper rational func-
tion, H,(2).

Note 47

Note48 Demonstrates use of the PFE for the
case in which all poles are distinct,
and the system function, H(z), is
an improper rational function.
The approach used is based on the
assumption that H(z) can be ex-
pressed as the sum of a polynomial,
C(2), and a proper rational func-
tion, H,(z). The form of the partial
fraction expansion is modified to
include the coefficients needed to
expand C(z).




to have simple poles, and H(z) can be ex-
pressed as a sum of less complicated ratios as

H(z) A -+ B 1+---+ﬁ—N1
1 piz 1 pyz 1 paz
(45.6)

Equation (45.6) is known as the partial
fraction expansion (PFE) for H(z). The in-
verse z transforms for each term on the

Computing the Inverse z Transform Using the Partial Fraction Expansion

right-hand side of this PFE can be computed
using

B n

Because of a relationship between the
PFE and Cauchy’s residue theorem, the co-
efficients 8, are sometimes referred to as
residues.
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Note 46

Inverse z Transform via

Partial Fraction Expansion:

Case 1: All Poles Distinct with M < Nin System Function

This note covers the form of the partial fraction expansion
that can be used to compute the inverse z transform of sys-
tem functions that have no repeated poles and in which the
degree of the denominator polynomial exceeds the degree of
the numerator polynomial. The method is based on the basic
strategy discussed in Note 45. Alternative approaches for use
on system functions that do not meet these constraints are
covered in Notes 47 through 49.

he form of the partial fraction expansion
discussed in this note is suitable for use
on system functions of the form

by+bz ' +bz?+ +b,z "
(I_Plz_l)(l_Pzz_l) (1_PNZ_1)
PEDE £ Py (46.1)

where M < N, thus making H(z) a proper ra-
tional function.

The expansion can be formed directly by
using each binomial factor from the denomi-
nator of Eq. (46.1) as a denominator for one
of the fractional terms in the expansion:

H(z)=

H(Z)= ﬁl — + ﬂz — + + ﬂN —
I-pz= 1-pz 1-pyz
(46.2)

When a common denominator is gener-
ated to perform the additions indicated in
Eq. (46.2), the resulting denominator al-
ways equals the denominator in Eq. (46.1).
Therefore, we can simplify the notation by
just retaining the numerator that results
after the common denominator has been

46-1

Design Procedure 46.1

Solving for PFE Coefficients:
Coefficient Matching Approach

This procedure is appropriate for solving a partial fraction
expansion of the form
by +bz  +byz 2 4ot by M
(z=pHz=py)-(z2—py_1)(z—py)
B . B

= _1 —
1-pz 1-p,z

(DP 46.1)
Bx

1-pyz~

+.,‘+

1 1

1. Explicitly construct the RHS of Eq. (46.3) using the
known values for the coefficients, by, and poles, p;.

2. Perform the necessary algebraic manipulations so that
the coefficient for each power of z on the right-hand
side is obtained as a function of the unknown coeffi-
cients, B

B(z)= fo(BosBys-- B )+ i (Bos Bys--sBr)

B BB

(DP 46.2)

3. Set the coefficients from the LHS of Eq. (46.3) equal

to the corresponding coefficients from the RHS of
Eq. (DP 46.2):

by = fo (ﬁniﬁp- . -’ﬁN)
by :ﬁ(ﬁo'ﬁv---’ﬁN)

bM:fM(ﬁo’ﬁlvwﬁN)

4. Solve the system of linear equations (DP 46.3) for the
coefficients f;.

(DP 46.3)




Inverse z Transform via Partial Fraction Expansion: Case 1

implemented to accomplish the additions. This
“numerators-only” equation has the form

B(z)=b,+bz " +bz " +---+b,z "

= B1H(1_sz_l ) + ﬁzH(l_ka_l)
= 2 (46.3)
N
+ +B8,J[(1-pz™)
k=1

k#n
+ +ﬂNﬁ(1—pkz‘1)
k=1

Typically, the values for all the poles, p;, are
known, so straightforward algebraic manipulations
can be used to put the right-hand side of Eq. (46.3)
into a form in which the coefficient for each power
of z'! is obtained as a function of the unknown co-
efficients, B,

B(2)= fy(BosBir-- s By )+ 2 fi(Bor B By)
+272f2 (ﬁo’ﬁl»--wﬁz\r)"""
+2 7" fu (B> Bie- s By)

Coeflicients for like powers of z must have the
same value in the LHS of Eq. (46.3) and in the
RHS of Eq.(46.4) so we can construct the system of

equations
bo :fo (ﬁO’ﬁl""’ﬁN)
b, :fl (:BO’ﬂl""’ﬁN)

by :fM(ﬁO’ﬂl""’ﬂN)

From the form of the RHS of Eq. (46.3), we know
that each function, f,,(Bo, B1, - . ., Bn)> is a linear
function of the coefficients, 3,,, so it is a straightfor-
ward process to solve this system of equations for
the unknown values of f3,,.

Once the values for the f3, are found, the filter’s
unit sample response can be written as

h{n] =ﬁl(pl)n +ﬁ2(p2)n +"'+ﬁN(pN)n

(46.4)

(46.5)

(46.6)
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This approach for computing the inverse z trans-
form is summarized in Design Procedure 46.1, and
is demonstrated in Example 46.1.

Example 46.1

Coefficient Matching Approach
When H(z) Is a Proper Rational Function

Consider the system function given by
5+(2-442) 2" +(3-42) 2

H(z)= {46.7)
@ 1—(1—\/5)2"+(1—\/E)z’z+z’3
The denominator can be factored to yield
5+(2-442)2" +(3-42) 27
H(z)= {46.8)
(1—/lz'1)+(1— /Tz’l)+(1+z’1)
where
R
=——+4j— A=—0n—j—
2 2 2 2 {46.9)

In terms of the notation used in Design Procedure

46.1, we have
b=2-42  b,=3-\2

b, =5
p=4 p=1 p=1 {46.10)

Expanding Eq. (46.8) in the form of Eq. (46.2) yields

B, B, B,
(=AzY) (1=az?) (=2

H(z)= (46.11)

Finding a common denominator to add the right-
hand side yields a numerator of

B(Z):(/-:jl +I:2+ﬁ3)
+z“[[31(1—1*)+[32(1—/1)+ﬂ3(/1—l*)]

+z7 (_Bl/r - ﬁz/l + Bs )
{46.12)
—

continues
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Example 46.1 (continued)

Setting the coefficients from Eq. (46.12) equal to the
numerator coefficients from Eq. (46.8) for like pow-
ers of z yields the system of equations

1+p2+ﬁ3 =5
B(1-4")+B,(1-")+B,(A-4")=(2-4V2)
_ﬁl)l’* M2 +ﬁ3 :(3_\/5)

(46.13)
Substituting the values for A and A*, and then solving
for 1, B>, and B; yields
B=B=1 pB.=3 (46.14)
Thus, the unit sample response is given by
hlnl=A"+( )" +3(-1)" (46.15)

—



Note 47

Inverse z Transform via

Partial Fraction Expansion

Case 2: All Poles Distinct with M = N in System Function (Explicit Approach)

This note presents a procedure for computing the inverse z
transform for system functions in which all poles are distinct
and the degree, M, of the numerator equals or exceeds the
degree, N, of the denominator. The procedure uses polyno-
mial division to convert the improper rational function, H(z),
into the sum of a polynomial, ((z), and a proper rational
function, H (2).

In order for a rational function to be ex-
panded as a sum of partial-fraction terms,
the degree of the numerator must be less
than the degree of the denominator. In cases
where M > N, the system function must be
restructured as the sum of a polynomial,
C(z), and a proper rational function, Hy(z):

H(z)=C(z)+ Hg(2) (47.1)

where

_R(»
Hy(z)= A)

M-N
C(z)= Z .z "
k=0

This restructuring can be implemented
by solving directly for the values of the coef-
ficients in C(z) and R(z) using polynomial
division, and then forming a partial fraction
expansion for just H, (z) instead of for H(z).
This approach is detailed in Design Procedure
47.1 and is demonstrated in Example 47.1.
Polynomial division is detailed in Math Box
47.1 on the next page.

Design Procedure 47.1

Partial Fraction Expansion: Simple Pole Case with
M = N Solving Explicitly for C(z) and R(z)

The system function is an improper rational function if the
order, M, of the numerator polynomial equals or exceeds
the order, N, of the denominator polynomial. This proce-
dure is based on explicitly restructuring the system func-
tion as the sum of a polynomial, C(z), and a proper rational
function, H,(z) = R(2)/A(2):

4.

_ iy e R(2) (DP47.1)
H(z)=C(z)+ A2)

. Use polynomial division, as described in Math Box

{(47.1), to determine the coefficients for C(z) and R(z).
The quotient produced by the division is C(2), and the
remainder is R(z).

. Construct the partial fraction expansion for H,(2):

R(2)
(l_plz_l)(l_pzz_l)“'(l_pNz_l)
B . B ... B

C1- pz 1-pz! 1-pyz”
(DP47.2)

Hy(z)=

. Use Design Procedure 46.1 from Note 46 to solve for the

N values of §,.

Using values for ¢, obtained in step 1, and the values for
f3, obtained in step 3, the filter’s unit sample response,
h[n], can be written as

Hnl=c,6(m)+cd(n-1)+---+c¢, ,6(n—M+N)

+B,(p) +B.(p,)" +-+ By (py)
(DP 47.3)

471
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Example 47.2

Explicitly Solving for a New
Numerator When H(z) Is Improper

Consider the system function given by

142z "' 4227 =21z —122°*
1432 —62° 87" 47.2)

e g Al =g
(1+4z7)(1-227")(1+27")

H(z)=

The corresponding unit sample response can
be determined using Design Procedure 47.1.
Polynomial division can be used, as in Math
Box 47.1, to solve for C(z) and R(z) explicitly:

Clz)=3+3z"

R(z)
Then we only need to expand the proper ratio-

nal function that is based on the remainder of
the division operation:

1 21 1 2
=SARE ARsE

_R(z) 224527
T A(z) 143z —6z7—87° (413)

H,(2)

— . L - 2 71+ = 3_
1+ 4z 1-2z 14z

1

Comparing Eq. (47.2) to Eq. (DP 46.1) from
Note 46 reveals that
1 21

b, = -3 b, = >y b,=5

p=—4 p.=2 ps=-1
Adding the right-hand side of Eq. (47.2) yields
a numerator of

R(z)=B,(1-2z")(1+2")
+B,(1+427 (1+271) WA

+ B (1+427)(1-227")

Setting coefficients from Eq. (47.3) equal to
coefficients from Eq. (47.2) for like powers of z
vields the system of equations

bo :_%:p1+r'z+ﬁ3
bl :%:_ﬁ1+5ﬂ2+2ﬁ3
b,=5=-2p +48,-8p,

Notes on Digital Signal Processing

—

Math Box 47.1
Polynomial Division

Consider the system function given by

1+ +527 2127 1227
1+3z7 =627 —82"

For purposes of computing the inverse z transform, the
goal of polynomial division is to eliminate from the nu-
merator terms involving z* for k > N, where N is the most
negative degree of z in the denominator. This goal is best
accomplished by reversing the order of the polynomials
before beginning the division:

H(z)=

-827°-627+37"+1 ) —12z274-21274 127+ 220 41

Begin by dividing the dividend’s first term, —12z% by the di-

visior’s first term, —8z~. The result is 52", so we multiply
the divisor by %z’l and subtract the result from the dividend:
3

-1
EZ

822 -6z2+3z71 +1 ) “1277%-2122+ %z’z + 32—32’1 +1
1

_ -3 _ _
12774 -9z +%z 2+%z

127273 —4z7%+15271 +1

We can call the result of this subtraction the working remain-
der. The terms appearing above the division symbol com-
prise the quotient. Next, divide the first term (—12z7°) of the
working remainder by the first term (—8z) of the divisor.
The result is . Therefore, we multiply the divisor by %; and
subtract the result from the working remainder to obtain a

new working remainder: .
3

-8z7% —6z2+3z% +1 ) 1227421273 %z'2+ 3232'1+1

42724370

-4 -
—1227% 927 4227743

-12z73 —4z7%+15z7 1 +1
—1227 972 427742

The process stops when the highest power of z™* in the di-
visor is greater than the highest power of z* in the work-
ing remainder. The working remainder when the process
stops becomes the new numerator in the fractional part of
the system function. The quotient becomes the new non-
fractional C(z), and we can rewrite the system function as

-2 21 _-1 1
5z +72 -3

827 -6z 43z +1

H(z)=2+3z"+




Note 48

Inverse z Transform via
Partial Fraction Expansion

Case 3: All Poles Distinct with M = N in System Function (Implicit Approach)

This note presents a procedure for computing the inverse
z transform for system functions in which all poles are
distinct, and the degree, M, of the numerator equals or
exceeds the degree, N, of the denominator. The approach
presented herein is an alternative to the approach pre-
sented in Note 47.

In order for a rational function to be
expanded as a sum of partial-fraction
terms, the degree of the numerator must
be less than the degree of the denomi-
nator. In cases where M > N, the system
function must be restructured as the sum
of a polynomial, C(z), and a proper ratio-
nal function, Hg(z):

H(z)=C(z)+ Hy(z) (48.1)

where
H, (z2)= M
A(z)

M-N
C(z)= 2 oz "
k=0

This restructuring can be exploited by
writing an expression for H(z) using sym-
bolic coefficients for ¢, and 3, and then
using a coefficient-matching technique
to solve for ¢, and f, values without ever
explicitly determining the coefficients for
R(z). This approach is detailed in Design
Procedure 48.1 and is demonstrated in
Example 48.1.

Design Procedure 48.1

Partial Fraction Expansion: Simple Pole Case with
M = N (Implicit Approach)

The system function is an improper rational function if the
order, M, of the numerator polynomial equals or exceeds the
order, N, of the denominator polynomial. This procedure is
based on implicitly restructuring the system function as the
sum of a polynomial, C(z), and a proper rational function,
H(2) = R(2)/A(2):
R(2)
H(z)=C(z)+——
(2)=C(2) AG) (DP 48.1)
However, the coefficients for R(z) are never explicitly deter-
mined.

1. The number of fractional terms in the PFE depends only
upon the degree of the denominator. Because H(z) and
H,(2) have the same denominator, we can immediately write

H(z)=C(z)+ b —+ B, -+t By -
l-pz" 1-pz 1=pyz

(DP 48.2)

2. The polynomial portion of the PFE has at most M — N + 1
terms, so we can expand C(z) to yield

H(z)=c,+c,z 7 ++-+c, 2 MM

ﬁl + ﬁz 4enn BN (DP 48.3)

+ -1 -1 + -1
l-pz 1-p,z 1-pyz

3. Use Design Procedure 48.2 to solve for the N values of 3,
and the M — N + 1 values of ¢,.

4. Once the values for ¢, and B, are determined, the filter’s
unit sample response, h[#], can be written as

Hnl=c,6(n)+cd(n—1)+---+cy  0(n—M+N)
+ﬁ1(p1)” +ﬁ2(Pz)” +“'+ﬁN(PN )” (DP 48.4)

48-1
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Design Procedure 48.2

Solving for PFE Coefficients: Coefficient-Matching Approach for Expansion with
Both Rational and Non-Rational Polynomial Terms

This procedure is appropriate for solving a PFE of the form

by+bz ' +bz”" 4 +b, 2" R
(z=p)Nz=py)-(z=py ) (z—py)
(DP 48.5)
+ ﬁ] 71+ ﬁ2 71+_._+ ﬂN —
I-pz 1-pz 1-pyz

When a common denominator is generated to perform the indicated additions on the right-hand
side of this equation, the resulting denominator always equals the denominator on the left-hand side.
Therefore, we can simplify the notation by just retaining the numerators that result after the common
denominator has been implemented:

N

by+bz +bz "+ +b, 2 ZCOH(I—pkz'l)

k=1
N N N
+clz_1H(1—pkz_1)+---+CM7NZ_(M_N)H(1 -pz ) + ﬁIH(l—pkz_l)
k=t k=1 k=2 (DP48.6)
N N N-1
"‘ﬁz!_[(l_l’k[1 )"’"""ﬁu[[(]_]’kzil)"'"“"ﬁwl’:[(l_l)kzil)
=1 =1 =1
k=2 k#n

1. Explicitly construct Eq. (DP 48.5) using the known values for the coefficients, b,, and the poles, p,.

2. Perform the necessary algebraic manipulations so that the coefficient for each power of z* on the
right-hand side is obtained as a function of the unknown residues, B,, and unknown coefficients, c,:

B(2)= £, (Bore- s BusCoree o ) ¥ 27 Fi( Borev s BrsCore - rCapne )
(DP 48.7)
+27 f,(Bose > BusCoreesCrn ) -+ 27 fig (Bose- s BysCoreesCaon )

3. Set the coefficients from the left-hand side of Eq. (DP 48.6) equal to the corresponding coefficients
from the right-hand side of Eq. (DP 48.7):

b, =f;3(BD"“’ﬂN;CO’“”CM—N)
b=f, (ﬁo,...,ﬂN;co,...,CM_N)

: (DP 48.5)
b = far (Bose- s BusCose-osCorn )

4. Solve the system of linear equations (DP 48.8) for the residues, f,, and coefficients, c,.
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Example 48.3

Implicitly Solving for a New Numerator
When H(z) Is Improper

Consider the system function given by
1+227 +227 —2127 -1227*

H(z)= 5
1+3z' -6z -8z

1+ 2+l 210 122 Rz
N (1+4z7)(1-22")(1+2")

The corresponding unit sample response can be determined us-
ing Design Procedures 48.1 and 48.2.

Comparing Eq. (48.2) to Eq. (DP 48.5) reveals that
b,=1 =2 b=1 b=-21 b=-12
p=—4 p,=2 pa=-1

The value for M - N = 1, so C(z) must include terms for z, and z .
Following the form of Eq. (DP 48.3), we can write

~ ~ ~

H(z)=c,+c,z '+ L+ 2 4+ 3
T 144zt 1-22t 14z (483)

If the right-hand side of Eq. (48.2) is added over a common de-

nominator of . . .
A(z)=1+43z —6z —8z"

the numerator of the result is given by

B(z)=¢, (1+3z '_gz” —82’3)

+ (z’1 +3z7 -6z -8z )
+B,(1-227)(1+27") (48.4)
+B,(1+4z7 )(1+27")
+B,(1+427)(1-227)

Setting coefficients from Eq. (48.4) equal to coefficients from
Eq. (48.2) for like powers of z yields the system of equations

b,=l=c,+p,+,.,+p0,

b =2=3c,+¢c,— B, +58,+28,

2

b, =2=—6c,+3¢c, =28, +4p,-8,.,
b, = ;21 =—8¢, —6¢, )
b, =—12=-8c,
Solving this system of equations yields
3 -5 2 {48.6)

4
G=6=73 1 =7 'hT3 ﬂ3_§

48-3



Note 49

Designing IIR Filters:
Background and Options

he block diagram in Figure 49.1 repre-
sents the direct form implementation
for an infinite impulse response (IIR) digital
filter. The filter consists of an all-zero sec-
tion followed by an all-pole section. At time
n, the all-zero section computes a weighted
sum of the inputs from times n— M through
n. To this result, the all-pole section adds a
weighted sum of the previous outputs from
times #n— N through n— 1. The usual mathe-
matical characterizations for an IIR filter are
summarized in Math Boxes 49.1 and 49.2.
The difference equation for the filter’s out-
put, y[n], can be written by inspecting the
block diagram:

N M
y[n] = ;aky[l’l —k]+ ;bkx [i’l —k ] (49.1)

The system function, H(z), can be obtained
by taking the z transform of each term in
the difference equation, factoring out X(z)
and Y(z), and then forming H(z) as the ratio
Y(2)/X(2):

Y(2)= iakY( 2z + i b X(2)z " @2

Y(z)[l Y azt ] =X(2 bz g3

The unit sample response, h[n], can then be
obtained as the inverse z transform of H(z).
The partial fraction expansion described in

49-1

_——_— —

All zero section

Z o o o z'l
x[n-M]
x[n-1] x[n-M +1]
by by by by
L
z

Figure 49.1 Block diagram for IIR filter



Designing IIR Filters: Background and Options

Note 46 is the usual choice for computing
this inverse transform.

The difference equation for an IIR filter
often appears in the alternate form

N M
Yayln—kl=>bxln—k] (45
k=0 k=0

which often proves to be more convenient for
subsequent mathematical manipulation. Be-
cause Eq. (49.1) is explicitly solved for y[n],
it would be tempting to refer to Eq. (49.1)
as the explicit form and to Eq. (49.5) as the
implicit form for the IIR difference equation.
Explicit versus implicit distinctions are wide-
spread in the study of differential equations,
but as used there, it is always possible to con-
vert between explicit form and implicit form
through the use of differentiation, integra-
tion, and algebraic manipulation. While Egs.
(49.1) and (49.5) are equivalent in their abil-
ity to represent an IIR filter adequately, it is
not possible to convert from one to the other
without redefining the sense of a;. Solving
Eq. (49.5) for y[n] yields

yln]= 1 —Eaky[n —k]+ zbkx h —k ]:|
k=1 k=0

ay

To make y[n] from this equation equal to
the y[n] from Eq. (49.1), we would need to
set ap=1 and reverse the sign of g, for k=1,
2, ..., N. Therefore, the use of explicit and
implicit to distinguish between Egs. (49.1)
and (49.5) is not appropriate. In this book,
the form of Eq. (49.1) is described as fol-
lowing the systems convention, and the form
of Eq. (49.5) is described as following the
mathematical convention.

Math Box 49.1

IR Characterizations under
the “Systems Convention”

Difference Equation

ylnl=Y ayyln—k1+ Y bxln —k ]
k=1 k=0

System Function

Y(2) _ 219}(27

k=0

O30~ &
z 1- vz "
>

Unit Sample Function
hnl=Z"' {H(2)}

Frequency Response

Y b exp(—jowk)
H(®)=—=2

N

1- Zak exp(—jowk)

k=1

49-2
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Notes on Digital Signal Processing

49.1 Implementation Structures Math Box 49.2
The block diagram of Figure 49.1 can be IIR Characterizations under the
converted into the corresponding signal flow “Mathematical Convention”

graph shown in Figure 49.2. As already men-
tioned, the filter consists of an all-zero sec-

Difference Equation
tion followed by an all-pole section. Because

N M
the sections are linear and time-invariant, Zak)’[”—k]:zbkx [ —k]
we can commute the order of the sections e =
to produce the structure shown in Figure System Function
49.3. This structure can then be simplified Mo
by noticing that the two delay chains run- Y(2) ;;bkz
ning down the center of the figure are delay- (9= X(z) N,
ing the exact same signal. These two delay ;akz

chains can be merged to yield the direct form

II structure shown in Figure 49.4. Unit Sample Function

hnl=2z "{H(z)}

Frequency Response

M
Zbk exp(—jwk)

_ k=0
Hw)=-5
EQk exp(—jwk)
k=0
bO
x[n] ” ” ” y[n]
zly A A y z!
by a
x[n-1] > <« y[n-1]
zly A A y z1
b, a,
x[n-2] > <« yln-2]
I I I I
1 1 1 1
1 1 1 1
1 1 1 1
: bel : : a/v,l :
x[n-M +1] > < yln-N+1]
zly A A y z!
by ay
x[n-M] > < y[n-N]

Figure 49.2 Direct form I structure for implementing an IIR filter
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bO
x[n] y[n]
A yz? zly A
a by
A yz! zly A
a, b,
1 - 1 1 ” 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 ay_q 1 1 by 1
A y z¢ zly A
ay by

Figure 49.3 Modified direct form I structure with sequence of
all-pole and all-zero sections transposed

by
> >
x[n] yln]
A y z1 A
a, by
<l L.
A y 71 A
a; 32
1 1 ” 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 ayn_1 1 bM—l 1
<l L.
A y z! A
ay by
<l L.

Figure 49.4 Direct form II structure for
implementing anlIR filter



Note 50

Designing IIR Filters:
Impulse Invariance Method

50-1

he impulse invariance technique is

based on the simple idea of obtaining
an impulse response for a digital filter by
sampling an analog filter’s impulse response.
Recipe 50.1 provides the details for a direct
implementation of this idea. However, the
actual design is often carried out in the fre-
quency domain without ever explicitly deter-
mining the impulse response of the analog
prototype. The frequency-domain approach
is detailed in Recipe 50.2. The mathematical
justification for the frequency-domain ap-
proach can be found in [1-2].

The details of how the impulse invariance
technique maps s-plane features of the ana-
log prototype filter into z-plane features of
the targeted IIR filter are provided in Section
50.2.

50.1 Aliasing

Just as sampling an analog signal causes
the signal’s spectrum to be replicated along
the frequency axis at intervals equal to the
sampling rate, sampling a system’s impulse
response causes the system’s frequency re-
sponse to be replicated along the frequency
axis at intervals equal to the sampling rate.
The digital filter’s response, H(e/®), can be
expressed in terms of the analog signal’s re-
sponse, Hu(ej“’) as

. 1 W 2r
H(e™ =—§ H|il =+=k .
(e”) T a[J(T T ﬂ (50.1)

Strategic Considerations

The impulse invariance method is based on
sampling an analog filter’s impulse response
to obtain the impulse response for an IIR digi-
tal filter.

o Advantages

o If the analog filter is stable, the digital
filter designed from it via impulse in-
variance will also be stable.

o Impulse invariance preserves the mag-
nitude characteristics of the analog
filter.

« Disadvantages

o Impulse invariance does not preserve
the step response characteristics of the
analog filter.

o Due to aliasing of the magnitude re-
sponse, impulse invariance is limited
to use on lowpass or bandpass filters.

o Sampling rate, f;, must be high enough
to ensure that /2 falls in the stopband
(upper stopband for bandpass filter).
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If the analog signal’s response is bandlimited
such that

Ha(9)=0for |o[>7 (50.2)
T

then there is no overlap between the
shifted copies of H,(-) in the summation of
Eq. (50.2). In this case, the baseband im-
age of the digital filter’s response equals an
amplitude-scaled version of the analog sig-
nal’s response:

H(ej“’):%Hu (1%) for |(1)‘S7r

If the constraint in Eq. (50.3) is not satisfied,
then there will be aliasing among the images
of the response. Practical filter responses are
never perfectly bandlimited, but the impulse
invariance technique can be used success-
fully only if the analog filters’ response for
|w|>m is negligible. This constraint effec-
tively restricts the use of impulse invariance
to lowpass and bandpass filters.

50.2 Feature Mapping

The sampled impulse response can be
viewed as the impulse response for an ana-
log filter that has an s-domain transfer func-
tion, H(s). In theory, this transfer function
could be obtained directly as the Laplace
transform of the sampled impulse response:

H(s)= E{ha(n T)}

and it would be different from the original
prototype filter’s transfer function, H(s),
which is the Laplace transform of the un-
sampled impulse response:

H(s)= L{h,(5)}

It can be shown (see [2]) that an alternative
way to obtain the transfer function, H(s),

Recipe 50.1

Impulse Invariance:
Direct Method

1.
2.

Select the desired analog filter.
Determine the filter’s impulse response,
hy(t).

Substitute nT for tin k(1 ).

Compute H(z) as the z transform of
h,(nT):

H(z)=2Z{h,(nT)}
Perform the necessary algebraic manipu-

lations to express H(z) as a ratio of poly-
nomials:

M
Zbkz"k

H(z)=—"%—

1+ Eakz"k
k=1

Use the coefficients a; and by to imple-
ment the IIR as one of the structures
shown in Note 49.

50-2
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involves evaluating the digital filter’s system

function for z=e5T:

H(s)=H(z)|

It then follows that s-plane to z-plane map-
ping produced by the impulse invariance
method can be evaluated simply by substi-
tuting the appropriate values of s into the
equation z=e'T. Some of the more useful
mappings are listed below.

1. The s-plane origin maps to z=1.
2. The point s = jn/T maps to z=—1.

3. The segment of the jw axis extending
from 0 to 71/T in the s-plane maps into
the upper half of the unit circle in the z-
plane.

4. The segment of the jw axis extending
from 0 to —7r/T in the s-plane maps into
the lower half of the unit circle in the z-
plane.

5. Any two s-plane points, s; and s,, relat-
ed by s,=s,+j2nk/T (for any integer k)
maps into a single point in the z-plane.

6. As a consequence of mappings 3 and 5,
the segments of the jw axis extending
from 2kn/T to (2k + 1)/ T for integer k,
all map into the upper half of the unit
circle in the z-plane.

7. As a consequence of mappings 4 and 5,
the segments of the jw axis extending
from 2kn/T to (2k—1)7/T for integer k,
all map into the lower half of the unit
circle in the z-plane.

8. The left half of the s-plane maps into the
interior of the unit circle in the z-plane.

9. The right half of the s-plane maps to the
exterior of the unit circle in the z-plane.

10. The origin in the z-plane corresponds to
s=—co in the z-plane.

Notes on Digital Signal Processing

Recipe 50.2

Impulse Invariance:
Frequency Domain Method

1. Select the desired analog filter.

2. Determine the filter’s transfer function,
H_(s).

3. Using Recipe 46.1, compute the partial
fraction expansion for H,(s):

H=3 P

k=1 =8

4. Using the values for §; and s; from step
3, form the partial fraction expansion for
H(z) as

H(z)zz:—ﬁJt

-z
5. Form a common denominator and add
the terms in the summation from step 4
to obtain H(z) as a ratio of polynomials:

M
Y bzt

H(z)=—*——
1+ Zakz_k
k=1

6. Use the coefficients a; and by to imple-
ment the IIR filter as one of the structures
shown in Note 49.
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11. A vertical line in the s-plane located at
s =0, maps into a circle of radius exp(o;)
centered at the origin in the z-plane.

The feature mapping described in this sec-
tion is sometimes presented as the “stan-
dard” s-plane to z-plane mapping, but it
really is a consequence of the impulse in-
variance method for mapping filters from
the s domain into the z domain. Other filter
mapping techniques (such as the bilinear
transformation covered in Note 51) result in
different mappings of s-plane transfer func-
tion features into z-plane system function
features.
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Note 51

Designing IIR Filters:
Bilinear Transformation

51-1

he bilinear transformation is the most

commonly used approach for design-
ing IIR filters. As discussed in Note 50, the
impulse invariance technique uses a many-
to-one frequency mapping that maps mul-
tiple intervals from the jw axis in the s-plane
repeatedly onto the same points on the unit
circle in the z-plane. This mapping can intro-
duce aliasing of the filter response, making
the impulse invariance technique unsuit-
able for use in designing highpass or band-
stop filters. The bilinear transformation uses
a non-linear frequency mapping such that
the entire jw axis of the s-plane maps one-
to-one onto points of the unit circle of the
z-plane. The mapping avoids aliasing, but it
does “warp” critical frequencies of the analog
prototype into different frequencies for the
corresponding features in the digital filter’s
response.

51.1

The s-plane to z-plane mapping that results
from the bilinear transformation is depicted
in Key Concept 51.2. This “warped” fre-
quency relationship becomes increasingly
compressed at higher frequencies, resulting
in a need to prewarp the critical frequencies
in such a way that these frequencies warp into
the desired locations in the final IIR design.
The usual strategy for mitigating the effect of
frequency warping involves prewarping the
critical frequencies using the relationship
2 oT

@, ==tan—— 611
T

Prewarping

-
Major Points

o The bilinear transformation is the most
commonly used technique for designing
IIR filters that are based on analog proto-
type filter designs.

o The frequency mapping that is used in
the bilinear transformation avoids the
aliasing that can occur when the impulse
invariance method is used. (See Key Con-
cept 51.1.)

o The frequency mapping used in the bi-
linear transformation tends to compress
well-separated higher-frequency features
from the analog filter’s response into a
narrow frequency range in the digital fil-
ter’s response. (See Key Concept 51.2.)

where T is the sampling interval, w, is the
desired frequency in the final IIR design,
and w, is the prewarped frequency to be
used in the design of the analog prototype.

The details of the bilinear transformation
(with prewarping included) are provided in
Recipe 51.1.

Example 51.1 demonstrates a manual
application of this procedure. Several MATLAB-
based approaches for the bilinear transforma-
tion are demonstrated in Example 51.2.
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Key Concept 51.1

Aliasing

In the frequency conversion used
analog frequency’s domian of +eo

Im(s)

Z;

Bilinear Transformation’s Frequency Mapping Avoids

quency range of +7t. This mapping avoids aliasing that often occurs in
the impulse invariant maping that was presented in Note 50.

Right half of the s-plane maps to the
outside of the unit circle in the z-plane.

by the bilinear transformation, the
maps one-to-one into a digital fre-

Im(z2)

>

>

Re(s)

Imaginary axis maps
onto the unit circle. %

Left half of the s-plane maps to the
inside of the unit circle in the z-plane.

/ Re(2)

Key Concept 51.2

z-plane frequencies that is depicted below. This

w, =2tant %2 m— -
2

Bilinear Frequency Mapping Warps Critical Frequencies

The mapping from the s-plane to the z-plane creates the relationship between s-plane frequencies and
“warped” frequency relationship becomes increas-
ingly compressed at higher frequencies, resulting in a need to prewarp the critical frequencies in the
analog prototype so that these frequencies warp into the desired locations in the final IIR design.

-12m

6mr 12 w,
w, = s-plane frequency
--"T @, = z-plane frequency

51-2



Recipe 51.1

Bilinear Transformation

1.

Select the basic family (Butterworth,
Chebyshev, and so on) for the analog
prototype filter using information from
Notes 40 through 43.

. For each critical frequency, wy, in the

targeted IIR filter, determine the corre-
sponding “prewarped” frequency to use
in designing the analog prototype as

2 ol

®, =—tan—— (R51.1)
T 2

or

1. Jfamt
fa =;tan7 (R51.2)

. Using design formulas from Notes 40

through 43, along with the prewarped
frequencies from step 2, obtain the trans-
fer function, H,(s), for the desired analog
prototype filter.

. Transform H,(s) into the system func-

tion, H(z), by making the substitution

_21-z7)

s= (R513)
TA+z™")

where T is the sampling interval for the
digital filter.

. Perform the necessary algebraic manipu-

lations to put H(z) into the form of a ratio
of polynomials in z ~!:

Ebkz_l (R51.4)

. Use the a; and by values to implement

the IIR filter in one of the structures pre-
sented in Note 49.

Notes on Digital Signal Processing

T ——————
Example 51.1

Manual Application of the
Bilinear Transformation

Use Recipe 51.1 to obtain an IIR filter for a
second-order Butterworth analog prototype.
The desired 3-dB cutoff frequency is 3 kHz,
and the sampling rate is 30,000 samples per
second.

The prewarped cutoff frequency for the pro-
totype is obtained as

. 3x10* . 3x10°
.= tan 7
T 3x10
=3102.75 Hz
@, =21 f, =19,495.18 rad/sec

The transfer function for a second order But-
terworth filter is given by

H,(s)=—*

s+ \/Ea)cs +a)f

Substitution of Eq. (R 51.3) for s yields
H(z)=

2
(5

2 —i i
Gl A )
1 1+2z ' Nl1+z
Setting wec = wa = 19,495.18 and T =
(30,000)! then yields

0.067455+0.13491z" +0.0674552 >
C 1-1.142981z7 +0.4128022
(51.2)

The magnitude and phase response shown
in Figure 51.1 can be obtained using the
MATLAB function freqz (b,a,1024) with

a=[1 -1.142981 0.412802]
and

b=[0.067455 0.13491 0.067455] .

—
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Example 51.2
Bilinear Transformation Using MatLAB

Manual application of the bilinear transformation
quickly becomes tedious and error-prone as the filter
order is increased. As with many other design tech-
niques for digital filters, some sort of computer-aided
design tool is essential for practical applications. In this
example we use MATLAB to design an IIR filter based
on a Butterworth prototype. The desired 3-dB cutoff
frequency is 3 kHz, and the sampling rate is 30,000
samples per second. MATLAB is rich with signal pro-
cessing tools and there are a number of different ways
these tools can be used to obtain our desired filter. The
MatLAB function butter can be used to design either
analog or digital IIR Butterworth filters. The call

[zd, pd, kd] = butter(n,Wn);

designs an IIR Butterworth lowpass filter of order n
with a normalized 3-dB cutoff frequency of wn. The
cutoff frequency is normalized based on half the sam-
pling rate equaling 1 rather than the more common
practice of normalizing based on a sampling rate equal
to 1. In this example, the normalized cutoff frequency
for butter would be wn=0. 2. The first output, zd, is
a column vector containing zeros of the filter’s system
function. The second output, pd, is a column vector
containing poles of the filter’s system function. The
third output, kd, is a constant gain factor that has been
removed from the filter’s zeros so that the constant
term in the system function’s numerator polynomial
equals 1. If we use butter to design the second order
filter from Example 51.1, the results are

zd =
=1
=1

pd =
0.5714902512699 + 0.2935992009519i
0.5714902512699 - 0.2935992009519i

kd =
0.067455273889072

The numerator and denominator polynomials for
H(z) can be obtained using the MATLAB poly function

>>bd=poly(zd)
bd =
1 2 1

>>ad = poly(pd)
ad =

1.00000000000000 -1.14298B0502538990
0.41280159809619

This result corresponds to

51-5

—

—

H(z)=
142z +27°
—1.14298z ' +0.4128016z*

UlO67455)l

and agrees with Eq. (51.2) to within a small amount of
numerical error.

A second MaATLAB-based approach explicitly gener-
ates the poles and zeros for the transfer function of the
analog prototype and then applies the bilinear trans-
formation as a separate step. The call

[z, p, k] = butter(n, Wn,'s’');

designs an analog Butterworth lowpass filter of or-
der n with a 3-dB cutoff flfequency of wn radians per
second. The call

[zd,pd,kd] = bilinear(z,p,k,fs);

uses the bilinear transformation to convert the ana-
log transfer function defined by [z,p,k] into the
discrete-time system function defined by [zd, pd, kd]
with a sampling rate of £s. Thus the desired IIR filter
for this example can be generated using

>> wd = 6000*pi;

>> T = 1/30000;
>> wa = (2/T)*tan(wd*T/2)

>> [z,p,k] = butter(2,wa,'s');
>> [zd,pd,kd] = bilinear(z,p,k,30000);

>> ad=poly (pd)

ad =

1.000000000000000 -1.142980502539501
0.412801598096189

>> bd=poly(zd)
bd =
i 2 1

=> kd
kd =
0.067455273889072

Once again, the results for ad, bd, and kd agree with
Eq. (51.2) to within a small amount of numerical error.

MATLAB provides an alternate form of bilinear that
automatically performs prewarping for a single fre-
quency. The calling sequence for this form is

[zd,pd,kd] = bilinear(z,p,k,£fs, £d);
where £d is the critical frequency upon which the pre-

warping is to be based. Using this form of bilinear,
the desired IIR filter can be designed using

>> [z,p,k] = butter(2,6000*%pi,'s"');
>> [zd,pd,kd] = bilinear(z,p,k,30000,3000);




Note 52

Decimation: The Fundamentals

This note introduces the fundamental concepts involved in
decimation, which is the name given to the process of de-
creasing a discrete-time signal’s sampling rate while leav-
ing all other characteristics of the signal unchanged to the
maximum extent possible.

Decirnation is based on the notion that
some discrete-time signal of interest
exists in a form that is significantly over-
sampled. There may be some noise and in-
terference throughout the entire bandwidth
of +F /2 that is supported by the sample
rate, F,, but the signal of interest has a spec-
trum that is confined to a bandwidth much
smaller than + F, /2.

Consider a discrete-time signal hav-
ing the periodic spectrum shown in Figure
52.1(a). The spectral images are centered on
integer multiples of the sampling rate, F,
and there may be significant amounts of in-
terference between the passband images as
shown. The goal of the decimation process is
to decrease the signal’s sample rate by some
factor, say, M, in such a way that the new sig-
nal’s spectrum is similar to the one depicted
in Figure 52.1(c).

The spectral images in the new spec-
trum correspond to the portions of inter-
est contained in the images in the original
spectrum, but they are centered on integer
multiples of the new sampling rate, F, /M.
The interference bands from the original
spectrum must be attenuated, as shown in
Figure 52.1(b), so that they alias in to the
new passband images at acceptably low lev-
els. The basic process for decimation is pro-
vided in Recipe 52.1.

Designing the anti-aliasing filter for a
decimator can sometimes be a difficult task,

Recipe 52.1
Signal Decimation

As depicted in the block diagram, the ca-
nonical form of decimation consists of just
two steps:

—>» LPF +M >
x[n] y[m]

1. Pass the signal through a digital lowpass
filter that is designed to pass the signal of
interest (SOI) while attenuating any noise
or interference that may exist outside of
the bandwidth occupied by the SOI. This
filter is just another application of the fa-
miliar anti-aliasing filter. Figure 52.1(a)
shows the spectrum of a typical signal,
and Figure 52.1(b) shows the spectrum
after the signal has been filtered to (1) re-
duce the inter-image interference levels,
and (2) make the transition bands slightly
narrower than in the original spectrum.

2. Retain every Mth sample from the signal
while discarding all others. This step is re-
ferred to as either downsampling or sam-
ple rate reduction. Figure 52.1(c) shows
the signal’s spectrum after downsampling
by a factor of 3.
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Figure 52.1 Spectrum of a discrete-time signal at key points in the decimation process: (a)
original spectrum, (b) spectrum after lowpass filtering, and (c) spectrum after downsampling
by a factor of 3.
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especially when the value of M is large. The
filter’s passband edge must be high enough
to pass the complete portion of interest from
the baseband image, while the stopband edge
must be low enough to severely attenuate all
noise and interference at frequencies beyond
the new (that is, post-downsampling), folding
frequencies of F./(2M).

52.1 Efficient FIR Decimators

The direct form for implementing a decima-
tor is shown in Figure 52.2. Part (a) of the
figure shows the usual block diagram repre-
sentation for a decimator, while part (b) uses
a signal flow graph to show the direct-form-1
implementation for the anti-aliasing filter.
The filter must perform N multiplications
each time a new input sample is clocked in.
If the input sample rate is F,, the multiplica-
tion burden imposed by the filter is NF, mul-
tiplications per second.

Any form—FIR or IIR, direct or trans-
posed—of lowpass filter can be used to
implement a decimator, but the FIR direct-
form-1 lends itself to further simplification
by allowing the downsampler to be moved
inside of the filter. The downsampler can
be replaced by N downsamplers, with one
placed at the output of each multiplier,
as shown in Figure 52.3(a). Whether the
downsampler discards a sample before or af-
ter it is multiplied by h, makes no difference
in the result, so the order of multiplication
and downsampling can be commuted to ob-
tain the structure shown in Figure 52.3(b).
To generate each output sample, this struc-
ture must perform N multiplications. The
output sample rate is F,/M, so the multi-
plication burden imposed by the filtering is
only NF, /M multiplications per second. The
concept of moving the downsampling to oc-
cur prior to the coefficient multiplication

—>» LPF — M —>
x[n] y[m]
(a)
hO
> im
x[n] yn]
zly A
hl
x[n-1] >
zty A
h2
x[n-2] >
| |
1 1
1 1
1 1
L by
zly A
thl
(b)

Figure 52.2 Direct form decimator structures:
(a) block diagram and (b) with signal flow
graph showing detail for direct form filter
implementation

can be extended to the structures that are
presented in Note 32 for the special case of
symmetric responses for linear-phase FIR
filters. Figure 52.4 shows the locations of the
downsamplers that must be added to con-
truct a decimator built upon the FIR struc-
ture given in Figure 32.7 of Note 32.
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hy ho
> m * >
x[n] y[m] y[m]
zly A
hy hy
> M >
zly A
h, hy
> M >
1 1 1
1 1 1
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I I I
! hy_ ! hyo
> m >
zly z! A
hN—l hN—l
> im M >
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Figure 52.3 Decimator structures: (a) direct-form-1 FIR filter with downsampling moved
into each multiplier branch; (b) efficient structure with downsampling and multiplication
transposed in each branch
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Figure 52.4 Efficient decimator structure that incorporates a Type 2 (even length, even symmetry)
linear-phase FIR filter



Note 53

Multistage Decimators

hen large reductions in sampling
rates are required, the design of ad-
equate decimation filters becomes more
difficult, usually resulting in filters with a
prohibitively large number of taps. This note
introduces multistage decimators that ac-
complish large reductions in sampling rate as
a sequence of several smaller reductions. In
a properly designed multistage approach, the
filters for all the stages have a total tap count
that is significantly lower than the filter tap
count needed to obtain similar performance
from a single-stage implementation.
When the desired decimation factor, M,
can be expressed as a product of I positive
integer factors

M=MM,- M,

the desired decimation can be realized as a
cascade of I decimators, each decimating by
one of the factors, M;. Compared to a single-
stage decimator design, a design that adopts
a multistage approach usually results in a re-
duced total computational burden, reduced
memory usage, simpler filter designs, and
reduced sensitivity to finite word-length ef-
fects in the implementation of the filters.

In lowpass FIR filter designs, the num-
ber of required taps, N, is approximately
inversely proportional to the normalized
transition bandwidth

oo )
E

or N ot F; (53.1)

(fs = o)

where f, is the passband edge fequency in
Hz, f, is the stopband edge frequency in
Hz, and F; is the sampling rate in samples

per second. To reduce N, we need either to
decrease F; or to increase the difference be-
tween f; and f,. In a single-stage decimator
we don’t have the freedom to make either
change. However, in a two-stage decimator,
there is some flexibility in the choice of the
first-stage stopband edge frequency, f;,.
Figure 53.1 illustrates the important fre-
quency relationships in a two-stage decima-
tor design. The folding frequency of the first
stage of the decimator is equal to half the
sample rate, F , at the first-stage output.

As shown in the figure, all frequency con-
tent above F,/2 remaining in the signal after
the first-stage filter is aliased into frequen-
cies below F /2 once downsampling by M, is
performed. Frequencies from 0 to f,, (which
comprise the ultimate output spectrum)
must be protected from aliasing. However,
we do not care about aliasing in frequencies
from f, up to F,/2, because all these frequen-
cies will be removed by the second-stage fil-
ter. Therefore, to avoid aliasing of first-stage
transition-band frequencies into the output
of the second-stage decimator, the stopband
edge for the first-stage filter, f;;, must be set
to a value that does not exceed F,—f,,. Fig-
ure 53.2 shows the limiting case in which
Jon=frand fg=F ~f;.

The width of the transition band for
the first-stage filter can be as wide as
AF, =F1—fs2 —fs,» which, in most cases, is
significantly larger than the transition width
of AF=f,—f, for a single-stage implementa-
tion. From Eq. (53.1), it is clear that a larger
transition width results in a lower number of
required taps.

For the second stage of a two-stage in-
plementation, the edges of the transition
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band are the same as they would be for a A L f
single-stage design: P2
Jr=fp and  fo=f '
Because the sample rate going into
the second-stage filter has already Response —~
of second
been reduced by a factor of M, that stage filter

Response of first stage filter
/— First stage
[ folding
1 frequency
1

\

4
\
N\

\4

is, F,=F [M,, we can conclude from
Eq. (53.1) that, except for changes to rip-

T

. . f -
ple specifications that may be needed due 2 fi- % 7 3
to multiple stages, the number of taps . ! !
F-fyzfy ! : f,
needed for the second stage can be ap- or f o E A ot
proximated by fa<FR-1, 71_ (fs - ?1) 2
N =F-fy

N,=—
M,

In most practical cases, N, + N, is sig-
nificantly smaller than N.

Because a total of N multiplications
would be needed in the single-stage de-
sign to generate each decimator output
sample, the average required multiplica-
tion rate can be approximated as

Figure 53.1 Crtical frequency relationships for a two-stage decimator

R NE

2M

In comparison, the average required

multiplication rate for the two-stage de-
sign would be

(53.2)

_NE  NE
= + (53.3)
oM, 2M,M,
A specific case of two-stage decimator Figure 53.2 Limiting case for critical frequency relationships for a two-stage

decimator

design is provided in Example 53.1.
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Example 53.1
Two-Stage Decimator

Consider the case of a DAT-quality digitizer
that operates at 48,000 samples per second,
used in a system that digitizes both voice and
music. When the system is used to digitize
voice, the digitized signal must be decimated
from the sampling rate of 48 kHz to a more
economical rate of 8 kHz for subsequent in-
put to a digital telephone system. After down-
sampling the digitizer output by a factor of 6,
the folding frequency is 4 kHz, so if we assume
that the signal of interest occupies frequencies
up to 3.5 kHz, the anti-aliasing filter must be
designed for a transition band extending from
3.5 kHz to 4 kHz. Assume that we require less
than 1/2 dB of passband ripple and 100 dB of
stopband attenuation. The following MATLAB
fragment uses the function f£irpmord to esti-
mate the required order for an equiripple FIR
filter that meets these requirements:

>> £ = [3.5 4];

>> fg = 48;

>»> a = [1 0];

>> d = 10°(0.5/20) ;

>> dp = (d-1)/(d+1);

>> ds = 10%(-100/20);

>> dev = [dp ds];

>> [n,fo,ao,w] = ...

>> firpmord(f,a,dev,fs) ;

>> N

n =

322

—

Using the structure from Figure 52.3(b), the
multiplication burden for 322 taps at an out-
put sample rate of 8 kHz is 2.576 x 106 mul-
tiplications per second. This burden is not
prohibitively large, but we can obtain a more
economical design by breaking the decimation
by a factor of 6 into two stages: (1) a decimation
with M1 =3 followed by (2) a decimation with
M2 =2. The first-stage filter has a transition
band extending from 3.5 kHz to 8 kHz rather
than from 3.5 kHZ to 4 kHz, as it is for the sin-
gle-stage design. The required filter order esti-
mated by £irpmord is nl = 35. The transition
band for the second-stage filter extends from
3.5 kHz to 4 kHz, and the sampling rate is 16
kHz. The second-stage filter order estimated by
firpmord is n2 = 107. The computational bur-
den for the two-stage approach is

(35)(16,000)+(107)(8,000)
=1.416 x 106 multiplications per second.

The two-stage approach has a computational
burden that is reduced by a factor of 1.8 rela-
tive to the single-stage design. The original
ripple specifications were somewhat conserva-
tive for a telephone application, so a practical
specification would make some compromises
to achieve an even more economical design.
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Note 54

Polyphase Decimators

54-1

n M-to-1 decimator can be imple-

mented using the polyphase structure
shown in Figure 54.1. If hn] is the response
for the decimation filter when implemented
in one of the conventional single-stage
structures presented in Note 32, then each
individual p,[n] in Figure 54.1 is a different
downsampled version of h[n] obtained as

p,[nl=hnM+p] (54.1)
for
n=0,1,2,...,(N / M~1)
r=0,1,2,...,(M—1)

54.1 Why It Works

Consider a conventional decimator struc-
ture consisting of a lowpass filter followed
by a downsampler. Out of every N output
samples generated by the filter, N(M-1)/M
samples are discarded by the downsampler.

poln]

y[m]

piln]

\ 4

x[n]

p,[n]

\ 4

Py_o[N]

\ 4

Py_1[N]

\ 4

»
>

Figure 54.1 An M-to-1 decimator implemented as a polyphase structure with a

commutator
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The polyphase approach is motivated by a
desire to avoid generating those filter-output
samples that are destined to be discarded by
the downsampler.

For a signal that will be downsampled by
a factor of M, there are M different possible
“phasing” alignments between the filter output
samples and the filter coefficients. As depicted
in Figure 54.2, for the specific case of M = 3 and
N =7, the possible alignments consist of:

« “Keeper” outputs align with filter’s coeffi-
cients, h[n], for which n = 0 (modulo M).

o “Keeper” outputs align with filter’s coeffi-
cients, h[n], for which n = 1 (modulo M).

« “Keeper” outputs align with filter’s co-
efficients, h[n], for which n = M-1
(modulo M).

One way to eliminate the generation of “non-
keeper” samples involves splitting the deci-
mator into M parallel branches, as shown in
Figure 54.3. Each branch corresponds to one
of the possible alignments between the filter
output sequence and the filter coefficients.
The filter for branch p is defined by the se-
quence of coefficients from h[n] for which
n = p (modulo M). Each branch only com-
putes results that will contribute to “keeper”
outputs. The non-keeper samples have been
eliminated from filter processing by mov-
ing the downsampling operation from after
the filtering to before the filtering. The de-
lays along the left-hand side of the structure
cause the M subsequences to be extracted in
the right order needed to create the ultimate
output y[m]. For any given value of m, only
one of the branches contributes a non-zero
sample to the summation that creates y[m].

The delays and downsamplers on the left
side of the diagram are performing a branch
demultiplexing operation that corresponds
to the commutator shown in Figure 54.1.

he hs h, hy hy, hy h,
he hs h, hy h, h, h,
hg hs h, hy hy, hy h,

Yo ¥ Y V3 X Yg Yo ¥q Yg Vo

Figure 54.2 Possible  phasing  relationships
between the decimation filter’s output samples
and coeficients for the case of M=3 and N=7

x[n]
> M poln]
y[m]

71y

> LM p1[n]
71y

; > IM p,[n] ;

> IM PM_Z[”]
zly

> LM Py-1[N]

Figure 54.3 An M-to-1 decimator implemented as a
polyphase structure
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Note 55

Interpolation Fundamentals

55-1

Interpolation is the name given to the pro-
cess of increasing a discrete-time signal’s
sampling rate, while leaving all other charac-
teristics of the signal unchanged to the maxi-
mum extent possible. Normally, the goal in
designing a DSP system is to reduce the com-
putational burden in the system by using the
lowest possible sampling rate that provides
a signal quality adequate for the targeted
application. Given this goal, why concern
ourselves with techniques that are used to in-
crease the sampling rate of a signal that has
already been sampled at an adequate rate?
There are several situations in which interpo-
lation of a signal may be required:

1. The signal will be subjected to some non-
linear processing that will increase its
bandwidth. Before the bandwidth is in-
creased, interpolation typically is used to
increase the sampling rate to a level that
is appropriate for the new, higher-signal
bandwidth.

2. The signal will be added to another
discrete-time signal that has a higher sam-
pling rate.

3. There will be occasions when a signals
sample rate must be changed by a non-
integer factor. The sample rate can be
changed by a rational factor, L/M, by first
interpolating by a factor of L and then
decimating by a factor of M.

The basic process for interpolation is pro-
vided in Processing Sequence 55.1. The
upsampling step is straightforward, but
proper specification of the filter depends
upon understanding how the upsampling
changes the signal’s spectrum.

Processing Sequence 55.1
Signal Interpolation

Consider the discrete-time signal depicted in
Figure 55.1(a), having the periodic spectrum
shown in Figure 55.1(b). The spectral images
are centered on integer multiples of the sam-
pling rate, F;. The goal of the interpolation
process is to increase the signal’s sample rate
by some factor, say, L, in such a way that the
new signal’s spectrum will be as depicted in
Figure 55.2(b). The spectral images in the
new spectrum are the same as the images in
the original spectrum, but they are centered
on integer multiples of the new sampling
rate, LF. The desired result can be obtained
by performing the following steps:

1. Insert L-1 zero-valued samples between
each sample of the original signal, as
depicted in Figure 55.3. This step is of-
ten referred to as either upsampling or
sample-rate expansion.

2. Pass the upsampled signal through a digi-
tal lowpass filter that is designed to pass
the baseband image and all of the images
that are centered on integer multiples of
LF,, while rejecting all of the other im-
ages in the signal’s spectrum. This filter is
sometimes referred to as the anti-imaging
filter.




Interpolation Fundamentals

55.1 Spectral Impacts of

Upsampling

Some texts incorrectly claim that the
upsampling process compresses the signal
spectrum. This idea likely spawned from
the common practice of presenting spec-
tra that are normalized for T=1. Here are
the facts:

Interpolation decreases the actual value
for T, but this fact can be easily masked
by the usual normalization. If the signal’s
normalized spectrum before upsam-
pling is compared to the signal’s spec-
trum after upsampling, with this “after”
spectrum being normalized for T}, = 1,
then it does indeed appear that the sig-
nal’s spectrum has been compressed.

If upsampling really did compress the
original signal’s spectrum, it would not
be possible to recover the original sig-
nal via lowpass filtering. A lowpass filter
only attenuates signal components out-
side of the passband; it would not be able
to decompress a compressed spectrum.

What really happens in interpolation is
that the fundamental frequency range
of the signal is increased from +F/2 to
+LF,/2.

In the original signal’s spectrum, only
the baseband image fits within the fun-
damental frequency range, as depicted
in Figure 55.4.

In the upsampled signal’s spectrum, the
fundamental frequency range has been
widened to the point that it contains a
total of L images, including the baseband
image as shown in Figure 55.5. The spec-
trum has not been compressed; it just ap-
pears compressed because the “window
of visibility” has been made wider.
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Figure 55.1 Discrete-time signal (a) and its spectrum (b)
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Figure 55.2 Interpolated signal (a) and its spectrum (b)

Figure 55.3 Discrete-time signal after upsampling
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Figure 55.4 Spectrum of a discrete-time signal showing (a) spacing of its periodic images,
and (b) relationship between the images and the fundamental frequency range +F/2
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Figure 55.5 Spectrum of a discrete-time signal after upsampling by a factor of L =3, showing
the relationship between the spectral images and the new, fundamental frequency range
+3F,/2
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Interpolation Fundamentals

55.2 Designing the
Anti-lmaging Filter

The key challenge in designing an interpola-
tor is orchestrating the combination of sam-
pling rates and signal bandwidths so that a
reasonably efficient filter can be designed
that will pass the baseband image without
distortion while severely attenuating the un-
wanted spectral images.

Designing the anti-imaging filter for an
interpolator can sometimes be a difficult
task, especially when the value of L is large.
The filter’s passband edge must be high
enough to pass the complete baseband im-
age, while the stopband edge must be low
enough to severely attenuate the image im-
mediately adjacent to the baseband image.

In terms of absolute frequencies, the band
edges for the anti-imaging filter would be
similar to the band edges for an analog anti-
alaising filter that might have been used to
obtain the baseband image by sampling an
analog signal at a rate of F,. However, the
implementation of the anti-imaging filter is
more costly than we might otherwise expect
because the anti-imaging filter must operate
at the new sample rate of LF,.

55.3 Efficient Interpolator
Structures

The direct form for implementing an inter-
polator is shown in Figure 55.6. Part (a) of
the figure shows the usual block diagram
representation for an interpolator, while
part (b) uses a signal flow graph to show the
transposed direct form implementation for
the anti-imaging filter. The filter must per-
form N multiplications to produce each out-
put sample. If the input sample rate is F,, the
output sample rate is LF,, and the multipli-
cation burden imposed by the filter is NLF
multiplications per second.

Design Strategy 55.2

Anti-Imaging Filter Parameters

1. Select a passband edge frequency high
enough to pass all frequencies in the de-
sired baseband image.

2. Select a stopband edge frequency equal
to or less than the original folding fre-
quency, F,/2.

3. Select a stopband attenuation level that is
adequate for the intended application.

The structure shown in Figure 55.6(b)
lends itself to further simplification by al-
lowing the upsampler to be moved inside the
filter. The upsampler can be replaced by N
upsamplers, with one placed at the input of
each multiplier, as shown in Figure 55.7(a).
The zero-valued samples inserted by the
upsampler will still be zero-valued at the
output of the multiplier, so the order of
upsampling and multiplication can be com-
muted to obtain the structure shown in Fig-
ure 55.7(b). The filter in this structure must
perform N multiplications each time a new
input sample is clocked in, thus, the multi-
plication burden imposed by the filter is NF
multiplications per second.
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Figure 55.6 Diagrams of interpolator structure: (a) basic block diagram
(b) filter represented as transposed direct-form structure
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Note 56

hen the desired interpolation factor,
L, can be expressed as a product of I
positive integer factors, as

L=LL L

the desired interpolation can be realized as
a cascade of I interpolators, each interpolat-
ing by one of the factors, L;. Compared to
a single-stage interpolator design, a design
that adopts a multistage approach usually
results in a reduced total computational
burden, reduced memory usage, simpler fil-
ter designs, and reduced sensitivity to finite
word-length effects in the implementation
of the filters.

In lowpass FIR filter designs, the num-
ber of required taps, N, is approximately
inversely proportional to the normalized
transition bandwidth:

N
E,

56.1
or N E Gen

TG 1)

where f, is the passband edge fequency in
Hz, f; is the stopband edge frequency in Hz,
and F; is the sampling rate (after upsam-
pling) in samples per second. To reduce N,
we need either to decrease F or increase the
difference (f—f,). In a single-stage interpo-
lator, we don’t have the freedom to make
either change. However, in a two-stage inter-
polator, there is some flexibility.

Multistage Interpolation

56.1 Designing the

Anti-lmaging Filters

Figure 56.1 illustrates the important frequency
relationships in the first stage of a multi-
stage interpolator design. The figure depicts
the signal spectrum after the signal has been
upsampled by a factor of 2. The signal’s fun-
damental frequency range has been widened
to the point where it includes two half-images
in addition to the baseband. As shown in the
figure, the stopband edge frequency is placed
at the lower edge of the first image.

The frequencies for passband edge and
stopband edge are the same as they would be
for a single-stage interpolator. However, be-
cause the filter must operate at a rate that is
only twice the original sample rate, the num-
ber of required taps is much lower than for a
similar filter operating at the ultimate inter-
polated rate. As depicted in Figure 56.1(b),
after filtering, only the baseband remains in
the frequency interval that is supported by
the new sampling rate.

Figure 56.2 depicts the critical frequen-
cies for the design of the second-stage fil-
ter. The figure shows the spectrum after the
second stage of upsampling has been com-
pleted. The upsampling rate is not specified,
but the figure shows a supported bandwidth
of at least +(3F; /2), so F, must be greater
than 3F =6 F..

Example 56.1 on the next page uses the
requirements for a CD-to-DAT converter
to illustrate the savings that can be realized
with multistage interpolator designs.
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(a)

folding
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Figure 56.1 Frequency relationships involved in designing the first-stage filter for a multistage interpolator: (a) After
upsampling by a factor of 2, the new sampling rate supports a wider frequency range (unshaded interval) that now
includes two half-images in addition to the baseband spectrum. (b) After the first anti-imaging filter, only the baseband
spectrum remains within the frequency range supported by the sampling rate.



Multistage Interpolation

—

Example 56.1

Interpolator Filters Can Impose
Large Computational Burdens

Consider the classic example of converting a
compact disc (CD) signal into a digital audio
tape (DAT) signal. The first step in this conver-
sion involves interpolation by a factor of 160 to
convert the CD sample rate of 44.1 kHz into an
intermediate rate of 7056 kHz. The folding fre-
quency is 22.05 kHz, so if we assume that the
signal of interest occupies frequencies up to 20
kHz, the anti-imaging filter must be designed
for a transition band that extends from 20 kHz
to 22.05 kHz. The following MATLAB fragment
uses the function firpmord to estimate the
required order for an equiripple FIR filter that
meets these requirements:

>> £ = [20 22.05];

>> £ = £/7056;

>> a = [1 0];

>> dev = [0.01 0.001];

>> [n,fo,ao,w] = firpmord(f,a,dev);
>> Il

n =

17454

Implementing an FIR filter with 17,494 taps
is not a good idea. Using the structure from
Figure 55.7(b), the multiplication burden for
17,494 taps at an input sample rate of 44.1
kHz is 7.715 x 10® multiplications per second.
In addition to this huge computational bur-
den, the numerical effects in a filter this large
would make it nearly impossible to achieve the
desired response. The large number of taps is
required to achieve such a narrow transition
band at such a high sample rate.

The filter design becomes much more reason-
able if we break this interpolation for L=160
into two stages: (1) an interpolation with L;=2
followed by (2) an interpolation with L, =80.
The first-stage filter requirements are similar to
the single-stage filter requirements, with one
important exception: The output sampling rate
is only 88.2 kHz instead of 7056 kHz. The filter
order estimated by firpmord is ny=219. The
output of the first-stage filter has a spectrum

—

as depicted in Figure 56.3, The transition band
for the second-stage filter extends from 20 kHz
to 66.15 kHz. The second-stage filter order es-
timated by firpmord is ny=778. The multi-
plication burden for the two-stage approach is
then computed as

(219)(44,100)+(778)(88,200)
= 7.83 x 107 mult/sec.

This two-stage implementation is still not a
trivial undertaking, but the computational bur-
den has been decreased by a factor of 9.85. Fur-
ther improvements can be obtained by going
to a three-stage design with L;=2, L,=8, and
L3=10. The first stage remains the same as for
the two-stage design. The second-stage filter
has a sample rate of 705.6 kHz and a transition
band extending from 20 kHz to 66.15 kHz. The
estimated filter order is n, = 78. The third-stage
filter has a sample rate of 7056 kHz and a tran-
sition band extending from 20 kHz to 683.55
kHz. The estimated filter order is n3=54. The
multiplication burden for the three-stage ap-
proach is

(219)(44,100) +(78)(88,200)
+(54)(705,600) = 5.464 x 107 mult/sec.

The three-stage approach has a multiplica-
tion burden that is reduced by a factor of 14
relative to the single-stage design. The original
ripple specifications were somewhat conser-
vative for an audio application, so a practical
specification would make some compromises
to achieve an even more economical design.
Furthermore, the direct form interpolation im-
plementation of Figure 55.7 was assumed for
computing the computational burdens. Actual
interpolators would be constructed using more
efficient implementation structures (such as
the ones shown in Figures 32.6 through 32.9),
but multistage implementations would still
be more economical than the corresponding
single-stage implementations.
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Figure 56.2 Frequency relationships involved in designing the second-stage filter for a multistage interpolator
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Figure 56.3 Spectrum of first-stage output from Example 56.1. Transition width shown is for
second-stage anti-imaging filter.
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Note 57

Polyphase Interpolators

A 1-to-L interpolator can be implemented
using the polyphase structure shown in
Figure 57.1. If h[n] is the response for the in-
terpolation filter when implemented in one
of the conventional single-stage structures
presented in Note 32, then each individual
ppln] in Figure 57.1 is a different down-
sampled version of h[n] obtained as

p,[nl=h[nL+p] (57.1)
for
n=0,1,2,...,(N/L-1)
p=0,1,2,....(L—-1)
57.1 Why It Works

Consider a conventional interpolator struc-
ture consisting of an upsampler followed by
a filter. As a result of the upsampler, the input

Y

signal to the filter consists of a sequence of
single, non-zero samples separated by L-1
interspersed zero-valued samples. Of the
N multiplications needed to generate each
filter output sample, N(L-1)/L are multipli-
cations by zero. The polyphase approach is
motivated by the goal of eliminating these
multiplications by zero.

For a signal that has been upsampled by
a factor of L, there are L different possible
“phasing” alignments between the input
samples and the filter coefficients. As de-
picted in Figure 57.2 for the specific case
of L = 3 and N = 7, the possible alignments
consist of the following.

« Non-zero inputs align with the filter’s coef-
ficients, h[n,] for which n = 0 (modulo L).

 Non-zero inputs align with the filter’s coef-
ficients, h[n], for which n = 1 (modulo L).

poln]
x[n]
V \

Y

pyn]

Y

p,[n]

Y

p on] ————s

> py1[N] /

yfm]

Figure 57.1 A 1-to-L interpolator implemented using a polyphase structure with a

commutator
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« Non-zero inputs align with the filter’s co-
efficients, h[n], for which n = L-1 (mod-
ulo L).

One way to eliminate the multiplications
by zero involves splitting the interpolator
into L parallel branches, as shown in Figure
57.3. Each branch corresponds to one of the
possible alignments between the input se-
quence and the filter coefficients. The filter
for branch p is defined by the sequence of co-
efficients from h[n] for which n = p (mod-
ulo L). The zero-valued samples have been
eliminated from the filter inputs by moving
the upsampling operation from before the
filtering to after the filtering. The individual
upsamplers in each branch effectively insert
the zero-valued results that would have been
created had the multiplications by zero not
been eliminated. The delays along the right-
hand side of the signal flow graph cause the
L subsequences to dovetail in the right order
needed to create the output y[m]. For any
given value of m, only one of the branches
contributes a non-zero sample to the sum-
mation that creates y[m]; the other L-1
branches contribute zero-valued samples
that were injected by their upsamplers.

The interpolator structure of Figure 57.3
eliminates multiplication by zero, but a
number of additions involving zero-valued
terms still remain. These additions can be
eliminated by recognizing that because only
one branch output is non-zero for each out-
put time, the additions and delays along
the right side of the SFG are performing a
branch-selection operation that corresponds
to the commutator shown in Figure 57.1.

Notes on Digital Signal Processing
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Figure 57.2 Possible phasing realtionships be-
tween the interpolation filter’s input samples
and coefficients for the case of M =3 with N=7
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Figure 57.3 A 1-to-L interpolator implemented as a polyphase
structure
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Note 58

Sampling Bandpass Signals

Design Rule 58.1
Bandpass Sampling Rates

When sampling a bandpass signal having an
upper frequency of f,, and a bandwidth of B,
the sampling rate, f, , must satisfy

2fn o Afu=B)
m+1 - m

where m is an integer that satisfies

(fu-B)

m<—=
B

This note develops a set of rules for sampling bandpass
signals at rates that are substantially lower than the rates
developed of lowpass signals in Note 3.

Consider the bandpass signal depicted
in Figure 58.1(a). The baseband sam-
pling criteria developed in Note 3 would
lead us to sample such a signal at some
rate, f, selected such that f, > f, . The spec-
trum of the sampled signal would then be
as shown in Figure 58.1(b), with the orig-
nal x=m spectrum replicated at intervals of
f, along the frequency axis. This approach
works, but it uses an unnecessarily high

-
Key Concept 58.1

Uniform Bandpass Sampling

» Sampling a signal in the time domain cre-
ates periodic images of the original signal’s
spectrum in the frequency domain. These
images are spaced along the frequency
axis at intervals equal to the sampling rate.
Therefore, as discussed in Note 3, a base-
band signal must be sampled at a rate that
is at least twice the highest frequency con-
tained in the signal’s spectrum to keep the
images from overlaping.

Spectrum of analog
bandpass signal

fy i 0 fi f

o Uniform bandpass sampling avoids un-
necessarily high sampling rates by exploit-
ing the “empty space” between the two
non-contiguous passbands that comprise
a bandpass signal’s spectrum. By samplng
at a carefully selected rate, some of the
sampling-created images of the passbands
will be located in this empty space, thereby
allowing alias-free sampling at rates signifi-
cantly lower than what would be required
using baseband sampling criteria.

Spectrum of R
bandpass-sampled signal

Original
spectrum
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Figure 58.1 Comparison of spectra produced by baseband and bandpass sampling: (a) spectrum of
original bandpass signal, (b) spectrum resulting from conventional baseband sampling, (c) spectrum

produced by bandpass sampling

sampling rate that can impose high costs
for A/D conversion and downstream pro-
cessing—especially if the ratio between f,
and B is high. In most real-world bandpass
signals, the ratio between the highest fre-
quency, f,, and the bandwidth, B, is much
larger than depicted in the figure. In fact,
it is usually impractical to draw a scale dia-
gram that shows zero frequency, the upper
frequency, and the passband of the signal
in a single figure. A typical HF radio signal
might have a bandwidth of 3 kHz and an
upper frequency of 15 MHz; the span from
zero frequency to 15 MHz would be 5000
times larger than the width of the pass-
band. With all of the signal’s useful infor-
mation concentrated in a mere 3-kHz band,
it seems unreasonable to sample such a sig-
nal at a rate that exceeds 3x107 samples per
second. Alternative approaches have been
developed for more efficient sampling of a
bandpass signal.

Bandpass sampling schemes are based
on the idea of sampling at a rate signifi-
cantly lower than 2f,, with the rate care-
tully selected so that the passbands of the

sampling-induced spectral images “inter-
leave” with each other without overlapping,
as shown in Figure 58.1(c).

58.1 Constraining the

Sampling Rate

The empty space available for accommodat-
ing images of the original passbands extends
from —f, to —f,,. After sampling, this space
contains images of the original negative-
frequency band and images of the original
positive-frequency band. The number of
negative- and positive-frequency images in-
side the interval (- £, f,) is always equal, and
this number is obviously an integer.
Consider the negative-frequency band la-
beled A in Figure 58.2. The empty space be-
gins at the right-hand edge of this band, and
the mth image (labeled B in Figure 58.2) of
this band will have its right-hand edge at a
frequency of —f,+mf,. If m images are to fit
within the available empty space, the right-
hand edge of the mth image must not extend
beyond the left-hand edge of the original
positive-frequency band (labeled C in Figure
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Figure 58.2 Frequency relationships between the passbands of an original bandpass signal (shaded) and the

images (unshaded) created by uniform bandpass sampling

58.2). Expressed mathematically, this con-
straint becomes

_fy +mfo< f 21

or —_ (58.1)
m

fos

We must also ensure that the left-hand
edge of the (m+1)-th image (labeled D
in Figure 58.2) of the original negative-
frequency band does not overlap with the
right-hand edge of the original positive-
frequency band (labeled C in Figure 58.2).
The left-hand edge of the original negative-
frequency band falls at — f, and the left-hand
edge of the (m+1)-th image falls at —f, +
(m+1)/f,. Thus, we can write

—futm+1)f 2 fy
2fu
f52m+1

The constraints in Egs. (58.1) and (58.2)
were developed using only the orignial
signal’s two passbands and two images of

(58.2)
or

the original negative-frequency passband.
Nevertheless, because the sampled signal’s
spectrum is periodic and symmetric, these
contraints assure that none of the negative-
frequency passband’s images overlap with any
of the positive-frequency passband’s images.

We can determine acceptable values for
m by recognizing that 2m distinct passband
images—m of these images corresponding
to the negative-frequency passband and m
corresponding to the positive-frequency
passband—must fit within a frequency in-
terval of 2f,. Because each of these images
has a width of B = f,, — f,, we can write

/i

2mB<2f, or msEL (583)

In cases where f, < B, the value of m is
zero, and uniform bandpass sampling re-
duces to the conventional baseband sam-

pling process described in Note 3.

58-3



Note 59

Bandpass Sampling:
Wedge Diagrams

59-1

F rom Note 58, we know that in bandpass
sampling, the sampling rate, f;, must
satisfy

2fH Sf SZ(fH—B)

m+1 s m (59.1)
where m is an integer that satisfies
-B
m < Uu=8) (59.2)

B

Many of the older discussions of bandpass
sampling (such as [1]) include a diagram
similar to Figure 59.1, which depicts only
the lower bound imposed by Eq. (59.1).
This diagram can be misleading to practi-
tioners whose experience is limited to base-
band sampling, where oversampling is often
viewed as a good thing. It would be easy to
select a sampling rate that satisfies the lower
bound depicted in Figure 59.1, but that vio-
lates the upper bound imposed by Eq. (59.1).
Vaughan, Scott, and White [2] appear to be
the first authors to include a diagram similar
to Figure 59.2, which depicts both the lower
and upper bounds on the sampling rate
given by Eq. (59.1).

In theory, we are free to choose any sam-
pling rate that meets the constraints imposed
by Egs. (59.1) and (59.2). The largest choice
of m allowed by Eq. (59.2) leads to the lowest
sampling rates from Eq.(59.1), but choosing
the largest m often can lead to a fragile sam-
pling design. Section 59.2 explores how the
choice of m can be best exploited for sampling
designs that remain robust despite sample-
clock inaccuracies and low-performance

f,/
B

Figure 59.1 Minimum normalized sampling rate for bandpass
signals versus normalized band position

"

Figure 59.2 Plot of normalized sampling rate for bandpass
signals versus normalized band position. The white areas indicate
allowable combinations of sampling rate and band position. The
shaded areas indicate combinations that exhibit aliasing.
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anti-aliasing filters often encountered in cost-
conscious hardware designs.

59.1 Interpreting the
Wedge Diagram

Figure 59.3 is a vertically extended copy of
the wedge diagram from Figure 59.2 that has
been annotated to illustrate the points raised
in the following discussion regarding inter-
pretation of the wedge diagram.

« Determine the band location, f,;, and band-
width, B, for the signal that is to be sam-
pled, and then draw a vertical line at the
value corresponding to the ratio f, /B. The
portions of this line that pass through the
various wedges define the range of sam-
pling rates that can be used for sampling
the signal. For example, if we draw a verti-
calline at fH/ B = 6, as shown in Figure 59.3,
the line passes through the tip of the wedge
for m =5, and the corresponding ordinate
is f, = 2B. The line also passes through the
interior of the wedges corresponding to all
values of m < 5.

o Draw horizontal lines from the points
where the vertical line intersects with the
sloped lines that form the wedge boundar-
ies. These horizontal lines intersect with
the vertical axis at the values of f; /B that
bound each interval of legal sampling rates.

o As shown in the figure, a signal with
f,/B=6 can be sampled at normalized
rates, f, /B, that fall within any of the inter-
vals (2.4, 2.5), (3, 3.33), (4, 5), or (6, 10).
The case for m = 0 corresponds to the base-
band sample rate of f, = 2f,,, or f; /B = 12.

o If the actual value for the ratio f,, /B differs
from the nominal value of 6, the resulting
impact on the sampled signal would be as
though the vertical line were shifted either

59-2
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Figure 59.3 Plot of normalized sampling rate for bandpass signals
versus normalized band position. The white areas indicate allowable
combinations of sampling rate and band position. The shaded areas
indicate combinations that exhibit aliasing. The vertical line at f,,/B = 6
passes through white areas for f,/B in the intervals (2.4, 2.5), (3, 3.33),
(4, 5), and (6, 10).



59-3

left (if actual ratio is lower than 6) or right
(if the actual ratio is higher than 6). This
shifting might cause our selected operat-
ing point to move into the shaded area
where aliasing occurs. The effects of errors
in f,;/B are quantified in Section 59.2.

o Similarly, if the actual value for the nor-
malized sampling rate, f,/B, differs from
the value corresponding to our selected
operating point, the actual operating
point can move up or down along the ver-
tical line and possibly move into a shaded
area where aliasing occurs.

59.2 Sensitivity to Timing Errors

The top of Figure 59.4 shows an enlarged
portion of a single wedge taken from a dia-
gram like the one shown in Figure 59.2. As
discussed in the previous section, for given
values of f,, and B, the operating point is

—
Operating

Enlarged portion
of a single wedge

Notes on Digital Signal Processing

placed inside one of the unshaded wedges
somewhere on the vertical line that passes
through the appropriate value of f,,/B.

As shown in Figure 59.4, the operating
points location within the wedge defines
four quantities: f; , f;,,» B, and B,,,. The op-
erating point corresponds to some nominal
sampling rate, f;. The value of f, indicates
how much the sample clock can fall be-
low this nominal rate before the operating
point moves into the lower shaded region
and aliasing occurs. Similarly, the value of
fo indicates how much the sample clock
can increase above the nominal rate before
the operating point moves into the upper
shaded region and aliasing occurs.

The bottom of Figure 59.4 shows the
positive-frequency portion of the spectrum
from Figure 58.2 in Note 58. The spacing be-
tween the various images in this spectrum

is related to the quantities, B, and B, that

I I
I I
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I I
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Figure 59.4 Frequency relationships between the passbands of an original bandpass signal
(shaded) and the images (unshaded) created by uniform bandpass sampling
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are defined by the operating points horizon-
tal distance from the wedge boundaries. The
shaded band at the bottom of Figure 59.4 is
the original signal’s positive-frequency band.
The gap between this band and the mth im-
age of the original negative-frequency band
is 2B, where B, is the horizontal distance
from the operating point to the upper-left
boundary of the wedge.

m
B =L s (59.3)

The gap between the shaded band
and the (m + 1)-th image of the original

negative-frequency band is 2B_,, where B,
is the horizontal distance from the operat-
ing point to the lower-right boundary of the
wedge.

_(m+1)f =2f, o4
GH 2 :

The empty intervals of length B, and B,
surrounding each image band are some-
times referred to as guard bands.

g
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Note 60

Complex and Analytic Signals

60-1

n understanding of complex and ana-

lytic signals is an essential foundation
for the development of many advanced sig-
nal processing techniques.

A real-valued signal always has a magni-
tude spectrum that is symmetric about f = 0,
as depicted in Figure 60.1(a). Many differ-
ent digital receiver architectures depend
upon the abilities to (1) eliminate either all
of the positive-frequency content or all of
the negative-frequency content in such a sig-
nal’s spectrum, and then (2) shift the surviv-
ing spectral band so that it is concentrated
around zero frequency, as shown in Figure
60.1(c). A continuous-time signal having a
spectrum that is zero-valued for all negative
frequencies, as in Figure 60.1(b), is called an
analytic signal because it can be represented
mathematically as an analytic function [1].

This note first explores how the con-
cepts of analytic signals can be extended to
discrete-time signals and then it provides

P
Key Terminology

» An analytic signal has a spectrum that is

zero-valued for all negative frequencies.

o The complex conjugate of an analytic

signal has a spectrum that is zero-valued
for all positive frequencies. Such a sig-
nal is sometimes described as conjugate-
analytic.

Continually describing some function,
x,(t), as “the analytic signal correspond-
ing to the real-valued signal x(#)” can be-
come awkward. Boashash [2] coined the
term analytic associate, which enables the
simpler description “x,(t) is the analytic
associate of x(t)”

A discrete-time signal always exhibits pe-
riodicity in its spectrum and can therefore
never be made truly analytic. Sometimes
the term analytic-like is used to describe
a discrete-time signal that is analytic over
a single period of the spectrum from
f=—@QT)" to f=(2T)™", where T is the
sample interval.

(b)

~

]
f

c

Figure 60.1 Spectra at different points in a digital receiver architecture: (a) spectrum for
real-valued bandpass intermediate-frequency (IF) signal, (b) spectrum for the IF signal’s
analytic associate, (c) spectrum for complex-valued baseband signal




Complex and Analytic Signals

an overview of the various techniques for
generating discrete-time analytic-like' sig-
nals. Each of these techniques is explored in
depth in subsequent notes.

For any real-valued signal, x(t), the cor-
responding analytic signal, x,(f), can be
formed as

x,(t) = %[x(t)+ JHExOY] 6o

where H{:} denotes the Hilbert transform?.
Multiplication by j is equivalent to a phase
shift of 90 degrees, so the net combined ef-
tect of jH{} in Eq. (60.1) is to create a phase
shift of zero for positive frequencies in the
spectrum of x(f), and a phase shift of 180
degrees for negative frequencies in the spec-
trum of x(t). When jH{x(#)} is added to x(),
the negative-frequency components can-
cel and the positive-frequency components
are doubled. If an analytic signal, x,(t), is
formed using Eq. (60.1), it is possible to re-
cover the original signal, x(t), by simply tak-
ing the real part of x,(t)

x(t)= Re{xu(t)}

A real-valued signal exhibits conjugate
symmetry in its Fourier spectrum. There-
fore, any signal not exhibiting conjugate
symmetry in its spectrum must be complex-
valued in time. This means that analytic
signals and conjugate-analytic signals are
always complex-valued in time. However,
there can be signals that are complex-valued

1. Because the concept of analyticity is different for continuous-
time and discrete-time signals, some authors distinguish the
discrete-time case by using special notation or terminology. In
[1], Marple initially uses the term analytic-like, and then transi-
tions to using quotation marks around “analytic”

2. The usual convention for denoting the Hilbert transform is
a script uppercase H, despite the fact that this notation can
be easily confused with the italic uppercase H typically used to
denote the transfer function of a filter.

in time but that are neither analytic nor
conjugate-analytic. A handy example is the
complex-valued baseband signal having the
spectrum depicted in Figure 60.1(c). The
spectrum is not zero for either positive or
negative frequencies, so the signal is neither
analytic nor conjugate-analytic. However,
the magnitude spectrum is not symmetric
about f = 0, so the signal is complex-valued.
60.1 Discrete-Time

Analytic Signals

The concept of an analytic signal cannot be
extended directly from the continuous-time
domain to the discrete-time domain. The
DTFT spectrum of a discrete-time signal is
always periodic, so it is not possible for the
spectrum to be non-zero for positive fre-
quencies and zero for all negative frequencies
simultaneously. For discrete-time signals, the
concept of analyticity is based on a DTFT
spectrum like the one shown in Figure 60.2,
where the spectrum is non-zero in all odd-
numbered positive Nyquist zones® as well
as in all even-numbered negative Nyquist
zones. A discrete-time signal with such a
spectrum is conventionally called an analytic
signal, even though it cannot be represented
as an analytic function. As noted previously,
we follow Marple’s practice and distinguish
the discrete-time case as being analytic-
like. Furthermore, we use positive-like to
indicate frequencies in odd-numbered posi-
tive Nyquist zones and in even-numbered
negative Nyquist zones. Similarly, we use
negative-like to indicate frequencies in

3. In discussing the figure, it is convenient to borrow some ter-
minology from the A/D converter community. In discussions
of A/D converters, the frequency band from 0 to f; /2 is called
the first Nyquist zone. The band from f; /2 to f; is called the sec-
ond Nyquist zone, and so on. However, negative frequencies are
not considered. We can extend the terminology by calling the
band from 0 to f; /2 the first positive Nyquist zone and calling
the band from 0 to — f; /2 the first negative Nyquist zone.

60-2
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Figure 60.2 DTFT spectra for: (a) the original discrete-time, real-valued bandpass signal, and (b) the complex-valued
analytic associate of the original signal

odd-numbered negative Nyquist zones and
in even-numbered positive Nyquist zones. Recipe 60.1

Spectrum Tailoring Strategy

60.2 Generating Analytic 1. Compute the DFT, X[m], of the original

Signals signal, x[n].
There are a number of different techniques 2. Form the transform of the analytic-like
that can be used to generate an analytic sig- associate as follows:

nal. The following sections introduce five of

the most useful approaches. X[0], form=0

2X[m), forlSmS%—l

ilori Xylm]=
Spectrum Tallorfng'Approach a X[%] for m="2
The spectrum tailoring approach can be .
used to generate the analytic-like associate | 0 forg-lsm<N-I
{)i fofrcmg the' spe}c{tru‘m t;)ozelzr? for r})legatlve- 3. Compute the analytic-like signal, x (],
ike frequencies. Recipe 60.1 lists the strat- as the IDFT of X,[m].

egy for spectrum tailoring. However, this is
just a conceptual strategy; it should not be
implemented directly. A practical algorithm
is a bit more complicated.

Any frequency-domain operation that
is performed on a signal's DFT spectrum
corresponds to some sort of time-domain
filtering operation that could, in theory, be
applied directly to the time-domain signal.
In most cases, this filtering operation has a
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unit sample response that is longer than one
sample in duration. Even in cases where the
filter is defined directly in the frequency do-
main, and we do not know or need the cor-
responding unit sample response, we must
make allowances for the length of this re-
sponse by using the fast convolution tech-
nique described in Note 20. If we were to
apply the three-step strategy listed above
directly, the resulting analytic-like signal
would, in most cases, exhibit time-domain
aliasing.

Recipe 60.2 is the result of modifying
Recipe 20.1 to implement spectrum tailor-
ing. There are a few nuances in step 3 that
might need further explanation. The point at
m = N/2 sits on the transition from positive-
like frequency to negative-like frequency and
it is not immediately obvious why X [N/2] is
not set to either 0 or 2X[N/2] rather than to
X[N/2]. However, in [1], Marple shows that
setting X,[N/2] = X[N/2] is necessary to sat-
isfy properties 1 and 2 from Math Box 60.1.

Math Box 60.1

Desired Properties for Discrete-Time
“Analytic” Signals

1. Ideally, the real part of the “analytic” asso-
ciate should equal the original real-valued
signal:

where z[n] = z,[n] + jz,[n] is the analytic
associate of x[n].

2. The real and imaginary components of
z[n] should be orthogonal over the finite
duration of the signal

EZR[H]ZI[nFO
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Recipe 60.2

Analytic Signal via Spectrum
Tailoring

The following steps assume that values for
the FFT length N, filter's memory length N,
and input/output block length N have been
selected in accordance with the criteria dis-
cussed in Note 20.

1.

Load the first N samples from the signal
x[n] into the first N locations in the FFT
input buffer. Set the remaining N Ny lo-
cations in the FFT input buffer equal to
zero.

Compute the DFT result, X[m].

Using the indicated values from X[m],
form X,[m], the transform of the
analytic-like associate, as follows:

X[0], form=0
- 2X[m], forlSmS%—l
X, [m]=
¢ X[%], formz%
0, for Z-1<m<N-1
Compute the IDFT of X,[m].

Take the first Ny samples of the IFFT
output as the next N samples of the ana-
lytic-like signal x,[n].

Move the contents of locations (Nz— Ny,)
through (Np—1) from the FFT input
buffer into locations (N-N,,) through
(N-1) of the same buffer.

Load the next Ny new samples from
the signal x[#] into locations 0 through
(Ng—1) of the FFT input buffer.

Repeat steps 2 through 7 until all samples
from the signal x[n] have been exhausted.
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The MATLAB function hilbert uses an
approach described in [3] that is equivalent
to the approach detailed in Recipe 60.1, but
that does not include the anti-aliasing mea-
sures embodied in Recipe 60.2. When using
MaATLAB, these measures must be imple-
mented via vector manipulations external to
the hilbert function. This function might
have been more aptly named analytic, be-
cause y=hilbert (x) returns a complex vec-
tor that contains the analytic-like associate
of x; the Hilbert transform of x must be ob-
tained by taking the imaginary part of y.

Hilbert Transform Approach

It is possible to generate an analytic se-
quence using a “discretized” version of Eq.
(60.1). For any real-valued signal sequence,
x[n], the corresponding “analytic” sequence,
x,[n], can be formed as

xg[n) =3 (xlnl+ j H [x[n]] ) (602)

where FH][] denotes the discrete Hilbert
transform. An ideal discrete Hilbert trans-
former is a discrete-time filter having an im-
pulse response, h[n], and transfer function,
H(e/®), given by

[ 2sin?(7n /2)
h{n]= m
0, n=0

n#0

[0, forneven

-3 2
=~ fornodd (60.3)
LTn

H(e")= {_J

j mw<2rw (60.4)

0<w<rm

An ideal Hilbert transformer is not realizable,
so practical implementations for generating

Notes on Digital Signal Processing

analytic-like discrete-time signals must be
built around approximations to the ideal Hil-
bert transformer. These approximations in-
sert delay in Im{x,[n]}, so Re{x,[n]} must be
delayed by a corresponding amount. Design
of FIR Hilbert transformers is covered in
Note 61.

Frequency-Shifted Lowpass Filters

A useful technique for designing FIR ana-
lytic signal generating filters is presented by
Reilly et. al. in [4]. The basic idea is to de-
sign a “standard” lowpass filter having real-
valued coeflicients, and then phase-shifts the
impulse response coefficients such that the
filter’s passband is shifted to cover only posi-
tive frequencies and the stopband is shifted
to cover only negative frequencies. This ap-
proach is explored further in Note 62.

Paired-Filter Approach

The key that makes Eq. (60.1) work is that
x[n] and jH[x[n]] have spectra that are in-
phase for positive-like frequencies and 180
degrees out of phase for negative-like fre-
quencies. A similar phasing relationship can
be exploited to generate an analytic-like sig-
nal using an alternative approach that does
not require a Hilbert transformer. Specifi-
cally, the analytic-like signal is formed as

Xq[n] =%[P{x[n]}+ jQfxlnl}] 03

where, ideally, P and Q are all-pass filters
that are designed to have phase responses
such that the phase of O lags the phase of P
by 90 degrees for all positive-like frequencies,
and the phase of O leads the phase of P by
90 degrees for all negative-like frequencies.
Then when multiplication by j advances the
phase of Ofx[n]} by 90 degrees, the phases
of Pfx[n]} and jO{x[n]} are inphase for
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positive-like frequencies and 180 degrees out
of phase for negative-like frequencies. Some-
times, the network comprising the two filters
P and Q is referred to as an analytic-signal
generating filter, or ASG filter. Design of IIR
filter pairs for P and O, as used in Eq. (60.4),
is discussed and demonstrated in Note 63.

Complex Filter Approach

It is possible to design a single complex-
valued filter that generates the analytic asso-
ciate of the signal applied to the filter’s input.
One way to design such a filter involves the
complex extension of the Parks-McClellan
algorithm. Design of complex-valued ASG
filters using this extended algorithm is dis-
cussed in Note 64.

e D
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Note 61

Generating Analytic Signals
with FIR Hilbert Transformers

61-1

As discussed in Note 60, many DSP ap-
plications require the creation of the
analytic-like signal that corresponds to some
real-valued signal of interest. This note de-
scribes just one of several approaches that
can be used to generate an analytic-like sig-
nal. For an overview of other possible ap-
proaches, refer to Note 60.

For a real-valued sequence, x[#n], the cor-
responding analytic-like sequence, x,[n],
can be formed as

x,[n]=x[n]+ jx[n] (61.1)

where

x[n]= H{x[n]}

and H{'} denotes the discrete Hilbert trans-
form. An ideal lowpass filter is unrealizable,
and so is an ideal Hilbert transformer. The
challenge a DSP engineer faces is to design
an approximation to the desired response
that provides performance that is adequate
for the particular application of interest. FIR
approximations to the ideal Hilbert trans-
former are subject to the constraints given in
List 61.1. However, since most applications
that require Hilbert transformers involve
signals that are already bandpass in nature,
meeting these constraints is usually not dif-
ficult. Equation (61.1) can be implemented
using an analytic signal generating (ASG) fil-
ter like the one depicted in Figure 61.1. The
delay element is matched to the delay of the
Hilbert transformer.

Example 61.1 attempts to implement a
broadband, or “almost-all-pass,” ASG filter

List 61.1

Constraints on
FIR Hilbert Transformers

« The ideal Hilbert transformer’s fre-

quency response is antisymmetric, so
any linear-phase FIR approximation to
the ideal HT needs to be either Type 3
or Type 4. (See Note 35 for a discussion
of linear-phase FIR types.)

Note that an antisymmetric linear-phase
FIR filter has a purely imaginary re-
sponse, as does the ideal Hilbert trans-
former response.

Type 3 and Type 4 filters have a frequen-
cy response of zero at w = 0, and Type 3
filters have a response of zero at w = 7.

o These constraints mean that neither
a Type 3 nor a Type 4 FIR design can
be used to implement a filter that is
all-pass for positive frequencies.

o A Type 4 frequency response is in a
transition band at frequencies just
above w = 0, so a Type 4 Hilbert
transformer must have a highpass re-
sponse for positive frequencies.

o A Type 3 frequency response is in a
transition band at frequencies just
above w = 0 and in a second dis-
tinct transition band at frequencies
just below w = m, so a Type 3 Hilbert
transformer must have a bandpass
response for positive frequencies.




Generating Analytic Signals with FIR Hilbert Transformers
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Figure 61.1 Analytic signal generating filter

that incorporates a Hilbert transformer designed
using the Parks-McClellan algorithm.

Example 61.2 implements a more pronouncedly
bandpass design that is only concerned with can-
celling negtive frequencies in the band from —3f,/8
to —f,/8. The more generous transition bands in
this second case result in an ASG filter with much
higher stopband attenuation.

Notice that in both examples, the bandpass na-
ture of the Hilbert transformer results in a bandstop
ASG filter. The ASG filter “defaults” to passband,
having its stopband at only those frequencies cor-
responding to the Hilbert transformer’s passband.
For some applications, it might be desirable for the
ASG filter to have a narrowly defined passband
with a “default” stopband everywhere else.

—

Example 61.1

Hilbert Transformer for “Almost-All-Pass”
ASG Filter

The coefficients for a 31-tap FIR Hilbert transformer
with a passband extending from 0.05f to 0.95f can
be obtained using the following segment of MATLAB
code:

b=firpm(30, [0.05 0.95],[1 1], 'h’);
b=0.5%j*b;

b(16)=b(16)+0.5;

The response of the Hilbert transformer is shown in
Figure 61.2, and the response of the corresponding
ASG filter is shown in Figure 61.3. There are ripples
in the Hilbert transformer’s passband that measure
over 0.7 dB peak to peak. The stopband attenuation
in the ASG filter is only about 34 dB.

—
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Figure 61.3 Frequency response for ASG filter from Example 61.1
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Example 61.2

Hilbert Transformer for Bandpass
ASG Filter

A digital 1/Q scheme described in Note 65
involves a real-valued bandpass signal that
has been frequency-shifted and sampled
such that the passband extends from f;/8 to
3£,/8, as shown in Figure 61.4(a). Before ad-
ditional processing can be performed, the
negative-frequency passband must be elimi-
nated to produce an analytic signal having
the positive-only spectrum shown in Figure
61.4(b). The coefficients for a 31-tap FIR Hil-
bert transformer can be obtained using the
following segment of MATLAB code:
b=firpm(30, [0.25 0.75],[1 1],'h’);
b=0.5%j*b;

b(16)=b(16)+0.5;

The response of the Hilbert transformer is
shown in Figure 61.5, and the response of
the corresponding ASG filter is shown in

Figure 61.6.
—
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Figure 61.4 Spectra for Example 61.3: (a) spectrum for typical
bandpass signal, (b) spectrum for corresponding analytic signal
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Note 62

Generating Analytic Signals with
Frequency-Shifted FIR Lowpass Filters

Auseful technique for designing FIR
analytic signal generation (ASG) filters
is presented by Reilly et al. in [1]. The basic
idea is to design a “standard” lowpass filter
having real-valued coeflicients, and then
phase-shift the impulse response coefficients
such that the filter’s passband is shifted to
cover only positive frequencies and the stop-
band is shifted to cover only negative fre-
quencies. The phase-shifted coefficients are
complex-valued. The details are provided in
Design Procedure 62.1.

Example 62.1 attempts to implement a
broadband, or “almost-all-positive pass”
ASG filter using the approach of Design
Procedure 62.1. Example 62.2 implements a
more pronouncedly bandpass design that is

(a) 7/

T )
=4 A
)t
]
Th B
(b)y/
— —— f
A A
2 4 —fy H 4 2

Figure 62.1 Desired frequency responses for Design
Procedure 62.1: (a) analytic signal generating filter
response, (b) corresponding prototype lowpass response

only concerned with cancelling negative fre-
quencies in the band from —3f,/8 to —f,/8.
The more generous transition bands in this
second case result in an ASG filter with
much higher stopband attenuation.

Design Procedure 62.1

Complex FIR ASG Filter Design

1. Map out a desired ASG filter response
similar to the one shown in Figure
62.1(a). The stopband must cover the en-
tire negative-frequency Nyquist zone, and
the passband must be centered on f/4, as
shown. The passband extends from f; to
f> where

L
fi=t-f,

f (DP62.1)

fz - 1 + fH

2. Using the value of f, that yields the de-
sired passband as given by Eq. (DP62.1),
construct a response mask for a “stan-
dard” lowpass filter like the one shown in
Figure 62.1(b).

3. Using a standard FIR design technique
like least-squares or Parks-McClellan,
obtain the coefficients, h[n], for a filter
that approximates the response in Figure
62.1(b).

4. Compute coefficients, h[n], for the fre-
quency-shifted filter that approximates
the response in Figure 62.1(a):

hn]= h[n]exp(jmz%]

62-1
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Example 62.1
“"Almost-All-Positive-Pass” ASG Filter

The desired response has a positive-frequency
passband from 0.025f; to 0.475f,, thus, f, =
0.225f;. The coefficients for a 61-tap lowpass fil-
ter can be obtained using the following segment
of MATLAB code:

b=firpm(60, [0 0.45 0.5 1],[1 1 0 0]);

The response of this filter is shown in Figure 62.2.
The vector of phase-shifting factors can be gener-
ated as

bm=0:60;

bm=exp (j*pi*bm/2) ;

Finally, the shifted filter's coefficients are ob-
tained as

be=b. *bm;

The response of the ASG filter is shown in Figure
62.3.

—
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Figure 62.4 Spectra for Example 62.2: (a) spectrum for typical
bandpass signal, (b) spectrum for corresponding analytic
signal
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Example 62.2
Bandpass ASG Filter

A digital I/Q scheme described in Note 65 in-
volves a real-valued bandpass signal that has
been frequency-shifted and sampled such that
the passband extends from f;/8 to 3f/8, as
shown in Figure 62.4(a).

Before additional processing can be performed,
the negative-frequency passband must be elimi-
nated to produce an analytic signal having the
positive-only spectrum shown in Figure 62.4(b).
The coefficients for a 61-tap prototype lowpass
filter can be obtained using the following seg-
ment of MATLAB code:

b=firpm(60, [0 0.25 0.5 1],[1 1 0 0]);
The response of this filter is shown in Figure

62.5. The vector of phase-shifting factors can be
generated as

bm=0:60;
bm=exp (j*pi*bm/2) ;

Finally, the shifted filter’s coefficients are ob-
tained as
be=b. *bm;

The response of the ASG filter is shown in Fig-
ure 62.6.

—
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Note 63

lIR Phase-Splitting Networks
for Generating Analytic Signals

This note describes the design of IIR phase-splitting networks that
can be used to generate complex-valued analytic output signals from
real-valued bandpass input signals. Refer to Note 60 for a discussion
of analytic signals and their properties.

he analytic associate, x,[n], of a real bandpass
signal, x[n], can be formed as

x,[n]= [ P{xlnl}+ jQ{xln)

where P and Q are all-pass filters that together
comprise a phase-splitting network such that the
phase of Q lags the phase of P by 90 degrees for
all positive frequencies, and the phase of O leads
the phase of P by 90 degrees for all negative fre-
quencies. Then when multiplication by j advances
the phase of Q{x[n]} by 90 degrees, the phases of
Pix[n]} and j Qfx[n]} are inphase for positive fre-
quencies and 180 degrees out of phase for negative
frequencies. The difficulty in this approach lies in
the design of suitable phase-shifting filters for P
and O.

A technique, based on Jacobian elliptic func-
tions and the bilinear transform, that can be used
to design suitable filter pairs for 7P and O was first
described by Storer [1], and later extended by Gold
and Rader [2]. Rader [3] subsequently showed that
a fifth-order phase splitter can be efficiently imple-
mented as a pair of efficient IIR filters, provided
that the desired response is of the form shown in
Figure 63.1, where the passband is symmetric about
n/2 and the stopband is at the corresponding nega-
tive frequencies and symmetric about -7/2. This
symmetry causes poles of each branch to occur in
pairs with poles in each pair having equal mag-
nitudes and opposite signs, thus allowing a single
multiplier to implement a pair of poles, as shown
in Figure 63.2. The multiplication by a® implements

63-1

e )
Essential Facts

» A phase-splitting network consists of a
pair of IIR filters designed to generate a
complex-valued analytic output signal
from a real-valued bandpass input signal.

o Wide transition bands of low-order IIR
filters make this approach ill suited for use
on lowpass input signals.

o The IIR structures used in this approach
present lower computational burdens
than do FIR approaches for generating
analytic signals.

o The architecture of the implementa-
tion provides an opportunity to perform
downsampling as a natural part of the fil-
ter’s operation.

« The phase response is only approximately
linear across the passband and has jump
discontinuities of 77 radians at nulls in the
stopband.

o The most efficient realizations depend
upon the specified passband being sym-
metric about a normalized radian fre-
quency of 71/2.

« Design procedures require evaluation of
complete elliptic integrals and Jacobian el-
liptic functions. (MATLAB can handle both
of these evaluations.)

.
/ | |
Tt

a

-t -0, -m -6, I
2
Figure 63.1 Spectrum symmetries required for Rader’s efficient
IIR implementation. The passband and stopband must be
symmetric about 77/2 and —7/2 respectively.

NN —
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one pole pair, and the multiplication by b* imple-
ments a second pole pair. The fifth pole occurs at
z=0, and it is implemented by the extra single de-
lay element in the upper branch. The upper branch,
which generates the real part of x[n], implements
the transfer function

Re{x,[n]}

2 2 >

£ 4 (63.1) x[n]

Hp(z)=z"
1-a’z o

The lower branch, which generates the imaginary
part of x[n], implements the transfer function o
L Im{x,[n]}
b_—z (63.2) Figure 63.2 Efficient IIR realization for fifth-order phase-

Hy(z)=
o(?) 1-b’z splitting network

Combining Egs. (63.1) and (63.2) yields the overall
complex response H(z) as
H(z)=Hp(2)+ jH.(2)
T 22 b2
1~z 1-pz?
jb*—a’z = j(+a’b*)z +(1+a’b’ )z + ja’z " b’z
1-(a®+b*)z 7 +a’b’z™

(63.3)

In [4], Rader repeats the fifth-order example from
[3] and also provides an efficient IIR implemen-
tation for a ninth-order phase splitter, which is
shown in Figure 63.3.

x[n]

Im {xa [n] }
Figure 63.3 Efficient IIR realization for ninth-order phase-splitting network
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63.1 The Approach

Before the coefficients for the phase splitter can be
computed, Design Procedure 63.1 must be used to
determine the minimum network order that will
provide a desired level of stopband attenuation for
a set of critical frequencies, 6, and 0, specified as
shown in Figure 63.1. Once the minimum order is
determined, this value should be rounded up to ei-
ther 5 or 9 before Design Procedure 63.2 is used to
compute values for the filter coefficients.

The filter in Example 63.1 has a symmetric pass-
band, and can therefore be implemented using the
efficient IIR structure shown in Figure 63.2. Exam-
ple 63.2 features a case in which the passband is not
symmetric.

Design Procedure 63.1

Elliptic Phase-splitting Network:

Computing the Minimum Order

1. Select values for the critical normalized frequen-
cies, 8, and 0y, which are depicted in Figure 63.1.

Selecting values such that 6,=mn-0, forces the
filter poles to occur in conjugate pairs.

2. Select the error factor €. The passband gain is very
close to 2, while the peak stopband gain is sin .

3. Compute
tan(8, /2) } 1-tan(e/2) \
m= ——+—- m = ——=
tan(6, /2) 1+tan({e/2)
4. Compute the complete elliptic integrals, K(m) and
K{(m;). The MATLAB call
[K,E]l=ellipke (m) ;
returns K(m) in the variable k.

5. Compute the complete elliptic integrals,
K'(m)=K(1-m) and K'(m,)=K(1-m,).

6. Compute the required number of poles and
Zeros as

No (K'(m)K(ml )W
K’(m, )K(m)

Notes on Digital Signal Processing

Design Procedure 63.2

Elliptic Phase-splitting Network:
Computing the Filter Coefficients
1. Fork=0,1,..., N-1, compute
3 1_
b, = —tan(%“) sn(x,1-m)

cn(x,1—m)
where

oo (4k+1)K'(m)
2N

and sn and cn are Jacobian elliptic functions that
can be computed using the MaTLAB call

[en,cn,dn] =ellipj(x,1-m) ;
2. For negative values of the p, obtained in step 1,
compute the network coefficients z; as
1+
z,= P
1-p
Use these coefficients to form H,(z) as

_ z" -z,
H,(z)= H (l—zkz‘l ) (DP63.1)

all k for
which

~<0

When the critical frequencies 6, and 6, are sym-
metric with respect to 71/2, the coefficients occur
in pairs with both coefficients in the pair having
the same magnitude, but with the opposite sign.
When two values of z, say, @ and —a comprise
such a pair, the corresponding factors from Eq.
(DP63.1) can be combined into a biquadratic
factor:

z'-a Y z'=(-a) | z7-d
l—az? N 1-(-a)z" | 1-a’z"
3. For positive values of the p, obtained in step 1,
compute z; as

_L=p
1+p,
Use these coefficients to form HQ(z) as
27—z
H,(2)= :
? aﬂgor[l_ 7z
which

P20

2
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Example 63.1

Phase-splitter with Passband
Symmetric about n/4

Consider a signal having the bandpass spectrum shown
in Figure 63.4. As part of a demodulation process, we
want to eliminate the entire negative-frequency portion
of the spectrum before shifting the positive-frequency
band to be centered around zero. This application is
the same one covered by Rader in [3]. To eliminate the
negative-frequency portion of the spectrum, we need to
design a filter having a passband and a stopband config-
ured as shown in Figure 63.4, with 6, =7/4 and 6, =3n/4.

First, determine the minimum order using the follow-
ing steps, which are numbered to correspond with the
steps listed in Design Procedure 63.1.
2. 'The critical frequencies are 6,=n/4 and 6, =37/4.
3. Suppose we need the ratio of passband gain to stop-
band gain to be greater than 60 dB. Thus,
2 S60dB
Sine

.2 > 10772
Sine
€ <0.002

4. The parameters m and m, are obtained as
tan(r / 8)

m=| ———

tan(37 /8)

1— tan(0.002)
1+ tan(0.002)

) =0.02943725

4
] =0.99203825

5. The complete elliptic integrals K(sm) and K(m1,) are
obtained from the MATLAB ellipke function as
K(m)=1.58255172
K(m,)=3.80845011
6. The complete elliptic integrals K’(m) and K’(11,)
are obtained from ellipke as
K'(m)=3.16510348
K'(m,)=1.56766507

7. 'The required number of poles and zeros is obtained

*® N=[486]=5

—

—
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Next, obtain the coefficients for a fifth-order phase-
splitting network via the following steps, which are
numbered to correspond with the steps listed in De-
sign Procedure 63.2.

1. The values for sn(x, 1-m) and cn(x, 1-m) ob-
tained from the MATLAB ellipj function, along
with the resulting values for p,, are listed in Table
63.1.

2. The negative values of p, result in the network coef-
ficients

Zo = 0.76464583
21 = 0.0
z; = —0.76464583

The coefficients, z, and z,, can be combined into the
single biquadratic factor

a® = 0.5846832

3. The positive values of p, result in the network coef-
ficients

z3 =-0.3715172
z4 = 0.3715172

which can be combined into the single biquadratic
factor

b* = 0.1380250

Using MATLAB variables a2 and b2 to represent g*
and b? obtained in steps 2 and 3 above, the vectors of
numerator and denominator coefficients for the com-
bined response can be written as:

a2-0.5846832;

b2=0.138025;

B=[j*b2, -a2,-j* (1+a2+b2) , 1+a2*b2,j*a2, -b2] ;

A=[1,0, - (a2+b2),0,a2%b2] ;

These definitions for A and B can be used in a call to
freqz to calculate the magnitude and phase responses
shown in Figure 63.5:

fregz (B,A, 1024, ‘whole’) ;

The stopband attenuation is about 62.2 dB, which is
slightly better than the design goal of 60 dB.
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Figure 63.4 Spectra for Example 63.1: (a) spectrum for typical
bandpass signal, (b) spectrum for corresponding analytic signal
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Table 63.1 Values of Jacobian Elliptic Functions Used to
Calculate the Filter Coefficients for Example 63.1

k sn(x, 1-m) cn(x, 1-m) P,

0 0.306491992 0.95187323 -0.1333719
1 0.9238795 0.382683428 -0.99999998
2 0.998477509 0.055160338 -7.497831

3 0.9824588703 -0.186479404 2.18226667
4 0.7418447897 -0.6705716277 0.45823915
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Example 63.2

Phase-splitter with Passband
Not Symmetric about n/4

In Example 63.1, the critical frequencies are 6,=n/4
and 8,=3n/4. If these frequencies are shifted to
0,=m/5 and 6,=7mn/10, the filter coefficients will not
occur in conjugate pairs, as demonstrated by the cur-
rent example.

First, determine the minimum order using the follow-
ing steps, which are numbered to correspond with the
steps listed in Design Procedure 63.1.

1. The critical frequencies are 6,,=n/5 and 6, =77/10.

2. Again, assume that we need the ratio of passband
gain to stopband gain to be greater than 60 dB. Thus,
we use a value of € = 0.002, as in Example 63.1.

3. The parameters m and m, are obtained as
tan{z /10)

m= ————

tan(7x /10)

_( 1—tan(0.002)
" 1+ tan(0.002)

2
j =0.02740841

4
J =0.9920319

4. The complete elliptic integrals, K(m) and K(m, ), are
obtained from the MATLAB ellipke function as

K(m)=1.58172875
K(m,)=3.80805517

5. The complete elliptic integrals, K’(m) and K’(m,),
are obtained from ellipke as

K'(m) =3.19993436
K'(m,)=1.5739395

6. The required number of poles and zeros is obtained as

N | (3:19993436)(3.80805517) | _ .
(1.5739395)(1.58172875)

—

—

63-6

Next, obtain the coeflicients for a fifth-order phase-
splitting network via the following steps which are
numbered to correspond with the steps listed in De-
sign Procedure 63.2.

1. The values for sn(x, 1- m) and cn(x, 1- m) obtained
from the MATLAB e11ipj function, along with the
resulting values for p,, are listed in Table 63.2.

2. The negative values of p, result in the network
coefficients

zo = 0.80863244
z; = 0.11200351
z, = —0.71537849

3. The positve values of p, result in the network
coefficients

z3 = -0.27265279
zs = 0.46578851

To use a standard response-plotting utility such as the
MATLAB freqz function, the responses for H,(z) and
H(2) must be combined into a single ratio of poly-
nomials in z. The algebraic manipulations needed
to perform the combination manually can be very
tedious when, as in this example, the coefficients do
not occur in pairs. In such cases, the MATLAB-based
aproach shown in Computer Listing 63.1 can be used
to compute the polynomial coefficients from the
factored-form coefficients, z,. The resulting response
plots for the current example are shown in Figure 63.6.
The quality of this response is comparable to that for
Example 63.1.
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Figure 63.6 Magnitude and phase responses for Example 63.2

Table 63.2 Values of Jacobian Elliptic Functions Used in
Calculating the Filter Coefficients for Example 63.2

k sn(x, 1-m) on(x, 1-m) P,

0 0.309639142 0.95085414 -0.10580788
1 0.926261563 0.3768813 -0.79855547
2 0.998549919 0.05383362 -6.0268756
3 0.98319156 -0.182576978 1.7497184
4 0.746431003 -0.665462814 0.36445332
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Computer Listing 63.1
Forming Combined Network Function for
Plotting Phase-Splitter Response

% z_a and z_b contain coefficients that
% were computed in Design Example #2
%
%

Upper Branch
z a = [0.80863244 0.11200351 -0.71537849];
HP_denom = poly(z_a);

HP_numer = fliplr (HP_denom) ;

% Lower Branch

zZ b = [-0.27265279 0.46578851] ;
HQ_denom = poly(z_b);

HQ numer = -fliplr(HQ denom);

%

% Combined transfer function

%

H numer real = conv(HP numer, HQ denom);
H numer imag = conv(HP_denom, HQ numer) ;
H numer = H numer real + Jj*H numer imag;
H denom = conv(HP_denom, HQ denom);

%

% plot magnitude and phase response
%

figure (1);

freqgz (H_numer,H denom,1024, 'whole’);
%

% plot pole and zero locations

%

figure (2);

zplane (H_numer,H_denom) ;

Ve
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Note 64

Generating Analytic Signals with
Complex Equiripple FIR Filters

This note describes the design and use of complex equiripple
FIR filters to generate discrete-time analytic signals of the List 64.1

sort discussed in Note 60. Ideal Response Characteristics

for ASG Filters

S uch filters are designed using a complex-
valued extension of the Parks-McClellan
algorithm and offer more flexibility than
other analytic signal generation (ASG) tech-
niques when it comes to specifying the pass-
band, stopband, and transition bands of the
filter. However, this flexibility has a price—
extra constraints placed on the filter’s config-
uration usually demand an increased number
of taps to meet the specified performance.

The complex filter coefficients for an
FIR analytic signal generator can be deter-
mined using the MATLAB cfirpm (formerly
cremez) function. This function requires
that the user provide a piecewise specifica-
tion of the desired response. For generating
analytic signals, the ideal desired response
has the characteristics listed in List 64.1.

Example 64.1 deals with the bandpass
ASG case that is featured in the digital I/Q
scheme discussed in Note 65.

+ A passband with a flat response across

the bandwidth of the signal’s sideband
that is to be retained.

A stopband with a zero response across
the bandwidth of the signal’s sideband

that is to be removed.

A stopband with zero response across a
small range of frequencies around zero
to remove any direct current (dc) com-
ponent that may have been introduced
by analog processing prior to sampling.

Unconstrained transition bands between
any two bands having different specified
desired responses. These bands must
be left unconstrained to give the design
program the “wiggle room” it needs to
achieve the best possible passband and
stopband performance.

Any frequency band not otherwise
covered by characteristics listed above
should have a desired response of zero
to reject stray noise and interference.
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T ——————————
Example 64.3

Equiripple Bandpass ASG Filter

A digital I/Q scheme, described in Note 60,
involves a real-valued bandpass signal that
has been frequency-shifted and sampled
such that the passband extends from f£/8 to
3f,/8, as shown in Figure 64.1(a). Before ad-
ditional processing can be performed, the
negative-frequency passband must be elimi-
nated to produce an analytic signal having
the positive-only spectrum shown in Figure
64.1(b).

« A desired response that meets the crite-
ria in List 64.1 is shown in Figure 64.2(a).

» The cfirpm function requires the band-
edge frequencies to be specified in terms
of a normalized radian frequency, w/7, so
all specified values will range from -1.0
to +1.0. Figure 64.2(b) shows the desired
response recast in frequency units accept-
able to cfirpm A value of 0.05 has been
assumed for f;.

« The following segment of MATLAB code
designs the filter:
F=[-1,0.05,0.25,0.75,0.95,1] ;

A=[0,0,1,1,0,0];
C=cfirpm(90,F,A);

» This specification yields a 91-tap filter
with the response shown in Figure 64.3.

—
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Figure 64.1 Spectra for Example 64.1: (a) spectrum for typical
bandpass signal, (b) spectrum for corresponding analytic signal
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Figure 64.2 Desired response for the complex filter in Example
64.1: (a) band edges specified in terms of the sampling rate, (b)
band edges specified in units acceptable to MATLAB cfirpm
function
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Figure 64.3 Frequency response for 91-tap filter designed in
Example 64.1
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Note 65

Generating | and Q Channels
Digitally: Rader’s Approach

65-1

This note presents an approach for generating inphase
and and quadrature channels from a digitized, real-valued
bandpass signal.

Radar and communications systems often
involve quadrature receivers, which typ-
ically exhibit mismatch or imbalances be-
tween the amplitude and phase responses of
their inphase and quadrature output chan-
nels. These imbalances introduce distortion
into the signals of interest that are derived
from the I and Q outputs of the receiver.
Rader’s approach is one of several digital I/Q
techniques that have been devised to form
the I and Q signals directly from a single real
bandpass signal and thereby avoid the 1/Q
matching limitations of analog quadrature
receivers.

65.1 The Approach

Recipe 65.1 implements a digital I/Q ap-
proach depicted in Figure 65.1 and originally
described by Rader in [1, 2]. The analytic
signal generation (ASG) filter shown in the
diagram can be implemented using any of
the methods described in Notes 60 through
64. However, in [1], Rader initially imple-
ments this filter as a phase-splitting network
consisting of a pair of low-order IIR filters,
as shown in Figure 65.3. The top branch,
which generates the real part of X [n], imple-
ments the transfer function

-2 _aZ
Hl(Z)ZZ_llz_aﬁ (65.1)

a’ =0.5846832

e N
Essential Facts

« Analog quadrature receivers exhibit im-
balance between their inphase (I) and
quadrature (Q) components.

o It is difficult and expensive to control the
imbalances well enough to avoid severe
distortion in the signals of interest (SOI).

« Rader’s approach

o avoids I/Q imbalance by digitizing a
real-valued bandpass signal and creat-
ing the I and Q channels digitally

o requires an analog mixing operation
that moves the I/F down to a center
frequency that is equal to the SOT’s
bandwidth of B Hz

o requires A/D conversion at a rate of 4B
samples per second

o provides a convenient opportunity to
remove any dc bias that may be intro-
duced by the analog mixing operation

cos[ 2z (f, - B)t]

X(t) XIF(t) Xs[n]

BPF » ADC —‘

ASG Teal > > Iin]
filter | Xs[M ¢4
—» Q[n]

Imag.” |

Figure 65.1 Block diagram of processing steps in
Rader’s digital I/Q approach
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Recipe 65.1

Generating Digital | and Q /’J\ /\A\
(L ([ I f
fC

I 17 17

A block diagram of this processing sequence _f
is shown in Figure 65.1. The RF signal, x(¢),

is assumed to have a bandwidth of B Hz and (b)

a carrier frequency of f, >B, as depicted in

Figure 65.2.

1. The multiplier and bandpass filter form VLA
a mixer that translates the signal down 2 >
to an intermediate frequency of B Hz to y
yield the signal spectrum shown in Fig- © %

ure 65.2(b). [J\
2. The ADC samples the signal at a rate of £

4B samples per second to yield a discrete-
time signal with the spectrum shown in

Figure 65.2(c). (d) 7/

3. The ASG filter forms the analytic associ-
ate of x;[n] by eliminating the negative
frequency sideband to yield the result
shown in Figure 65.2(d).

2
4. Downsampling by a factor of 4 causes the 7
positive-frequency sideband to be shifted (e) // \/‘
1
f,

G
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to a center frequency of zero, as shown in
Figure 65.2(e). The real part of the cor-
responding complex signal is the inphase ,
output, and the imaginary part is the -
quadrature output.

N e =

Figure 65.2 Spectra of signals at various points in Rader’s digital

= 1/Q approach: (a) spectrum of bandpass RF input signal, x(t),
with a bandwidth of B and a carrier frequency of f,, (b) spectrum
of IF signal, x,.(t), produced by the mixer, (c) baseband image
of spectrum for x[n] created from x,.(t) by sampling at a rate
of f, samples per second, (d) spectrum of the analytic signal,
x"([n], formed by complex filtering of x[#], (e) spectrum of final
quadrature baseband signal after down sampling by a factor of
4. The hashed areas indicate frequencies outside the bandwidth
supported by the sampling rate.
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The bottom branch, which generates the
imaginary part of X,[n], implements the
transfer function

Z—Z _ bZ
1— bzz—z (65.2)
b*> =0.1380250

H2(2)=

The coefficients a* and b* can be obtained
using the design procedure presented in
Note 63. Rader points out that because the
filter output, X,[n], is destined to be down-
sampled by a factor of 4, it is possible to
build a more efficient filter that absorbs the
downsampling operation and generates only
every fourth output. This improved real-
ization is shown in Figure 65.4. The down-
sampling is accomplished by the switches on
the output lines.

Careful examination of Figure 65.3 re-
veals that even-indexed samples of Re{x[n]}
depend only upon odd-indexed samples
of X,n], and even-indexed samples of
Im{X[n]} depend only upon even-indexed
samples of X [n]. The input switch shown in
Figure 65.4 routes odd-indexed samples to
the top branch and even-indexed samples
to the bottom branch, thereby enabling each
branch to run at half the original sample
rate. Because of the reduced rate, the z72 de-
lays become z* delays. The z™* delay in the
top branch of Figure 65.3 is accomplished by
the relative phasing of the output switch clo-
sures in Figure 65.4. To establish the proper
phasing, the sample of Q[n’] that is gener-
ated when n =0 is discarded so that I[0] is
generated when n=1, and Q0] is generated
when n=2.

Normally, shifting a bandpass spectrum
such as Figure 65.2(d) to create a baseband
spectrum such as Figure 65.2(e) would
require some sort of mixing operation.

Notes on Digital Signal Processing

Re{x,[n]}

Xs[n]

Im{x,[n]1}
Figure 65.3 IIR realization for the complex filter

@z 0 (mod4)
Qln’]
Figure 65.4 Improved IIR realization for the complex filter
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in Rader’s approach completely eliminates
the need for a final mixing step. If the sig-
nal corresponding to the spectrum in Figure fs
65.5(a) is downsampled by a factor of 4, two
things happen:

However, the particular combination of @
center frequency and sampling rate used / /\"\ %

o =
-b‘m\"—'
2
NI

/
® 7
1. Images of the spectrum are created at in- /
tervals of the new sampling rate, f = f/4,
as shown in Figure 65.5(b).

2

‘ |
Bty
00 |
-b‘vr"—

|
N o™

2. The supported passband of the system 2
changes from +f/2 to +f /2 = + f/8, with
exactly one image of the signal’s spectrum © 7/
falling in this new passband, as shown in
Figure 65.5(c).

_f

S

2

N‘m\'l—

Figure 65.5 When the signal having the spectrum in (a) is
downsampled by a factor of 4, images are created at intervals of
f;/4, as in (b), and the supported passband shrinks, as depicted
in (c), from +f,/2 to £f" /2 where f'; =f, /4.
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Note 66

Generating | and Q Channels Digitally:
Generalization of Rader’s Approach

66-1

Rader’s digital | and Q approach presented in Note 65 re-
quires that the real bandpass IF signal be sampled at a rate
equal to four times the signal’s bandwidth. This note shows
how Rader’s scheme can be generalized to support sam-
pling rates that are not four times the signal bandwidth.

Rader’s efficient IIR design for the com-
plex filter depends upon downsampling
by a factor of four, which in turn drives the
requirement that the sampled I/F bandpass
signal be centered at a frequency equal to
one-fourth the sampling rate. This con-
straint is required so that downsampling by
a factor of four shifts the surviving sideband
to a center frequency of zero. If an FIR fil-
ter, or even a “standard” IIR filter, is used in
place of Rader’s IIR phase-splitting design,
this constraint on the I/F can be relaxed.

If Rader’s efficient IIR structure is not
used, the important constraint is that the
sample rate, f,, be an integer multiple of the
intermediate frequency, and that after filter-
ing, the signal is downsampled by the same
integer factor so that the new sample rate, f/,
equals the intermediate frequency:

fo=Mfy

,fo (66.1)
/s v, fre

The relationship between f,, f, and M is
constrained this way to ensure that the
downsampling operation always creates a
spectral image at zero frequency. However,
Eq. (66.1) says nothing about the relation-
ship between f. and the bandwidth B. To
avoid aliasing, the final sample rate, f;, must
exceed the bandwidth:

f/>B
f./D>B
f.>BD

For convenience, let’s say that f, = QB, where
Q = D. For Rader’s original frequency plan,
Q = D = 4, but there are many other possible
combinations if downsampling by four is not
needed to support the special IIR filter struc-
ture. The design case presented in the next
section considers one of these alternatives.

66.1

Figure 66.1 shows a sequence of models ex-
tracted from a simulation of pulse Doppler
processing for a radar receiver. This simu-
lation was constructed using some of the
PracSim models discussed in [1]. Assume a

Design Case
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T =(128000" u se
fogna = 5250.0128 M
f =5250.0 MHz

clutter —

ref tone
T =(128000" u se
¢

signal

=5240.0 MH:

Ref

Bandpass
Mixer

Images at
10 MHz
10490 MHz

Analog Filter
Via FIR

Single
component
at 10 MHz

Multistage

. R =1280
Decimator
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Figure 66.1 Block diagram for simulation of digital I/Q
generation
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transmit frequency of 5250.0 MHz. One of
the inputs to the mixer is a received signal
consisting of a tone at 5250.0 MHz, rep-
resenting a return from stationary clutter,
plus a tone at 5250.0128 MHz, represent-
ing a moving-target return that exhibits an
inbound Doppler shift of 12.8 kHz. The ref-
erence tone is assumed to come from a fre-
quency and timing source that is common to
both the transmitter and receiver portions of
the actual radar.

The bandwidth of the analog received
signal varies depending upon the amount
of Doppler shift created by moving targets
in the radar’s field of view. Let’s assume that
the bandwidth of the signal is guaranteed
to be less than 2 MHz. Following Rader’s
original frequency plan, we would specify a
sampling rate of 8 MHz. However, let’s as-
sume that this particular radar has several
different operating modes, and one of these
modes needs a sampling rate higher than 91
MHz. To avoid changing the ADC rate for
different operating modes, we can design the
pulse Doppler operation using an ADC rate
of f,=100 MHz and a final sample rate of
f/ =10 MHz:

fIF = fs,: 107

f. 10°
f. 10°

Q= =0 -

66-2
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For a received center frequency of 5250 MHz
and a reference tone at 5240 MHz, the band-
pass mixer produces signals centered at 10
MHz and at 10,490 MHz. The bandpass filter
removes the high-frequency signal, leaving
only the signal at 10 MHz. The mixer inputs,
mixer output, and bandpass filter output
are all analog signals that are simulated in
this reference design using a sampling rate
that corresponds to 1.28 x10" samples per
second.

The multistage decimator performs filter-
ing and downsampling to reduce the sample | ‘ ‘ ‘ ‘
rate to 10® samples per second. The decima- e 8 - 0 N ® 12
tor output in the simulation corresponds to
the ADC output in Figure 65.1 in Note 65. Figure 66.2 Power spectral density for output of mixer model
(Quantization performed by the ADC is not
included in this simulation.)

The power spectral densities of the mixer
output and decimator output are shown in
Figures 66.2 and 66.3, respectively. The com-
plex FIR filter model implements the 90-tap
design having the response shown in Figures
66.4 and 66.5 that was developed in Exam-
ple 63.1 of Note 63. The PSD for the com-
plex filter’s output is shown in Figure 66.6.
The attenuated negative-frequency sideband
is clearly visible. A zoomed view of the PSD
in the vicinity of 10 MHz is shown in Figure
66.7. All of the fine structure shown in this
view is due to the pulse gating of the radar
signal. Figure 66.8 shows the corresponding -50 -40 -30 -20 -10 0 10 20 30 40 50
view of the PSD when the gating is disabled Frequency (MHz)

Figure 66.3 Power spectral density at decimator output

-10

-20
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Relative PSD (dB)

~40
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and a continuous tone is transmitted. The
center-to-center spacing of the fingers in
Figure 66.7 is 60.6 kHz, which corresponds
to the pulse repetition frequency (PRF) of the
gating pulses. The amplitudes of these fin-
gers follow an envelope that corresponds to
the spectrum of a single rectangular gating
pulse.

The downsampler implements our choice
of D =10 to yield a final sample rate of 10’.
Figure 66.9 shows the low-frequency details
for the PSD of the downsampler output. The ! \ \

Magnitude response (dB)

T
components at zero and 12.8 kHz are the i = 0 fs fs
> . 2 4 4 2
ones were expecting to find based on the Frequency
makeup of the original received signal. The Figure 66.4 Magnitude response of 90-tap complex filter

other components are images due to the designed in Example 63.1 of Note 63
pulse gating.
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Figure 66.5 Phase response of 90-tap complex filter designed in Figure 66.6 Power spectral density at output of the complex

Example 63.1 of Note 63 filter
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Figure 66.7 Enlarged view of the detail near 10 MHz for the Figure 66.8 Enlarged view of the detail near 10 MHz for the
PSD shown in Figure 66.6

PSD of the complex filter output when pulse gating of the
transmitter signal is disabled
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Note 67

Parametric Modeling of
Discrete-Time Signals

Many sampled real-world signals can be mod-
eled as the output of a discrete-time filter
that is driven by a simple input sequence. Many
techniques for the analysis and characterization
of signals are based upon such signal models. This
note serves as an introduction to the basic model
classes that are explored in subsequent notes.
Parametric modeling is the name given to the
concept of modeling a discrete-time signal as the
output of a discrete-time filter that is driven by a
specified input sequence—usually either white
noise or the unit-sample function. Many tech-
niques used in the areas of statistical signal process-
ing, spectral estimation, and adaptive filtering are
built upon the theoretical foundations provided by
parametric modeling. The discussions in this note
focus on the various signal models that can be built
around a filter that exhbits the following properties.

o The filter is linear.
o The filter is causal.
o The filter is time-invariant.

« Implementation of the filter requires a finite
number of memory elements.

o Computation of each of the filter’s output sam-
ples can be accomplished using a finite number
of arithmetic operations.

Any filter that exhbits all of these properties can
be represented by a constant-coefficient, linear differ-
ence equation of the form

P q
yln==> a,[klyln—k]+ > b,lklxn—k] (7.1

List 67.1

Types of Parametric Models

When g =0 with p > 0, the resulting all-pole (AP)
recursive filter can be driven by a unit sample
function to construct an all-pole model of a de-
terministic signal.

When g =0 with p > 0, the resulting all-pole recur-
sive filter can be driven by a white noise source to
construct an autoregressive (AR) model of a ran-
dom process.

When p=0 with g>0, the resulting all-zero
(AZ) transversal filter can be driven by a unit
sample function to construct an all-zero model
of a deterministic signal.

When p=0 with g>0, the resulting all-zero
transversal filter can be driven by a white noise
source to construct a moving-average (MA)
model of a random process.

When both p>0 and g> 0, the resulting pole-
zero (PZ) filter can be driven by a unit sample
function to construct a pole-zero model of a de-
terministic signal.

When both p >0 and g > 0, the resulting pole-zero
filter can be driven by a white noise source to con-
struct an qutoregressive-moving-average (ARMA)
model of a random process.
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Figure 67.1 All-pole filter configured for generating an AR(p) process

where x[n] is the input to the filter, and y[#n] is the
output. The corresponding system function is a ra-
tio of polynomials in z7":
Y(2)
X(z)

q

—k
;bq[k]z B (67.2)

1+ Y a ket A®)

k=1

H(z)=

The system function can be expressed in terms
of its poles, p,, and its zeros, z,, by factoring the
numerator and denominator polynomials to obtain

q

B(2) H(l—zkz'l)

H(z)= =G (67.3)

S § (IS

k=1

There are several items in Eq. (67.3) that require
special mention to avoid possible confusion.

o The index for the numerator product in Eq. (67.3)
begins at k=1, even though the corresponding
summation index in Eq. (67.2) begins at k=0. If
b,[0] # 0, it can be factored out so that the numer-
ator in Eq. (67.2) becomes

Lblk]
B(z)zbq[o][1+§mz J 60

The factor, b,[0], is absorbed into G, and the ze-
ros of the system function are the g roots of the
polynomial:

L b,[k] _
1+Yy L —z*
kz::t bq [0] (67.5)

o Thesubscripted variable, z,, represents the kth zero
of the system function, while the unsubscripted
variable z represents the discrete-frequency vari-
able used in the z-transform. This dual use of z
may be confusing, but it is fairly standard through-
out the DSP literature.

o The subscripted variable, p,, represents the kth
pole of the system function, while the unsubsript-
ed variable p represents the order of the denomi-
nator polynomial in both Egs. (67.2) and (67.3).
This second usage follows the convention (that
is almost universal in the statistical literature)
of using p to represent the autoregressive order
of autoregressive and autoregressive-moving-
average random processes (both of which will be
discussed later in this note).

Typically three different specializations of
Eq. (67.1) are considered, along with two different
types of input signals, resulting in the six different
types of parametric models given in List 67.1. Some
texts, such as [1] and [2], carefully distinguish
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between models for determinstic signals (all-pole,
all-zero, and pole-zero) and models for stochastic
signals (autoregressive, moving-average, and auto-
regressive-moving-average), as we have done in
List 67.1. Other texts, especially some of the older
works like [3] or [4], categorize models as AR, MA,
or ARMA regardless of the signals that are meant
to be modeled or the nature of the input signals
used to drive the filters.

Although there is considerable overlap, different
mathematical tools and analysis techniques are as-
sociated with each of these six models. Parametric
modeling is best known for its role in modeling
stochastic signals, where it allows complicated sig-
nals to be characterized by the statistics of the input
noise and the coefficients of the filter.

In some cases, the parametric model’s ouput sig-
nal is the true goal of the effort, and the coeflicients
are merely a means to an end. Such cases can be
said to comprise the synthesis role of parametric
modeling, because the primary goal is to synthe-
size the output signal. An example of the synthe-
sis role would be a signal generator that produces a
signal with particular characteristics that might be
needed for testing some new DSP algorithm that is
separate and distinct from the parametric model it-
self. In the synthesis role, the filter coefficients often
are obtained from a mathematical specification of
either the desired output signal or the output sig-
nal’s autocorrelation sequence.

However, in many cases, the model’s filter coef-
ficients are themselves the true goal of the effort,
and the filter itself is never actually implemented.
Such cases can be said to comprise the analysis role
of parametric modeling. Many modern spectrum
estimation algorithms are based on taking the z-
transform of the coefficients from a parametric
model that has been fitted to a sequence of cap-
tured signal samples.

In parametric modeling, the filter coefficients are
obtained using specialized methods that are differ-
ent from the usual FIR and IIR design techniques.
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The methods discussed in this note are appropri-
ate for fitting models to signals for which either the
signal of interest or its autocorrelation sequence can
be specified mathematically over all time. This con-
dition typically exists for applications that use para-
metric modeling in its synthesis role. In cases where
knowledge about the signal is limited to a finite se-
quence of measured values, as it usually is in the the
analysis role, other techniques, such as those pre-
sented in Notes 69 through 71, must be used.

67.1 Pole-Zero and Autoregressive-
Moving-Average Models

The pole-zero filter is the most general of three fil-
ters with rational system functions that are com-
monly used for signal modeling. As shown in
Figure 67.2, a pole-zero filter has a portion that is
structured like a conventional FIR filter and a por-
tion that is structured like a conventional IIR filter.

The autoregressive-moving-average (ARMA)
model results from using a white noise source to
drive a pole-zero filter that has been designed to
produce an output signal having particular autocor-
relation properties. The ARMA model for the time
series x[n] is given by

x[n] = _iap[k]x[n —k]+ ibq[k]W[n =kl (67.6)

where w(n] is the input driving sequence. The first
summation in Eq. (67.6) is in the form of an IIR fil-
ter and constitutes the autoregressive portion of the
model. The second summation is in the form of an
FIR filter and constitutes the moving-average portion
of the model. When the input, w[n], is the unit sam-
ple, the corresponding system function has the form

Bz) ;bq[k]z_

A2 13 ke

H(z)= (677)
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Figure 67.2 Block diagram for a pole-zero filter

The a, in Eqgs. (67.6) and (67.7) are the auto-
regressive parameters, and the b, are the moving-
average parameters. The subscripts on a and b may
seem unnecessary in this context, but they are used
here for consistency with the notation used in the
generalized Levinson recursion in which each itera-
tion of the recursion increments the order of the
filter being estimated. The notation a,[n] represents
the nth AR coefficient for a filter having an auto-
regressive order of p. Similarly, b,[m] represents the
mth MA coefficient for a filter having a moving-
average order of q.

An ARMA model having p autoregressive pa-
rameters and g+1 moving-average parameters is
denoted as ARMA(p,q). The moving-average or-
der of an ARMA model equals the highest power
of z7! appearing in the denominator of the system
function. Likewise, the autoregressive order of an

ARMA model equals the highest power of z™! ap-
pearing in the numerator of the system function.
Thus an ARMA(p,q) model has g+1 moving-
average coefficients, but only p autoregressive coef-
ficients because there is no coefficient a,[0].

If the input is a white noise process, the output is a
wide-sense stationary random process known as an
autoregressive-moving-average process of order ( p, q).
The power spectral density of the ARMA process is
given by

PARMA (f) = To-vzw M‘

A(f)
X bk
"3 Klexp(j2

(67.8)

where ¢, is the variance of w[n] and T is the
sampling interval. If a particular signal can be
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adequately represented by an ARMA model that
is fitted to the signal, then the coefficients of the
model can be used in Eq. (67.8) to estimate the
PSD of the signal.

67.2 All-Pole and
Autoregressive Models

In its most common form, which is depicted in
Figure 67.1, autoregressive (AR) modeling involves
using an all-pole IIR filter driven by a white noise
source to produce an output signal having specified
autocorrelation properties. The AR model for the
time series, x[n], is given by

x[n)=bwln] - a,[klx[n—k] (67.9)

k=1

When the input, w[n], is the unit sample, the
corresponding system function has the form

by

H(z)= >
1+ a,[klz™

(67.10)

If the input driving sequence, w[n], is a white
noise process, the output is a wide-sense stationary
random process known as an autoregressive pro-
cess of order p. The power spectral density of the
AR( p) process, x[n], is given by

T|b, |2 ol

A (67.11)
_ Tlof o)

1+ 37, [Klexp(—j2m i) ‘2

PAR(f):

where 0,2 is the variance of w[n] and T is the sam-
pling interval.
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67.3 All-Zero and Moving-
Average Models

The moving-average (MA) model for the time series,
x[n], is given by

q
x[n]= qu[k]w[n —k] (67.12)
k=0
When the input, w[n], is the unit sample, the
corresponding system function has the form

1
H(z)=Y b [k]z™* (67.13)
k=0

If the input driving sequence, w[n], is a white
noise process, the output is a wide-sense stationary
random process known as a moving-average process
of order g. The power spectral density of the MA(q)
process, x[n], is given by

Pua(f) =T<73V\B(f)|2 (67.14)

2

=To? ibq[k]exp(— 2 mfk)
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Note 68

Autoregressive Signal Models

Many real-world signals can be modeled as autoregressive (AR) pro-
cesses. The properties of AR processes have led to the development
of numerous techniques for analyzing and characterizing of such sig-
nals. This note serves as an introduction to these techniques, which
are explored in subsequent notes.

An autoregressive process of order p (often de-
noted as an “AR(p) process”) can be gener-
ated using a p-stage all-pole filter driven by a white
noise source, as shown in Figure 68.1. The configu-
ration shown in the figure implements the differ-
ence equation (68.1) given in Math Box 68.1, and
is sometimes referred to as an autoregressive signal
model.

The AR model can be used in either a synthesis
role or an analysis role. In the synthesis role, the
model order p, the coefficients, b, and ap[k], and
the white noise variance, 0,7}, are all assumed to be
known, and the filter is used to generate the signal
sequence, x[n], recursively. An example of the syn-
thesis role is the implementation of a signal genera-
tor that produces a signal with particular statistical

P
Essential Facts

The autoregressive signal model consists of an all-
pole filter driven by a white noise source.

The Yule- Walker normal equations provide a crit-
ical link between the AR model parameters and
the autocorrelation sequence (ACS) that is used
to characterize the desired output of the model.

The matrix of autocorrelation values that appears
in the Yule-Walker equation is Toeplitz, and
therefore a computationally efficient technique
called the Levinson-Durbin recursion can be used
to solve for the coefficients ap[k].

When the AR signal model is used in a synthesis
role, the ACS values needed for the Yule-Walker
equations usually are specified directly by the de-
signer based on the theoretical ACS of the desired
model output.

When the AR signal model is used in an analysis
role, the ACS values needed for the Yule-Walker
equations usually are estimated from a sampled
segment of the signal being analyzed. Use of the
AR model in an analysis role is discussed further
in Notes 69 through 73.

2’1 o o o 2’1 z’1 [ €
a,[p] a,[p-1] a,[2] a,[1]
2

)

x[n]

>

bow[n] ,@

>

Figure 68.1 All-pole filter configured for generating an AR(p) process
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characteristics that might be needed for testing or
simulation purposes.

In the analysis role, a signal, x[n], is known for
some values of #, and is assumed to be an auto-
regressive signal. The problem is to find values for
ay[k] and o,} that yield the estimated signal

p
x{n]=bywln]—Y a,[k]x[n—k]
k=1

that is in some sense the “best” estimate for x[n].
In most cases where an AR signal model is used in
an analysis role, the model’s filter coefficients are
themselves the true goal of the effort, and the filter
itself is never actually implemented. For example,
Eq. (MB 68.3), given in Math Box 68.1, uses the fil-
ter coeflicients to estimate the power spectral den-
sity of an autoregressive signal.

68-2

Math Box 68.1

Equations for Characterizing
Autoregressive Processes

Difference Equation

x[n]=b,w[n] —iap[k]x[n—k] (MB 68.1)

System Function

by

H(z)= >
1+ a,[klz™*
k=1

Power Spectral Density

(MB 68 2)

T|b,| o? T|b,| o?
AR(f) - 2 2
|A(f)| ‘1+Zf=1ap[k]exp(—j27rﬂcT)‘
(MB 68 3)
- N
References

1. M.H.Hayes, Statistical Digital Signal Processing and

Modeling, Wiley, 1996.

2. N.Levinson, “The Wiener RMS (Root Mean Square)
Error Criterion in Filter Design and Prediction,” J. Math
Phys., vol. 25, 1947, pp. 261-278.

3. J.Durbin, “The Fitting of Time Series Models,” Rev. Inst.
Int. Statist., vol. 28, 1960, pp. 233-243.




Note 69

Fitting AR Models to Stochastic Signals:
The Yule-Walker Method

69-1

This note describes the Yule-Walker method for finding the
parameters needed to fit an autoregressive model to a finite
sequence of samples obtained from a stochastic signal. This
method is conceptually straightforward; it is based on the
simple idea of substituting an estimated autocorrelation se-
quence (ACS) for the true ACS in the Yule-Walker equations
that are presented in Note 68. Other methods for fitting an
AR model to a finite sequence of signal samples are present-
edin Notes 72 and 73.

he Yule-Walker method is a technique

for fitting an autoregressive model to a
stochastic signal that is assumed to be auto-
regressive, but where knowledge about the
signal is limited to a sequence of N samples,
x[0] through x[N—1]. The Yule-Walker
equations for an AR process are given as

Ra=-—r (69.1)
where
[ rlo]  rl-1] rl-p+1]
ro| "0 sl rl-p+2]
| nlp-1] r[p-2] r.[0]
a,[1] r[1]
I e
| a,[p] r.[p]

The Yule-Walker method is based on us-
ing estimated values for the autocorrelation
sequence (ACS) to populate the R matrix
in Eq. (69.1). Assuming that x[n] is known
only for N values x[0] through x[N —1], the

e )
Essential Facts

o The Yule-Walker method is based on
simply using estimated values of the ACS
to form the R matrix that appears in the
Yule-Walker equations.

o The R matrix that appears in the Yule-
Walker equation is Toeplitz, and there-
fore a computationally efficient technique
called the Levinson recursion can be used
to solve for the coefficients a,,.

o The Yule-Walker method does not perform
as well as the Burg method or other lattice-
based methods in situations where N, the
number of available samples, is small.

o The Yule-Walker method for auto-
regressive modeling of random processes
as described in the current topic is com-
putationally identical to the autocorrela-
tion method for all-pole modeling of de-
terministic signals described in Note 70.
Because of this equivalence, some authors
use the names autocorrelation and Yule-
Walker interchangeably, even though the
genesis of each approach is different.

estimated ACS values, r,[—p+1] through
r.[pl, can be obtained as

N-1-k
L * +k k>0
rlk]=4" Zo‘ Xlnladn &) (69.2)
Fo[—k] k<0

Because the matrix R is Toeplitz, the
Levinson recursion can be used, as shown in
Recipe 69.1, to solve for the coefficients a,,[1]
through a,[p].



69.1 About Recipe 69.1

Equation (69.3) is the biased estimate of the
ACS for finite N. The unbiased estimate is
the same, except for a normalizing factor of
1/(N — k) that replaces the factor of 1/N in
Eq. (69.3). Normally, it is preferable to use
unbiased rather than biased estimators, but
for values of k that approach the value of N,
the unbiased ACS estimator can produce
results where the autocorelation estimate at
lag zero is smaller than the estimate at one
or more non-zero lags. This result can some-
times lead to matrix equations that cannot
be solved [4]. Therefore, the biased ACS es-
timate is almost always the one used in the
Yule-Walker method.

Along the way to producing the coeffi-
cients, a,[i], for an AR( p) model, the Levin-
son recursion generates coeflicients for all
of the lesser-order models, AR(1) through
AR(p —1).

Fitting AR Models to Stochastic Signals: The Yule-Walker Method

Recipe 69.1

Yule-Walker Method Using the

Levinson Recursion

1. Use signal samples, x[0] through x[N-1],
to compute the sequence of autocorrela-
tion values, r,.[0] through r,[ p], as

1 N-1-k . (69 3)
rx[k]zﬁ ; x*[n)x[n+k] .
2. Initialize:
_ (1]
all= r.[0]

p, = (1—|a1[1]|2)rx[0]

3. For k=2,3,...,pin succession, compute

rlkl+ Y a, [mlr,lk—m]

k]=—
a,[k] p—1

a [il=a, [i]+a.(k]a;[k—i]

fori=1,2,...,k-1

A= (1-Ja kT') A,

4. The coefficients a,,[i] are the desired result.

-~
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Note 70

Fitting All-Pole Models to Deterministic
Signals: Autocorrelation Method

This note describes the autocorrelation method for finding the
parameters needed to fit an all-pole model to a finite sequence of
samples obtained from a deterministic signal. Although the genesis
of each method is different, the autocorrelation method is compua-
tationally identical to the Yule-Walker method described in Note 69.

he autocorrelation method is a technique for

fitting an all-pole model to a deterministic
signal that is assumed to be autoregressive, but
where knowledge about the signal is limited to a
sequence of N samples, x[0] through x[N —1]. This
technique is based on normal equations that result
from perfroming an error minimization over the
semi-infinite interval, 0 < », while assuming that
the data sequence equals zero for n <0 and for
n > N. Recipe 70.1 implements the autocorrelation
method by using the Levinson-Durbin recursion
to solve the normal equations that result from this
particular error-minimization strategy.

70.1 Background
The all-pole model has the form

L

x[n]= —zap[k]x[n - k] (70.1)

k=1

where the coefficients, a,[k], are selected to mini-
mize the error

E, = —Z‘e[n]r (70.2)
with

—x[n]+ a,[Kxln— K 703)

k=1

Evaluation of Eq. (70.2) calls for some values of
x[n] that fall outside of the known sequence, x[0]
through x[N-1]. In the autocorrelation method,
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e )
Essential Facts

o+ The autocorrelation method is derived by per-
forming an error minimization over the semi-in-
finite interval, 0 <#, but the data sequence, x[n],
is assumed to equal zero for n<0 and for n>N.

e Most authors claim that the autocorrelation
method is less accurate and exhibits poorer reso-
lution than the covariance method desribed in
Note 69. However, such claims are based on ob-
served performance and do not have strong theo-
retical support.

o The R matrix that appears in the Yule-Walker
equation is Toeplitz, and therefore a computa-
tionally efficient technique called the Levinson
recursion can be used to solve for the coefficients,
a,lk].

 Using the unbiased ACS estimate to form the R
matrix can result in matrix equations that can-
not be solved. Therefore, the biased ACS estimate
[Eq. (70.7)] is usually used in the autocorrelation
method.

o The autocorrelation method for all-pole model-
ing of deterministic signals as described in this
note is computationally identical to the Yule-
Walker method for autoregressive modeling
of random signals that is described in Note 69.
Because of this equivalence, some authors use
the names autocorrelation and Yule-Walker inter-
changeably, even though the genesis of each ap-
proach is different.

this difficulty is addressed by assuming that x[#n]
equals zero for n < 0 and for n > N. Under this as-
sumption, the normal equations become

p
Zap[k]x[n —-k]=-r[n] forn=0,1....,p (704
k=1
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where

rlk]= (70.5)
ri [~ k] k<0

In matrix form, the normal equations are

Ra=-r (70.6)
where
[ r,[0] r.[-1] r[-p+1]
R erO] erO] ) rx[—z:v+2]
rlp-1] rlp-2] r.10]
[ a,1] r.[1]
A ap:[2] e rx[.2]
[ a,[p] r.Lp]

70.2 About Recipe 70.1

Equation (70.7) is the biased estimate of the ACS
for finite N. The unbiased estimate is the same, ex-
cept for a normalizing factor of 1/(N — k) that re-
places the factor of 1/N. Normally, it is preferable
to use unbiased rather than biased estimators, but
for values of k that approach the value of N, the un-
biased ACS estimator can produce results where
the autocorelation estimate at lag zero is smaller
than the estimate at one or more non-zero lags.
This result can sometimes lead to matrix equations
that cannot be solved [4]. Therefore, the biased
ACS estimate is almost always the one used in the
autocorrelation method.

Along the way to producing the coefficients,
a,[i], for an AR(p) model, the Levinson recur-
sion generates coefficients for all of the lesser-order
models, AR(1) through AR(p —1).

Recipe 70.1

Autocorrelation Method Using the
Levinson Recursion

1. Use signal samples, x[0] through x[N-1], to
compute the sequence of autocorrelation values,
7;(0] through ,[p], as

1 N-1-k
T [k] = Z x'[n]x[n + k] (70.7)
N n=0
2. Initialize:
_ 0]
STy

p.=(1=|a 01 Jr (0]

3. Fork=2,3,...,pin succession, compute

B r.[k]+ Z:]ak_l [mlr [k—m]
Pi—1

ak[k] =

alil=a. lil+a[kla_[k—i] fori=1,2,..., k-1
P = (1_|ak[k]|2) Pia

4. The coefficients a,[i] are the desired result.
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Note 71

Fitting All-Pole Models to Deterministic
Signals: Covariance Method

This note describes the covariance method for finding the
parameters needed to fit an all-pole model to a finite se-
quence of samples obtained from a deterministic signal.

he covariance method is a technique

for fitting an all-pole model to a deter-
ministic signal that is assumed to be auto-
regressive, but where knowledge about the
signal is limited to a sequence of N samples,
x[0] through x[N—1]. This method is an
alternative to the autocorrelation method
described in Note 70. Rather than optimiz-
ing the total error over all non-negative n
and assuming that x[n] = 0 for n outside
the interval [0, n—1], as the autocorrela-
tion method does, the covariance method
is based on minimizing the error over only
those values of n for which the error can be
evaluated from the known data sequence
x[0], x[1], . . ., x[N—-1]. Under these con-
straints, the matrix appearing in the normal
equations is not Toeplitz, and consequently
the Levinson-Durbin recursion cannot be
used to solve for the coefficients, a,[k].

71.1 Background

In the autocorrelation method discussed in
Note 70, the error to be minimized is

E,= i|e[n]|2 (71.1)
n=0

where
P

eln]=x{n]+Y alklxn—k] (712

k=1

Ouitside of the range, 0 <n < N-1, the
value for x[n] is assumed to be zero. The

e )
Essential Facts

o The covariance method is derived by per-
forming an error minimization over the
finite interval, [0, N-1], for which the
data sequence is known.

o Most authors claim that the covariance
method is more accurate and offers bet-
ter resolution than the autocorrelation
method described in Note 70. However,
such claims are based on observed perfor-
mance and do not have strong theoretical
support.

o The inferior performance of the auto-
correlation method is usually explained as
being due to “end effects” resulting from
setting all unknown values of x[n] equal
to zero.

o Because the R matrix is not Toeplitz, solv-
ing for the coefficients, a,[k], using the
covariance method is more computation-
ally expensive than for the autocorrelation
method.

o In theory, the filter defined by the coef-
ficients, a,,, obtained from the covariance
method may be unstable, but this is rarely
encountered in practice.

 The covariance method is very similar to
the (modern) Prony method.

covariance method minimizes the error only
over the range of indices for which the nec-
essary values of x[n] are available. Comput-
ing e[n] for values of n less than p requires
values of x[n] for n less than zero; there-
fore the lower limit on the summation in
Eq. (71.1) must be changed to p. Similarly,



Fitting All-Pole Models to Deterministic Signals: Covariance Method

computing e[n] for n > N -1 requires values
of x[n] for n> N-1, so the upper limit on
the summation must be changed to N-1.
Under these constraints, the error to be min-
imized becomes

E, = Z|e[n]‘2 (71.3)

Using this criterion results in the normal
equations

Ra=—r (71.4)
where
r(L1] rL2] r[L,3] r.[L p] ]
rx[z’ 1] rx [27 2] rx[z’ 3] rx [2’ p]
rX

R=|r[31] [32] r[33] r.[3 p]

rlp 1]l rip.2] rip3l r.p, pl]

a,[p] [p.0]
and
1 N-1
r.lk,m]=—— ) x[n—m]x*[n—k]
_P n=p
(71.5)
fork=1,2,...,p
m=0,1,...,p

The matrix in Eq. (71.4) has the proper-
ties of a covariance matrix, but it is not re-
ally a covariance matrix according to the
usual definition. Nevertheless, in most of the
literature concerning linear prediction and
speech processing, this matrix is referred
to as a covariance matrix, and hence the
method using this matrix is called the covari-
ance method. The matrix is not Toeplitz, and
therefore the Levinson-Durbin recursion
cannot be used to solve for the coefficients
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Recipe 71.1

Solving the Covariance Normal Equations
Using the Cholesky Decomposition

All values of r,[i, j] needed for this recipe are com-
puted using

1. Decompose the R matrix as R = LDL*
(a) Initialize d,=r,[1, 1].

(b) Fori=2,3,...,pin succession, compute
I = rAZ,ll for j=1
lg—r"g:}] forj=2,3,...,i—

¢=um—iéhr
k=1

2. Compute y as follows.
(a) Initialize y, = r,[1, 0].

(b) Fork=2,3,...,pin succession, compute

k-1
¥ =1.[k,0]— Zlkjyj
j=1

3. Solve for a as follows.

(a) Initialize

(b) Fork=p-1,p-1,...,1 in succession, com-

pute ﬁ jyk .

j=k+l




a,k]. However, the matrix is Hermitian
(conjugate symmetric), so Eq. (71.4) can
be solved using Cholesky decomposition,
which imposes a computational burden that

is about half that of Gaussian elimination.

71.2 Notes Regarding Recipe 71.1

Morf, et al. [2] have shown that the form of
the R matrix in Eq. (71.4) is the product of
two non-square Toeplitz matrices, and that
this fact can be exploited to devise an inver-
sion algorithm that is not as efficient as the
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Levinson-Durbin recursion, but is more ef-
ficient than Cholesky decomposition.
Alternative derivations of similar algo-
rithms are provided by McClellan in [3] and
by Marple in [4] and [5]. The phrase “FIR
System Identification” might make the title
of Marple’s paper [4] seem unrelated to the
problem of estimating coefficients for an IIR
filter in an AR model. However, as discussed
in Note 70, there is an equivalence between
an FIR filter used for linear prediction and an
IIR filter used for autoregressive modeling.

. A
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Note 72

Autoregressive Processes and
Linear Prediction Analysis

Linear prediction is a topic that is closely related
to the generation of an autoregressive (AR)
process. Techniques developed for linear predic-
tion yield results that can be used in autoregressive
modeling. Forward linear prediction estimates the
value of the sample, x[n], as a weighted combina-
tion of the m previously observed samples, x[n—1]
through x[n—m]

== ! [klx{n—k]

k=1

&f

%ln] (72.1)
where the “hat” notation is used to distiguish es-
timated values, and the superscript f is used to
indicate forward prediction. An FIR filter corre-
sponding to Eq. (72.1) is shown in Figure 72.1. Of

x[n]

al ] al[2]

course, when the estimated sequence, %), [n] ,
is compared to the observed sequence, x[#n],
there are, in general, some nonzero errors,
e/ [n), given by

e} [n]=x{n]—x}[n] 7122
Combining Eqgs. (72.1) and (72.2) yields

f[n]—x[n +Za x[n—k] (723)

which corresponds to the FIR prediction er-
ror filter shown in Figure 72.2. Rearranging
terms in (72.3) yields

x[n]=—|:2a x[n— k]+ef[n] (72.4)
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ajlm-11 | &’ [m]

x"[n]

ROk

Figure 72.1 Linear prediction filter
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Figure 72.2 Prediction error filter
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The algebraic structure of Eq. (72.4)
is identical to the algebraic structure
of the difference equation

P
x[n]= —[Zap[k]x[n —k]} +bwlnl (735

which is used in Note 68 to define an
AR process. Equation (72.5) corre-
sponds to the all-pole IIR filter shown
in Figure 72.3. It might seem odd that
of two equations having identical alge-
braic structures, one represents an FIR
filter and one represents an IIR filter.
The critical difference is the reversed
role of inputs and outputs between the
two filters. In Eq. (72.3), x[n] repre-
sents the input, and the noise-like pro-
cess, ei [n], represents the output. In
Eq. (72.5), x[n] represents the output,
and the noise process, bow[n], repre-
sents the input. In a sense, the two fil-
ters can be viewed as inverses of each
other. If the filter defined by Eq. (72.5)
is used to generate an AR( p) process,
and this process is used as input to Eq.
(72.3), with m set equal to p, and 4/ [k]
set equal to a,[k] for each value of k
from 1 through p, the resulting error
sequence ¢/ [n] exactly equals the driv-
ing sequence, bow[n]. The prediction
filter “undoes” the work done by the
AR process generator, thereby obtain-
ing the original driving sequence as
the end result. However, if the input
to Eq. (72.3) is not an AR( p) process,
then the error, e,fn[n], is not, in general,
a white process.

Backward linear prediction esti-
mates the value of the sample, x[n],
as a weighted combination of the m

Notes on Digital Signal Processing

aylpl a,lp-1]

a,[2] ap[1]

N x[n]
byw[n] z >
Figure 72.3 All-pole filter for generating an AR(p) process
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Figure 72.4 Linear prediction error filter
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Figure 72.5 Lattice implementation for linear prediction error filter



Autoregressive Processes and Linear Prediction Analysis

Recipe 72.1

Generating Prediction-error-filter Tap
Weights and Reflection Coefficients
for the Corresponding Lattice

1. Tnitialize: "
.
=a[l]==2% (72.8)
K, =a[1] - [0]
p = (l—l K.Iz)fu[O] (72.9)

2. Form=2,3,... Min succession compute

rml+ 3 a, [k, m—k]

k = (72.10)
prn—l
a lil=a,_[il+x, a,,[m—k]
k=12,..,m-1
(72.11)
a,[ml=k, (72.12)

o, :(1—|km|2) o (213)

Recipe 72.2

Computing Prediction-error-filter
Tap Weights from Reflection
Coefficients for the Corresponding
Lattice

The reflection coefficients, 3, k3, . . ., k,,, and
the ACS value at lag zero, r,,[0], are known.

1. Initialize:
a[ll=x, (72.14)
2. For m=2, 3,..., M in succession,
compute
a [kl=a,  [k]+x,a,_ [m—k]
k=12,...m-1
(72.15)

X (72.16)

m

a,[m]

subsequently observed samples, x[n+1]
through x[n + m]:

m

xp[n)== ay[k]x{n—k] (726)

k=1

For any given sequence, x[#], and estima-
tion order, m, the set of forward coefficients,
a![k], that minimizes the variance of ¢/[n],
and the set of backward coefficients, af; [k]»
that minimizes the variance of ¢’ [n] are re-
lated via complex conjugation:

ab (k] = (al[K]) 27)

Furthermore, the minimized variance of
e/ [n] equals the minimized variance of ¢’ [n].
Figure 72.4 shows a dual-output FIR filter
that generates both the forward and back-
ward prediction errors. It can be shown [5]

that such a prediction error filter also can be

Recipe 72.3

Inverse Levinson Recursion for
Computing Reflection Coefficients
from the Prediction-error-filter Tap
Weights

Tap weights, a,[1], a,[2],..., a,[M], are
known.

1. Initialize:

K, =d,[m] {72.17)
2. For m= M, M-1,..., 2 in succession
compute
a [k]-x a.[m-k
A A
1-|x,|
k=12,...m—-1
(72.18)
K, =a, [m=1] (72.19)
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implemented as a lattice of the form shown in
Figure 72.5. The lattice implementation tends
to be more tolerant of quantization and
roundoft.

A prediction error filter of order M is
completely specified by either the set of tap
weights, a [k] for k = 1, 2,..., M, or by the
set of reflection coeflicients, «,,for k = 1,
2,..., M, plus input variance, r,,[0]. Based
on the relationships between these alterna-
tive specifications, there are four possible
analysis scenarios.

1. The ACS of the input process is either
known or able to be estimated for lags
0 through M, and the requirement is to
compute the set of tap weights, a, [1],
a,[2],...,a,[M], for a prediction filter of
order M.

2. The ACS of the input process is either
known or able to be estimated for lags
0 through M, and the requirement is to
compute the set of reflection coefficients,

Kis Koy o5 K,
3. The reflection coeflicients xi, %»,..., "
are known, and the ACS of the input

Notes on Digital Signal Processing

process is known for lag zero. The require-
ment is to compute the set of tap weights,
a, 1], a,[2],..., a,[M] for a prediction
filter of order M.

4. The set of tap weights, a [1], a [2],...,
a,[M], for a prediction filter of order M
is known, and the requirement is to com-
pute the corresponding set of reflection

coefficients, x1, K, . . ., Ky -

The first two scenarios are handled by
Recipe 72.1. For the third scenario, where
the coefficients are known, Recipe 72.1 can
be simplified to obtain Recipe 72.2.

For the fourth scenario, in which the tap
weights of the Mth order prediction error
filter are known, it is necessary to use the
inverse form of the Levinson recursion to
compute the tap weights for the prediction
error filters of orders M — 1, M -2, ... 1. The
reflection coefficients are then obtained as

This approach for handling the fourth
scenario is implemented in Recipe 72.3.

p
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Note 73

Estimating Coefficients for Autoregressive
Models: Burg Algorithm

he Burg algorithm [1, 2] is a tech-
nique for fitting an AR model to a sig-
nal that is represented by a sequence of N
measured samples, x[0] through x[N-1].
What sets the Burg method apart from
other techniques for estimating AR model
parameters are the assumptions made
about signal values x[n] for n > 0 and for
n = N. The autocorrelation method de-
scribed in Note 70 assumes that unknown
values of x[n] are zero. The covariance
method described in Note 71 makes no
assumptions about unknown values for
x[n], but uses an optimization strategy
that is structured to use only the N mea-
sured values. FFT-based methods assume
the same periodic extension of values that
is implicit in the DFT. The Burg method
does not make any upfront assumptions
about the unknown values for x[n], but
instead adopts values that do not add any
information or entropy to the signal. For
this reason, Burg’s method is sometimes
called the maximum entropy method
(MEM), and spectrum analysis using
Burg’s method is sometimes called maxi-
mum entropy spectrum analysis (MESA).
The strategy of the algorithm is to char-
acterize the AR model in terms of reflec-
tion coefficients for the equivalent lattice
filter implementation. The Burg method is
distinguished from other methods using
a similar strategy by the optimization cri-
teria used in estimating the coefficients. In
Burgs method, the reflection coefficients
are computed sequentially using a variant of

e N
Essential Facts

o Like other lattice-based algorithms for fit-
ting all-pole models, the Burg algorithm
works directly with the signal’s sample
values. For short signal segments, algo-
rithms using this direct approach tend
to perform better than non-lattice algo-
rithms that must explicitly estimate values
in the signal’s autocorrelation sequence.

o The Burg algorithm can be implemented
efficiently using a modified form of the
Levinson recursion.

o AR spectral estimates produced using co-
efficients obtained via the Burg algorithm
have been known to exhibit some anoma-
lous behaviors such as spurious spectral
lines, line-splitting, and phase-dependent
frequency shifting of some spectral lines.

o There are several techniques for mitigat-
ing the anomalous behaviors, but these
techniques can significantly reduce the

implementation efficiency.

the Levinson recursion to minimize, at each
stage, the sum of the forward and backward
prediction error powers.

Specifically, the Burg algorithm computes
the reflection coefficient, x;, as

N-1 .
-2 z e,{_l[n]ek_1 [n—1]

= n=k (73.1)
A Nf(\e{l[n]f +lety -1 )
n=k
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Recipe 73.1

Burg Algorithm for AR Coefficient
Estimation

1. Initialize:

N

N-1
Po = X Jxlnl
n=0
el[n]=el \[n+x.el [n-1] n=k+1,k+2,..,N-1
enl=e_ [n-1]+xrel,[n] n=kk+1,..,N=-2

2. Fork=1,2,...,pcompute

N-1
_zze{-] [ﬂ]eﬁll [n—1]
K= N-1 2k 2 B
3 et +fetn-11)
o =(1-[ [ ) i
. ﬂ,‘_i[i]+Kka;71[k—i] i=1,2,.., k-1
alil= .
K i=k

el[n)=el [n]+x.e [n-1] n=k+1,k+2,.,N-1

ein)=e, [n—-1+xiel,[n] n=kk+1,..,N-2

3. The coefficients «; for k=1, 2, ..., p are the de-
sired result for a lattice filter implementation.
The coefficients a,[i] for i=1, 2, ..., p are the
desired result for an IIR implementaion.

Notes on Digital Signal Processing

where the forward estimation error and
backward estimation error at each stage are
obtained from results of the prior stage as

e,{[n]:ekf ([n]+ Kke,}z n—1]
e,i’[n] = e,f,l[n —1]+ x};ekf_l[n]

Assuming that values for x, x,, . . ., K;_,
have been selected and remain fixed, the
value for x, computed by Eq. (73.1) mini-
mizes the stage k error, which is given by

N-1 s 5 N-1 b 5
E, = Z‘em[”]‘ + Z‘ekq[”l]‘
n=k n=k

Derivations showing that coefficients
computed by Eq. (73.1) do in fact minimize
E, can be found in [3] and [4].

Using the reflection coefficients obtained
from Eq. (73.1), the coefficients for an AR
filter implementation can be obtained recur-
sively (in model order) as

) a, i+ K. [k—1i] i<k
alil= (73.2)

K, i=k

where k denotes the model order, and i is the
delay index of the particular coefficient. A
filter constructed using these coeffcients will
be both stable and minimum-phase.

The complete Burg algorithm is provided
in Recipe 73.1.
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It has been observed [5] that AR spectra
produced using the Burg algorithm some-
times exhibit line splitting, a phenomenon
in which a signal component at a single fre-
quency gives rise to spectral lines at several
closely-spaced but distinct frequencies. Line
splitting is most likely to occur under the
following conditions:

Line Splitting

1. The signal-to-noise ratio (SNR) is high.

2. The initial phase of sinusoidal signal
component(s) is an odd multiple of m/4.

3. The signal segment used for estimating
the AR coeflicients contains an odd num-
ber of quarter cycles for sinusoidal signal
components.

4. The number of AR coefficients being esti-
mated is a large fraction of the number of
samples in the signal segment being used
for estimating the AR coefficients.

Estimating Coefficients for Autoregressive Models: Burg Algorithm

-~
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DTFT. See Discrete-time Fourier transform (DTFT).
Duality property in Fourier transform, 11-3
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