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Introduction

While preparing this book for publication, we had in mind three objectives: (1) to make
available, in a handy format, tables of areas, percentiles and critical values for current
applications of inferential statistics; (2) to provide, for each table, clear and sufficient guidelines
as to their correct use and interpretation; and (3) to present the mathematical basis for the
interested reader, together with the recipes and computational algorithms that were used to
produce the tables. As for our first objective, the reader will find several "classical”" tables of
distributions like those of the normal law, Student’s ¢, Chi-square and F of Fisher-Snedecor. All
values have been re-computed, occasionnaly with our own algorithms; if our values should
disagree with older ones, ours should prevail! Moreover, many other tables are new or made
available for the first time; let us mention those of centiles for the E? statistic concerning non-
linear monotonic variation in analysis of variance (ANOVA), of coefficients for the reconversion
of orthogonal polynomials, and an extensive set of critical values for the binomial and the
number-of-runs distributions. To meet our second objective, we provide, for each distribution,
a section on how to read off and use appropriate values in the tables, and another one with
illustrative examples. Supplementary examples are presented in a separate section, thus covering
most common situations in the realm of significance testing procedures. Finally, our third
objective required us to compile more or less scattered and ill-known published documents on
the origins, properties and computational algorithms (exact or approximate) for each selected
distribution or probability law. For the most important distributions (normal, xz, t, F, binomial,
random numbers), we present computer algorithms that efficiently generate pseudo random values
with chosen characteristics. The reader should benefit from our compiled information and results,
as we have tried to render them in the simplest and most easy-to-use fashion.

vii



viil Statistical tables explained and applied

The selection of our set of tabled statistical distributions (there are many more) has
been partly dictated by the practice of ANOVA. Thus, statistics like Hartley’s F,, and Cochran’s
C are often used for assessing the equality of variance assumption generally required for a valid
significance test with the F-ratio distribution. Also, Dunn-Sid4k’s ¢ test, Studentized range g
statistic, the E? statistic and orthogonal polynomials all serve for comparing means in the context
of ANOVA or in its sequel. Apart from Winer’s classic Statistical principles in experimental
design (McGraw-Hill 1971, 1991), we refer the reader to Hochberg and Tamhane’s (Wiley, 1987)
treatise on that topic.

Briefly, our suggestion for the interpretation of effects in ANOVA is a function of the
research hypotheses on the effects of the independent variable (I.V.). We distinguish two global
settings:

1) If there are no specific or directional hypotheses on the effects of
the LV., the global F test for main effect may suffice. When significant at
the prescribed level, that test indicates that the I.V. succeeded in bringing
up real modifications in the measured phenomenon.

Should we want a detailed analysis of the effects of 1.V., we may
compare means pairwise according to the levels of 1.V.: the usually
recommended procedure for this is the HSD test of Tukey; some may
prefer the less conservative Newman-Keuls approach. If the wished-for
comparisons extend beyond the mean vs. mean format to include linear
combinations of means (i.e. group of means vs. group of means), Scheffé’s
procedure and criterion may be called for, based on the F distribution.

2) If planned or pre-determined comparisons are in order, justified by
specific or directional research hypotheses or by the structure of the L.V.,
the test to be applied depends on such structure and/or hypotheses. For
comparing one level of LV. (e.g. mean X}) to every other level (e.g. X,
X,, ..., X4_1), Dunnett’s ¢ test may be used. To verify that a given power
of the 1.V. (or regressor variable) has a linear influence on the dependent
(or measured) variable, orthogonal polynomials analysis is well suited,
except when the research hypothesis does not specify a particular function
or the I.V. is not metric, in which cases tests on monotonic variation,
using6 the E? statistic, may be applied. On the other hand, if specific
hypotheses concern only a subset of parwise comparisons, an appropriate
procedure is Dunn-Sidak’s ¢ test [akin to the Bonferroni probability criterion].



Introduction ix

Such simple rules as those given above cannot serve to cope adequately with every special case
or situation that one encounters in the practice of ANOVA. Controversial as they may be, we
propose these rules as a starting point to help clarify and make better the criteria and procedures
by which means are to be compared in ANOVA designs.

The "Mathematical complements”, at the end of the book, is in fact a short dictionnary
of concepts and methods, statistical as well as mathematical, that appear in the distribution
sections. The purpose of the book being mostly utilitarian, we limit ourselves to the presentation
of the main results, theorems and conclusions without algebraic demonstration or proof. However,
as one may read in some mathematical textbooks, "the reader may easily verify that..."

Common abbreviations and notations

d.f. distribution function (of r.v. X), also denoted P(x)
df degrees of freedom (of a statistic), related to parameter v in some p.d.f.
E(X) mathematical expectation (or mean) of r.v. X, relative to some p.d.f.
e Euler’s constant, defined by e = 1 + % + % + ... =~ 2.7183
exp(x) value of e (e ~ 2.7183) to the x™ power, or &*
In natural (or Napierian) logarithm
p.d.f. probability density function (of r.v. X), also denoted p(x)
p-m.f. probability mass function (of X, a discrete r.v.), also denoted p(x)
s usually, area of the unit circle (n ~ 3.1416). May also designate the true

probability of success in a trial, in binomial (or Bernoulli) sampling.
I.V. random variable, random variate
s.d. standard deviation (s or sy for a sample, ¢ or oy for a population or p.d.f.)

var variance, usually population variance (c?)
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v Graphical representations
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Normal distribution

Values of the standard normal distribution function (integral), P(z) (table 1)

z +.000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 +.009

0.00 50000 50040 50080 50120 50160 50199 50239 50279 50319 50359
0.01 50399 50439 50479 50519 50559 50598 50638 50678 50718 50758
0.02 50798 50838 50878 50917 50957 50997 51037 51077 51117 51157
0.03 51197 51237 51276 51316 51356 51396 51436 51476 51516 51555
0.04 51595 51635 51675 51715 51755 51795 51834 51874 51914 51954

0.05 51994 52034 52074 52113 52153 52193 52233 52273 52313 52352
0.06 52392 52432 52472 52512 52551 52591 52631 52671 52711 52751
0.07 52790 52830 52870 52910 52949 52989 53029 53069 53109 53148
0.08 53188 53228 53268 53307 53347 53387 53427 53466 53506 53546
0.09 53586 53625 53665 53705 53745 53784 53824 53864 53903 53943

0.10 53983 54022 54062 54102 54142 54181 54221 54261 54300 54340
0.11 54380 54419 54459 54498 54538 54578 54617 54657 54697 54736
0.12 54776 54815 54855 54895 54934 54974 55013 55053 55093 55132
0.13 55172 55211 55251 55290 55330 55369 55409 55448 55488 55527
0.14 55567 55607 55646 55685 55725 55764 55804 55843 55883 55922

0.15 55962 56001 56041 56080 56120 56159 56198 56238 56277 56317
0.16 56356 56395 56435 56474 56513 56553 56592 56631 56671 56710
0.17 56749 56789 56828 56867 56907 56946 56985 57025 57064 57103
0.18 57142 57182 57221 57260 57299 57339 57378 57417 57456 57495
0.19 57535 57574 57613 57652 57691 57730 57769 57809 57848 57887

0.20 57926 57965 58004 58043 58082 58121 58160 58200 58239 58278
0.21 58317 58356 58395 58434 58473 58512 58551 58590 58629 58667
0.22 58706 58745 58784 58823 58862 58901 58940 58979 59018 59057
0.23 59095 59134 59173 59212 59251 59290 59328 59367 59406 59445
0.24 59483 59522 59561 59600 59638 59677 59716 59755 59793 59832

0.25 59871 59909 59948 59987 60025 60064 60102 60141 60180 60218
0.26 60257 60295 60334 60372 60411 60450 60488 60527 60565 60604
0.27 60642 60680 60719 60757 60796 60834 60873 60911 60949 60988
0.28 61026 61064 61103 61141 61179 61218 61256 61294 61333 61371
0.29 61409 61447 61486 61524 61562 61600 61638 61677 61715 61753

030 61791 61829 61867 61906 61944 61982 62020 62058 62096 62134
031 62172 62210 62248 62286 62324 62362 62400 62438 62476 62514
0.32 62552 62589 62627 62665 62703 62741 62779 62817 62854 62892
0.33 62930 62968 63006 63043 63081 63119 63156 63194 63232 63270
0.34 63307 63345 63382 63420 63458 63495 63533 63570 63608 63646

0.35 63683 63721 63758 63796 63833 63871 63908 63945 63983 64020
0.36 64058 64095 64132 64170 64207 64244 64282 64319 64356 64394
0.37 64431 64468 64505 64543 64580 64617 64654 64691 64728 64766
0.38 64803 64840 64877 64914 64951 64988 65025 65062 65099 65136
0.39 65173 65210 65247 65284 65321 65358 65395 65432 65468 65505

0.40 65542 65579 65616 65653 65689 65726 65763 65800 65836 65873
0.41 65910 65946 65983 66020 66056 66093 66129 66166 66203 66239
0.42 66276 66312 66349 66385 66422 66458 66495 66531 66567 66604
0.43 66640 66677 66713 66749 66786 66822 66858 66894 66931 66967
0.44 67003 67039 67076 67112 67148 67184 67220 67256 67292 67328

0.45 67364 67401 67437 67473 67509 67545 67581 67616 67652 67688
046 67724 67760 67796 67832 67868 67903 67939 67975 68011 68047
0.47 68082 68118 68154 68189 68225 68261 68296 68332 68367 68403
0.48 068439 68474 68510 68545 68581 68616 68652 68687 68723 68758
0.49 68793 68829 68864 68899 68935 68970 69005 69041 69076 69111




Statistical tables explained and applied

Values of the standard normal distribution function (integral), P(z) (table 1, cont.)

z  +0.000 +0.001 +0.002 +0.003 +0.004 +0.005 +0.006 +0.007 +0.008 +0.009

0.50 69146 69181 69217 69252 69287 69322 69357 69392 69427 69462
0.51 69497 69532 69567 69602 69637 69672 69707 69742 69777 69812
0.52 69847 69882 69916 69951 69986 70021 70056 70090 70125 70160
0.53 70194 70229 70264 70298 70333 70368 70402 70437 70471 70506
0.54 70540 70575 70609 70644 70678 70712 70747 70781 70815 70850

0.55 70884 70918 70953 70987 71021 71055 71089 71124 71158 71192
0.56 71226 71260 71294 71328 71362 71396 71430 71464 71498 71532
0.57 71566 71600 71634 71668 71702 71735 71769 71803 71837 71871
0.58 71904 71938 71972 72005 72039 72073 72106 72140 72173 72207
0.59 72240 72274 72307 72341 72374 72408 72441 72475 72508 72541

0.60 72575 72608 72641 72675 72708 72741 72774 72807 72841 72874
0.61 72907 72940 72973 73006 73039 73072 73105 73138 73171 73204
0.62 73237 73270 73303 73336 73369 73401 73434 73467 73500 73533
0.63 73565 73598 73631 73663 73696 73729 73761 73794 73826 73859
0.64 73891 73924 73956 73989 74021 74054 74086 74118 74151 74183

0.65 74215 74248 74280 74312 74344 74377 74409 74441 74473 74505
0.66 74537 74569 74601 74633 74665 74697 74729 74761 74793 74825
0.67 74857 74889 74921 74953 74984 75016 75048 75080 75111 75143
0.68 75175 75206 75238 75270 75301 75333 75364 75396 75427 75459
0.69 75490 75522 75553 75585 75616 75647 75679 75710 75741 75772

0.70 75804 75835 75866 75897 75928 75959 75991 76022 76053 76084
0.71 76115 76146 76177 76208 76239 76270 76300 76331 76362 76393
0.72 76424 76455 76485 76516 76547 76577 76608 76639 76669 76700
0.73 76730 76761 76792 76822 76853 76883 76913 76944 76974 77005
0.74 77035 77065 77096 77126 77156 77186 77217 77247 77277 77307

0.75 77337 77367 77397 77428 77458 77488 77518 77548 77577 77607
0.76 77637 77667 77697 77727 77757 77786 77816 77846 77876 77905
0.77 77935 77965 77994 78024 78053 78083 78113 78142 78172 78201
0.78 78230 78260 78289 78319 78348 78377 78407 78436 78465 78494
0.79 78524 78553 78582 78611 78640 78669 78698 78727 78756 78785

0.80 78814 78843 78872 78901 78930 78959 78988 79017 79045 79074
0.81 79103 79132 79160 79189 79218 79246 79275 79304 79332 79361
0.82 79389 79418 79446 79475 79503 79531 79560 79588 79616 79645
0.83 79673 79701 79730 79758 79786 79814 79842 79870 79898 79927
0.84 79955 79983 80011 80039 80067 80094 80122 80150 80178 80206

0.85 80234 80262 80289 80317 80345 80372 80400 80428 80455 80483
0.86 80511 80538 80566 80593 80621 80648 80675 80703 80730 80758
0.87 80785 80812 80840 80867 80894 80921 80948 80976 81003 81030
0.88 81057 81084 81111 81138 81165 81192 81219 81246 81273 81300
0.89 81327 81354 81380 81407 81434 81461 81487 81514 81541 81567

090 81594 81621 81647 81674 81700 81727 81753 81780 81806 81832
0.91 81859 81885 81912 81938 81964 81990 82017 82043 82069 82095
092 82121 82147 82174 82200 82226 82252 82278 82304 82330 82356
0.93 82381 82407 82433 82459 82485 82511 82536 82562 82588 82613
094 82639 82665 82690 82716 82742 82767 82793 82818 82844 82869

095 82894 82920 82945 82970 82996 83021 83046 83072 83097 83122
096 83147 83172 83198 83223 83248 83273 83298 83323 83348 83373
0.97 83398 83423 83447 83472 83497 83522 83547 83572 83596 83621
098 83646 83670 83695 83720 83744 83769 83793 83818 83842 83867
0.99 83891 83916 83940 83965 83989 84013 84037 84062 84086 84110




Normal distribution

Values of the standard normal distribution function (integral), P(z) (table 1, cont.)

z +.000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 +.009

1.00 84134 84159 84183 84207 84231 84255 84279 84303 84327 84351
1.01 84375 84399 84423 84447 84471 84495 84519 84542 84566 84590
1.02 84614 84637 84661 84685 84708 84732 84755 84779 84803 84826
1.03 84849 84873 84896 84920 84943 84967 84990 85013 85036 85060
1.04 85083 85106 85129 85153 85176 85199 85222 85245 85268 85291

1.05 85314 85337 85360 85383 85406 85429 85452 85474 85497 85520
1.06 85543 85566 85588 85611 85634 85656 85679 85701 85724 85747
1.07 85769 85792 85814 85836 85859 85881 85904 85926 85948 85971
1.08 85993 86015 86037 86060 86082 86104 86126 86148 86170 86192
1.09 86214 86236 86258 86280 86302 86324 86346 86368 86390 86412

1.10 86433 86455 86477 86499 86520 86542 86564 86585 86607 86628
1.11 86650 86672 86693 86715 86736 86757 86779 86800 86822 86843
1.12 86864 86886 86907 86928 86949 86971 86992 87013 87034 87055
1.13 87076 87097 87118 87139 87160 87181 87202 87223 87244 87265
1.14 87286 87307 87327 87348 87369 87390 87410 87431 87452 87472

1.15 87493 87513 87534 87554 87575 87595 87616 87636 87657 87677
1.16 87698 87718 87738 87759 87779 87799 87819 87839 87860 87880
1.17 87900 87920 87940 87960 87980 88000 88020 88040 88060 88080
1.18 88100 88120 88140 88160 88179 88199 88219 88239 88258 88278
1.19 88298 88317 88337 88357 88376 88396 88415 88435 88454 88474

1.20 88493 88512 88532 88551 88571 88590 88609 88628 88648 88667
1.21 88686 88705 88724 88744 88763 88782 88801 88820 88839 88858
1.22 88877 88896 88915 88934 88952 88971 88990 89009 89028 89046
1.23 89065 89084 89103 89121 89140 89158 89177 89196 89214 89233
1.24 89251 89270 89288 89307 89325 89343 89362 89380 89398 89417

1.25 89435 89453 89472 89490 89508 89526 89544 89562 89580 89598
1.26 89617 89635 89653 89671 89688 89706 89724 89742 89760 89778
1.27 89796 89814 89831 89849 89867 89885 89902 89920 89938 89955
1.28 89973 89990 90008 90025 90043 90060 90078 90095 90113 90130
1.29 90147 90165 90182 90199 90217 90234 90251 90268 90286 90303

1.30 90320 90337 90354 90371 90388 90405 90422 90439 90456 90473
1.31 90490 90507 90524 90541 90558 90575 90591 90608 90625 90642
1.32 90658 90675 90692 90708 90725 90741 90758 90775 90791 90808
1.33 90824 90841 90857 90873 90890 90906 90923 90939 90955 90971
1.34 90988 91004 91020 91036 91053 91069 91085 91101 91117 91133

1.35 91149 91165 91181 91197 91213 91229 91245 91261 91277 91293
1.36 91309 91324 91340 91356 91372 91387 91403 91419 91434 91450
1.37 91466 91481 91497 91512 91528 91543 91559 91574 91590 91605
1.38 91621 91636 91651 91667 91682 91697 91713 91728 91743 91758
1.39 91774 91789 91804 91819 91834 91849 91864 91879 91894 91909

1.40 91924 91939 91954 91969 91984 91999 92014 92029 92043 92058
1.41 92073 92088 92103 92117 92132 92147 92161 92176 92190 92205
1.42 92220 92234 92249 92263 92278 92292 92307 92321 92335 92350
1.43 92364 92378 92393 92407 92421 92436 92450 92464 92478 92492
1.44 92507 92521 92535 92549 92563 92577 92591 92605 92619 92633

1.45 92647 92661 92675 92689 92703 92717 92730 92744 92758 92772
1.46 92785 92799 92813 92827 92840 92854 92868 92881 92895 92908
1.47 92922 92935 92949 92962 92976 92989 93003 93016 93030 93043
1.48 93056 93070 93083 93096 93110 93123 93136 93149 93162 93176
1.49 93189 93202 93215 93228 93241 93254 93267 93280 93293 93306
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Values of the standard normal distribution function (integral), P(z) (table 1, cont.)

z +.000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 +.009

1.50 93319 93332 93345 93358 93371 93384 93397 93409 93422 93435
1.51 93448 93461 93473 93486 93499 93511 93524 93537 93549 93562
1.52 93574 93587 93600 93612 93625 93637 93650 93662 93674 93687
1.53 93699 93712 93724 93736 93749 93761 93773 93785 93798 93810
1.54 93822 93834 93846 93858 93871 93883 93895 93907 93919 93931

1.55 93943 93955 93967 93979 93991 94003 94015 94026 94038 94050
1.56 94062 94074 94086 94097 94109 94121 94133 94144 94156 94168
1.57 94179 94191 94202 94214 94226 94237 94249 94260 94272 94283
1.58 94295 94306 94318 94329 94340 94352 94363 94374 94386 94397
1.59 94408 94420 94431 94442 94453 94464 94476 94487 94498 94509

1.60 94520 94531 94542 94553 94564 94575 94586 94597 94608 94619
1.61 94630 94641 94652 94663 94674 94684 94695 94706 94717 94728
1.62 94738 94749 94760 94771 94781 94792 94803 94813 94824 94834
1.63 94845 94855 94866 94877 94887 94898 94908 94918 94929 94939
1.64 94950 94960 94970 94981 94991 95002 95012 95022 95032 95043

1.65 95053 95063 95073 95083 95094 65104 95114 95124 95134 95144
1.66 95154 95164 95174 95184 95194 95204 95214 95224 95234 95244
1.67 95254 95264 95274 95284 965293 95303 95313 95323 95333 95342
1.68 95352 05362 95372 95381 95391 95401 95410 95420 95429 95439
1.69 95449 95458 95468 95477 95487 95496 95506 95515 95525 95534

1.70 95543 95553 95562 95572 95581 95590 95600 95609 95618 95627
1.71 95637 95646 95655 95664 95674 95683 95692 95701 95710 95719
1.72 95728 95737 95747 95756 95765 95774 95783 95792 95801 95810
1.73 95818 95827 95836 95845 95854 95863 95872 95881 95889 95898
1.74 95907 95916 95925 95933 95942 95951 95959 95968 95977 95985

1.75 95994 96003 96011 96020 96028 96037 96046 96054 96063 96071
1.76 96080 96088 96097 96105 96113 96122 96130 96139 96147 96155
1.77 96164 96172 96180 96189 96197 96205 96213 96222 96230 96238
1.78 96246 96254 96263 96271 96279 96287 96295 96303 96311 96319
1.79 96327 96335 96343 96351 96359 96367 96375 96383 96391 96399

1.80 96407 96415 96423 96431 96438 96446 96454 96462 96470 96477
1.81 96485 96493 96501 96508 96516 96524 96531 96539 96547 96554
1.82 96562 96570 96577 96585 96592 96600 96607 96615 96623 96630
1.83 96638 96645 96652 96660 96667 96675 96682 96690 96697 96704
1.84 96712 96719 96726 96734 96741 96748 96755 96763 96770 96777

1.85 96784 96792 96799 96806 96813 96820 96827 96834 96842 96849
1.86 96856 96863 96870 96877 96884 96891 96898 96905 96912 96919
1.87 96926 96933 96940 96947 96953 96960 96967 96974 96981 96988
1.88 96995 97001 97008 97015 97022 97029 97035 97042 97049 97055
1.89 97062 97069 97075 97082 97089 97095 97102 97109 97115 97122

1.90 97128 97135 97141 97148 97154 97161 97167 97174 97180 97187
1.91 97193 97200 97206 97213 97219 97225 97232 97238 97244 97251
1.92 97257 97263 97270 97276 97282 97289 97295 97301 97307 97313
1.93 97320 97326 97332 97338 97344 97350 97357 97363 97369 97375
1.94 97381 97387 97393 97399 97405 97411 97417 97423 97429 97435

1.95 97441 97447 97453 97459 97465 97471 97477 97483 97488 97494
1.96 97500 97506 97512 97518 97523 97529 97535 97541 97547 97552
1.97 97558 97564 97570 97575 97581 97587 97592 97598 97604 97609
1.98 97615 97620 97626 97632 97637 97643 97648 97654 97659 97665
1.99 97670 97676 97681 97687 97692 97698 97703 97709 97714 97720




Normal distribution

Values of the standard normal distribution function (integral), P(z) (table 1, cont.)

z +.000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 +.009

200 97725 97730 97736 97741 97746 97752 97757 97763 97768 97773
201 97778 97784 97789 97794 97800 97805 97810 97815 97820 97826
202 97831 97836 97841 97846 97851 97857 97862 97867 97872 97877
2.03 97882 97887 97892 97897 97902 97907 97912 97917 97923 97927
2.04 97932 97937 97942 97947 97952 97957 97962 97967 97972 97977

2.05 97982 97987 97992 97996 98001 98006 98011 98016 98020 98025
2.06 98030 98035 98040 98044 98049 98054 98059 98063 98068 98073
2.07 98077 98082 98087 98091 98096 98101 98105 98110 98115 98119
2.08 98124 98128 98133 98137 98142 98147 98151 98156 98160 98165
2.09 98169 98174 98178 98183 98187 98191 98196 98200 98205 98209

2.10 98214 98218 98222 98227 98231 98235 98240 98244 98248 98253
2.11 98257 98261 98266 98270 98274 98279 98283 98287 98291 98295
2.12 98300 98304 98308 98312 98316 98321 98325 98329 98333 98337
2.13 98341 98346 98350 98354 98358 98362 98366 98370 98374 98378
2.14 98382 98386 98390 98394 98398 98402 98406 98410 98414 98418

2.15 98422 98426 98430 98434 98438 98442 98446 98450 98454 98457
2.16 98461 98465 98469 98473 98477 98481 98484 98488 98492 98496
2.17 98500 98503 98507 98511 98515 98518 98522 98526 98530 98533
2.18 98537 98541 98545 98548 98552 98556 98559 98563 98567 98570
2.19 98574 98577 98581 98585 98588 98592 98595 98599 98603 98606

220 98610 98613 98617 98620 98624 98627 98631 98634 98638 98641
221 98645 98648 98652 98655 98659 98662 98665 98669 98672 98676
222 98679 98682 98686 98689 98693 98696 98699 98703 98706 98709
223 98713 98716 98719 98723 98726 98729 98732 98736 98739 98742
224 98745 98749 98752 98755 98758 98762 98765 98768 98771 98774

225 98778 98781 98784 98787 98790 98793 98796 98800 98803 98806
226 98809 98812 98815 98818 98821 98824 98827 98830 98834 98837
227 98840 98843 98846 98849 98852 98855 98858 98861 98864 98867
228 98870 98873 98876 98878 98881 98884 98887 98890 98893 98896
229 98899 98902 98905 98908 98910 98913 98916 98919 98922 98925

230 98928 98930 98933 98936 98939 98942 98944 98947 98950 98953
231 98956 98958 98961 98964 98967 98969 98972 98975 98978 98980
232 98983 98986 98988 98991 98994 98996 98999 99002 99004 99007
233 99010 99012 99015 99018 99020 99023 99025 99028 99031 99033
234 99036 99038 99041 99044 99046 99049 99051 99054 99056 99059

235 99061 99064 99066 99069 99071 99074 99076 99079 99081 99084
236 99086 99089 99091 99094 99096 99098 99101 99103 99106 99108
2.37 99111 99113 99115 99118 99120 99123 99125 99127 99130 99132
238 99134 99137 99139 99141 99144 99146 99148 99151 99153 99155
239 99158 99160 99162 99164 99167 99169 99171 99174 99176 99178

2.40 99180 99182 99185 99187 99189 99191 99194 99196 99198 99200
2.41 99202 99205 99207 99209 99211 99213 99215 99218 99220 99222
2.42 99224 99226 99228 99230 99232 99235 99237 99239 99241 99243
243 99245 99247 99249 99251 99253 99255 99257 99260 99262 99264
2.44 99266 99268 99270 99272 99274 99276 99278 99280 99282 99284

245 99286 99288 99290 99292 99294 99296 99298 99299 99301 99303
2.46 99305 99307 99309 99311 99313 99315 99317 99319 99321 99323
2.47 99324 99326 99328 99330 99332 99334 99336 99338 99339 99341
2.48 99343 99345 99347 99349 99350 99352 99354 99356 99358 99359
2.49 99361 99363 99365 99367 99368 99370 99372 99374 99376 99377




Statistical tables explained and applied

Values of the standard normal distribution function (integral), P(z) (table 1, cont.)

z +000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 +.009

2.50 99379 99381 99383 99384 99386 99388 99389 99391 99393 99395
251 99396 99398 99400 99401 99403 99405 99407 99408 99410 99412
2.52 99413 99415 99417 99418 99420 99422 99423 99425 99426 99428
2.53 99430 99431 99433 99435 99436 99438 99439 99441 99443 99444
2.54 99446 99447 99449 99450 99452 99454 99455 99457 99458 99460

2.55 99461 99463 99464 99466 99468 99469 99471 99472 99474 99475
2.56 99477 99478 99480 99481 99483 99484 99486 99487 99489 99490
2.57 99492 99493 99494 99496 99497 99499 99500 99502 99503 99505
2.58 99506 99507 99509 99510 99512 99513 99515 99516 99517 99519
2.59 99520 99522 99523 99524 99526 99527 99528 99530 99531 99533

2.60 99534 99535 99537 99538 99539 99541 99542 99543 99545 99546
2.61 99547 99549 99550 99551 99553 99554 99555 99556 99558 99559
2.62 99560 99562 99563 99564 99565 99567 99568 99569 99571 99572
2.63 99573 99574 99576 99577 99578 99579 99581 99582 99583 99584
2.64 99585 99587 99588 99589 99590 99592 99593 99594 99595 99596

2.65 99598 99599 99600 99601 99602 99603 99605 99606 99607 99608
2.66 99609 99610 99612 99613 99614 99615 99616 99617 99618 99620
2.67 99621 99622 99623 99624 99625 99626 99627 99629 99630 99631
2.68 99632 99633 99634 99635 99636 99637 99638 99640 99641 99642
2.69 99643 99644 99645 99646 99647 99648 99649 99650 99651 99652

270 99653 99654 99655 99656 99657 99658 99660 99661 99662 99663
271 99664 99665 99666 99667 99668 99669 99670 99671 99672 99673
272 99674 99675 99676 99677 99678 99678 99679 99680 99681 99682
2.73 99683 99684 99685 99686 99687 99688 99689 99690 99691 99692
274 99693 99694 99695 99696 99697 99697 99698 99699 99700 99701

275 99702 99703 99704 99705 99706 99707 99707 99708 99709 99710
276 99711 99712 99713 99714 99715 99715 99716 99717 99718 99719
277 99720 99721 99721 99722 99723 99724 99725 99726 99727 99727
2.78 99728 99729 99730 99731 99732 99732 99733 99734 99735 99736
279 99736 99737 99738 99739 99740 99741 99741 99742 99743 99744

2.80 99744 99745 99746 99747 99748 99748 99749 99750 99751 99752
2.81 99752 99753 99754 99755 99755 99756 99757 99758 99758 99759
2.82 99760 99761 99761 99762 99763 99764 99764 99765 99766 99767
2.83 99767 99768 99769 99769 99770 99771 99772 99772 99773 99774
2.84 99774 99775 99776 99777 99777 99778 99779 99779 99780 99781

2.85 99781 99782 99783 99783 99784 99785 99785 99786 99787 99788
2.86 99788 99789 99790 99790 99791 99791 99792 99793 99793 99794
2.87 99795 99795 99796 99797 99797 99798 99799 99799 99800 99801
2.88 99801 99802 99802 99803 99804 99804 99805 99806 99806 99807
2.89 99807 99808 99809 99809 99810 99810 99811 99812 99812 99813

290 99813 99814 99815 99815 99816 99816 99817 99818 99818 99819
291 99819 99820 99820 99821 99822 99822 99823 99823 99824 99824
292 99825 99826 99826 99827 09827 99828 99828 99829 99829 99830
293 99831 99831 99832 99832 99833 99833 99834 99834 99835 99835
2.94 99836 99836 99837 99837 99838 99839 99839 99840 99840 99841

295 99841 99842 99842 99843 99843 99844 99844 99845 99845 99846
296 99846 99847 99847 99848 99848 99849 99849 99850 99850 99851
297 99851 99852 99852 99853 99853 99854 99854 99854 99855 99855
298 99856 99856 99857 99857 99858 99858 99859 99859 99860 99860
299 99861 99861 99861 99862 99862 99863 99863 99864 99864 99865

For values of z from 3 to 7, see the Mathematical presentation subsection.
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Percentiles of the standard normal distribution, z(P) (table 2)

P +.000 +.001 +.002 +.003 +.004 +.005 +.006 +.007 +.008 -+.009

500 .0000 .0%251 .0%501 .0°752 .0100 .0125 .0150 .0175 .0201 .0226
5100 .0251 0276 .0301 .0326 .0351 .0376 .0401 .0426 .0451 .0476
520 .0502  .0527 .0552 .0577 .0602 .0627 .0652 .0677 .0702 .0728
530 0753  .0778 .0803 .0828 .0853 .0878 .0904 .0929 .0954 .0979
540 .1004 .1030 .1055 .1080 .1105 .1130 .1156 .1181 .1206 .1231

S50 1257 0 1282 11307  .1332 (1358 .1383 1408 .1434 .1459 .1484
560 1510 1535 .1560 .1586 .1611 .1637 .1662 1687 .1713 .1738
570 1764 1789 (1815 .1840 .1866 .1891 .1917 .1942 .1968 .1993
580 2019 2045 2070 2096 .2121 2147 2173 2198 2224 2250
590 2275 2301 2327 .2353 2378 .2404 .2430 .2456 .2482 .2508

600 2533 2559 2585 2611 .2637 .2663 2689 2715 2741 .2767
610 2793 2819 .2845 2871 .2898 .2924 .2950 .2976 .3002 .3029
620 3055 3081 3107 .3134 3160 3186 .3213 .3239 .3266 .3292
.630 3319 3345 3372 3398 .3425 3451 3478 3505 3531 .3558
.640 3585 3611 .3638 .3665 .3692 3719 3745 3772 3799 .3826

.650 3853 3880 .3907 .3934 .3961 .3989 4016 .4043 4070 .4097
660 4125 4152 4179 4207 4234 4261 4289 4316 4344 4372
670 4399 4427 4454 4482 4510 .4538 4565 4593 4621 .4649
680 4677 4705 4733 4761 4789 4817 .4845 4874 4902 .4930
690 4959 4987 5015 .5044 5072 5101 5129 5158 5187 .5215

700 5244 5273 5302 5330 5359 5388 5417 5446 .5476 .5505
710 5534 5563 5592 .5622 5651 5681 5710 5740 5769 .5799
720 5828 5858 .5888 .5918 .5948 5978 .6008 .6038 .6068 .6098
730 6128 6158 .6189 .6219 .6250 .6280 .6311 .6341 .6372 .6403
740 6433 6464 6495 .6526 .6557 .6588 .6620 .6651 .6682 .6713

750 6745  .6776 .6808 .6840 .6871 .6903 .6935 .6967 .6999 .7031
760 7063 7095 (7128 7160 .7192 .7225 7257 7290 .7323 .7356
J70 0 7388 7421 7454 7488 7521 7554 7588 .7621 7655 .7688
780 7722 7756 7790 7824 7858 .7892 .7926 .7961 .7995 .8030
790 .8064 .8099 .8134 8169 .8204 .8239 .8274 .8310 .8345 .8381

.800  .8416  .8452 .8488 .8524 .8560 .8596 .8633 .8669 .8705 .8742
810 .8779 8816 .8853 .8890 .8927 .8965 .9002 .9040 .9078 .9116
820 9154 9192 .9230 .9269 .9307 .9346 .9385 .9424 9463 .9502
830  .9542 9581 .9621 9661 .9701 .9741 .9782 9822 9863 .9904
840 9945 9986 1.0027 1.0069 1.0110 1.0152 1.0194 1.0237 1.0279 1.0322

.850 1.0364 1.0407 1.0450 1.0494 1.0537 1.0581 1.0625 1.0669 1.0714 1.0758
.860 1.0803 1.0848 1.0893 1.0939 1.0985 1.1031 1.1077 1.1123 1.1170 1.1217
870 1.1264 1.1311 1.1359 1.1407 1.1455 1.1503 1.1552 1.1601 1.1650 1.1700
.880 1.1750 1.1800 1.1850 1.1901 1.1952 1.2004 1.2055 1.2107 1.2160 1.2212
.890  1.2265 1.2319 1.2372 1.2426 1.2481 1.2536 1.2591 1.2646 1.2702 1.2759

900 1.2816 1.2873 1.2930 1.2988 1.3047 1.3106 1.3165 1.3225 1.3285 1.3346
910 1.3408 1.3469 1.3532 1.3595 1.3658 1.3722 1.3787 1.3852 1.3917 1.3984
920 1.4051 1.4118 1.4187 1.4255 1.4325 1.4395 1.4466 1.4538 1.4611 1.4684
930 1.4758 1.4833 1.4909 1.4985 1.5063 1.5141 1.5220 1.5301 1.5382 1.5464
940 1.5548 1.5632 1.5718 1.5805 1.5893 1.5982 1.6072 1.6164 1.6258 1.6352

950 1.6449 1.6546 1.6646 1.6747 1.6849 1.6954 1.7060 1.7169 1.7279 1.7392
960 1.7507 1.7624 1.7744 1.7866 1.7991 1.8119 1.8250 1.8384 1.8522 1.8663
970 1.8808 1.8957 1.9110 1.9268 1.9431 1.9600 1.9774 1.9954 2.0141 2.0335
980 2.0537 2.0749 2.0969 2.1201 2.1444 2.1701 2.1973 2.2262 2.2571 2.2904
990 2.3263 2.3656 2.4089 2.4573 2.5121 2.5758 2.6521 2.7478 2.8782 3.0902

For extreme percentiles (up to P = 0.999999), see the Mathematical presentation subsection.
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Reading off the tables

Table 1 gives the probability integral P(z) of the standard normal distribution at z, for positive
values z = 0.000(0.001)2.999; a hidden decimal point precedes each quantity. Such quantity P(z),
in a normal distribution with mean p = 0 and standard deviation ¢ = 1, denotes the probability
that a random element Z lies under the indicated z value, i.e. P(z) = Pr(Z < z). For negative z
values, one may use the complementary relation: P(z) = 1—P(z).

Table 2 is the converse of table 1 and presents the quantile (or percentage point) z
corresponding to each P value, for P = 0.500(0.001)0.999; when P < 0.500, use the relation: z(P)
= —z(1-P).

Illustration 1. What proportion of cases lies under z = 1.614, in the standard normal
distribution? In table 1, taking line 1.61 and column +.004, we obtain P = 0.94674.

Illustration 2. What percentage of area do we find under z = —2.037, in the standard
normal distribution? Using table 1 and relation P(z) = 1—P(—z), we successively obtain
P(2.037)= 0,97917 (line 2.03, column +.007), 1—-0.97917 = 0.02083, whence the percentage
asked for is 100x0.02083, or nearly 2.

Illustration 3. Which abscissa, or z value, segregates the lower 62.5 % of the cases
from the 37.5 % higher in the standard normal distribution? In table 2, integral P of 0.625 points
to line 0.620 and column +.005, where value z = 0.3186 is given, satisfying the relation
Pr(Z<0.3186) ~ 0.625.

Illustration 4. Which z value does divide the lower third (from the upper two thirds)
in the standard normal distribution? We may approximate s with 0,333. Using table 2 and as
0.333 < 0.500, we first obtain 1—0.333 = 0.667, then read off z(0.667) = 0.4316 and, finally,
with a change of sign, —0.4316. For more precision, we could also, in the second phase,
interpolate between 0.666 (with z = 0.4289) and 0.667 (with z = 0.4316): for P = %4, we calculate:

% — 0.666

z(%3) = 0.4289 + 0.667=0.666

(0.4316 —0.4289)

= 0.4307 ,

or z(Ys) ~ —0.4307, a value which is precise up to the fourth decimal digit.
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Full examples

Example 1. A test of Intellectual Quotient (IQ) for children of a given age is set up
by imposing a normal distribution of scores, a mean (i) of 100 and a standard deviation (o) of
16. Find the two IQ values that comprise approximately the central 50 % of the young
population. Solution: The central 50 % of the area in a standard N(0,1) distribution starts at
integral P = 0.25 and ends at P = 0.75. Using table 2, z(P=0.75) = 0.6745; conversely, z(P=0.25)
~ —0.6745. The desired values are thus (—0.6745, 0.6745) for the standard N(0,1) distribution.
These values can be converted approximately' into IQ scores with a N(100,16%) distribution,
using QI = 100 + 16z, whence the interval is (89.208, 110.792) or, roughly, (89, 111).

Example 2. The height of people, in a given population, presents a mean of 1.655 m
and a standard deviation of 0.205 m. In a representative area comprising 12 000 inhabitants, how
many persons having a height of 2 m or more can one expect to find? Solution: In order to
predict an approximate number, we need to stipulate a model; here, we favor the model of a
normal distribution with the corresponding parameter values, i.e. N(1.655, 0.205%). Transforming
height X = 2 m into a standardized z value, we get z = (2—1.655)/0.205 ~ 1.683. In table 1,
P(1.683) = 0.95381, whence the proportion of cases with a height exceeding X =2 m, or z =
1.683, approaches 1 —0.95381 = 0.04619. Multiplying this proportion by 12000, the number of
inhabitants in the designated area, we predict that there be about 554 persons of a height of 2 m
or more in that area.

Example 3. A measuring device for strength in Newtons (N) allows to estimate arm
flexion strength with a standard error of measurement (c,) of 2.5 N. Using 5 evaluations for each
arm, Robert obtains a mean strength of 93.6 N for his right arm, and of 89.8 for his left. May
we assure that Robert’s right arm is the stronger? Solution: Let us suppose that the estimates of
each arm’s strength fluctuate according to a normal model with means p; (7=1,2) and standard
deviation 2.5 (= o,). The difference between the two means (¥, —X,) is itself normally distributed,
with mean p, —p, and standard error 6A/(n] 41, 1), here 2.5x/(57 457 )~ 1.581. Assume, by
hypothesis, that g, = p,, i.e. both arms have equal strength. The observed difference, x, =X, =
93.6—89.8 = 3.80, standardized with:

' A more precise conversion would need to consider the discreteness of IQ scores (who vary by units), so that it
would be generally impossible to obtain an exact interval of scores. In the same vein, the normal model, which is
defined for continuous variables in the real domain, cannot be rigorously imposed to any discrete variable such as
a test score.
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= (’?1"5‘_2)_(“1_“2) ,

-1, -1
o, \/n; +n,

that is, z = (3.80 — 0)/1.581 = 2.404, is located 2.404 units of standard error from 0. Admitting
a bilateral error rate of 5 %, boundaries of statistical significance fall at the 2.5 and 97.5
percentage points, which, for the standard normal distribution in table 2, point to z = —1.960 and
z = 1.960 respectively. The observed difference thus exceeds the allowed-for interval of normal
variation, leading us to conclude that one arm, Robert’s right arm, is truly the stronger.

Mathematical presentation

The normal law, or normal distribution, has famous origins as well as innumerable applications.
It first appeared in the writings of De Moivre around 1733, and was re-discovered by Laplace
and Gauss. Sir Francis Galton, in view of its quasi universality, christened it "normal",
synonymously to natural, expressing order, normative: it is used as a model for the distribution
of a great many measurable attributes in a population. The normal model is the foremost
reference for interpreting continuous random phenomena, and it underlies an overwhelming
majority of statistical techniques in estimation and hypotheses testing.

Calculation and moments

The normal law, or normal distribution, has two parameters designated by p and o2,
corresponding respectively to the expectation (or mean) and variance of the distributed quantity.
The normal p.d.f. is:

“Vo(x-uY2l g2
e Vo(x-p)“fa ,
027

p(x) =

where T ~ 3.1416 and e ~ 2.7183. As shown in the graphs, the p.d.f. is symmetrical and reaches
its maximum height at x = p, p thus being the mode, median and (arithmetic) mean of the
distribution. Integration of p(x) is not trivial. One usually resorts to a standardized form, z =
(x—p)/o, z being a standard score, whose density function is the so-called standard normal
distribution, N(0,1),
z) = ———1——e'22/2 .
p(2) =
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Maximum p.d.f,, at z = 0, equals p(0) ~ 0.3989, and it decreases steadily when z goes to +o or
—o0, almost vanishing (~ 0.0044) at z = £3.

Precise (analytic) integration of the normal p.d.f. is impossible; nevertheless authors
have evolved ways and methods of calculating the normal integral, or d.f., P(z) : most methods
use series expansions. The simplest of those is based on the expansion of ¢* in a Taylor series
around zero, i.e. € = 1 + x + x*/2! + x*/3! + etc. After substitution of x*/2 for x, term-by-term
integration and evaluation at x = 0 and x = z, the standard normal integral is:

6 _1\",2n
z |28, 2t 2, (D%

PE) = 2 + . ,
2 = 6 40 336 2"n! 2n+1)

the summation within brackets being pursued until the desired precision is attained.

There exist other formulae for approximating the normal d.f. P(x), with varying
degrees of complexity and precision. The following,

v L _[1+4e B

1
P(2) = =
@ 2 15.04

elaborated according to Simpson’s rule with one arc, is precise to 0.0002 for |z| < 1, to 0.001
for |z| £ 1.75, and to 0.01 for |z| < 2.31. For higher z values, one may use:

z/2

/2m

whose precision is nearly 0.0001 for z > 2.31 and which has the advantage of always keeping

Pz)~1 —

22+2
z+3z’

three significant digits for extreme |z| values. Thus, for z = 5, the approximated value is
0.9999997132755, whereas the exact 14-digit integral is 0.99999971334835.

Still another approximation formula, more involved than the preceding ones but fitting
for a computer program, is due to C. Hastings. Let z > 0; then,

2/2

Pz)~1- E 1 (b, +t(byrt(by+t(bytths))))

where ¢ = 1/(1+0.2316419z) and b, = 0.31938153, b, = —0.356563782, b, = 1.781477937, b, =
—1.821255978, bs = 1.330274429. For any (positive) z value, the precision of the calculated P(z)
is at least 0.000000075.
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Values reported in tables 1 and 2 have been computed with great precision (12 digits
or more) with the Taylor series expansion aforementioned. The two small tables below furnish
some supplementary, extreme, values of the standard normal integral (note that .9*6833 should
be read 0.99996833).

z 3 3.5 4 4.5 5 5.5 6 6.5 7
P(2) |.9%8650 .9°7674 .9%6833 .9°6602 .9%7133 .978101 .9°0134 .9'%5984 .9!18720

P .99 9%5 93 9% 94 9% 9° 9°5 96
z(P) 2.32635 2.57583 3.09023 3.29053 3.71902 3.89059 4.26489 4.41717 4.75342

Moments. The expectation (i) and variance () are the two parameters of a normal
distribution. The skewness index (y,) is zero. As for the kurtosis index (y,), the normal law is
stipulated as a criterion, a reference shape for all other distributions, consequently this index is
again zero.

For the curious reader, let us note that, for a normal N(u,c?) distribution, the mean
absolute difference, > |x;—X|/n, has expectation ox+/(2/n) ~ 0.79788c. Also, the mean (or
expectation) of variates located in the upper 100 % of a normal population is given by u +
oxp(z,_ Yo, z, _, being the 100(1 — ) percentage point of distribution M(0,1). For example, for
x =z ~ N(0,1), the mean of the upper 10 %, denoted i ), USeS z[; _g 1] = Zjg9; & 1.2818 (in
table 2), p(1.2816) ~ 0.17549, and p o, ~ 0 + 1x0.17549/0.10 ~ 1.7549.

Generation of pseudo random variates

Suppose a uniform U(0,1) random variate (r.v.) generator, designated UNIF (see the section on
Random numbers for information on UNIF). A normal N(0,1) r.v. is produced from two
independent uniform r.v.’s using the following transformation.

Preparation : C =2n ~ 6.2831853072
Production : Return +/[ —2xIn(UNIF)] x sin(CxUNIF) — x .
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Remarks :

1.

Standard temporal cost : 4.0 x #(UNIF), i.e. the approximate time required to
produce one normal r.v. is equivalent to 4 times #(UNIF), the time required to
produce one uniform r.v..

This method shown above is due to Box and Muller (Devroye 1986) and has
some variants. Each invocation (with the same pair of UNIF values) allows to
generate a second, independent x’ value, through the substitution of "cos" instead
of "sin" in the conversion formula.

In order to produce a normal N(p,0) r.v. y, one first obtains x ~ N(0,1) with the
procedure outlined, then y < p + oxx.

In order to produce pairs of normal N(0,1) r.v.’s z,, z, having mutual correlation
equal to p, one first obtains independent r.v.’s x and x’, then z; < x and z, «
pxx+/(1—pH)xx'. Gentle (1998, p. 187) suggests a more elegant approach.
Let ® = cos™'p (in radian units). Then, one first obtains ¢ < /[ —2xIn(UNIF)]
and u < 2nxUNIF, then z; « #xsin(u), z, < txsin(u—o).
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Selected percentiles of Chi-square (x?)

8.08

8.65
9.22
9.80
10.39
10.99

11.59
12.20
12.81
13.43
14.06

14.69
15.32
15.97
16.61
17.26

17.92
18.58
19.24
19.91
20.58

21.25
21.93
22.61
23.29
23.98
24.67

23.58

24.31
25.04
25.717
26.51
27.25
27.99

.010

0%16
.020

30

.55
.87
1.24
1.65
2.09

2.56

3.57
4.11
4.66

5.23
5.81
6.41
7.01
7.63

8.26
8.90
9.54
10.20
10.86

11.52
12.20
12.88
13.56
14.26

14.95
15.66
16.36
17.07
17.79

18.51
19.23
19.96
20.69
21.43

22.16
22.91
23.65
24.40
25.15

25.90
26.66
27.42
28.18
28.94
29.71

025

.0°98
051
22
A8

.83

1.24
1.69

.050

.0%39
.10
35
71

1.15
1.64
2.17
2.73
333

3.94
4.57
523
5.89
6.57

7.26
7.96
8.67
9.39
10.12

10.85
11.59
12.34
13.09
13.85

14.61
15.38
16.15
16.93
17.71

18.49
19.28
20.07
20.87
21.66

2247
23.27
24.07
24.88
25.70

26.51
27.33
28.14
28.96
29.79

30.61
31.44
32.27
33.10
33.93
34.76
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.58
1.21
1.92

2.67
345
4.25
5.07
5.90

6.74
7.58
8.44
9.30
10.17

11.04
11.91
12.79
13.68
14.56

15.45
16.34
17.24
18.14
19.04

19.94
20.84
21.75
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24.48
25.39
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29.05
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31.81
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35.51
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39.22
40.15
41.08
42.01
42.94

.500

A5
1.39
2.37
3.36

4.35
535
6.35
7.34
8.34

9.34
10.34
11.34
12.34
13.34

14.34
15.34
16.34
17.34
18.34

19.34
20.34
21.34
22.34
23.34

24.34
25.34
26.34
27.34
28.34

29.34
30.34
31.34
32.34
33.34

34.34
3534
36.34
37.34
38.34

39.34
40.34
41.34
42.34
43.34

44.34
45.34
46.34
47.34
48.33
49.33

975

5.02
7.38
9.35
11.14

12.83
14.45
16.01
17.53
19.02

20.48
21.92
23.34
24.74
26.12

27.49
28.85
30.19
31.53
32.85

34.17
35.48
36.78
38.08
39.36

40.65
41.92
43.19
44.46
45.72

46.98
48.23
49.48
50.73
51.97

53.20
54.44
55.67
56.90
58.12

59.34
60.56
61.78
62.99
64.20

65.41
66.62
67.82
69.02
70.22
71.42

995

7.88
10.60
12.84
14.86

16.75

18.55
20.28

999

10.83
13.82
16.27
18.47

20.52
22.46
24.32
26.12
27.88

29.59
31.26
32.91
34.53
36.12

37.70
39.25
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42.31
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45.31
46.80
48.27
49.73
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52.62
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55.48
56.89
58.30

59.70
61.10
62.49
63.87
65.25

66.62
67.99
69.35
70.70
72.05

73.40
74.74
76.08
77.42
78.75

80.08
81.40
82.72
84.04
85.35
86.66
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Selected percentiles of Chi-square (x%) (cont.)

v\ P .001 .005 .010

51 2537 28.73 30.48
52 26.07 29.48 31.25
53 26.76 30.23 32.02
54 27.47 30.98 32.79

55 28.17 31.73 33.57
56  28.88 32.49 34.35
57  29.59 33.25 35.13
58  30.30 34.01 35.91
59 31.02 3477 36.70

60  31.74 3553 37.48
61 3246 36.30 38.27
62  33.18 37.07 39.06
63 3391 37.84 39.86
64  34.63 38.61 40.65

65 3536 39.38 41.44
66  36.09 40.16 42.24
67  36.83 40.94 43.04
68  37.56 41.71 43.84
69  38.30 42.49 44.64

70 39.04 43.28 45.44
71 39.78 44.06 46.25
72 40.52 44.84 47.05
73 41.26 45.63 47.86
74 42.01 4642 48.67

75 4276 47.21 49.48
76  43.51 48.00 50.29
77  44.26 48.79 51.10
78  45.01 49.58 51.91
79 4576 5038 52.72

80  46.52 51.17 53.54
81  47.28 5197 54.36
82  48.04 52.77 55.17
83  48.80 53.57 55.99
84  49.56 54.37 56.81

85  50.32 5517 57.63
86  51.08 55.97 58.46
87  51.85 56.78 59.28
88  52.62 57.58 60.10
89 5339 58.39 6093

90 54.16 59.20 61.75
91  54.93 60.00 62.58
92  55.70 60.81 63.41
93 5647 61.63 64.24
94  57.25 62.44 65.07

95  58.02 63.25 65.90
96  58.80 64.06 66.73
97  59.58 64.88 67.56
98  60.36 65.69 68.40
99 61.14 66.51 69.23
100 61.92 67.33 70.06

.025

33.16
33.97
34.78
35.59

36.40
37.21
38.03
38.84
39.66

40.48
41.30
42.13
42.95
43.78

44.60
45.43
46.26
47.09
47.92

48.76
49.59
50.43
51.26
52.10

52.94
53.78
54.62
55.47
56.31

57.15
58.00
58.84
59.69
60.54

61.39
62.24
63.09
63.94
64.79

65.65
66.50
67.36
68.21
69.07

69.92
70.78
71.64
72.50
73.36
74.22

z  -3.090 -2.576 -2.326 -1.960 -1.645

750 950 975 990 995 .999

57.40 68.67 72.62 77.39 80.75 87.97
58.47 69.83 73.81 78.62 82.00 89.27
59.53 70.99 75.00 79.84 83.25 90.57
60.60 72.15 76.19 81.07 84.50 91.87

61.66 73.31 77.38 82.29 85.75 93.17
62.73 74.47 78.57 83.51 86.99 94.46
63.79 75.62 79.75 84.73 88.24 95.75
64.86 76.78 80.94 85.95 89.48 97.04
65.92 77.93 82.12 87.17 90.72 98.32

66.98 79.08 83.30 88.38 91.95 99.61
68.04 80.23 84.48 89.59 93.19100.89
69.10 81.38 85.65 90.80 94.42102.17
70.16 82.53 86.83 92.01 95.65103.44
71.23 83.68 88.00 93.22 96.88 104.72

72.28 84.82 89.18 94.42 98.11105.99
73.34 85.96 90.35 95.63 99.33107.26
7440 87.11 91.52 96.83100.55108.53
75.46 88.25 92.69 98.03101.78 109.79
76.52 89.39 93.86 99.23103.00111.06

77.58 90.53 95.02 100.43 104.21 112.32
78.63 91.67 96.19101.62105.43 113.58
79.69 92.81 97.35102.82106.65 114.84
80.75 93.95 98.52104.01107.86 116.09
81.80 95.08 99.68 105.20109.07 117.35

82.86 96.22100.84 106.39110.29118.60
83.91 97.35102.00107.58111.50 119.85
84.97 98.48103.16108.77112.70 121.10
86.02 99.62104.32 109.96 113.91 122.35
87.08 100.75105.47 111.14115.12 123.59

88.13101.88106.63 112.33116.32 124.84
89.18103.01 107.78 113.51 117.52 126.08
90.24 104.14 108.94 114.69 118.73 127.32
91.29105.27 110.09 115.88 119.93 128.56
92.34106.39111.24 117.06 121.13 129.80

93.39107.52112.39118.24 122.32 131.04
94.45108.65 113.54 119.41 123.52 132.28
95.50 109.77 114.69 120.59 124.72 133.51
96.55110.90 115.84 121.77 125.91 134.75
97.60 112.02 116.99 122.94 127.11 135.98

98.65113.15118.14 124.12 128.30 137.21
99.70 114.27 119.28 125.29 129.49 138.44

91.33 100.75 115.39 120.43 126.46 130.68 139.67
92.33101.80116.51 121.57 127.63 131.87 140.89
93.33102.85117.63 122.72 128.80 133.06 142.12

94.33103.90 118.75 123.86 129.97 134.25 143.34
95.33104.95119.87 125.00 131.14 135.43 144.57
96.33 106.00 120.99 126.14 132.31 136.62 145.79
97.33107.05122.11127.28 133.48 137.80 147.01
98.33108.09 123.23 128.42 134.64 138.99 148.23
99.33109.14 124.34 129.56 135.81 140.17 149.45

.000

.674 1.645 1.960 2.326 2.576 3.090

For degrees of freedom (v) beyond 100, percentiles of x> may be approximated with:
x> P] = 1/2(2[1:] +/2v —1)2 , utilizing the normal percentiles zjp at the foot of the table.
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Reading off the table

The table furnishes a set of percentage points of the Chi-square (y2) distribution for degrees of
freedom (v) from 1 to 100. For larger v, the approximation formula printed at the foot of the
table is recommended.

Illustration 1. What is the value of x26[.95], i.e. the 95" percentage point of Chi-square
with v = 6? Looking up line 6 (= v) in the table under column 0.95, we read off 12.59, hence
Yepos) = 12.59. In the same way, we obtain 399 = 27.69 and x3¢; 975 = 34.17.

Hlustration 2. Find XZHO[.QS]. As v = 110 > 100, it is necessary to calculate some
estimate of the required percentage point. Using the recommended formula, with z; 5) = 1.6449
as indicated, we calculate 3, 05) ~ 2[1.6449 + +/(2x110—1)]*~ 135.20. The exact value (when
available) is 135.48.

Full examples

Example 1. In a sample containing 50 observations, we obtain s>=16.43 as an estimate
of variance. What are the limits within which sould lie the true variance o using a confidence
coefficient of 95 %? Solution: We must suppose that the individual observations (X;) obey the
normal law, with (unknown) mean p and variance 2. Under that assumption, the sample variance
s? is distributed as Chi-square with n—1 df, specifically (n—1)s%c? ~ x> _,. Using the appropriate
percentage points of x* and inverting this formula, we obtain the interval:

[ (n-1)s* (n—1)s2}

2 2
lxn-l[(1+c)/2] Xn-1[1-0)/2]

which comprises * with probability c. For our data, n = 50, ¢ = 0.95, Xi9[.975] = 70.22 and
Yiopozs) = 31.55 ; the left boundary is thus (49x16.43)/70.22 ~ 11.465, the right one,
(49x16.43)/31.55 ~ 25.517. We may state that Pr{ 11.465 < 6* < 25.517 } = 0.95 or, by taking
square roots, Pr{ 3.386 < o < 5.051 } = 0.95.
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Example 2. In an opinion poll bearing on social and moral issues, 200 people must
declare their views as "Against", "Uncertain" or "In favor" relatively to the death penalty. Here
are the obtained frequencies of opinion, divided between the two genders:

Gender \ Option Against Uncertain In favor
Men 29 17 51
Women 52 8 43

Can we suppose that, in the entire population, men and women share the same views? Solution:
The statistical analysis of frequency (or contingency) tables is perhaps the foremost application
of Chi-square. Here, the (null) hypothesis according to which the answers are scattered
irrespective of gender, i.e. the independence hypothesis, allows to determine the theoretical
frequencies (f%;;), with the multiplicative formula:

St = N(pLixch) ;

the quantities shown are estimated from the proportions in each line (p; ;) and each colum (pcj).
Other equivalent formulae are possible. The independence hypothesis will be discarded at
Zij[(f;‘j_ﬁij)zmij] exceeds x%r[l—a]’ with v =
(nbr. of lines—1)x(nbr. of columns—1). The table below summarizes the calculations. Note that

significance level o if the test statistic X? =

quantity f2; is printed in italics at the lower right corner of each cell, and individual X2
components, (f;;—f; J.)z/ft,. J» at the upper left corner.

Column 1 Column 2 Column 3 Total
2.693 1.960 0.642
Line 1 29 17 51 97
39.285 12125 45.590| p, = 0.485
2.536 1.846 0.605
Line 2 52 8 43 103
41.715 12.875 48.410| py, = 0.515
Total 81 25 24 N =200
Poy = 0.405 | poy = 0.125 | pey = 0.470
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Adding all six components (f;;—1, )'/ft;;, we get X> =2.693 + 1.960 + 0.642 + 2.536
+ 1.846 + 0.605 = 10.282. The appropriate tabular value significant at 5 % and with df =
2-1)x(3-1)=2,is xg[%] =5.99. As the obtained value (10.282) exceeds the critical value, we
may conclude that there is some dependence (or interaction, indeed correlation in a broad sense)
between lines and columns, that the frequency profiles vary from one line to the other; in other
words, the respondant’s gender seems to bias his or her opinion on the death penalty.

Mathematical presentation

A Chi-square variate with v degrees of freedom is equivalent to the sum of v independent,
squared, standard normal variates, Y;_, z* and it is denoted x% As an example, the variance (s%)
from a sample of normally distributed observations is distributed as 7, the parameter v being
referred to as the degrees of freedom (df) of the calculated variance. Symbolically, we write:

In the case of the statistic s? based upon # observations from a N(u,0?) distribution, where s? =
> (x;—X)*/(n—1), the df are equal to v = n~1. The Chi-square distribution is also used for the
analysis of frequency (or contingency) tables and as an approximation to the distribution of many
complex statistics.

Calculation and moments

The Chi-square distribution, a particular case of the Gamma distribution (see Mathematical
complements), has p.d.f.:

px) = [27°T(v2)] 7' %V D% (x>0},

where I'(x) is the Gamma function and e ~ 2.7183. Integration of the % density depends on
whether v is even or odd. Integrating by parts, we obtain for even v :

y2 v/2-1
le(x):PI‘(XSx)= 1-e?|l+y+=—+.. + Y )
21 (v/2-1)!

and for odd v:
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(v-3)12

Pa(x) =Pr(X <x) = 20(/x) - 1- ey 1‘(;/2) * 1-1(2)/2) T ?(V/Z)

b

in each expression, y =x/2. When v = 1, %2 = z by definition, therefore P (x) = 20(\/x)—1,D()
designating the normal d.f.. For v = 2, the y? variable is the same as a r.v. from the (standard)
exponential distribution and P,.(x) = 1 — exp(—x/2); centiles (Cp) of this x5 distribution may be
obtained by inversion, i.e. Cp = X22[P] = —2In(1-P).

Moments. The expectation, variance and moments for skewness and kurtosis of a 2
variable with degrees of freedom v are:

E@)=p=v; varx) = o> =2v; v, =(8/V); v,=12/v.

The distribution is positively skew, the more large and right-shifted as v grows and approaching

a normal form. The mode is seated at v—2 (for v>2), and the median is approximately equal to

2,1
v—Ftgy,.

Some authors "standardize" the %2 variable by dividing it by its parameter v, i.e. X' =
x/v : in that case, u(x') = 1 and var(x") = 2/v. This form facilitates somewhat interpolation of >
for untabled values of v ; note in that context that x*v — 1 when v — oo,

Three normal approximations to x>

The p.d.f. and d.f. of ¥* can be approximated by the normal distribution through diverse
transformations. The simplest one is trivial and uses only the first two moments, ie. z =
(X—=v)/\/(2v),X ~ %, and is globally not to be recommended except for large v such as v > 500.

Fisher proposes another approximation which compensates for the skewness of X. It
reads like:

VZX) = V@2v-1) ~NO,1) ;

it is the method whose inversion formula is proposed at the foot of the table for extending it to
larger v.

The third method, attributed to Wilson and Hilferty, is quite accurate. Defining A =
2/(9v), it may be written:

[JX/V)—1+A]/ VA ~NO,1) .
Its inversion, for the determination of percentage points, is:

X%/[P] = V[zpvA+ 1~ A].
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With the help of a pocket calculator or of a short computer program, this last method can make
up for most current applications of ¥, even when v < 100.

The distribution of s, the standard deviation (s.d.)

Just as the x2 law governs the distribution of variances (s?) originating from samples of » normal
data, with v = n—1 df, the % ("Chi") law, more precisely y/+/v, represents the sampling
distribution of s.d.’s (s). Its p.d.f. is:

p,(®) = 2(v/2)[T(v/2)] 5" 1e™ (x>0} .

The y, variable being the positive square root of y?, its centiles or percentage points may be
obtained from it in that way. Thus, centile C, of the distribution of a s/c with v degrees of
freedom is given by [z /V]-

Moments. The first two moments of y /y/v are:
E(x) = p =RV [(v+1)/2]/T(v/2) = 1 —1/(4v)
var(x) = o2 = 1 —p? ~ (4v—1)/(8V?) .

The s.d. s being distributed as o7 /+/v, the expectation above shows that E(s) < o, i.e. that the
sample s.d. underestimates the parameter o, notwithstanding the fact that E(s*) = . Lastly, the
mode of y//v equals /(1 —1/v)and the median is approximated by 1— %

Generation of pseudo random variates

The schema of a program below allows the production of r.v.’s from 72, the Chi-square
distribution with v (v > 2) df, and it requires a function (designated UNIF) which generates
serially r.v.’s from the standard uniform U(0,1) distribution. Particular cases, especially those with
v =1 and 2, are covered in Remark 3.

Preparation: Let n = v (the degrees of freedom)

C,=1++/(2/e)~ 1,8577638850 ; C, =+/(n/2)
C, = (3n*=2) / [3n(n—2)] ; C,=4/(n-2)
Cs=n-2
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Production : Repeat
Repeat ¢ < UNIF ; u < ¢ + (1—C,xUNIF)/C,
Until0<u<1;
weCyxt/lu
Until C, x (u—1)+w+ 1/w<2orCyxInw) — In(w) +w<1;
Return C5 x w = x .

Remarks :
1. Standard temporal cost : 7.8 & 8.7 x ¢{(UNIF)

2. This algorithm, known under the codename "GMK2" (Cheng et Feast 1979, in Fishman
1996), performs equally well for any value v ( = n). It uses up from 3 to 3.5 uniform
r.v.’s per call.

3. There are many other methods, the following being noteworthy. Considering that "x,) <
—2xIn(UNIF)" produces a > r.v. and capitalizing on the additive property of %, we can
produce, for instance, a x5 r.v. with "xg <= —2xIn(UNIFXxUNIFxUNIFxUNIF)". Also
from the definition, "x;) « y*" furnishes one r.v. from le using y, a standard N(0,1)

normal r.v.. Lastly and for example, we may fabricate a x25 r.v. through "x <

—2xIn(UNIF xUNIF) + y*" , once more using y ~ N(0,1).
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Selected percentiles of Student’s ¢ distribution

(table 1)

v\ P .750
1 1.000
2 .8l6
3 765
4 741
5 727
6 718
7 711
g§ 706
9 .703

10 .700

11 .697

12 .695

13 .6%4

14 .692

15 .691

16  .690

17 .689

18 .688

19  .688

20  .687

21 .686

22 .686

23 685

24 685

25 .684

26 .684

27  .684

28 .683

29 683

30 .683

31 .682

32 682

33 682

34 682

35 682

36 .68l

37  .681

38 .681

39 .681

40  .681

41 .681

42 .680

43 .680

44 680

45  .680

46  .680

47  .680

48  .680

49  .680

50 .679

.950

6314
2.920
2.353
2.132

2.015
1.943
1.895
1.860
1.833

1.812
1.796
1.782
1.771
1.761

1.753
1.746
1.740
1.734
1.729

1.725
1.721
1.717
1.714
1.711

1.708
1.706
1.703
1.701
1.699

1.697
1.696
1.694
1.692
1.691

1.690
1.688
1.687
1.686
1.685

1.684
1.683
1.682
1.681
1.680

1.679
1.679
1.678
1.677
1.677

1.676

975

12.71
4303
3.182
2.776

2.571
2.447
2.365
2.306
2.262

2.228
2.201
2.179
2.160
2.145

2.131
2.120
2.110
2.101
2.093

2.086
2.080
2.074
2.069
2.064

2.060
2.056
2.052
2.048
2.045

2.042
2.040
2.037
2.035
2.032

2.030
2.028
2.026
2.024
2.023

2.021
2.020
2.018
2.017
2.015

2.014
2.013
2.012
2.011
2.010

2.009

.990

31.82
6.965
4.541
3.747

3.365
3.143
2.998
2.896
2.821

2.764
2.718
2.681
2.650
2.624

2.602
2.583
2.567
2.552
2.539

2.528
2.518
2.508
2.500
2.492

2.485
2.479
2.473
2.467
2.462

2.457
2.453
2.449
2.445
2.441

2.438 2.
2434 2719
2431 2.
2,429 2.712
2.426 2.708

2423 2.704
2421 2.701
2.418 2.698
2416 2.695
2.414 2.692

2412 2.690
2.410 2.687
2.408 2.685
2,407 2.682
2.405 2.680

2,403 2.678

995

63.66
9.925
5.841
4.604

4.032
3.707
3.499
3.355
3.250

3.169
3.106
3.055
3.012
2.977

2.947
2.921
2.898
2.878
2.861

2.845
2.831
2.819
2.807
2.797

2.787
2.779
2.771
2.763
2.756

2.750
2.744

v\ P .750
51 .679
52 679
53 .679
54 .679
55 .679
56 .679
57 .679
58 .679
59 679
60 .679
61 .679
62 .678
63 .678
64 678
65 .678
66 .678
67 .678
68 .678
69 .678
70  .678
71 678
72 678
73 678
74 678
75 .678
76 .678
77 678
78 .678
79 .678
80 .678
81 .678
82 .677
83 .677
84 .677
85 .677
86 .677
87 .677
88 .677
89 .677
95 .677
91 .677
92 .677
93 .677
94 .677
95 .677
96 .677
97 .677
98 .677
99 .677

100 .677

500 .675
o .674

.950

1.675
1.675
1.674
1.674

1.673
1.673
1.672
1.672
1.671

1.671
1.670
1.670
1.669
1.669

1.669
1.668
1.668
1.668
1.667

1.667
1.667
1.666
1.666
1.666

1.665
1.665
1.665
1.665
1.664

1.664
1.664
1.664
1.663
1.663

1.663
1.663
1.663
1.662
1.662

1.662
1.662
1.662
1.661
1.661

1.661
1.661
1.661

975 990

2.008 2.402
2.007 2.400
2.006 2.399
2.005 2.397

2.004 2.396
2.003 2.395
2.002 2.394
2.002 2.392
2.001 2.391

2.000 2.390
2.000 2.389
1.999 2.388
1.998 2.387
1.998 2.386

1.997 2.385
1.997 2.384
1.996 2.383
1.995 2.382
1.995 2.382

1.994 2.381
1.994 2.380
1.993 2.379
1.993 2.379
1.993 2.378

1.992 2.377
1.992 2.376
1.991 2.376
1.991 2.375
1.990 2.374

1.990 2.374
1.990 2.373

1.984 2.364
1.965 2.334
1.960 2.326




30 Statistical tables explained and applied

Critical values of ¢ according to Dunn-Sidak’s criterion for one-tailed 5 % tests (table 2)

v nc=2 3 4 5 6 7 8 9 10 11 12 13 14 15

4.273 5.292 6.144 6.892 7.566 8.185 8.760 9.300 9.810 10.29 10.76 11.20 11.63 12.04
3.166 3.716 4.146 4.506 4.819 5.097 5349 5580 5.793 5.993 6.180 6.357 6.525 6.685
2,764 3.169 3.474 3.723 3.935 4.121 4.286 4.436 4.574 4.701 4.819 4.929 5.034 5.132

2.560 2.897 3.146 3.346 3.514 3.660 3.788 3.904 4.009 4.106 4.195 4.278 4.357 4.430
2438 2.736 2.954 3.127 3.270 3.394 3.503 3.600 3.688 3.769 3.843 3.912 3.976 4.037
2.356 2.630 2.828 2984 3.112 3.223 3319 3.405 3.482 3.553 3.618 3.678 3.735 3.787
2.298 2.555 2.739 2.883 3.002 3.103 3.191 3.269 3.340 3.404 3.463 3.517 3.568 3.615
2254 2499 2673 2809 2920 3.015 3.097 3.170 3.235 3.295 3.349 3.400 3.447 3.490

10 2.221 2.456 2.623 2.752 2.858 2947 3.025 3.094 3.156 3.212 3.263 3.310 3.354 3.395
11 2.194 2.422 2582 2.707 2.808 2.894 2.968 3.034 3.093 3.146 3.195 3.240 3.282 3.320
12 2172 2.394 2550 2.670 2.768 2.851 2922 2986 3.042 3.093 3.140 3.183 3.223 3.260
13 2.153 2370 2.523 2.640 2.735 2.815 2.885 2.946 3.000 3.050 3.095 3.136 3.175 3.211
14 2.138 2351 2.500 2.614 2.707 2.785 2.853 2.912 2965 3.013 3.057 3.097 3.134 3.169

15 2.125 2334 2.480 2.592 2.683 2.760 2.826 2.884 2.935 2.982 3.025 3.064 3.100 3.134
16 2.113 2320 2.463 2573 2.663 2.738 2.8C2 2.859 2910 2.955 2997 3.035 3.071 3.104
17 2.103 2307 2.449 2557 2.645 2.718 2.782 2.838 2.887 2.932 2973 3.011 3.045 3.077
18  2.094 2296 2.436 2.543 2.629 2.702 2.764 2.819 2.868 2.912 2952 2989 3.023 3.054
19 2087 2286 2.424 2530 2.615 2.687 2.748 2.802 2.850 2.894 2933 2969 3.003 3.034

20 2.080 2277 2414 2518 2.603 2.673 2.734 27788 2.835 2.878 2917 2.952 2.985 3.016
22 2.068 2.262 2397 2499 2.582 2.651 2.710 2.762 2.809 2.850 2.888 2.923 2.955 2.985
24 2.058 2.250 2382 2483 2.564 2.632 2.690 2.742 2787 2.828 2.865 2.899 2.931 2.960
26 2.049 2.239 2370 2470 2.550 2.617 2.674 2.724 2.769 2.809 2.846 2.879 2.910 2.939

28 2.042 2231 2360 2458 2537 2.603 2.660 2.710 2.754 2.793 2.829 2.862 2.893 2.921
30 2.036 2.223 2.351 2.448 2527 2592 2.648 2.697 2.741 2.780 2.815 2.848 2.878 2.905
32 2.031 2.216 2.343 2440 2.517 2.582 2.638 2.686 2.729 2.768 2.803 2.835 2.865 2.892
34 2,026 2.210 2.337 2432 2509 2.573 2.628 2.676 2.719 2.757 2.792 2.824 2.853 2.880
36 2.022 2.205 2.331 2.426 2502 2.566 2.620 2.668 2.710 2.748 2.783 2.814 2.843 2.870

38 2.018 2.201 2325 2420 2.496 2559 2.613 2.660 2.702 2.740 2.774 2.806 2.834 2.861
40 2.015 2.197 2321 2.415 2.490 2.553 2.607 2.654 2.695 2.733 2.767 2.798 2.826 2.853
42 2.012 2.193 2316 2410 2.485 2.547 2.601 2.648 2.689 2.726 2.760 2.791 2.819 2.846
44  2.010 2.190 2313 2406 2.480 2.542 2596 2.642 2.683 2.720 2.754 2.784 2.813 2.839
46 2.007 2.186 2309 2402 2.476 2.538 2.591 2.637 2.678 2.715 2.748 2.779 2.807 2.833

48 2.005 2.184 2306 2.398 2.472 2.534 2.587 2.633 2.673 2.710 2.743 2.773 2.801 2.827
50 2.003 2.181 2.303 2395 2.469 2.530 2.583 2.628 2.669 2.705 2.738 2.769 2.796 2.822
55 1998 2176 2296 2388 2.461 2522 2574 2.619 2.659 2.696 2.728 2.758 2.786 2.811
60 1.995 2.171 2291 2.382 2455 2.515 2.567 2.612 2.652 2.687 2.720 2.749 2.777 2.802
65 1.991 2.167 2287 2377 2.449 2.509 2.561 2.605 2.645 2.681 2.713 2.742 2.769 2.794

70 1989 2.164 2283 2373 2445 2,504 2.555 2.600 2.639 2.675 2.707 2.736 2.763 2.788
75 1986 2.161 2279 2.369 2.441 2.500 2.551 2.595 2.634 2.670 2.701 2.731 2.757 2.782
80 1984 2158 2.277 2366 2437 2496 2.547 2.591 2.630 2.665 2.697 2.726 2.753 2.777
85 1983 2.156 2274 2363 2.434 2493 2.544 2588 2.626 2.661 2.693 2.722 2.748 2.773
90 1981 2.154 2272 2360 2.431 2490 2.541 2.584 2.623 2.658 2.689 2.718 2.745 2.769

95 1980 2.152 2270 2358 2.429 2.488 2.538 2581 2.620 2.655 2.686 2.715 2.741 2.766
100 1.978 2.151 2.268 2.356 2.427 2.485 2.535 2.579 2.618 2.652 2.683 2.712 2.738 2.763
125 1974 2.145 2261 2349 2419 2.477 2.526 2.569 2.607 2.642 2.673 2.701 2.727 2.751
150 1.970 2.141 2.257 2.344 2413 2471 2520 2.563 2.601 2.635 2.665 2.694 2.719 2.743
175 1.968 2.138 2.253 2.340 2.409 2.467 2.516 2.558 2.596 2.630 2.660 2.688 2.714 2.738

200 1966 2.136 2.251 2.337 2.406 2.464 2.512 2.555 2592 2.626 2.657 2.684 2.710 2.734
250  1.964 2.133 2.247 2334 2402 2459 2508 2.550 2.588 2.621 2.651 2.679 2.704 2.728
300 1.962 2131 2245 2.331 2400 2.456 2.505 2.547 2.584 2.618 2.648 2.675 2.701 2.724
350 1961 2.130 2244 2329 2398 2.454 2503 2.545 2.582 2.615 2.645 2.673 2.698 2.721
400 1.960 2.129 2.242 2328 2396 2.453 2501 2.543 2.580 2.613 2.643 2.671 2.696 2.719

450 1.960 2.128 2.241 2.327 2.395 2452 2500 2.542 2.579 2.612 2.642 2.669 2.694 2.718
500 1.959 2.127 2241 2326 2.394 2.451 2499 2541 2578 2.611 2.641 2.668 2.693 2.716
1000 1.957 2.124 2237 2322 2.390 2.446 2.494 2536 2.573 2.606 2.636 2.663 2.688 2.711
] 1.955 2.121 2234 2319 2386 2.442 2490 2531 2.568 2.601 2.630 2.657 2.682 2.705

oI N
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Critical values of ¢ according to Dunn-Sidak’s

criterion for two-tailed 5% tests (table 2)
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100
125
150
175
200

250
300
350
400
450
500
000

nc=2

6.164
4.156
3.481

3.152
2.959
2.832
2.743
2.677

2.626
2.586
2.553
2.526
2.503

2483
2.467
2.452
2.439
2.427

2.417
2.400
2.385
2.373
2.363

2.354
2.346
2.340
2.334
2.328

2.323
2.319
2.315
2.312
2.309

2.306
2.299
2.294
2.289
2.285

2.282
2.279
2.277
2.274
2.272

2.271
2.264
2.259
2.256
2.253

2.250
2.248
2.246
2.245
2.244
2.243
2.240
2.236

3

7.582
4.826
3.941

3.518
3.274
3.115
3.005
2.923

2.860
2.811
2.770
2.737
2.709

2.685
2.665
2.647
2.631
2.617

2.605
2.584
2.566
2.551
2.539

2.528
2.519
2.511
2.504
2.498

2.492
2.487
2.482
2.478
2.474

2.470
2.463
2.456
2451
2.446

2.442
2.439
2.436
2.433
2431

2.428
2.420
2415
2411
2.408

2.404
2.401
2.399
2.398
2.397
2.396
2.392
2.388

4

8.774
5.355
4.290

3.791
3.505
3.321
3.193
3.099

3.027
2.970
2.924
2.886
2.854

2.827
2.804
2.783
2.766
2.750

2.736
2.712
2.692
2.675
2.661

2.649
2.639
2.630
2.622
2.614

2.608
2.602
2.597
2.592
2.588

2.584
2.575
2.568
2.562
2.557

2.552
2.548
2.545
2.542
2.539

2.537
2.527
2.521
2.517
2.514

2.509
2.506
2.504
2.502
2.501
2.500
2.495
2.491

5

9.823
5.799
4.577

4.012
3.690
3.484
3.342
3.237

3.157
3.094
3.044
3.002
2.967

2.937
2911
2.889
2.869
2.852

2.836
2.810
2.788
2.770
2.755

2.742
2.730
2.720
2.711
2.703

2.696
2.690
2.684
2.679
2.674

2.670
2.660
2.653
2.646
2.640

2.635
2.631
2.627
2.624
2.621

2.618
2.608
2.602
2.597
2.593

2.588
2.585
2.583
2.581
2.580
2.579
2.574
2.569

6

10.77
6.185
4.822

4.197
3.845
3.620
3.464
3.351

3.264
3.196
3.141
3.096
3.058

3.026
2.998
2.974
2.953
2.934

2918
2.889
2.866
2.847
2.830

2.816
2.804
2.793
2.784
2.775

2.768
2.761
2.755
2.749
2.744

2.739
2.729
2.721
2.714
2.707

2.702
2.698
2.694
2.690
2.687

2.684
2.673
2.666
2.661
2.657

2.652
2.649
2.646
2.644
2.643
2.641
2.636
2.631

7

11.64
6.529
5.036

4.358
3.978
3.736
3.569
3.448

3.355
3.283
3.224
3.176
3.135

3.101
3.072
3.046
3.024
3.004

2.986
2.956
2.931
2.911
2.893

2.878
2.865
2.854
2.844
2.835

2.827
2.820
2.813
2.807
2.802

2.797
2.786
2.777
2.770
2.764

2.758
2.753
2.749
2.745
2.742

2.739
2.727
2.720
2.715
2.711

2.705
2.701
2.699
2.697
2.695
2.694
2.688
2.683

8

12.45
6.842
5.228

4.501
4.095
3.838
3.661
3.532

3.434
3.358
3.296
3.245
3.202

3.166
3.135
3.108
3.085
3.064

3.045
3.014
2.988
2.966
2.948

2.932
2.918
2.906
2.896
2.887

2.878
2.871
2.864
2.858
2.852

2.847
2.835
2.826
2.818
2.812

2.806
2.801
2.796
2.792
2.789

2.786
2.774
2.766
2.760
2.756

2.750
2.746
2.744
2.741
2.740
2.739
2.733
2.727

9

13.21
7.128
5.402

4.630
4.200
3.929
3.743
3.607

3.505
3424
3.359
3.306
3.261

3.224
3.191
3.163
3.138
3.116

3.097
3.064
3.037
3.014
2.995

2.979
2.965
2.952
2.941
2.932

2.923
2.915
2.908
2.901
2.895

2.890
2.878
2.869
2.860
2.853

2.847
2.842
2.838
2.833
2.830

2.827
2.814
2.806
2.800
2.796

2.790
2.786
2.783
2.781
2.779
2.778
2.772
2.766

10

13.93
7.394
5.562

4.747
4.296
4.011
3.816
3.675

3.568
3.484
3416
3.361
3314

3.275
3.241
3.212
3.186
3.163

3.143
3.109
3.081
3.058
3.038

3.021
3.006
2.993
2.982
2972

2.963
2.954
2.947
2.940
2.934

2.929
2.916
2.906
2.898
2.891

2.884
2.879
2.874
2.870
2.866

2.863
2.850
2.841
2.835
2.831

2.825
2.820
2.817
2.815
2.813
2.812
2.806
2.800

11

14.61
7.642
5.710

4.855
4.383
4.086
3.883
3.736

3.625
3.538
3.468
3.410
3.362

3.321
3.286
3.256
3.229
3.206

3.185
3.150
3.121
3.096
3.076

3.058
3.043
3.030
3.018
3.008

2.998
2.990
2.982
2.975
2.969

2.963
2.951
2.940
2.931
2.924

2.918
2912
2.907
2.903
2.899

2.895
2.882
2.873
2.867
2.862

2.856
2.852
2.849
2.846
2.844
2.843
2.837
2.830

12

15.26
7.876
5.848

4.955
4.464
4.156
3.945
3.793

3.677
3.587
3.515
3.455
3.406

3.364
3.327
3.296
3.269
3.245

3.223
3.187
3.157
3.132
3.111

3.092
3.077
3.063
3.051
3.040

3.031
3.022
3.014
3.007
3.001

2.995
2.982
2.971
2.962
2.954

2.948
2.942
2.937
2.932
2,928

2.925
2911
2.902
2.896
2.891

2.884
2.880
2.877
2.874
2.872
2.871
2.864
2.858

13 14

15.89 16.49
8.096 8.306
5.977 6.099

5.049 5.136
4.539 4.609
4.220 4.280
4.002 4.055
3.845 3.893

3.726 3.771
3.633 3.675
3.558 3.598
3.497 3.535
3.446 3.483

3.402 3.439
3.365 3.400
3.333 3.367
3.305 3.338
3.280 3.313

3.258 3.290
3.220 3.252
3.190 3.220
3.164 3.194
3.142 3.172

3.124 3.153
3.108 3.136
3.094 3.122
3.081 3.109
3.070 3.098

3.060 3.088
3.051 3.079
3.043 3.070
3.036 3.063
3.029 3.056

3.023 3.050
3.010 3.036
2999 3.025
2990 3.016
2.982 3.008

2975 3.001
2.969 2.995
2.964 2.989
2.959 2.984
2,955 2.980

2.952 2.976
2.938 2.962
2.928 2.953
2.922 2.946
2917 2.941

2910 2.934
2906 2.929
2902 2.926
2.900 2.924
2.898 2.922
2.897 2.920
2.890 2.913
2.883 2.906

15

17.07
8.505
6.214

5.219
4.675
4.336
4.105
3.939

3.813
3.715
3.636
3.571
3.518

3472
3.433
3.399
3.370
3.343

3.320
3.281
3.249
3.222
3.199

3.180
3.163
3.148
3.135
3.123

3.113
3.104
3.095
3.088
3.081

3.074
3.060
3.049
3.039
3.031

3.024
3.018
3.012
3.008
3.003

2.999
2.985
2.975
2.968
2.963

2.956
2.951
2.948
2.945
2.943
2.942
2.935
2.928
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Statistical tables explained and applied

Critical values of ¢ according to Dunn-Sidak’s

criterion for one-tailed 1 % tests (table 2)

VOO ~-ITAANN W =

nc=2

9.912
5.836
4.601

4.030
3.705
3.498
3.354
3.248

3.168
3.104
3.053
3.011
2.976

2.945
2.920
2.897
2.877
2.860

2.844
2.818
2.796
2.778
2.762

2.749
2.737
2.727
2.718
2.711

2.703
2.697
2.691
2.686
2.681

2.677
2.667
2.659
2.653
2.647

2.642
2.638
2.634
2.631
2.628

2.625
2.615
2.608
2.603
2.600

2.595
2.591
2.589
2.587
2.586
2.585
2.580
2.575

3

12.17
6.733
5.162

4.452
4.055
3.803
3.630
3.503

3.407
3.332
3.271
3.221
3.179

3.144
3.113
3.087
3.064
3.043

3.025
2.994
2.968
2.947
2.929

2914
2.900
2.889
2.878
2.869

2.861
2.853
2.847
2.840
2.835

2.830
2.819
2.809
2.802
2.795

2.789
2.785
2.780
2.776
2.773

2.770
2.758
2.750
2.745
2.741

2.735
2.731
2.728
2.726
2.725
2.723
2.718
2.712

4

14.06
7.444
5.592

4.769
4313
4.026
3.830
3.687

3.579
3.494
3.426
3.371
3.324

3.284
3.250
3.221
3.195
3.172

3.152
3.117
3.089
3.065
3.045

3.028
3.013
3.000
2.989
2979

2.970
2.962
2.954
2.947
2.941

2.936
2923
2913
2.905
2.897

2.891
2.886
2.881
2.877
2.873

2.869
2.856
2.848
2.842
2.837

2.831
2.827
2.824
2.821
2.820
2.818
2.812
2.806

5

15.73
8.041
5.945

5.026
4.520
4.204
3.988
3.832

3.714
3.621
3.547
3.487
3.436

3.393
3.356
3.324
3.296
3.271

3.249
3.212
3.182
3.156
3.135

3.116
3.100
3.086
3.074
3.063

3.053
3.044
3.036
3.029
3.022

3.016
3.003
2.992
2.983
2.975

2.968
2.963
2.957
2.953
2.949

2.945
2.931
2922
2915
2911

2.904
2.899
2.896
2.894
2.892
2.890
2.884
2.877

6

17.24
8.563
6.247

5.242
4.694
4.352
4.119
3.951

3.825
3.726
3.647
3.582
3.527

3.482
3.442
3.408
3.378
3.352

3.329
3.289
3.257
3.230
3.207

3.187
3.170
3.155
3.142
3.131

3.120
3.111
3.102
3.095
3.088

3.081
3.067
3.056
3.046
3.038

3.031
3.024
3.019
3.014
3.010

3.006
2.991
2.982
2.975
2.970

2.962
2.958
2.954
2.952
2.950
2.948
2.941
2.934

7

18.63
9.028
6.513

5.431
4.844
4.479
4.232
4.054

3.919
3.815
3.731
3.662
3.605

3.557
3.515
3.479
3.448
3.420

3.396
3.354
3.320
3.291
3.267

3.247
3.229
3.213
3.200
3.188

3.177
3.167
3.158
3.150
3.142

3.136
3.121
3.109
3.099
3.090

3.083
3.076
3.070
3.065
3.061

3.057
3.041
3.031
3.024
3.019

3.011
3.006
3.003
3.000
2.998
2.996
2.989
2.981

8

19.92
9.451
6.750

5.599
4.976
4.591
4.330
4.143

4.002
3.892
3.804
3.732
3.672

3.622
3.578
3.541
3.508
3.479

3.454
3.410
3.374
3.345
3.320

3.298
3.280
3.263
3.249
3.236

3.225
3.215
3.206
3.197
3.190

3.183
3.167
3.155
3.144
3.135

3.127
3.121
3.115
3.109
3.105

3.100
3.084
3.074
3.066
3.061

3.053
3.048
3.044
3.041
3.039
3.037
3.030
3.022

9

21.13
9.839
6.966

5.750
5.095
4.691
4.418
4222

4.075
3.960
3.869
3.794
3.732

3.679
3.634
3.595
3.561
3.531

3.504
3.459
3.422
3.391
3.366

3.343
3.324
3.307
3.292
3.279

3.267
3.257
3.247
3.239
3.231

3.223
3.208
3.195
3.184
3.174

3.166
3.159
3.153
3.148
3.143

3.138
3.122
3.111
3.103
3.097

3.089
3.084
3.080
3.077
3.075
3.073
3.065
3.057

10

22.28
10.20
7.165

5.887
5.203
4.781
4.497
4.294

4.141
4.022
3.927
3.850
3.785

3.731
3.684
3.644
3.608
3.577

3.550
3.503
3.465
3.433
3.406

3.383
3.364
3.346
3.331
3.317

3.305
3.294
3.284
3.276
3.267

3.260
3.244
3.230
3.219
3.209

3.201
3.194
3.187
3.182
3.177

3.172
3.155
3.144
3.136
3.130

3.122
3.116
3.112
3.109
3.107
3.105
3.097
3.089

11

23.37
10.54
7.348

6.014
5.302
4.864
4.570
4.359

4.201
4.078
3.980
3.900
3.833

3.777
3.729
3.688
3.651
3.619

3.591
3.543
3.503
3.471
3.443

3.420
3.399
3.381
3.366
3.352

3.339
3.328
3.318
3.309
3.300

3.293
3.276
3.262
3.251
3.241

3.232
3.225
3.218
3.212
3.207

3.203
3.185
3.174
3.165
3.159

3.151
3.145
3.141
3.138
3.136
3.134
3.125
3.117

12

24.41
10.85
7.520

6.132
5.393
4.940
4.636
4419

4.256
4.129
4.028
3.946
3.877

3.820
3.770
3.728
3.690
3.657

3.628
3.579
3.539
3.505
3.477

3.453
3.432
3.413
3.397
3.383

3.370
3.359
3.348
3.339
3.330

3.322
3.305
3.291
3.279
3.269

3.260
3.253
3.246
3.240
3.235

3.230
3.212
3.201
3.192
3.186

3.177
3.171
3.167
3.164
3.162
3.160
3.151
3.143

13 14

2541 2637
11.15 11.44
7.680 7.832

6.242 6.345
5.478 5.558
5.011 5.077
4.698 4.755
4.474 4.526

4.306 4.354
4.177 4.220
4.073 4114
3.988 4.028
3.918 3.956

3.859 3.895
3.808 3.843
3.764 3.799
3.726 3.759
3.693 3.725

3.663 3.695
3.612 3.643
3.571 3.601
3.537 3.566
3.508 3.536

3.483 3511
3.461 3.489
3.443 3.470
3.426 3.453
3.412 3.438

3.399 3.425
3.387 3.413
3.376 3.402
3.366 3.392
3.358 3.383

3.350 3.375
3.332 3.357
3.318 3.342
3.306 3.330
3.295 3.319

3.286 3.310
3.279 3.302
3.272 3.295
3.266 3.289
3.260 3.284

3.255 3.279
3.237 3.260
3.225 3.248
3.217 3.239
3.210 3.233

3.201 3.223
3.195 3.217
3.191 3.213
3.188 3.210
3.185 3.207
3.184 3.205
3.175 3.196
3.166 3.187

15

27.29
11.71
7.975

6.443
5.633
5.139
4.809
4.574

4.398
4.262
4.153
4.064
3.991

3.929
3.876
3.830
3.790
3.755

3.724
3.671
3.628
3.593
3.562

3.537
3.514
3.495
3478
3.463

3.449
3.437
3.426
3416
3.406

3.398
3.380
3.365
3.352
3.342

3.332
3.324
3.317
3311
3.305

3.300
3.281
3.269
3.260
3.253

3.244
3.238
3.233
3.230
3.228
3.226
3.216
3.207
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Critical values of 7 according to Dunn-Sidak’s criterion for two-tailed 1 % tests (table 2)
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14.07
7.447
5.594

4.771
4.315
4.027
3.831
3.688

3.580
3.495
3.427
3.371
3.324

3.285
3.251
3.221
3.195
3.173

3.152
3.118
3.089
3.066
3.046

3.029
3.014
3.001
2.990
2.979

2.970
2.962
2.955
2.948
2.942

2.936
2.924
2.914
2.905
2.898

2.892
2.886
2.881
2.877
2.873

2.870
2.857
2.848
2.842
2.838

2.831
2.827
2.824
2.822
2.820
2.819
2.812
2.806

3

17.25
8.565
6.248

5243
4.695
4.353
4.120
3.952

3.825
3.726
3.647
3.582
3.528

3.482
3.443
3.409
3.379
3.353

3.329
3.289
3.257
3.230
3.207

3.188
3.171
3.156
3.143
3.131

3.121
3.111
3.103
3.095
3.088

3.082
3.068
3.056
3.046
3.038

3.031
3.025
3.019
3.014
3.010

3.006
2.992
2.982
2.975
2.970

2.963
2.958
2.954
2.952
2.950
2.948
2.941
2.934

4

19.92
9.453
6.751

5.599
4.977
4.591
4.331
4.143

4.002
3.892
3.804
3.733
3.673

3.622
3.579
3.541
3.508
3.479

3.454
3.410
3.375
3.345
3.320

3.298
3.280
3.264
3.249
3.237

3.225
3.215
3.206
3.197
3.190

3.183
3.167
3.155
3.144
3.135

3.128
3.121
3.115
3.110
3.105

3.101
3.085
3.074
3.067
3.061

3.053
3.048
3.044
3.041
3.039
3.038
3.030
3.022

5

22.28
10.20
7.166

5.888
5.203
4,782
4.498
4.294

4.141
4.022
3.927
3.850
3.785

3.731
3.684
3.644
3.609
3.578

3.550
3.503
3.465
3.433
3.407

3.384
3.364
3.346
3.331
3.318

3.305
3.295
3.285
3.276
3.268

3.260
3.244
3.230
3.219
3.209

3.201
3.194
3.188
3.182
3.177

3.172
3.155
3.144
3.136
3.130

3.122
3.116
3.112
3.110
3.107
3.105
3.097
3.089

6 7

2441 26.37
10.85 11.44
7.520 7.832

6.133 6.346
5.394 5.559
4.941 5.078
4.637 4.756
4.419 4.526

4.256 4.354
4.129 4.221
4.029 4.114
3.946 4.028
3.878 3.956

3.820 3.895
3.771 3.844
3.728 3.799
3.691 3.760
3.658 3.725

3.629 3.695
3.579 3.643
3.539 3.601
3.505 3.566
3.477 3.536

3.453 3.511
3.432 3.489
3.414 3.470
3.397 3.453
3.383 3.438

3.370 3.425
3.359 3413
3.348 3.402
3.339 3.392
3.330 3.383

3.322 3.375
3.305 3.357
3.291 3.342
3.279 3.330
3.269 3.319

3.261 3.310
3.253 3.302
3.246 3.295
3.240 3.289
3.235 3.284

3.230 3.279
3.213 3.260
3.201 3.248
3.192 3.239
3.186 3.233

3.177 3.224
3.171 3.217
3.167 3.213
3.164 3.210
3.162 3.207
3.160 3.205
3.151 3.196
3.143 3.188

8

28.20
11.97
8.112

6.535
5.704
5.198
4.860
4.619

4.439
4.300
4.189
4.099
4.024

3.961
3.907
3.860
3.820
3.784

3.752
3.698
3.654
3.618
3.587

3.561
3.538
3.518
3.501
3.485

3.472
3.459
3.448
3.438
3.428

3.420
3.401
3.386
3.373
3.362

3.353
3.345
3.338
3.331
3.326

3.320
3.301
3.288
3.279
3.273

3.263
3.257
3.252
3.249
3.247
3.244
3.235
3.226

9

29.91
12.45
8.367

6.706
5.835
5.306
4.953
4.703

4.515
4.371
4.256
4.162
4.084

4.019
3.963
3.914
3.872
3.835

3.802
3.747
3.702
3.664
3.632

3.605
3.582
3.561
3.543
3.527

3.513
3.500
3.488
3.478
3.468

3.459
3.440
3.425
3.411
3.400

3.390
3.382
3.374
3.368
3.362

3.357
3.337
3.324
3.314
3.307

3.298
3.291
3.287
3.283
3.281
3.279
3.269
3.260

10

31.53
12.90
8.600

6.862
5.954
5.404
5.038
4.778

4.584
4.434
4.315
4.218
4.138

4.071
4.013
3.963
3.920
3.881

3.848
3.790
3.744
3.705
3.672

3.644
3.620
3.599
3.581
3.564

3.549
3.536
3.524
3.513
3.504

3.495
3.475
3.459
3.445
3.434

3.424
3.415
3.407
3.401
3.395

3.389
3.369
3.355
3.346
3.339

3.329
3.322
3.317
3.314
3.311
3.309
3.299
3.289

11 12

33.07 34.54
13.33 13.72
8.817 9.019

7.006 7.139
6.063 6.164
5.493 5.576
5.115 5.185
4.846 4.909

4.646 4.703
4.492 4.545
4.369 4.419
4.270 4.317
4.187 4.232

4.118 4.160
4.058 4.100
4.007 4.047
3.962 4.001
3.923 3.961

3.888 3.926
3.830 3.865
3.782 3.816
3.742 3.776
3.708 3.741

3.680 3.712
3.655 3.687
3.633 3.665
3.614 3.645
3.597 3.628

3.582 3.612
3.569 3.599
3.557 3.586
3.546 3.575
3.535 3.564

3.526 3.555
3.506 3.534
3.489 3.517
3.476 3.503
3.464 3.491

3.454 3481
3.445 3472
3.437 3.464
3.430 3.457
3.424 3.450

3.418 3.445
3.397 3.423
3.383 3.409
3.374 3.399
3.366 3.392

3.356 3.381
3.349 3374
3.345 3.369
3.341 3.366
3.338 3.363
3.336 3.361
3.326 3.350
3.316 3.340

13

35.95
14.10
9.208

7.264
6.258
5.652
5.251
4.967

4.756
4.594
4.465
4.360
4.273

4.200
4.138
4.084
4.037
3.996

3.960
3.898
3.848
3.807
3.771

3.742
3.716
3.693
3.673
3.656

3.640
3.626
3.613
3.601
3.591

3.581
3.560
3.543
3.529
3.516

3.506
3.496
3.488
3.481
3.475

3.469
3.447
3.433
3.422
3.415

3.404
3.397
3.392
3.388
3.385
3.383
3.373
3.362

14

37.31
14.46
9.387

7.381
6.345
5.724
5.312
5.021

4.806
4.639
4.507
4.400
4311

4.237
4.173
4.118
4.071
4.029

3.992
3.929
3.878
3.835
3.799

3.769
3.743
3.720
3.699
3.681

3.665
3.651
3.638
3.626
3.615

3.606
3.584
3.567
3.552
3.539

3.528
3.519
3.511
3.503
3.497

3.491
3.469
3.454
3.444
3.436

3.425
3.418
3.413
3.409
3.406
3.404
3.393
3.383

15

38.62
14.80
9.556

7.491
6.428
5.791
5.370
5.072

4.852
4.682
4.547
4438
4.347

4.271
4.206
4.150
4.102
4.059

4.021
3.957
3.905
3.862
3.825

3.794
3.768
3.744
3.724
3.705

3.689
3.674
3.661
3.649
3.638

3.628
3.606
3.589
3.574
3.561

3.550
3.540
3.532
3.524
3.518

3.512
3.489
3474
3.464
3.456

3.445
3.438
3.432
3.429
3.426
3.423
3.412
3.402




Statistical tables explained and applied

Minimum sample size (#) such that a given correlation coefficient de correlation r
be significant (ie. significantly different from zero) at various thresholds (table 3)

r P=095 0975 099 0995 r P=095 0975 0.99 0.995
minimum # minimum 7
.99 3 4 4 5 49 13 17 23 27
.98 4 4 5 5 48 13 18 24 28
.97 4 4 5 5 47 14 18 25 30
.96 4 4 5 5 46 14 19 26 31
95 4 5 5 6 45 15 20 27 32
.94 4 5 5 6 44 16 21 28 34
93 4 5 6 6 43 16 22 29 35
92 4 5 6 6 42 17 23 31 37
91 4 5 6 7 41 18 24 32 39
.90 5 5 6 7 40 19 25 34 41
.89 5 5 6 7 39 19 26 36 43
.88 5 5 7 7 38 20 28 38 46
.87 5 6 7 8 37 21 29 40 48
.86 5 6 7 8 36 22 31 42 51
.85 5 6 7 8 35 24 32 44 54
.84 5 6 7 8 34 25 34 47 57
.83 5 6 8 9 33 26 36 50 61
.82 5 6 8 9 32 28 39 53 64
81 5 7 8 9 31 30 41 57 69
.80 6 7 8 9 30 32 44 60 73
.79 6 7 8 10 29 34 47 65 79
.78 6 7 9 10 28 36 50 69 84
77 6 7 9 10 27 39 54 74 91
.76 6 7 9 11 26 42 58 80 98
75 6 8 9 11 25 45 63 87 106
74 6 8 10 11 24 49 68 94 115
.73 6 8 10 12 23 53 74 103 125
.72 7 8 10 12 22 58 80 112 137
1 7 8 11 12 21 63 88 123 150
.70 7 9 11 13 .20 69 97 136 166
.69 7 9 11 13 .19 77 107 150 183
.68 7 9 12 14 .18 85 120 167 204
.67 7 9 12 14 .17 95 134 188 229
.66 8 10 12 15 .16 107 151 212 259
.65 8 10 13 15 15 122 172 241 295
.64 8 10 13 16 .14 140 197 276 338
.63 8 11 14 16 13 162 228 321 392
.62 9 11 14 17 12 190 268 376 460
.61 9 11 15 17 11 225 319 448 548
.60 9 12 15 18 .10 272 385 541 663
.59 9 12 16 18 .09 336 475 668 819
58 10 12 16 19 .08 424 601 846 1036
57 10 13 17 20 .07 554 785 1105 1354
.56 10 13 17 21 .06 753 1068 1504 1843
.55 10 14 18 21 .05 1084 1538 2165 2654
.54 11 14 19 22 04 1693 2402 3383 4146
53 11 15 19 23 .03 3008 4269 6014 7372
.52 12 15 20 24 02 6766 9605 13530 16587
Sl 12 16 21 25 .01 27057 38416 54119 66349
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Reading off the tables

Table 1 furnishes values of Student’s ¢ statistic corresponding to probability integrals P = 0.75,
0.95, 0.975, 0.99 and 0.995 for df (v) from 1 to 99, plus some others. For P < 0.50, one may use
relation: 7 = —f;;_p due to the symmetry of the distribution about zero.

Table 2 also gives ¢ values for P =0.95, 0.975, 0.99 and 0.995 following Dunn-Sidak
protection criterion: the other parameters are degrees of freedom (v, or df) and number of
planned comparisons (#c).

Table 3 is a significance table for the correlation coefficient r. For each significance
level a (P =1—a = 0.95, 0.975, 0.99, 0.995), it indicates the minimum sample size »n for which
any r value departs significantly from zero. This table is based on a logical inversion of the ¢ test
appropriate for this situation.

lllustration 1. Find t,4; s;. In table 1, at line v = 14 and under P = 0.95, we read ¢ =
1.761. Likewise, for fy (s, We use —fg 45y = —1.833.

Hlutration 2. With 72 df, what are the (two) critical values of Student’s ¢z for a two-
tailed 1 % test? The total extreme probability of 1 %, assigned equally to the right and left, leads
to probability grades 0.005 (on the left) and 0.995 (on the right). In table 1, under v = 72 and
P =0.995, we obtain 2.646, so the searched-for values are —2.646 and 2.646.

Illustration 3. Find t,4(20[.95];4), i.e. the appropriate ¢ value under the Dunn-Sidak
criterion, for v = 20 df, a one-tailed 5 % threshold and nc = 4 comparisons. In table 2, on the
page prepared for one-tailed 5 % tests, line v = 20 and column nc = 4 point to 55 = 2.414.

Hlustration 4. Find n(r=20.30) for P = 0.975 (or, equivalently, for a two-tailed 5 %
test). In table 3, at line » = 0.30 and under P = 0.975, we read n = 44. Hence, any coefficient r
>0.30 or » £ —0.30 differs significantly from zero (i.e. is significant) at the 5 % (bilateral) level
if n > 44,

Full examples

Example 1. With a sample of 40 children in first grade of primary school, we
measured an average weight (¥) of 19.89 kg, with a s.d. of 4.74. Using a confidence coefficient
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¢ = 0.95, find the interval inside which the true mean weight () of children in this category
should lie. Solution: The confidence interval for a mean, or average, is given by:

Pr{X+t, jjq—gmS/ V< Py <X+, jjqeqmS/Nn} =cC.

Here, ¢ =0.95, n = 40,x = 19.89, s = 4.74. In table 1, we find #3g75) = 2.023, hence ty5 p5) =
—2.023 by symmetry. These data allow us to calculate and state that:

Pr{ 18,37 < py < 21,41 } ~ 0.95.

Example 2. Thirty-eight patients suffering a phobia to dogs were randomly assigned
either to therapy 1 or 2. After four individual sessions of one hour, a questionnaire measuring the
respondent’s "bravery toward dogs" was administered to each patient. A summary of results
follows:

Therapy 1 n,=20 X =349 s, =0.96;
Therapy 2 n,=18 x,=2.04 s, =093,

May we conclude that one therapy is more effective than the other? Solution: This simple
research paradigm and the associated #-test procedure are among the most currently encountered
in statistical practice. Under appropriate conditions (i.e. independent samples from a unique
normally distributed population, homogeneity of variance estimates), the # test for the difference
of means between two samples is defined by:

X, — X
t = 1 2 ,
(n,-1)s% + (n,-1)s5 ( 1 1
n,+n,-2 n, n

and is distributed as Student’s ¢ with n, + n, — 2 df. Selecting a 5 % significance level with a
two-tailed test (whence P = 0.025 and 0.975) and with df = 20 + 18 — 2 = 36, table 1 furnishes
t = £2.028. Calculating the above formula with our data, we get ¢ ~ 1.45 / /(0.8948x0.10556)
~ 1.45 / 0.30733 ~ 4.718. As the calculated ¢ test exceeds the critical value, we reject the
hypothesis of the equality of population means. Therefore, therapy 1 appears more effective, at
least in the short term, than therapy 2.

Example 3. A researcher in experimental biology allocates 50 laboratory rats into 5
groups of 10, in a random manner. In his research protocol, he compares three experimental diets:
El, E2 and E3, and two control diets, C1 and C2. The body weight — the dependent variable in
this study — is measured in grams (g) at the end of the experiment. Here is a summary of results:
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Diet group n X s
El 10 352.7 32.14
E2 10 318.2 29.56
E3 10 336.4 33.37
C1 10 308.5 28.61
C2 10 273.4 30.19

The researcher wishes to determine, using a 1 % significance threshold, whether each
experimental diet has benefitted the rats’ weight in contrast with each control diet. Solution: The
researcher’s questioning design corresponds to a set of 6 planned comparisons (and 6 one-tailed
tests), each of type H;: W(E) > u(C,), j = 1,2,3 and r = 1,2 ; the criterion and method of Dunn-
Sidak are appropriate here. The ¢ test for this situation is:

;= xi—xj

The (error) variance estimate, &%, is given here by the Within-group mean square (MSy;.. ) of
a one-way analysis of variance, here MSy,,.. = 950.06 (calculted as a weighted average of each
group’s %, with weights equal to n;—1), with v = 5x9 = 45 df. Table 2 furnishes, for one-tailed
tests, o = 0.01 and nc = 6 comparisons, the two values #;4(44[0.99];6) = 3.102 and
1ps(46[0.99];6) = 3.095, whence, by interpolation for v = 45, #(45) ~ 3.099. To be significant,
the ¢ test must exceed 3.099; therefore, each difference x¥(E;) —x(C,) must exceed
2.099%4/[950.06x(1/10+1/10)] ~ 42.72. Computations show that only differences (E1—Cl),
(E1—C2) and (E3—C2) are significant at the prescribed level.

Example 4. The (linear) correlation between the height of 20 women and that of their
consort has been calculated at » = 0.54. With this value, can we infer that there exists some
relation between the statures of partners in human couples in the whole population, a non-zero
correlation (using a 5 %, two-tailed test)? Solution: In table 3, under column P = 0.975, we find
n(0.54) = 14, this being the minimum sample size for our correlation to be significant. As our
sample is of size 20, we conclude that the obtained correlation is statistically significant, hence
that the members of human couples tend moderately to be akin in stature.
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Mathematical presentation

Student’s ¢ variable is basically the quotient of a random normal N(u,c?) variable divided by an
estimate s of ¢ having v df; that estimate itself emanating from the same statistical population'.
As the following equality shows, the ¢ formula compensates for our ignorance of the parametric

value of 62 :
foo XTR x-p)fo _  z .
S v-s\% v JiE v
52

We see, in addition, that the ¢ variable can be manufactured, or generated, by dividing a standard
normal r.v. (z) with the square root of a y2 r.v., itself divided by its parameter v.

The most popular applications of Student’s ¢ distribution concern the sampling
distribution of the mean X, the distribution of a difference (¥, —X,) of two independent or two
paired means, and the significance of a correlation coefficient. The distribution was discovered
by W. S. Gosset (alias Student), and R. A. Fisher established it mathematically. Fisher also
established the kinship of Student’s ¢ with correlation coefficient » in a bivariate normal
population where p = 0, and with the %> and F distributions. Fisher promoted the use of ¢ tests
and other small-sample tests in fundamental and applied research.

Calculation and moments
The p.d.f. of ¢ having v df is:

p@) =K, (1+2v)~ 0 D2
where:

K, = T[(v+1)2)/{d/(vr)[(v/2)} .

! This last clause is not mandatory. It is stated here as it evokes the habitual context in which most ¢ tests are
applied, a context wherein some sample mean is divided by the square root of the same sample’s variance estimate.
The reader is reminded that, in samples from a normal distribution, the sample estimates X and s* are independently
distributed.
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The distribution has one mode, is symmetrical about zero and is somewhat wider than the normal
density, tending progressively to it as v — . I'(x) indicates the Gamma function.

Integration of the above p.d.f. is not simple, that being the case for most statistical
distributions. The binomial expansion of (1 + %/v)™’, followed by term-by-term integration on
¢, results in the converging power series:

. = (- (v+1\O[¢? i
P(z,) = /2+Kvti=zo i!(2i+1)( 2 ) (—V-) ’

where x® denotes the ascending factorial function. Gosset, using the change of variables 6 =
tan~!(¢/+/v), developped the following series, one for even v:

. Ya(v-2) i,
1 sin@ 2i 2_]—1
Pit)= =+ ——<1+ cosO =,
@=L { > oo 11 2L }
the other for odd v:
Ya(v-3) i .
Pit)=1+1i0+sin0cost|1+ ¥ (cos®)* T] =2 |t ;
2 = i=1 =1 2j+1

both series become cluttered for large v values. For such cases, the preceding binomial expansion
seems preferable, or else, the approximation proposed by Fisher:

P(t,) ~ O()+o(t) t[A/(4v) +B/(96v?) +C/(384v®) + D/(92160v*) +--],

where @ and ¢ are respectively the d.f. and the p.d.f. of the standard normal distribution, and A
=£+1,B =30 -7 -5/ -3, C = /1'-118+14+6r' -3 —15, D = 15/ —375¢12+2225¢1°
—214188 —939/5—213¢*+ 9152+ 945. Many other computational algorithms are available.

The ¢ variable with v = 1 has p.d.f. 1/[n(1+£%)] and coincides with a standard Cauchy
variable. This variable, which also corresponds to the quotient of two standard normal r.v.’s
(= z,/z,), has no expectation, no variance, nor moments of any order. The d.f. is simply P(z,) =
Y5 + (tan™'f)/w, whence, by inversion, we may obtain the percentage point #,[P] = tan{n(P—%)}.

For v = 2, through Gosset’s trigonometric series, we have P(t,) = V5 + Vat/\/(£*+2),and
L[P] = 2P-1)/\/[2P(1 —-P)].
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Note, finally, the kinship of ¢, and F,, from which we have, for instance, the
correspondance:

typ) = TNFiypp-1y {P>% 1,

and also t, &> z ~ M(0,1) as v - oo, reflecting the trend of ¢ toward the normal law. These
diverse relations may help to interpolate in a table of percentage points of 7, when necessary.

Moments. Thanks to the symmetry of its p.d.f. centered at zero, the expectation,
median and mode of ¢, are all zero, as is the skewness index, y,. The variance (c?) equals
v/(v—2), and the kurtosis index (y,) is 6/(v—4), reflecting a leptokurtic, somewhat narrow,
center. Note that the moment of order » (» = 1 for u, 2 for 62, etc.) is defined only if v > 7.

With only the first two moments of ¢, we can approximate a ¢ centile using the rough
equivalence: ¢, ~ Zp/0,, Zp being the standard normal P-centile, and o, = +/[v/(v—2)]. The
literature offers a better approximation:

2
Zp 1
b zm(“ 4v-4)’

which renders centile values with a £0.01 precision as soon as v > 7 for P < 0.975, and v = 21
for P < 0.995.

The Dunn-Sidak criterion (see table 2)

The ¢ distribution is also useful in the realm of analysis of variance (ANOV A), for doing multiple
comparisons of means associated with a factor or dimension of ANOVA. In some cases, a few
comparisons of type "Mean vs. Mean" are planned (before obtaining the data or independently
of it). A standard statistical practice consists in establishing a global error rate o for all nc
comparisons or tests, and in performing each test using an effective o = a/nc significance level:
this is the so-called Bonferroni criterion. Now, according to a theorem by Z. Sidak:

Ogopany S 1 — (1 —ac),

whether the nc comparisons be statistically independent or not. O. J. Dunn then proposes, for
each comparison, to calculate a ¢ test and apply, for the significance criterion, an individual
significance level o, obtained with:

ac=1-"¥(1-w),



Student’s ¢ distribution 41

this being slightly more powerful than Bonferroni’s (a/nc) value. Table 2 was built to meet the
requirements of such a procedure, with parameters v, o and nc: the values given are simply
Eyt—ag) OF L1 —ay2 fOr One-tailed or two-tailed tests respectively.

The significance or r (see table 3)

The distribution of the correlation coefficient » for samples from a bivariate normal population
having correlation p = 0 has been discovered by Fisher, who linked it with Student’s ¢ through
the transformation:

This direct correspondance between Student’s ¢ and correlation coefficient » allowed us to set up
an exhaustive significance table of #, in table 3. The table indicates the sample size n (= v+2)
sufficient for a given r value or a larger one to be significant (i.e. significantly different from
zero) at the prescribed level. Note the approximate relation: ny; ~ tf,[P]/ r*; linear interpolation
on r and 1/+/ncan also be used to determine the sufficient size n for intermediate r values.

Generation of pseudo random variates

The following program outline permits the generation of r.v.’s from Student’s #(v) distribution
using a function "UNIF" that produces serially independent uniform U(0,1) r.v.’s. Some particular
cases are given in Remark 2.

Preparation : Let n = v (the degrees of freedom, df)
C=-2/n

Production : Repeat ¢t « 2xUNIF—1 ; u « 2xUNIF—1 ; r « 22+
Until r <1 ;
Return ¢ x \/[nx (F“=1)/r] » x .



42

Statistical tables explained and applied

Remarks :
1.
2.

Standard temporal cost : 9.9 x #(UNIF)

The above method is attributed to R. W. Bailey (1994, in Gentle 1998) and is valid
for any v (= n) value. The generation of one x variate requires an expected number
of 8/ = 2.55 calls to the UNIF generator. When v = 1 or 2, one may also exploit
the simple inversion formulae given earlier, while substituting # ~ UNIF instead of
the required P value.
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v Graphical representations

v Percentiles 95, 97.5, 99 and 99.5 of the F distribution
v’ Reading off the table
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Relationship between F' and binomial distributions
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Percentile 95 of the F distribution

1 2 3

161.4 199.5 215.7
18.51 19.00 19.16
10.13 9.552 9.277
7.709 6.944 6.591

6.608 5.786 5.409
5.987 5.143 4.757
5591 4.737 4.347
5.318 4.459 4.066
5.117 4.256 3.863

4.965 4.103 3.708
4.844 3982 3.587
4.747 3.885 3.490
4.667 3.806 3.411
4.600 3.739 3.344

4.543 3.682 3.287
4.494 3.634 3.239
4.451 3.592 3.197
4414 3.555 3.160
4381 3.522 3.127

4351 3.493 3.098
4301 3.443 3.049
4.260 3.403 3.009
4225 3.369 2.975
4.196 3.340 2.947

4.171 3.316 2.922
4.149 3.295 2.901
4.130 3.276 2.883
4.113 3.259 2.866
4.098 3.245 2.852

4.085 3.232 2.839
4.073 3.220 2.827
4.062 3.209 2.816
4.052 3.200 2.807
4.043 3.191 2.798

4.034 3.183 2.790
4.016 3.165 2.773
4.001 3.150 2.758
3.989 3.138 2.746
3.978 3.128 2.736

3.968 3.119 2.727
3.960 3.111 2.719
3.953 3.104 2.712
3.947 3.098 2.706
3.941 3.092 2.700

3.936 3.087 2.696
3.917 3.069 2.677
3.904 3.056 2.665
3.895 3.048 2.656
3.888 3.041 2.650
3.879 3.032 2.641
3.860 3.014 2.623
3.841 2.996 2.605

4

224.6
19.25
9.117
6.388

5.192
4.534
4,120
3.838
3.633

3.478
3.357
3.259
3.179
3.112

3.056
3.007
2.965
2.928
2.895

2.866
2.817
2.776
2.743
2.714

2.690
2.669
2.650
2.634
2.619

2.606
2.594
2.584
2.574
2.565

2.557
2.540
2.525
2.513
2.503

2.494
2.486
2479
2473
2.468

2.463
2.444
2432
2423
2.417
2.408
2.390
2.372

5

6

7

230.2 234.0 236.8

19.30
9.013
6.256

5.050
4.387
3.972
3.687
3.482

3.326
3.204
3.106
3.026
2.958

2.901
2.852
2.810
2.773
2.740

2.711
2.661
2.621
2.587
2.558

2.534
2.512
2.494
2477
2.463

2.449
2.438
2427
2417
2.409

2.400
2.383
2.368
2.356
2.346

2.337
2.329
2.322
2.316
2.310

2.305
2.287
2274
2.266
2.259
2.250
2.232
2.214

19.33
8.941
6.163

4.950
4.284
3.866
3.581
3.374

3.217
3.095
2.996
2.915
2.848

2.790
2.741
2.699
2.661
2.628

2.599
2.549
2.508
2474
2.445

2421
2.399
2.380
2.364
2.349

2.336
2.324
2.313
2.304
2.295

2.286
2.269
2.254
2.242
2.231

2.222
2.214
2.207
2.201
2.196

2.191
2.172
2.160
2.151
2.144
2.135
2.117
2.099

19.35
8.887
6.094

4.876
4.207
3.787
3.500
3.293

3.135
3.012
2.913
2.832
2.764

2.707
2.657
2.614
2.577
2.544

2.514
2.464
2.423
2.388
2.359

2.334
2.313
2.294
2.277
2.262

2.249
2.237
2.226
2.216
2.207

2.199
2.181
2.167
2.154
2.143

2.134
2.126
2.119
2.113
2.107

2.103
2.084
2.071
2.062
2.056
2.046
2.028
2.010

8

238.9
19.37
8.845
6.041

4.818
4.147
3.726
3.438
3.230

3.072
2.948
2.849
2.767
2.699

2.641
2.591
2.548
2.510
2477

2.447
2.397
2.355
2.321
2.291

2.266
2.244
2.225
2.209
2.194

2.180
2.168
2.157
2.147
2.138

2.130
2.112
2.097
2.084
2.074

2.064
2.056
2.049
2.043
2.037

2.032
2.013
2.001
1.992
1.985
1.976
1.957
1.938

9 10

240.5 241.9
19.38 19.40
8.812 8.786
5.999 5.964

4.772 4.735
4.099 4.060
3.677 3.637
3.388 3.347
3.179 3.137

3.020 2.978
2.896 2.854
2.796 2.753
2.714 2.671
2.646 2.602

2.588 2.544
2.538 2.494
2.494 2.450
2.456 2412
2423 2378

2.393 2.348
2.342 2.297
2.300 2.255
2.265 2.220
2.236 2.190

2211 2.165
2.189 2.142
2.170 2.123
2.153 2.106
2.138 2.091

2.124 2.077
2.112 2.065
2.101 2.054
2.091 2.044
2.082 2.035

2.073 2.026
2.055 2.008
2.040 1.993
2.027 1.980
2.017 1.969

2.007 1.959
1.999 1.951
1.992 1.944
1.986 1.938
1.980 1.932

1.975 1.927
1.956 1.907
1.943 1.894
1.934 1.885
1.927 1.878
1.917 1.869
1.899 1.850
1.880 1.831
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Percentile 95 of the F distribution (cont.)

r\py

OO0 -0\ W b=

13

2447
19.42
8.729
5.891

4.655
3.976
3.550
3.259
3.048

2.887
2.761
2.660
2.577
2.507

2.448
2.397
2.353
2314
2.280

2.250
2.198
2.155
2.119
2.089

2.063
2.040
2.021
2.003
1.988

1.974
1.961
1.950
1.940
1.930

1.921
1.903
1.887
1.874
1.863

1.853
1.845
1.837
1.830
1.825

1.819
1.799
1.786
1.776
1.769
1.759
1.740
1.720

14

245.4
19.42
8.715
5.873

4.636
3.956
3.529
3.237
3.025

2.865
2.739
2.637
2.554
2.484

2424
2.373
2.329
2.290
2.256

2.225
2.173
2.130
2.094
2.064

2.037
2.015
1.995
1.977
1.962

1.948
1.935
1.924
1.913
1.904

1.895
1.876
1.860
1.847
1.836

1.826
1.817
1.810
1.803
1.797

1.792
1.772
1.758
1.749
1.742
1.732
1.712
1.692

15

16

18

245.9 246.5 2473

19.43
8.703
5.858

4.619
3.938
3.511
3.218
3.006

2.845
2.719
2.617
2.533
2.463

2.403
2.352
2.308
2.269
2.234

2.203
2.151
2.108
2.072
2.041

2.015
1.992
1.972
1.954
1.939

1.924
1.912
1.900
1.890
1.880

1.871
1.852
1.836
1.823
1.812

1.802
1.793
1.786
1.779
1.773

1.768
1.747
1.734
1.724
1.717
1.707
1.686
1.666

19.43
8.694
5.844

4.604
3.922
3.494
3.202
2.989

2.828
2.701
2.599
2.515
2.445

2.385
2.333
2.289
2.250
2215

2.184
2.131
2.088
2.052
2.021

1.995
1.972
1.952
1.934
1.918

1.904
1.891
1.879
1.869
1.859

1.850
1.831
1.815
1.802
1.790

1.780
1.772
1.764
1.757
1.751

1.746
1.725
1.711
1.702
1.694
1.684
1.664
1.644

19.44
8.675
5.821

4.579
3.896
3.467
3.173
2.960

2.798
2.671
2.568
2.484
2.413

2.353
2302
2.257
2217
2.182

2.151
2.098
2.054
2.018
1.987

1.960
1.937
1.917
1.899
1.883

1.868
1.855
1.844
1.833
1.823

1.814
1.795
1.778
1.765
1.753

1.743
1.734
1.726
1.720
1.713

1.708
1.687
1.673
1.663
1.656
1.645
1.625
1.604

20

248.0
19.45
8.660
5.803

4.558
3.874
3.445
3.150
2.936

2.774
2.646
2.544
2.459
2.388

2.328
2.276
2.230
2.191
2.155

2.124
2.071
2.027
1.990
1.959

1.932
1.908
1.888
1.870
1.853

1.839
1.826
1.814
1.803
1.793

1.784
1.764
1.748
1.734
1.722

1.712
1.703
1.695
1.688
1.682

1.676
1.655
1.641
1.631
1.623
1.613
1.592
1.571

25 30 40

249.3 250.1 251.1
19.46 19.46 19.47
8.634 8.617 8.594
5.769 5.746 5.717

4.521 4496 4.464
3.835 3.808 3.774
3.404 3.376 3.340
3.108 3.079 3.043
2.893 2.864 2.826

2.730 2.700 2.661
2.601 2.570 2.531
2,498 2.466 2.426
2412 2.380 2.339
2.341 2.308 2.266

2.280 2.247 2.204
2227 2.194 2.151
2.181 2.148 2.104
2.141 2.107 2.063
2.106 2.071 2.026

2.074 2.039 1.994
2.020 1.984 1.938
1.975 1.939 1.892
1.938 1.901 1.853
1.906 1.869 1.820

1.878 1.841 1.792
1.854 1.817 1.767
1.833 1.795 1.745
1.815 1.776 1.726
1.798 1.760 1.708

1.783 1.744 1.693
1.770 1.731 1.679
1.758 1.718 1.666
1.747 1.707 1.654
1.737 1.697 1.644

1.727 1.687 1.634
1.707 1.666 1.612
1.690 1.649 1.594
1.676 1.635 1.579
1.664 1.622 1.566

1.653 1.611 1.555
1.644 1.602 1.545
1.636 1.593 1.536
1.629 1.586 1.528
1.622 1.579 1.521

1.616 1.573 1.515
1.594 1.551 1.491
1.580 1.535 1.475
1.569 1.525 1.464
1.561 1.516 1.455
1.550 1.505 1.443
1.528 1.482 1.419
1.506 1.459 1.394

100

253.0
19.49
8.554
5.664

4.405
3.712
3.275
2.975
2.756

2.588
2.457
2.350
2.261
2.187

2.123
2.068
2.020
1.978
1.940

1.907
1.849
1.800
1.760
1.725

1.695
1.669
1.645
1.625
1.606

1.589
1.574
1.560
1.547
1.536

1.525
1.501
1.481
1.464
1.450

1.437
1.426
1.416
1.407
1.399

1.392
1.364
1.345
1.331
1.321
1.306
1.275
1.243
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Percentile 97.5 of the F distribution

1 2

647.8 799.5
38.51 39.00
17.44 16.04
12.22 10.65

10.01 8.434
8.813 7.260
8.073 6.542
7.571 6.059
7.209 5.715

6.937 5.456
6.724 5.256
6.554 5.096
6.414 4.965
6.298 4.857

6.200 4.765
6.115 4.687
6.042 4.619
5.978 4.560
5.922 4.508

5.871 4.461
5.786 4.383
5.717 4319
5.659 4.265
5.610 4.221

5.568 4.182
5.531 4.149
5.499 4.120
5.471 4.094
5.446 4.071

5.424 4.051
5.404 4.033
5.386 4.016
5.369 4.001
5.354 3.987

5.340 3.975
5.310 3.948
5.286 3.925
5.265 3.906
5.247 3.890

5.232 3.876
5.218 3.864
5.207 3.854
5.196 3.844
5.187 3.836

5.179 3.828
5.147 3.800
5.126 3.781
5.111 3.768
5.100 3.758
5.085 3.744
5.054 3.716
5.024 3.689

3

864.2
39.17
15.44
9.979

7.764
6.599
5.890
5.416
5.078

4.826
4.630
4.474
4.347
4.242

4.153
4.077
4.011
3.954
3.903

3.859
3.783
3.721
3.670
3.626

3.589
3.557
3.529
3.505
3.483

3.463
3.446
3.430
3.415
3.402

3.390
3.364
3.343
3.324
3.309

3.296
3.284
3.274
3.265
3.257

3.250
3.222
3.204
3.192
3.182
3.169
3.142
3.116

4 5

899.6 921.8
39.25 39.30
15.10 14.88
9.605 9.364

7.388 7.146
6.227 5.988
5.523 5.285
5.053 4.817
4.718 4.484

4.468 4.236
4.275 4.044
4.121 3.891
3.996 3.767
3.892 3.663

3.804 3.577
3.729 3.502
3.665 3.438
3.608 3.382
3.559 3.333

3.515 3.289
3.440 3.215
3.379 3.155
3.329 3.105
3.286 3.063

3.250 3.026
3.218 2.995
3.191 2.968
3.167 2.944
3.145 2.923

3.126 2.904
3.109 2.887
3.093 2.871
3.079 2.857
3.066 2.844

3.054 2.833
3.029 2.807
3.008 2.786
2.990 2.769
2.975 2.754

2.962 2.741
2.950 2.730
2.940 2.720
2,932 2.711
2.924 2.703

2917 2.696
2.890 2.670
2.872 2.652
2.860 2.640
2.850 2.630
2.837 2.618
2.811 2.592
2.786 2.567

6

937.1
39.33
14.73
9.197

7

8 9

956.7 963.3
39.37 39.39
14.54 14.47
8.980 8.905

4102 4.026

3.855 3.779
3.664 3.588
3.512 3.436
3.388 3.312
3.285 3.209

3.199 3.123
3.125 3.049
3.061 2.985
3.005 2.929
2.956 2.880

2913 2.837
2.839 2.763
2.779 2.703
2.729 2.653
2.687 2.611

2.651 2.575
2.620 2.543
2.593 2516
2.569 2.492
2.548 2471

2.529 2452
2.512 2.435
2496 2.419
2482 2.405
2470 2.393

2458 2.381
2433 2.355
2412 2334
2394 2317
2.379 2.302

2.366 2.289
2.355 2.277
2.345 2.268
2.336 2.259
2328 2.251

2.321 2.244

10

968.6
39.40
14.42
8.844

6.619
5.461
4.761
4.295
3.964

3.717
3.526
3.374
3.250
3.147

3.060
2.986
2.922
2.866
2.817

2.774
2.700
2.640
2.590
2.547

2.511
2.480
2.453
2.429
2.407

2.388
2.371
2.355
2.341
2.329

2.317
2.291
2.270
2.252
2.237

2.224
2213
2.203
2.194
2.186

2.179
2.153
2.135
2.122
2.113
2.100
2.074
2.048
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Statistical tables explained and applied

Percentile 97.5 of the F distribution (cont.)

v\

OOoo~1NWN Wb —

13 14

979.8 982.5
39.42 3943
14.30 14.28
8.715 8.684

6.488 6.456
5.329 5.297
4.628 4.596
4.162 4.130
3.831 3.798

3.583 3.550
3.392 3.359
3.239 3.206
3.115 3.082
3.012 2.979

2.925 2.891
2.851 2.817
2.786 2.753
2.730 2.696
2.681 2.647

2.637 2.603
2.563 2.528
2.502 2.468
2451 2417
2.409 2.374

2.372 2.338
2.341 2.306
2.313 2278
2.289 2.254
2.267 2232

2.248 2.213
2.231 2.196

15

984.9
39.43
14.25
8.657

6.428
5.269
4.568
4.101
3.769

2.014
2.003
1.992
1.983
1.975

1.968
1.940
1.922
1.909
1.900
1.886
1.859
1.833

16 18 20 25

986.9 990.4 993.1 998.1
39.44 39.44 39.45 39.46
14.23 14.20 14.17 14.12
8.633 8.592 8.560 8.501

6.403 6.362 6.329 6.268
5.244 5.202 5.168 5.107
4.543 4.501 4.467 4.405
4.076 4.034 3.999 3.937
3.744 3.701 3.667 3.604

3.496 3.453 3.419 3.355
3.304 3.261 3.226 3.162
3.152 3.108 3.073 3.008
3.027 2.983 2.948 2.882
2923 2.879 2.844 2.778

2.836 2.792 2.756 2.689
2.761 2.717 2.681 2.614
2.697 2.652 2.616 2.548
2.640 2.596 2.559 2.491
2.591 2.546 2.509 2.441

2.547 2.501 2.464 2.396
2472 2.426 2.389 2.320
2411 2.365 2.327 2.257
2360 2.314 2.276 2.205
2317 2270 2.232 2.161

2.280 2.233 2.195 2.124
2.248 2.201 2.163 2.091
2220 2.173 2.135 2.062
2.196 2.148 2.110 2.037
2,174 2.126 2.088 2.015

2.154 2.107 2.068 1.994
2.137 2.089 2.050 1.976
2.121 2.073 2.034 1.960
2.106 2.058 2.019 1.945
2.093 2.045 2.006 1.931

2.081 2.033 1.993 1.919
2.055 2.006 1.967 1.891
2.033 1.985 1.944 1.869
2.015 1.966 1.926 1.850
1.999 1.950 1.910 1.833

1.986 1.937 1.896 1.819
1.974 1.925 1.884 1.807
1.964 1915 1.874 1.796
1.955 1.905 1.864 1.787
1.946 1.897 1.856 1.778

1.939 1.890 1.849 1.770
1.911 1.862 1.820 1.741
1.893 1.843 1.801 1.722
1.880 1.830 1.788 1.708
1.870 1.820 1.778 1.698
1.857 1.806 1.764 1.683
1.830 1.779 1.736 1.655
1.803 1.751 1.708 1.626

30 40

1001 1006
39.46 39.47
14.08 14.04
8.461 8.411

6.227 6.175
5.065 5.012
4.362 4.309
3.894 3.840
3.560 3.505

3.311 3.255
3.118 3.061
2.963 2.906
2.837 2.780
2.732 2.674

2.644 2.585
2.568 2.509
2.502 2.442
2445 2.384
2.394 2.333

2.349 2287
2272 2.210
2.209 2.146
2.157 2.093
2.112 2.048

2.074 2.009
2.041 1.975
2.012 1.946
1.986 1.919
1.963 1.896

1.943 1.875
1.924 1.856
1.908 1.839
1.893 1.824
1.879 1.809

1.866 1.796
1.838 1.768
1.815 1.744
1.796 1.724
1.779 1.707

1.765 1.692
1.752 1.679
1.741 1.668
1.731 1.657
1.723 1.648

1.715 1.640
1.685 1.609
1.665 1.588
1.651 1.573
1.640 1.562
1.625 1.546
1.596 1.515
1.566 1.484

50

1008
39.48
14.01
8.381

6.144
4.980
4.276
3.807
3.472

100

1013
39.49
13.96
8.319

6.080
4915
4.210
3.739
3.403

3.152
2.956
2.800
2.671
2.565

2.474
2.396
2.329
2.269
2.217

2.170
2.090
2.024
1.969
1.922

1.882
1.846
1.815
1.787
1.763

1.741
1.720
1.702
1.685
1.670

1.656
1.625
1.599
1.577
1.558

1.542
1.527
1.514
1.503
1.493

1.483
1.448
1.423
1.406
1.393
1.374
1.336
1.296

oe}

1018
39.50
13.90
8.257

6.015
4.849
4.142
3.670
3.333
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Percentile 99 of the F distribution

v\, 1 2 3 4 5 6 7 8 9 10 11 12

1 4052 5000 5403 5625 5764 5859 5928 5981 6022 6056 6083 6106
2 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39 99.40 99.41 99.42
3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.35 27.23 27.13 27.05
4 21.20 18.00 16.69 1598 15.52 1521 14.98 14.80 14.66 14.55 14.45 14.37

5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.05 9.963 9.888

6 13.75 10.92 9.780 9.148 8.746 8.466 8.260 8.102 7.976 7.874 7.790 7.718
7 12.25 9.547 8.451 7.847 7.460 7.191 6.993 6.840 6.719 6.620 6.538 6.469

8 11.26 8.649 7.591 7.006 6.632 6.371 6.178 6.029 5.911 5.814 5.734 5.667
9 10.56 8.022 6.992 6.422 6.057 5.802 5.613 5.467 5.351 5.257 5.178 5.111
10 10.04 7.559 6.552 5.994 5.636 5.386 5.200 5.057 4.942 4.849 4.772 4.706
11 9.646 7.206 6.217 5.668 5.316 5.069 4.886 4.744 4.632 4.539 4.462 4.397
12 9.330 6.927 5.953 5412 5.064 4.821 4.640 4.499 4.388 4.296 4.220 4.155
13 9.074 6.701 5.739 5.205 4.862 4.620 4.441 4.302 4.191 4.100 4.025 3.960
14 8.862 6.515 5.564 5.035 4.695 4.456 4.278 4.140 4.030 3.939 3.864 3.800
15 8.683 6.359 5.417 4.893 4.556 4.318 4.142 4.004 3.895 3.805 3.730 3.666
16 8.531 6.226 5.292 4.773 4.437 4.202 4.026 3.890 3.780 3.691 3.616 3.553
17 8.400 6.112 5.185 4.669 4.336 4.102 3.927 3.791 3.682 3.593 3.519 3.455
18 8.285 6.013 5.092 4579 4.248 4.015 3.841 3.705 3.597 3.508 3.434 3.371
19 8.185 5.926 5.010 4.500 4.171 3.939 3.765 3.631 3.523 3.434 3.360 3.297
20 8.096 5.849 4.938 4.431 4.103 3.871 3.699 3.564 3.457 3.368 3.294 3.231
22 7.945 5.719 4.817 4.313 3.988 3.758 3.587 3.453 3.346 3.258 3.184 3.121
24 7.823 5.614 4.718 4.218 3.895 3.667 3.496 3.363 3.256 3.168 3.094 3.032
26 7.721 5.526 4.637 4.140 3.818 3.591 3.421 3.288 3.182 3.094 3.020 2.958
28 7.636 5.453 4.568 4.074 3.754 3.528 3.358 3.226 3.120 3.032 2.959 2.896
30 7.562 5.390 4.510 4.018 3.699 3.473 3.304 3.173 3.067 2.979 2.906 2.843
32 7.499 5.336 4.459 3.969 3.652 3.427 3.258 3.127 3.021 2.934 2.860 2.798
34 7.444 5.289 4.416 3.927 3.611 3.386 3.218 3.087 2.981 2.894 2.821 2.758
36 7.396 5.248 4.377 3.890 3.574 3.351 3.183 3.052 2.946 2.859 2.786 2.723
38 7.353 5.211 4.343 3.858 3.542 3.319 3.152 3.021 2.915 2.828 2.755 2.692
40 7.314 5.179 4.313 3.828 3.514 3.291 3.124 2.993 2.888 2.801 2.727 2.665
42 7.280 5.149 4.285 3.802 3.488 3.266 3.099 2.968 2.863 2.776 2.703 2.640
44 7.248 5.123 4.26]1 3.778 3.465 3.243 3.076 2.946 2.841 2.754 2.680 2.618
46 7.220 5.099 4.238 3.757 3.444 3.222 3.056 2.925 2.820 2.733 2.660 2.598
48 7.194 5.077 4.218 3.737 3.425 3.204 3.037 2.907 2.802 2.715 2.642 2.579
50 7.171 5.057 4.199 3.720 3.408 3.186 3.020 2.890 2.785 2.698 2.625 2.562
55 7.119 5.013 4.159 3.681 3.370 3.149 2.983 2.853 2.748 2.662 2.589 2.526
60 7.077 4977 4.126 3.649 3.339 3.119 2.953 2.823 2.718 2.632 2.559 2.496
65 7.041 4.947 4.098 3.622 3.313 3.093 2.928 2.798 2.693 2.607 2.534 2.471
70 7.011 4.922 4.074 3.600 3.291 3.071 2.906 2.777 2.672 2.585 2.512 2.450
75 6.985 4.900 4.054 3.580 3.272 3.052 2.887 2.758 2.653 2.567 2.494 2.431
80 6.963 4.881 4.036 3.563 3.255 3.036 2.871 2.742 2.637 2.551 2.478 2.415
85 6.943 4.864 4.021 3.548 3.241 3.022 2.857 2.728 2.623 2.537 2.464 2.401
90 6.925 4.849 4.007 3.535 3.228 3.009 2.845 2.715 2.611 2.524 2.451 2.389
95 6.910 4.836 3.995 3.523 3.216 2.998 2.833 2.704 2.600 2.513 2.440 2.378
100 6.895 4.824 3.984 3.513 3.206 2.988 2.823 2.694 2.590 2.503 2.430 2.368
125 6.842 4.779 3.942 3.473 3.167 2.950 2.785 2.657 2.552 2.466 2.393 2.330
150 6.807 4.749 3.915 3.447 3.142 2.924 2.761 2.632 2.528 2.441 2.368 2.305
175 6.782 4.728 3.895 3.428 3.123 2.906 2.743 2.614 2.510 2.424 2.351 2.288
200 6.763 4.713 3.881 3.414 3.110 2.893 2.730 2.601 2.497 2.411 2.337 2.275
250 6.737 4.691 3.861 3.395 3.091 2.875 2.711 2.583 2.479 2.393 2.319 2.257
500 6.686 4.648 3.821 3.357 3.054 2.838 2.675 2.547 2.443 2.356 2.283 2.220
0 6.635 4.605 3.782 3.319 3.017 2.802 2.639 2.511 2.407 2.321 2.248 2.185
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Statistical tables explained and applied

Percentile 99 of the F distribution (cont.)

13 14

6126 6143
99.42 99.43
26.98 26.92
14.31 14.25

9.825 9.770
7.657 7.605
6.410 6.359
5.609 5.559
5.055 5.005

4.650 4.601
4.342 4.293
4.100 4.052
3.905 3.857
3.745 3.698

3.612 3.564
3.498 3.451
3.401 3.353
3.316 3.269
3.242 3.195

3.177 3.130
3.067 3.019
2.977 2.930
2.904 2.857
2.842 2.795

2.789 2.742
2.744 2.696
2.704 2.657
2.669 2.622
2.638 2.591

2.611 2.563
2.586 2.539
2.564 2516
2.544 2.496
2.525 2.478

2.508 2.461
2472 2.424
2.442 2.394
2417 2.369
2.395 2.348

2377 2.329
2.361 2313
2.347 2.299
2.334 2.286
2.323 2.275

2.313 2.265
2.276 2.228
2.251 2.203
2.233 2.185
2220 2.172
2.202 2.154
2.166 2.118
2.130 2.082

15

6157
99.43
26.87
14.20

9.722
7.559
6.314
5.515
4.962

4.558
4251
4.010
3.815
3.656

3.522
3.409
3.312
3.227
3.153

3.088
2.978
2.889
2.815
2.753

2.700
2.655
2.615
2.580
2.549

2522
2497
2.475
2.454
2436

2419
2.382
2.352
2.327
2.306

2.287
2.271
2.257
2.244
2.233

2.223
2.185
2.160
2.143
2.129
2.111
2.075
2.039

16

6170
99.44
26.83
14.15

9.680
7.519
6.275
5.477
4.924

4.520
4213

18 20

6192 6209
99.44 99.45
26.75 26.69
14.08 14.02

9.610 9.553
7451 7.396
6.209 6.155
5412 5.359
4.860 4.808

4.457 4.405
4.150 4.099
3.909 3.858
3.716 3.665
3.556 3.505

3.423 3.372
3.310 3.259
3.212 3.162
3.128 3.077
3.054 3.003

2.989 2.938
2.879 2.827
2.789 2.738
2.715 2.664
2.653 2.602

2.600 2.549
2.555 2.503
2.515 2.463
2.480 2.428
2.449 2.397

2.421 2.369
2.396 2.344
2.374 2321
2.353 2.301
2.335 2.282

2.318 2.265
2.281 2.228
2.251 2.198
2225 2.172
2.204 2.150

2.185 2.132
2.169 2.115
2.154 2.101
2.142 2.088
2.130 2.077

2.120 2.067
2.082 2.028
2.057 2.003
2.039 1.985
2.026 1.971
2.007 1.953
1.970 1.915
1.934 1.878

25

6240
99.46
26.58
13.91

9.449
7.296
6.058
5.263
4.713

4.311
4.005
3.765
3.571
3.412

3.278
3.165
3.068
2.983
2.909

2.843
2.733
2.643
2.569
2.506

2.453
2.406
2.366
2.331
2.299

2.271
2.246
2.223
2.203
2.184

2.167
2.129
2.098
2.072
2.050

2.031
2.015
2.000
1.987
1.976

1.965
1.926
1.900
1.882
1.868
1.849
1.810
1.773

30

6261
99.47
26.50
13.84

9.379
7.229
5.992
5.198
4.649

4.247
3.941

40 50

6287 6303
99.47 99.48
26.41 26.35
13.75 13.69

9.291 9.238
7.143 7.091
5.908 5.858
5.116 5.065
4.567 4.517

4.165 4.115
3.860 3.810
3.619 3.569
3.425 3.375
3.266 3.215

3.132 3.081
3.018 2.967
2.920 2.869
2.835 2.784
2.761 2.709

2.695 2.643
2.583 2.531
2.492 2.440
2417 2.364
2.353 2.300

2.299 2.245
2.252 2.198
2.211 2.156
2.175 2.120
2.143 2.087

2.114 2.058
2.088 2.032
2.065 2.008
2.044 1.987
2.024 1.967

2.007 1.949
1.968 1.910
1.936 1.877
1.909 1.850
1.886 1.826

1.866 1.806
1.849 1.788
1.834 1.773
1.820 1.759
1.808 1.746

1.797 1.735
1.756 1.693
1.729 1.665
1.709 1.645
1.694 1.629
1.674 1.608
1.633 1.566
1.592 1.523
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Percentile 99.5 of the F distribution

1

2

3

4 5

6

7 8

9

16211 20000 21615 22500 23056 23437 23715 23925 24091

198.5
55.55
31.33

22.78
18.64
16.24
14.69
13.61

12.83
12.23
11.75
11.37
11.06

10.80
10.58
10.38
10.22
10.07

9.944
9.727
9.551
9.406
9.284

9.180
9.090
9.012
8.943
8.882

8.828
8.779
8.735
8.695
8.659

8.626
8.554
8.494
8.445
8.402

8.366
8.335
8.307
8.282
8.260

8.241
8.166
8.118
8.083
8.057
8.022
7.948
7.880

199.0
49.80
26.28

18.31
14.54
12.40
11.04
10.11

9.427
8.912
8.510
8.186
7.922

7.701
7.514
7.354
7.215
7.093

6.986
6.806
6.661
6.541
6.440

6.355
6.281
6.217
6.161
6.111

199.2
47.47
24.26

16.53
12.92
10.88
9.596
8.717

8.081
7.600
7.226
6.926
6.680

6.476
6.303
6.156
6.028
5.916

5.818
5.652
5.519
5.409
5.317

5.239
5.171
5.113
5.062
5.016

4.976
4.940
4.907
4.877
4.850

4.826
4.773
4.729
4.692
4.661

4.635
4.612
4.591
4.573
4.556

4.542
4.488
4.453
4.427
4.408
4.382
4.330
4.279

199.2 199.3
46.19 45.39
23.15 22.46

15.56 14.94
12.03 11.46
10.05 9.522
8.805 8.302
7.956 7.471

7.343 6.872
6.881 6.422
6.521 6.071
6.233 5.791
5.998 5.562

5.803 5.372
5.638 5.212
5.497 5.075
5.375 4.956
5.268 4.853

5.174 4.762
5.017 4.609
4.890 4.486
4785 4.384
4.698 4.300

4.623 4.228
4.559 4.166
4.504 4.112
4.455 4.065
4412 4.023

4.374 3.986
4.339 3.953
4.308 3.923
4.280 3.896
4.255 3.871

4.232 3.849
4.181 3.800
4.140 3.760
4.105 3.726
4.076 3.698

4.050 3.674
4.029 3.652
4.009 3.634
3.992 3.617
3.977 3.603

3.589
3.540
3.508
3.485
3.468
3.443
3.397
3.350

199.3
44.84
21.97

14.51
11.07
9.155
7.952
7.134

6.545
6.102
5.757
5.482
5.257

5.071
4913
4.779
4.663
4.561

4.472
4.322
4.202
4.103
4.020

3.949
3.889
3.836
3.790
3.749

3.713
3.680
3.651
3.625
3.601

3.579
3.531
3.492
3.459
3.431

3.407
3.387
3.368
3.352
3.338

3.325
3.277
3.245
3.223
3.206
3.182
3.137
3.091

199.4 199.4
44.43 44.13
21.62 21.35

14.20 13.96
10.79 10.57
8.885 8.678
7.694 7.496
6.885 6.693

6.302 6.116
5.865 5.682
5.525 5.345
5.253 5.076
5.031 4.857

4.847 4.674
4.692 4.521
4.559 4.389
4.445 4.276
4.345 4.177

4.257 4.090
4.109 3.944
3.991 3.826
3.893 3.730
3.811 3.649

3.742 3.580
3.682 3.521
3.630 3.470
3.585 3.425
3.545 3.385

3.509 3.350
3.477 3.318
3.448 3.290
3.422 3.264
3.398 3.240

3.376 3.219
3.330 3.173
3.291 3.134
3.259 3.103
3.232 3.075

3.208 3.052
3.188 3.032
3.170 3.014
3.154 2.999
3.140 2.985

3.127
3.079
3.048
3.026
3.010
2.987
2.941
2.897

199.4
43.88
21.14

13.77
10.39
8.514
7.339
6.541

5.968
5.537
5.202
4.935
4.717

4.536
4.384
4.254
4.141
4.043

3.956
3.812
3.695
3.599
3.519

3.450
3.392
3.341
3.296
3.257

3.222
3.191
3.162
3.137
3.113

3.092
3.046
3.008
2.977
2.950

2.927
2.907
2.889
2.873
2.860

2.847
2.801
2.770
2.748
2.732
2.710
2.665
2.621

10

11 12

24225 24334 24426

199.4
43.69
20.97

13.62
10.25
8.380
7.211
6.417

5.847
5418
5.085
4.820
4.603

4.424
4272
4.142
4.030
3.933

3.847
3.703
3.587
3.492
3.412

3.344
3.286
3.235
3.191
3.152

3.117
3.086
3.057
3.032
3.009

2.988
2,942
2.904
2.873
2.846

2.823

199.4 199.4
43.52 43.39
20.82 20.70

13.49 13.38
10.13 10.03
8.270 8.176
7.104 7.015
6.314 6.227

5.746 5.661
5.320 5.236
4.988 4.906
4.724 4.643
4.508 4.428

4.329 4.250
4.179 4.099
4.050 3.971
3.938 3.860
3.841 3.763

3.756 3.678
3.612 3.535
3.497 3.420
3.402 3.325
3.322 3.246

3.255 3.179
3.197 3.121
3.146 3.071
3.102 3.027
3.063 2.988

3.028
2.997
2.969
2.944
2.921

2.900 2.
2.854 2779
2.817 2.742
2.785
2.759

2.736
2.716
2.698
2.683
2.669
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Percentile 99.5 of the F distribution (cont.)
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43.27
20.60

13.29
9.950
8.097
6.938
6.153

5.589
5.165
4.836
4.573
4.359

4.181
4.031
3.903
3.793
3.696

3.611
3.469
3.354
3.259
3.180

3.113
3.056
3.005

43.17
20.51

13.21
9.877
8.028
6.872
6.089

5.526
5.103
4.775
4.513
4.299

4.122
3.972
3.844
3.734
3.638

3.553
3.411
3.296
3.202
3.123

3.056
2.998
2.948
2.905
2.866

2.831
2.800
2.772
2.747
2.724

2.703
2.658
2.620
2.589
2.563

2.540

43.08
20.44

13.15
9.814
7.968
6.814
6.032

5.471
5.049
4.721
4.460
4.247

4.070
3.920
3.793
3.683
3.587

3.502
3.360
3.246
3.151
3.073

3.006
2.948
2.898
2.854
2.816

2.781
2.750
2.722
2.697
2.674

2.653
2.608
2.570
2.539
2.513

2.490
2.470
2.453
2.437
2.424

2411
2.365
2.335
2313
2.297
2.275
2.230
2.187

199.4
43.01
20.37

13.09
9.758
7.915
6.763
5.983

5.422
5.001

199.4 199.4 199.5

42.88
20.26

12.98
9.664
7.826
6.678
5.899

5.340
4.921
4.595
4.334
4.122

3.946
3.797
3.670
3.560
3.465

3.380
3.239
3.125
3.031
2.952

2.885
2.828
2.778
2.734
2.695

2.661
2.630
2.602
2.577
2.554

2.533
2.487
2.450
2419
2.392

2.369
2.349
2332
2.316
2.303

2.290
2.244
2.213
2.191
2.175
2.153
2.108
2.064

42.78
20.17

12.90
9.589
7.754
6.608
5.832

5.274
4.855

42.59
20.00

12.76
9.451
7.623
6.482
5.708

5.153
4.736
4412
4.153
3.942

3.766
3.618
3.492
3.382
3.287

3.203
3.061
2.947
2.853
2.775

2.708
2.650
2.600
2.556
2.517

2.482
2.451
2.423
2.398
2.375

2.353
2.308

199.5
4247
19.89

12.66
9.358
7.534
6.396
5.625

5.071
4.654
4331
4.073
3.862

3.687
3.539
3.412
3.303
3.208

3.123
2.982
2.868
2.774
2.695

2.628
2.570
2.520
2.475
2.436

2.401
2.370
2.342
2.316
2.293

2.272
2.226

199.5
42.31
19.75

12.53
9.241
7.422
6.288
5.519

4.966
4.551
4.228
3.970
3.760

3.585
3.437
3.311
3.201
3.106

3.022
2.880
2.765
2.671
2.592

2.524
2.466
2.415
2.371
2.331

2.296
2.264
2.236
2.210
2.186

2.164
2.118

199.5
42.21
19.67

12.45
9.170
7.354
6.222
5.454

4.902
4.488
4.165
3.908
3.698

3.523

199.5
42.02
19.50

199.5
41.83
19.32




F distribution 53

Reading off the table

The preceding table gives the critical values of F(v,,v,) at percentage points P = 0.95, 0.975,
0.99 and 0.995, for pairs of degrees of freedom (v,,v,), v, usually referring to the numerator, v,
to the denominator of F.

Hllustration 1. Find Fy g o5), i.e. the 95%™ percentage point of F with 3 and 8 df. Taking
the first page for percentile 95, at the junction of column v, = 3 and line v, = 8, we read off
4.066. In the same manner, we find Fi, 5 49) = 4.296 and Fy 5 o757 = 6.329.

Illustration 2. Determine F', 31 o5 The table furnishes only percentage points over the
50™. For lower percentage points, we must resort to the inversion formula for F, i.e.

FVl,Vz[P] =1 /FV2,V1[1 —-P] -

Finding first F, ;957 = 3.490 (note the interversion of the two df’s and the transposition
of percentiles .05 — .95), we obtain Fy, 351 = 1/ Fy 5195 =1 /3.490 = 0.287.

llustration 3. Determine Fy ;40 99 At page 1 for percentile 99, we find only F, |5, =
3.447 and F, ;5 = 3.428 ; consequently, we must interpolate. Linear interpolation seems adequate
for estimating F for v, = 160 between values at v, = 150 and 175. Simplifying the notation, we
calculate:

F,=F,+ F,—F)x(v=v)(¥v'=V).

Here, F4) ~ Fisy + (Fi75—F150)x(160—150)/(175—150) = 3.439, a value precise to 3 decimal
places.

Illustration 4. Determine if a calculated F value corresponding to F, |, is significant
at the 5 % (one-tailed) significance level, i.e. at P = 0.95. The two pages for percentage point
95 show neither v, = 22, nor v, = 140. However, many manners of solution are possible:

a) For P = .95, the table furnishes F 55 = 1.655 and F)5 ;5o = 1.580. Therefore, if our test value
equals, say, 2.19, we can declare it significant (because it goes beyond the more demanding
Fy0.125)> Whereas if it equals 1.50, it is certainly not significant.

b) If it is required, we can determine approximately /), 4, via a double interpolation scheme:
first, on v, for each value of v,, then on v,. Harmonic interpolation is generally superior; we
must resort to it anyway with our table if v, > 100 or v, > 500. However, if the interpolation gap
is narrow, simple linear interpolation may suffice. For this case, on page 2 for P = .95, we find
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Fop125 = 1.655 5 Fog 150 = 1.641 ; Fy5 155 = 1.594 5 F)5150 = 1.580. Using harmonic interpolation,
let us first calculate Fy, ;55 ~ 1.6272 [ =1.655 + (1.594—1.655)x (2271 =207 ")/(25"" =20~ ")] and
Fy5 150 ~ 1.6133 ; then, combining these two interpolated values, one more harmonic interpolation
renders F), 14, ~ 1.618. Linear interpolation would have produced 1.622, the exact value being
1.61885.

¢) Lastly, there exists a remarkable normal approximation to F' (traced back to Wilson and
Hilferty), whose formula is:

;- A-B)F"-(1-4)

JVBF*+ A

where A = 2/(9v,) and B = 2/(9v,). The obtained z value is then compared to percentile zp, in

the appropriate table of the standard N(0,1) distribution. For example, in that table, we may read
Zigs) = 1.6449, whence any value z 2 1.6449 would be declared significant at 5 %. The
interpolated value Fp, 1495) ~ 1.618, with A = 2/(9x22) and B = 2/(9x140), z ~ 1.644, would
(correctly) be deemed non-significant, and F = 1.619, giving z = 1.646, would be declared
significant.

Full examples

Example 1. A researcher wants to compare the effects of three alimentary diets by
evaluating weight loss (in kg). He recruits 18 subjects, randomly assigning 6 of them to each
group. Here are his summary results.

Diet n X s*
1 6 4.40 1.300
2 6 6.00 1.333
3 6 4.00 1.200

Using the 0.05 significance level, can he confirm that the diets have truly different effects?
Solution: This example illustrates the method of "analysis of variance", or ANOVA, conceived
by R. A. Fisher and for which he also derived the so-called F" distribution. In the research design
presented here, the null hypothesis at stake, H, : p; = p, = -+ =, postulates that all data come
from a common normal population (or, equivalently, from normal populations with identical

parameter values). Under that hypothesis, the quotient F = MSg.,cen-groups’ MSwithin-groups
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is distributed as F,_, y_s, N = X n, = 18; hypothesis H,, can be rejected, or discredited, if F >
Fr i N—ii-a) = F215005) = 3.682. Formulae for calculating the two MS’s are:

MSBetween = nhsz(flaxzs "’afk)
MS within = Z(nj_l)sf / (N—k).

Quantity n,, in MSg, ... represents the harmonic mean of n;’s, obtained with n, = k/(1/n+1/n,+--
+1/n,); when all n; are equal to n, then n, = n.

Calculations for the above data are: n, = 6; sz(fl,fz,...) = 5%(4.40; 6.00; 4.00) ~
1.120; MSp.1veen = 6% 1.120 = 6.720; MSyipn = [5x 1.3 + 5x1.333 + 5x1.2]/[18 — 3] ~ 1.278
and, lastly, F = MSpeeen/MSyimin = 6.720/1.278 ~ 5.258. This value exceeds F, ;5951 = 3.682,
and the researcher may reject H, and state that the various diets entail different amounts of
weight loss.

There exist a very great number of research designs and a corresponding variety of
procedures for ANOVA (factorial designs, with or without repeated measures, with nested factors,
by latin squares, with confounded interactions, etc.). Also, different calculating formulae are
possible [see B. J. Winer, D. R. Brown, & K. M. Michels, "Statistical principles in experimental
design" (3" ed.), 1991, New York, McGraw-Hill; R. E. Kirk, "Experimental design: Procedures
for the behavioral sciences" (2™ ed.), 1994, Belmont (CA), Brooks/Cole].

Example 2. In order to investigate a theory on the relationship between gender and
abilities, a university psychologist puts forward the idea that mechanical ability is higher in boys
than in girls: a test of ability is suitably chosen. With random samples composed of 25 girls and
31 boys, all aged 12 years, she measures each subject and obtains, in brief:

Girls : n=25 X

18.56  s*=86.816;
2643 s =19.431.

Boys : n =31 X

Now, beyond the fact that the boys’ mean ability is higher as predicted, our researcher notes that
the scores’ variance for girls is higher, as if ability levels were sprinkled in a more heterogeneous
manner among girls. Is there a difference in scatter of ability between boys and girls? Recall that,
anyhow, the ¢ test appropriate for deciding on the difference between means (X, —x,) subsumes
the condition called "homogeneity of variance", which brings us back to a comparison of
variances. Solution: The null hypothesis to be tested is that s and s3 are two sample estimates
of the same parametric variance ¢°. Hence, according to hypothesis Hy: o2 = 63 = o, the
quotient s%/s% is distributed as F(v,,v,), v; = n;—1, v, = n,—1. The appropriate test, the test of
homogeneity for two variance estimates, calls for a bilateral criterion; the resulting F quotient will
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be deemed significant if F < F, 1 _4p) Or F 2 F, | 1. Let us here choose o = 0,10 and put
the greater variance in the numerator (to simplify the location of the critical value). We obtain
86.816/19.431 ~ 4.468, vs. Fy4395) ~ 1.887 [approximated through harmonic interpolation,
between F,,,5, = 1.932 and F),53, = 1.878]. The girls’ subpopulation thus appears more
heterogeneous than the boys’ as regards to mechanical ability: there are very talented girls and
other much Iess talented, the range of variation being broader for girls than for boys. On the other
hand, for the purpose of testing her first hypothesis (on X, —X,), the researcher should resort to
a different test procedure other than the usual ¢ test, for instance to Welch’s ¢* procedure (see
Winer 1991).

To test the homogeneity hypothesis for £ > 2 variance estimates, other techniques are
available, in particular Hartley’s F_,_ test and Cochran’s C (see appropriate sections of this book).

max

Mathematical presentation

The quotient of two variances originating from two independant normal samples is distributed
according to the F distribution or, more precisely :

2, 2
si/o7

3o’ Yivz 7
where v, and v, are the df’s associated with variances s7 and s respectively, and o2 and o3 are
the (unknown) true variances of the corresponding normal populations. In fact, the F r.v.
corresponds to the quotient of two independent %2 (Chi-square) r.v.’s, each one divided by its
own df :

X%/VI

X%/V2

VisVa

When, by hypothesis, we postulate that 63 = o3, the quotient s?/s2 allows us to test the
homogeneity of variance condition as stipulated for ANOVA. In accordance with its definition,
the F variable may be inverted, concurrently with a swap of the two df’s. Through that inversion,
one obtains the lower percentage points of ' (e.g. P = 0.05) from the higher ones (e.g. P = 0.95),
using:

Eyovip = 1 /sz,vl[l -pP >
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where the quantity within brackets designates the centile rank (reduced to range 0-1) of the given
F value.

Calculation and moments
The p.d.f. of the F distribution, for given v, and v,, is :
~Va(v +v,)

v /- v
p(F)= K, , F"*" (1+—1F
Y2 VZ

where: ("J"z)vlﬂ i (vllvz)vllzl"([v1+v2]/2)

ViV, - B(Vllst2/2) P(V1/2)F(V2/2)

According to the values of v, and v,, this function can be integrated either analytically (by
integration by parts) or numerically (with the generalized Simpson’s rule, for instance). We thus
obtain the d.f. P(F) = _[OF p(x) dx =Pr{x < F|v,,v,}, enabling us to determine percentage points
or critical values of F. In the formulae for constant X(v,,v,), B(a,b) denotes the Beta function
and I'(x), the Gamma function.

Apart from the possible swapping of df’s v, and v,, a few special cases of F permit
an easy computing of the d.f. and critical values. In order to find F(v,,v,[P]), we can use:

vi=1, v,=1 : tan’(%nP)
vi=l, v;21 : t%/z[(HP)/Z]

— . 2
Vi, V=0 e/ V)

— V2
Vi=2, v,21 >

1
1.
V(1-P)? }

In these expressions, ¢, is a Student’s ¢ variable with v df. Kendall and Stuart (1977) note one
more interesting case,

~

) VR = U ] = tiem -
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Finally, except for the relation of F’s d.f. with the binomial distribution (see below), exact
integration of the F distribution is laborious', and we resort readily to numerical methods.

Relationship between F and binomial distributions

There exists a working relationship between F’s d.f. and the binomial sum of probabilities,
through an underlying Beta distribution. The respective parameters are, for F : the df v,, v,, and
for the binomial : n, x, 7 ; the binomial distribution pertains to the probability of obtaining x
(=0, 1, -, n) "successes" out of n independent "trials", the probability of a success being 7 at
each trial (see section on binomial distribution). We illustrate the " - binomial relationship with
three categories of applications.

— Case 1 : Is the number of "successes" (x) significant?

Let us suppose a binomial process for n = 10 trials and yielding x = 7 successes. The
hypothesized probability of success is ® = 0.3. Does the observed rate of success of 7/10
contradict the hypothetical & = 0.3, at the significance level o = 0.01?

To answer this question, we may convert the binomial data (n, x, p) into F data (v,
v,, F'), with:

2(n—x+1) = v;; 2x = vy; V(1 —m)/(vim) = F,

obtaining F = 4.0833, v; = 8 and v, = 14. The critical value Fy 4 o is 4.140; thus, our F =
4.0833 is not significant at the 0.01 level, and the proposed probability 7t = 0.3 remains plausible.

Note that the computed binomial sum for our example is Pr{x>7]10; 0.3} ~ 0.010592,
a non-significant result. In (binomial) table 3a, we find n*, the maximum value of 7 such that
Pr{r>x|n,n} < a. Here, for n =10, x =7 and o = 0.01, table 3a gives n* = 0.2971, our = = 0.3
being too high to obtain significance.

— Case 2 : What is the maximum value 7* such that a number x of successes be sgnificant?

With n trials and x observed successes, the success rate (x/n) will be judged significant only if
the individual probability of success (r) is small. In fact, ® must lie in the interval (0, n*), within
which Pr{r>x|n,n} < a ; value © = n* brings about equality with o. Take an example with n
=12, x = 3 and o = 0.05. Under what value n* of m does the success rate of 3 out of 12 trials
will be found significant at 5 %?

! For example, for v, = v, =3, P(F) =Pr(x < F) = Ky, [(F+1)*tan™'F+ JF(F—1)]/ (F+1)’, where K, =
2.54648.
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We can exploit again the F(v,,v,) distribution, by determining as above v, =
2(12—3+1) =20 and v, = 2x3 = 6. Percentile 95 of F,,¢ is about 3.874, and n*=v, /(v,+v F)
~ 0.071874, as can be found also in (binomial) table 3a. Thus, for any probability < 0.07187,
the occurence of 3 or more successes in 12 trials is a rare, unusual event, according to the 5 %
significance level.

— Case 3 : Is a given F value significant?

The binomial-F relationship can also be serve to determine the significance of an observed F
value, with the restriction that both F’s v, and v, be even. For instance, let v, =6, v, = 4 and
F =6.30. At the (one-tailed) upper 5 % significance level, does this F value reach significance?

In order to answer that question, we first compute:
n="%[v,+v, =2 x=v,/2; n=v,/[v, + V\F],

obtaining n = 4, x = 2, © ~ 0.0957. Then, by direct computation of the binomial sum,
Pr{r>2|4,0.0957} ~ 0.0482, a significant result at o = 0.05. Besides, in (binomial) table 3a with
(n,x,00) = (4,2,0.05), we read an upper limit n* = 0.0976; our ©m = 0.0957 falls under this upper
limit and, therefore, carries significance.

Normal approximation to the F distribution. Any function for approximating the F
distribution must take into account its usually marked positive skewness. Based upon the very
good Wilson-Hilferty normal approximation to %, the following:

7 = (1-B)F”*- (1-A)
yBF*+ A

with A = 2/(9v,) and B = 2/(9v,), is approximately distributed as a standard N(0,1) r.v..

Moments of F. The moments and shape coefficients of the F distribution depend upon
its two parameters, v, and v,. They are given below, simpler expressions being obtained when
both parameters are equal (v; = v,).

E(F)=p

2v§(v1+v2— 2)

v 1(\22—2)2(v2— 4)

var(F) =

4v(v-1)

_m (when V1=V2=V);
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_ 2v +v,-2 8(v,—4)
" v,-6 v, (v, +V,-2)
= 2Bv-2) | _v-4 : (when v, =v, =v);
v-6 v(v-1)

12[(v,-2)%(v,=4) + v,(v, +v,-2)(5v,-22)]
v,(v,=6)(v,-8)(v,+V,-2)

§0) =

_ 6(11v3-62v*+64v-16)

v(v-1)(v-6)(v-8) (when v, = v, =v) .

These moments are determinate when v, (or v) is sufficient; for instance, var(F’) exists if v, > 5.

Furthermore, the mode of F, Mo(F), equals v,(v, —2)/[v,(v,+2)]; it is used notably in the
numerical integration of the p.d.f. and it represents also a lower limit for the median F, 5;. Note
that the median satisfies inequalities: Mo(F) < Fy 5 < p(F). Moreover, Fiy5; <1 if vy <v,, Fo 5
=1lif vy =v,, and Fyp5 > 1 if v; > v,.

For the inquisitive reader, the quotient of two correlated variances is not distributed as
F. If both variances originate from a normal bivariate population with parametric correlation p,
the (parametric) correlation coefficient between sample variances, i.e. p(s?,s3), equals p>. Also,
postulating E(s?) = E(s3) as for F, then the quotient slz/sg has expectation (v—2p?)/(v—2) and
variance 4[v(v—1)—p*(5v—8)](1 — p»)/[(v—2)*(v—4)], where v is the common parameter of 57
and s3. The p.d.f. is also known. More information, some of it about the comparative validity of
tests on the equality of two correlated variances (see Supplementary examples, n°® 8), is to be
found in Laurencelle (2000).

Generation of pseudo random variates

The schema of a program below allows the production of r.v.’s from the F(v,,v,) distribution;
it requires a function (designated UNIF) which generates serially r.v.’s from the standard uniform
U(0,1) distribution.

Preparation : Let v, and v, (the degrees of freedom)

a=v/2;b=v,/2;s=a+b;
If min(a,b) < 1 then B « 1 / min(a,b)

else B < \/[(s—2)/(2xaxb—s)];
g<a+1/p;C=In4) ~ 1,3862943611 .
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Production : Repeat ¢ « UNIF ; u < BxIn[#/(1—1)] ; w < axexp(u)
Until sxIn[s/(b+w)] + gxu — C = In(#*xUNIF) ;
Return w/a —> x .

Remarks :
1. Standard temporal cost : 8.7 a 16.0 x #(UNIF), depending on values of v, et v,.

2. This method is due to R. C. H. Cheng (1978, in Bratley, Fox and Schrage 1987)
and it is suitable for any (v,,v,) combination. There are adaptations of this
method, and other methods, that are more efficient for particular values of (v;,v,),
like those in which max(v,,v,) < 2 or v; = v, (Devroye 1986). The inversion
formulae given earlier (for cases where v, =v, =1 or v; =2, v, 2 2) allow the
generation of r.v.’s from the F distribution through the simple replacement of P
by one r.v. from the standard U(0,1) distribution, i.e. u «— UNIF.



This pageisintentionally left blank



' Studentized range (q) distribution

v Percentiles 95 and 99 of the Studentized range (g)
v Reading off the table

v Full examples

v/ Mathematical presentation

Calculation and moments

63



This pageisintentionally left blank



Studentized range (q) distribution

65

Percentile 95 of the Studentized range (q)

OO~V hwiho w

\k 2

6.085
4.501
3.926

3.635
3.460
3.344
3.261
3.199

3.151
3.113
3.081
3.055
3.033

3.014
2.998
2.984
2.971
2.960

2.950
2.933
2.919
2.907
2.897

2.888
2.881
2.874
2.868
2.863

2.858
2.854
2.850
2.847
2.843

2.841
2.834
2.829
2.824

2.821
2.817
2.814
2.812
2.810

2.808
2.806
2.799
2.794
2.791
2.789
2.785
2.772

3

8.331
5910
5.040

4.602
4.339
4.165
4.041
3.949

3.877
3.820
3.773
3.734
3.701

3.673
3.649
3.628
3.609
3.593

3.578
3.553
3.532
3514
3.499

3.486
3.475
3.465
3.457
3.449

3.442
3.436
3.430
3.425
3.420

3.416
3.407
3.399
3.392

3.386
3.382
3377
3.374
3.370

3.367
3.365
3.354
3.348
3.343
3.339
3.334
3.315

4 5

9.798 10.88
6.824 7.502
5.757 6.287

5.218 5.673
4.896 5.305
4.681 5.060
4.529 4.886
4.415 4.755

4.327 4.654
4.256 4.574
4.199 4.508
4.151 4.453
4.111 4.407

4.076 4.367
4.046 4.333
4.020 4.303
3.997 4.276
3.977 4.253

3.958 4.232
3.927 4.196
3.901 4.166
3.880 4.141
3.861 4.120

3.845 4.102
3.832 4.086
3.820 4.072
3.809 4.060
3.799 4.049

3.791 4.039
3.783 4.030
3.776 4.022
3.770 4.015
3.764 4.008

3.758 4.002
3.747 3.989
3.737 3.977
3.729 3.968

3.722 3.960
3.716 3.953
3.711 3.947
3.706 3.942
3.702 3.937

3.698 3.933
3.695 3.929
3.683 3.915
3.674 3.905
3.668 3.898
3.664 3.893
3.658 3.886
3.633 3.858

6

11.73
8.037
6.706

6.033
5.628
5.359
5.167
5.024

4912
4.823
4.750
4.690
4.639

4.595
4.557
4.524
4.494
4.468

4.445
4.405
4.373
4.345
4322

4301
4.284
4.268
4.255
4.243

4.232
4.222
4.213
4.205
4.197

4.190
4.176
4.163
4.153

4.144
4.136
4.129
4.124
4.118

4.114
4.109
4.093
4.083
4.075
4.069
4.062
4.030

7

12.43
8.478
7.052

6.330
5.895
5.606
5.399
5.244

5.124
5.028
4.950
4.884
4.829

4.782
4.741
4.705
4.673
4.645

4.620
4.577
4.541
4511
4.486

4.464
4.445
4.428
4.414
4.400

4.388
4.378
4.368
4.359
4.351

4.344
4.328
4.314
4.303

4.293
4.285
4.278
4.271
4.265

4.260
4.256
4.238
4.227
4219
4.212
4.204
4.170

8

13.03
8.853
7.346

6.582
6.122
5.815
5.596
5.432

5.304
5.202
5.119
5.049
4.990

4.940
4.896
4.858
4.824
4.794

4.768
4.722
4.684
4.652
4.625

4.601
4.581
4.563
4.547
4.533

4.521
4.509
4.499
4.489
4.481

4.473
4.455
4.441
4.429

4419
4410
4.402
4.395
4.389

4.383
4.379
4.360
4.348
4.339
4.332
4.323
4.286

9 10

13.54 13.99
9.176 9.462
7.601 7.826

6.801 6.995
6.319 6.493
5.997 6.158
5.767 5.918
5.595 5.738

5.460 5.598
5.353 5.486
5.265 5.395
5.192 5.318
5.130 5.253

5.077 5.198
5.031 5.150
4.991 5.108
4.955 5.071
4.924 5.037

4.895 5.008
4.847 4.957
4.807 4.915
4.773 4.880
4.745 4.850

4.720 4.824
4.698 4.802
4.680 4.782
4.663 4.764
4.648 4.749

4.634 4.735
4.622 4.722
4.611 4.710
4.601 4.700
4.592 4.690

4.584 4.681
4.566 4.662
4.550 4.646
4.538 4.633

4.527 4.621
4.517 4.611
4.509 4.603
4.502 4.595
4.495 4.588

4.489 4.582
4.484 4.577
4.465 4.556
4.451 4.542
4.442 4.533
4.435 4.525
4.425 4515
4.387 4.474

11

14.39
9.716
8.027

7.167
6.649
6.302
6.053
5.867

5.722
5.605
5.510
5.431
5.364

5.306
5.256
5.212
5.173
5.139

5.108
5.056
5.012
4.975
4.944

4.917
4.894
4.873
4.855
4.838

4.824
4.810
4.798
4.787
4.777

4.768
4.748
4.732
4.718

4.706
4.695
4.686
4.678
4.671

4.665
4.659
4.637
4.623
4.613
4.605
4.595
4.552

12 13 14

14.75 15.08 15.37
9.946 10.15 10.35
8.208 8.373 8.524

7.323 7.465 7.596
6.789 6.917 7.034
6.431 6.550 6.658
6.175 6.286 6.389
5.983 6.089 6.186

5.833 5935 6.028
5.713 5.811 5.901
5.615 5.710 5.797
5.533 5.625 5.710
5.463 5.554 5.637

5.403 5492 5.574
5.352 5.439 5.519
5.306 5.392 5.471
5.266 5.351 5.429
5.231 5.314 5.391

5.199 5.282 5.357
5.144 5225 5.299
5.099 5.179 5.251
5.061 5.139 5.211
5.029 5.106 5.177

5.001 5.077 5.147
4976 5.052 5.121
4.955 5.030 5.098
4936 5.010 5.078
4919 4.993 5.060

4.904 4.977 5.044
4.890 4.963 5.029
4.878 4.950 5.016
4.866 4.938 5.004
4.856 4.927 4.993

4.847 4918 4.983
4.826 4.896 4.961
4.808 4.878 4.942
4.794 4.863 4.927

4.781 4.850 4.913
4.771 4.839 4.902
4.761 4.829 4.892
4.753 4.821 4.883
4.746 4.813 4.875

4.739 4.806 4.868
4.733 4.800 4.862
4.711 4.777 4.838
4.696 4.762 4.822
4.685 4.751 4.811
4.677 4.742 4.802
4.666 4.731 4.790
4.622 4.685 4.743

15

15.65
10.52
8.664

7.716
7.143
6.759
6.483
6.276

6.114
5.984
5.878
5.789
5.714

5.649
5.593
5.544
5.501
5.462

5.427
5.368
5.319
5.277
5.242

5.211
5.185
5.161
5.141
5.122

5.106
5.091
5.077
5.065
5.053

5.043
5.020
5.001
4.985

4.971
4.960
4.949
4.940
4.932

4.925
4918
4.894
4.877
4.866
4.857
4.845
4.796
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Percentile 99 of the Studentized range (q)

v\k 2 3

14.04
8.260
6.511

5.702
5.243
4.949
4.745
4.596

19.02
10.62
8.119

6.976
6.331
5919
5.635
5.428

4 5

24.72
13.32
9.958

8.421
7.556
7.005
6.625
6.347

6 7

26.63 28.20
14.24 15.00
10.58 11.10

8.913 9.321
7.973 8.318
7.373
6.959
6.658

4.482
4.392
4.320
4.260
4.210

4.167

5.270
5.146
5.046
4.964
4.895

4.836

6.136 6.428
5.970 6.246
5.837 6.102
5.726 5.981
5.634 5.881

5.556 5.796

4.131
4.099
4.071
4.046

4.024
3.986
3.955
3.930
3.908

3.889
3.873
3.859
3.846
3.835

3.825
3.816
3.807
3.800
3.793

3.787
3.773
3.762
3.753
3.745

3.738
3.732
3.726
3.722 4.227
3.717 4.221

3.714 4.216
3.699 4.197
3.690 4.184
3.683 4.175
3.678 4.168
3.671 4.158
3.643 4.120

4.786
4.742
4.703
4.669

4.639
4.588
4.546
4.510
4.481

4.455
4.433
4.413
4.396
4.381

4.367
4.355
4.344
4.334
4.324

4.316
4.297
4.282
4.269
4.258

4.249
4241
4.233

5.489
5.430
5.379
5.334

5.293
5.225
5.168
5.121
5.082

5.048
5.018
4.992
4.969
4.949

4.931
4914
4.667 4.900
4.655 4.886
4.644 4.874

4.634 4.863
4.612 4.838
4.594 4.818
4.579 4.801
4.566 4.786

4.555 4.774
4.545 4.763
4537 4.753
4.529 4.745
4.522 4737

4.516 4.730
4.493 4.704
4.478 4.687
4.467 4.675
4.459 4.666
4.448 4.653
4.403 4.603

5.722
5.659
5.603
5.553

5.510
5.435
5.373
5.322
5.279

5.242
5.210
5.181
5.156
5.134

5.114 5.265
5.097 5.246
5.080 5.228
5.066 5.213
5.052 5.198

5.040 5.185
5.013 5.157
4.991 5.133
4.973 5.113
4.957 5.096

4.943 5.081
4,931 5.069
4,921 5.057
4911 5.047
4.903 5.039

4.896 5.031
4.868 5.000
4.849 4.980
4.836 4.966
4.826 4.956
4.812 4.941
4.757 4.882

8

29.53
15.64
11.54

9.669
8.613
7.939
7.474
7.134

6.875
6.671
6.508
6.372
6.258

6.162
6.079
6.007
5.944
5.889

5.839
5.754
5.685
5.627
5.578

5.536
5.500
5.468
5.440
5.414

5.392
5.372
5.354
5.337
5.322

5.308
5.278
5.253
5.231
5.214

5.198
5.185
5.173
5.162
5.153

5.144
5.112
5.091
5.076
5.065
5.049
4.987

9

30.68
16.20
11.92

9.971
8.870
8.166
7.680
7.325

10 11

31.69 32.59
16.69 17.13
12.26 12.57

10.24 10.48
9.097 9.301
8.368 8.548
7.863 8.027
7.495 7.647

7.054 7.213
6.841 6.992
6.670 6.814
6.528 6.667
6.410 6.543

6.309 6.439

7.356
7.127
6.943
6.791
6.663

6.555

6.222
6.147
6.081
6.022

5.970
5.882
5.809
5.749
5.697

5.653
5.615
5.581
5.552
5.526

5.502
5.481
5.462
5.444
5.428

5.414
5.382
5.356
5.334
5315

5.299
5.284
5.272
5.261
5.251

5.242
5.209
5.187
5.171
5.159
5.143
5.077

6.348
6.270
6.201

6.462
6.381
6.309
6.141 6.247

6.087 6.191
5.994 6.095
5.919 6.017
5.856 5.951
5.802 5.896

5.756 5.849
5.716 5.807
5.682 5.771
5.651 5.739
5.623 5.711

5.599 5.686
5.577 5.663
5.557 5.642
5.539 5.623
5.522 5.606

5.507 5.590
5.474 5.556
5.447 5.528
5.424 5.504
5.404 5.483

5.387 5.466
5.372 5.451
5.359 5.437
5.348 5.425
5.338 5.415

5.328 5.405
5.293 5.369
5.270 5.345
5.254 5.328
5.242 5.315
5.224 5.297
5.157 5.227

12

33.40
17.52
12.84

10.70
9.485
8.711
8.175
7.784

7.485
7.249
7.060
6.903
6.772

6.660
6.564
6.480
6.407
6.342

6.285
6.186
6.106
6.038
5.981

5.932
5.889
5.852
5.819
5.790

5.764
5.740
5.719
5.699
5.682

5.665
5.630
5.601
5.576
5.555

5.537
5.521
5.507
5.495
5.484

5.474
5.437
5.412
5.394
5.381
5.363
5.290

5.422
5.348 5.400
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Reading off the table

The table furnishes the 95™ and 99" percentiles of ¢, the Studentized range, for sets of (k =) 2
to 15 data to be compared and degrees of freedom (df) v from 2 to infinity. The Studentized
range test for £ means admits only right-tailed rejection. The quantity g, is a quotient obtained
by dividing the range of & standard normal r.v.’s by an independent estimate of standard deviation
having v df. It is used in some multiple comparison procedures, concurrent to or following
analysis of variance (ANOVA).

Tllustration 1. What is the value of g, ¢5;? Looking at the page for percentile 95,
column k£ = 4 and line v = 20, we read off g = 3.958.

Lllustration 2. Find g, g6 g9y a0 g 4001 95)- FoI the first case, with £ = 0.99 and £ = 10,
df = 96 lies between v = 95 and v = 100: we can interpolate on gy gs; 99; = 5-338 and g, 1999
= 5.328. The 95-100 interval being narrow, linear interpolation is sufficient; for v = 96, g ~
5.338 + (5.328 —5.338)x(96 —95)/(100—95) ~ 5.336. For the second case, v = 400 sits between
250 and infinity, which commands harmonic interpolation. Using g ,sop95=4.062 and
G 0op.007=4-030, we compute g ~ 4.062+(4.030—4.062)x(400™" —2507")/(1/00—250"") ~ 4.050.

Full examples

Example 1 - Tukey’s HSD (Honestly Significant Difference) method. An experi-
mentation using k = 5 groups of randomly assigned participants, n = 10 per group, produced the
following results:

Group Mean S.d.
1 22.63 3.17
2 18.90 2.86
3 26.14 2.59
4 23.35 3.06
5 19.31 2.77

Using the HSD method, are there any differences between means, at the a = .05 significance
threshold? Which means differ one from the other? Solution: The HSD method makes use of a
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unique critical value, i.e. percentile g, ,p;, t0 assess all possible differences between two means,
with the test statistic:

X, — X;

~

Quantity MS
the set of means are to be assessed, and » is the common sample size. In cases where the &

error UNNAer the square root designates the residual or error Mean square against which
groups are of varying sizes n;, authors suggest the computation and use of the harmonic mean,
ny. In our example, MS_, , is the common within-groups variance estimate, as obtained from each
group’s standard deviation. We thus obtain MS____ = [3.17%+2.86°+2.59%+3.06°+2.77°]/5 ~ 8.395.
The test statistic is: g = (X; —')Ej)/\/[8.395/10]z (X;—%;)/0.9162. At the a = 0.05 threshold, the
Tukey HSD criterion equals gs 4545 ~ 4.019 (after interpolation between 4.022 and 4.015), so
that any quotient ¢ > 4.019 would be judged significant. For instance, the difference between
groups 1 and 2 gives ¢ = (22.63 —18.90)/0.9162 ~ 4.071, exceeding the agreed-upon critical
value. In fact, every mean-to-mean difference higher than 0.9162x4.019 = 3.682 (in absolute
value) would be declared significant, which occurs for pairs of means: 1-2, 2-3, 2-4, 3-5 and 4-5.

Example 2 - Newman-Keuls’ method. Statistical literature reports another popular
procedure for multiple comparisons of means, Newman-Keuls’s method, where the criterion for
judging an observed difference (x;—X,) changes according to the ordinal distance between the
compared means. Thus, once the means are arrayed in order of decreasing values, if one has rank
r; and another, rank r;, distance d is established as d;; = |r,—r;|+1. Distance d runs from 2 to £,
this last case pertaining to the difference between the two most extreme means, i.e. the range of
the £ means. In this setting, Newman-Keuls’ procedure uses the same formulae as HSD’s, but it
exploits a modified criterion for each comparison, i.e. critical value g, ;p;-

Let us illustrate the Newman-Keuls’ method with the same data as in example 1. In
order of decreasing values, the £ = 5 means are { 26.4, 23.35, 22.63, 19.31, 18.90 }, in
concordance with group numbers { 3, 4, 1, 5, 2 }. The different critical values applicable here
for 0.05 a-level are g, 45;5) ~ 2.849 (via linear interpolation), q; 45195y ~ 3.428, g4 451957 = 3.773
and gs 451957 ~ 4.019. For group pair 3-4, g = (26.14—23.35)/0.9162 [sce example 1] must be
judged against g, 4505y = 2.849 and is thus non-significant. The systematic application of the
method uncovers the following significant differences: 3-4;5), 1-5 55y, 3-1(5=3), 4-5 =3 1-24=3y>
3-5(a=ay 4-2yesy €t 3-245)
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Mathematical presentation

The Studentized range distribution, with variable g, is used by procedures for deciding if elements
from a set of k variables (or means of variables) originate or not froin a common normal
population: such procedures complement or, occasionally, substitute for ANOVA.

Consider a sample {x,, x,, -, x,} from a normal N(u,c%) population, and s?, an
independent estimate of o with v df. In this context:

max(x;) - min(x,)

S

is a Studentized (or standardized) range g, with parameters k£ and v. In ANOVA, the x; usually
represent means, each one being based on » individual observations, and the variance estimate
is a mean square (MS), e.g. the "error" (MS,,,) or "within-groups" (MS, ) mean square,

pertaining to a one-way ANOVA design with k£ independent groups. The test statistic for this
typical setup would be:
max(x;)-min(Xx,)

MSCITOI ’

n

the obtained values should be compared to percentile 100(1 —a) of g, i.e. g, ;- In cases where
the two compared means have unequal sizes #; and n;, the "n" in the above formula can be
replaced with the harmonic mean, n, = 2/(n; '+n7."), lending a handy approximation.

Calculation and moments

The range max(x,)—min(x,) and s.d. s are statistically independent' one from the other, so that
the p.d.f. for their quotient ¢ can be obtained by convoluting their respective p.d.f.’s, i.e.:

p@) = [f| g dr|du .
0 -

! This independence arises from their separate origins. For instance, the "x," could represent each one of the &
sample averages, while "s*" be a pooled within-sample variance estimate.
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The external density f(«) portrays the variation of the s.d.’s estimate, with parameter v:

| <

[+

— 2(V/2) v-1 —v-u2/2
fw) TR u'e ;

and g(r), the inside density conditioned on u, portrays the variation of the range of k standard
normal r.v.’s:

g.r) = k{@(r) — O(r—qu)}* ™' o(7) .

In these expressions, @ designates the standard normal d.f., ¢ its corresponding p.d.f., and I'(x)
is the Gamma function.

Taking the normal d.f. as a simple function, density p(q) appears as a double integral,
whose shape changes seriously across different combinations of the {k,v} parameters. Let us
point out, for instance, that p.d.f. f(s), given above, is non-modal for v = 1, much spread out and
unimodal for intermediate values of v, the mode being located at s = /(1 —1/v), then more
pointed for higher values of v. Percentiles 95 and 99 have been determined on the basis of a
double integration using Simpson’s rule. For k = 2, the equivalence with Student’s ¢, g, yp =
V2,045 has been used.

Moments. Moments of the Studentized range variable g are generally not known. It
is theoretically possible to compute their value with the double or triple integral mentioned above.
However, g being the product of two statistically independent r.v.’s, i.e. ¢ = R, x 1/s,, we can
obtain its moments through its factors’s moments, specifically:

HXY) = py-py

and :
var(X:Y) = p4 -var(X) + pd-var(Y) + var(X)-var(Y) .

The distribution of R,, the range of k standard N(0,1) variables, is known and well documented;
such is not the case for 1/s,, the reciprocal of a normal s.d. s. Nonetheless, the p.d.f. of y = 1/s,
can easily be obtained from that of the s.d., f(s)%. For illustrative purposes, we present, on the
next page, some calculated values of the expectation and variance of gq. Note that the variance
of 1/s for v = 2 is not determinate, hence its absence for q.

2Let y = 1/s, where s is a sample s.d. based on v+1 standard normal data and having v df. The p.d.f. of y is then
K,y V" lexp(—%v/y?), K, being the same multiplicative factor as for p.d.f. f(s), and y ranging from infinity to zero
(as s ranges from zero to infinity).



Studentized range (gq) distribution 71

Expectations (normal characters) and variances (in italics) of ¢, the
Studentized range statistic, for some combinations of parameters
k (number of groups) and v (degrees of freedom)

vk 2 3 5 10 20
2 2.000 3.000 4.122 5.454 6.619
3 1.559 2.339 3.215 4.253 5.162

3.570 5.494 8.144 12.241 16.815
5 1.342 2.013 2.767 3.660 4.442
1.532 2.037 2.608 3.446 4.400
10 1.223 1.834 2.521 3.335 4.048
1.005 1.203 1.342 1.509 1.717
20 1.173 1.759 2.418 3.199 3.883
0.846 0.964 0.994 0.994 1.014
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Dunnett’s 7 distribution

v Percentiles 90, 95 and 99 of the one-tailed Dunnett’s ¢
distribution (table 1)

v Percentiles 90, 95 and 99 of the two-tailed Dunnett’s ¢
distribution (table 2)
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Percentile 90 of the

one-tailed Dunnett’s ¢ distribution (table 1)

v\p 2 3

1.886
1.638
1.533

1.476
1.440
1.415
1.397
1.383

1.372
1.363
1.356
1.350
1.345

1.341
1.337
1.333
1.330
1.328

1.325
1.321
1.318
1.315
1.313

1.310
1.309
1.307
1.306
1.304

1.303
1.302
1.301
1.300
1.299 1.604

1.299 1.603
1.297 1.600
1.296 1.598
1.295
1.294 1.595

1.293
1.292 1.593
1.292 1.592
1.291 1.591
1.291 1.590

2.538
2.130
1.963

1.873
1.817
1.779
1.751
1.730

1.713
1.700
1.689
1.680
1.672

1.666
1.660
1.655
1.650
1.646

1.643
1.636
1.631
1.627
1.623

1.620
1.617
1.615
1.613
1.611

1.609
1.608
1.606
1.605

4 5

2.924 3.195
2411 2.607
2.204 2.371

2.094 2.245
2.025 2.167
1.978 2.114
1.944 2.076
1.919 2.047

1.899 2.024
1.882 2.006
1.869 1.991
1.858 1.978
1.849 1.968

1.841 1.959
1.833 1.951
1.827 1.944
1.822 1.938
1.817 1.932

1.813 1.927
1.805 1.919
1.799 1.912
1.794 1.906
1.789 1.901

1.786 1.897
1.782 1.893
1.779 1.890
1.777 1.887
1.774 1.884

1.772 1.882
1.770 1.880
1.769 1.878
1.767 1.876
1.766 1.874

1.764 1.873

6

3.403
2.755
2.497

2.359
2.274
2.217
2.175
2.143

2.119
2.099
2.082
2.069
2.057

2.047
2.039
2.031
2.024
2.018

2.013
2.004
1.996
1.990
1.985

1.980
1.976
1.972
1.969
1.966

1.964
1.961
1.959
1.957
1.956

1.954

1.762
1.759

1.597 1.757 1.865

1.756

1.594 1.754 1.861

1.753
1.752
1.751
1.750

1.290

1.590 1.749

1.870 1.951
1.867 1.948
1.945
1.943

1.941
1.860 1.940
1.859 1.938
1.857 1.937
1.856 1.936

1.856 1.935

1.863

1.288
1.287
1.286
1.286
1.285

1.282

1.587
1.586
1.584
1.583
1.582

1.577

1.746
1.744
1.742
1.741
1.740

1.734

1.852
1.850
1.848
1.847
1.845

1.838

1.931
1.929
1.927
1.926
1.924

1.916

8

3.712
2.975
2.682

2.527
2.431
2.366
2.319
2.284

2.256
2.234
2.215
2.200
2.187

2.176
2.166
2.158
2.150
2.143

2.137
2.127
2.119
2.112
2.105

2.100
2.096
2.092
2.088
2.085

2.082
2.079
2.077
2.075
2.073

2.071
2.067

2.064 2.109 2.147 2.181

2.061
2.059

2.057
2.055
2.054
2.052
2.051

2.050

9 10

3.833 3.938
3.060 3.134
2.754 2.817

2.592 2.649
2.492 2.545
2424 2.474
2.375 2.424
2.338 2.385

2.309 2.355
2.286 2.331
2.267 2.311
2.251 2.294
2.237 2.280

2.225
2215
2.206 2.249
2.198
2.191

2.185
2.175
2.166
2.158
2.152

2.146
2.142
2.137
2.134 2.173
2.130 2.170

2.127 2.167
2.125 2.164
2.122 2.161
2.120 2.159
2.118 2.157

2.116 2.155
2.112 2.151

2.106 2.144
2.103 2.142

2.101 2.140
2.099 2.138
2.098 2.136
2.096 2.135
2.095 2.133

2.094 2.132

2.046
2.043
2.041
2.039
2.037

2.029

2.089
2.087
2.084
2.083
2.081

2.072

2.127
2.124
2.122
2.121
2.118

2.109

11 12

4.032 4.115
3.200 3.260
2.873 2.922

2.699 2.744
2.592 2.633
2.519 2.559
2.466 2.505
2.427 2.464

2.396 2.432
2.371 2.406
2.350 2.385
2.333 2.368
2.319

2.306
2.295
2.286
2.277
2.270

2.263
2.252
2.242
2.234
2.228

2.222
2.217
2.212
2.208
2.205

2.201
2.199
2.196
2.194
2.191

2.189
2.185

2.178
2.176

2.173
2171
2.170
2.168
2.167

2.166
2.161
2.158
2.155
2.154
2.151

2.142

13 14

4.191 4.260
3.313 3.362
2.967 3.008

2.784 2.821
2.671 2.706
2.595 2.627
2.539 2.571
2.498 2.528

2.465 2.495
2.439 2.468
2,417 2.446
2.399 2427
2.384 2412

2.371 2.398
2.359 2.387
2.349 2.377
2.340 2.368
2.333 2.360

2.325 2.352
2.313 2.340
2.303 2.330
2.295 2.321
2.288 2.314

2.282 2.308
2.276 2.302
2.272 2297
2.267 2.293
2.264 2.289

2.260 2.286
2.257 2.283
2.255 2.280
2.252 2.277
2.250 2.275

2.248 2.273
2.243 2.268
2.239 2.264
2.236 2.261
2.233 2.258

2.231 2.256
2.229 2.254
2.227 2.252
2.225 2.250
2.224 2248

2.223 2.247
2.218 2.242
2.214 2.239
2.212 2.236
2.210 2.235
2.208 2.232

2.198 2.222

15 16

4.324 4.383
3.407 3.449
3.046 3.081

2.855 2.887
2.737 2.767
2.658 2.685
2.600 2.627
2.556 2.582

2.522 2.548
2.495 2.520
2.472 2.497
2.454 2.478
2.438 2.461

2.424 2.448
2.412 2.435
2.402 2.425
2.392 2.415
2.384 2.407

2.377 2.400
2364 2.387
2.354 2.376
2.345 2.367
2.338 2.360

2.331 2.353
2.326 2.348
2.321 2.343
2316 2.338
2.313 2.334

2.309 2.331
2.306 2.327
2.303 2.324
2.300 2.322
2.298 2319

2.296 2317

2.291
2.287
2.284
2.281

2.278
2.276
2.274
2.273
2.271

2.270
2.265
2.261
2.259
2.257
2.254

2.244

2312
2.308
2.305
2.302

2.299
2.297
2.295
2.293
2.292

2.290
2.285
2.282
2.279
2277
2.275

2.264
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Statistical tables explained and applied

Percentile 95 of the one-tailed Dunnett’s ¢ distribution (table 1, cont.)

14

6.204 6.293
4.456
3.819

3.495
3.299
3.169
3.076
3.007

2.953
2.910
2.874
2.845
2.820

2.799
2.781
2.765
2.750
2.738

2.727
2.707
2.691
2.678
2.667

2.657
2.648
2.641
2.634
2.628

2.623
2.618
2.614
2.610
2.606

2.603
2.596
2.589
2.584
2.580

2.576
2.573
2.570
2.568
2.565

16

6.379
4.564
3.904

3.569
3.367
3.232
3.136
3.064

3.008
2.964
2927
2.897
2.871

2.849
2.830
2.813
2.799
2.786

2.774
2.754
2.738
2.724
2.712

2.702
2.693
2.685
2.678
2.672

2.667
2.662
2.657
2.653
2.649

2.646
2.639
2.632
2.627
2.623

2.619
2.615
2.612
2.610
2.607

vip 2 3 4 5 6 7 8 9 10 11 12 13

2.920 3.805 4.336 4.712 5.002 5.237 5.434 5.603 5.751 5.882 6.000 6.106
2.353 2.938 3.279 3.518 3.702 3.849 4.079 4.172 4.254 4328 4.3%4
2.132 2.611 2.885 3.076 3.221 3.339 3.521 3.594 3.659 3.718 3.770

2
3
4
5 2.015 2.440 2.682 2.848 2.976 3.078 3.236 3.300 3.356 3.407 3.453
6 1.943 2.336 2.558 2.711 2.827 2.920 3.064 3.122 3.174 3.220 3.261
7 1.895 2.267 2.476 2.619 2.728 2.815 2.950 3.004 3.052 3.095 3.134
8 1.860 2.217 2.416 2.553 2.657 2.740 2.868 2.919 2.965 3.006 3.043
9 1.833 2.180 2.372 2.504 2.604 2.684 2.807 2.856 2.900 2.939 2.974

1.812 2.151 2.338 2.466 2.562 2.640 2.759 2.807 2.849 2.887 2.921
1.796 2.127 2.310 2.435 2.529 2.605 2.721 2.768 2.809 2.846 2.879
1.782 2.108 2.287 2.410 2.502 2.576 2,690 2.736 2.776 2.812 2.845
1.771 2.092 2.269 2.389 2.480 2.552 2.664 2.709 2.748 2.784 2.816
1.761 2.079 2253 2.371 2.461 2.532 2.642 2.686 2.725 2.760 2.792

1.753 2.067 2.239 2.356 2.445 2.515 2.624 2.667 2.705 2.740 2.771
1.746 2.057 2.227 2.343 2.430 2.500 2.607 2.650 2.688 2.722 2.753
1.740 2.048 2.217 2.332 2.418 2.487 2.593 2.636 2.673 2.707 2.737
1.734 2.041 2.208 2.322 2.407 2.476 2.581 2.623 2.660 2.693 2.723
1.729 2.034 2.200 2.313 2.398 2.465 2.569 2.611 2.648 2.681 2.711

1.725 2.027 2.192 2.305 2.389 2.456 2.560 2.601 2.637 2.670 2.700
1.717 2.017 2.180 2.291 2.374 2.440 2.542 2.583 2.619 2.652 2.681
1.711 2.008 2.170 2.279 2.362 2.428 2.528 2.569 2.604 2.636 2.665
1.706 2.001 2.161 2.270 2.352 2.417 2.517 2.557 2.592 2.623 2.652
1.701 1.995 2.154 2.262 2.343 2.407 2.507 2.546 2.581 2.612 2.641

1.697 1.989 2.147 2.255 2.335 2.399 2.498 2.537 2.572 2.603 2.631
1.694 1.984 2.142 2.249 2.329 2.393 2.490 2.529 2.564 2.595 2.623
1.691 1.980 2.137 2.243 2.323 2.386 2.484 2.523 2.557 2.588 2.615
1.688 1.977 2.133 2.238 2.318 2.381 2.478 2.517 2.551 2.581 2.609
1.686 1.973 2.129 2.234 2.313 2.376 2.473 2.511 2.545 2.576 2.603

1.684 1.971 2.126 2.230 2.309 2.372 2.468 2.506 2.540 2.571 2.598
1.682 1.968 2.122 2.227 2.306 2.368 2.464 2.502 2.536 2.566 2.593
1.680 1.965 2.120 2.224 2.302 2.364 2.460 2.498 2.532 2.562 2,589
1.679 1.963 2.117 2.221 2.299 2.361 2.456 2.494 2.528 2.558 2.585
1.677 1.961 2.115 2.219 2.296 2.358 2.453 2.491 2.525 2.554 2.581

1.676 1.959 2.113 2.216 2.294 2.450 2.488 2.521 2.551 2.578
1.673 1.955 2.108 2.211 2.288 2.444 2.481 2.515 2.544 2.571
1.671 1.952 2.104 2.207 2.284 2.439 2.476 2.509 2.539 2.565
1.669 1.949 2.101 2.203 2.280 2.434 2.471 2.504 2.534 2.560
1.667 1.947 2.098 2.200 2.276 2.430 2.467 2.500 2.530 2.556

1.665 1.945 2.096 2.197 2.274 2.427 2.464 2.497 2.526 2.552
1.664 1.943 2.093 2.195 2.271 2424 2.461 2.494 2.523 2.549
1.663 1.942 2.092 2.193 2.269 2422 2.458 2.491 2.520 2.546
1.662 1.940 2.090 2.191 2.267 2.419 2.456 2.489 2.518 2.544
1.661 1.939 2.088 2.189 2.265 2417 2.454 2.486 2.515 2.542

1.660 1.938
1.657 1.933
1.655 1.931
1.654 1.929
1.653 1.927
1.651 1.925
1.645 1.916

2.087
2.082
2.079
2.076
2.075
2.072
2.062

2.188
2.182
2.179
2.176
2.174
2.171
2.160

2.264
2258
2.254
2.251
2.249
2.246
2.234

2.416 2.452
2.409 2.445
2.404 2.440
2.401 2.437
2.398 2.435
2.395 2.431
2.381 2.417

2.485
2477
2.472
2.469
2.466
2.463
2.448

2.513
2.506
2.501
2.497
2.495
2.491
2.476

2.540
2.532
2.527
2.523
2.521
2.517
2.502

2.563
2.556
2.550
2.547
2.544
2.540
2.525

2.605
2.597
2.592
2.588
2.585
2.581
2.565
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Percentile 99 of the one-tailed Dunnett’s ¢ distribution (table 1, cont.)

v\p 2

6.965
4.541
3.747

3.365
3.143
2.998
2.896
2.821

2.764
2.718
2.681
2.650
2.624

2.602
2.583
2.567
2.552
2.539

2.528
2.508
2.492
2.479
2.467

2.457
2.449
2.441
2.434
2.429

2423
2418
2414
2410
2.407

2.403
2.396
2.390
2.385
2.381

2377
2.374
2.371
2.368
2.366

2.364
2.357
2.351
2.348
2.345
2.341

2.326

3

8.881
5.483
4.408

3.900
3.608
3.418
3.286
3.189

3.115
3.057
3.009
2.970
2.936

2.908
2.884
2.863
2.844
2.828

2.813
2.788

2585
2.582
2.577

2.558

5 6

10.88 11.52
6.440 6.746
5.070 5.280

4.430 4.597
4.064 4.208
3.829 3.958
3.665 3.784
3.545 3.656

3.453 3.559
3.381 3.483
3.322 3.420
3.274 3.369
3.234 3.326

3.199 3.289
3.169 3.258
3.143 3.231
3.121 3.206
3.101 3.185

3.083 3.166
3.052 3.134
3.027 3.107
3.006 3.085
2.988 3.066

2.973 3.050
2.960 3.036
2.948 3.024
2.938 3.013
2.929 3.003

2.921 2.995
2913 2.987
2.907 2.980
2.900 2.973
2.895 2.967

2.890 2.962
2.879 2.950
2.870 2.941
2.862 2.932
2.855 2.926

2.850 2.919
2.845 2914
2.840 2.910
2.836 2.906
2.833 2.902

2.830 2.899
2.818 2.886
2.810 2.878
2.805 2.872
2.801 2.868
2.795 2.862

2.772 2.837

7

12.04
6.993
5.451

4.733
4.324
4.062
3.880
3.746

3.644
3.564
3.499
3.446
3.400

3.362
3.329
3.301
3.275
3.253

3.233
3.199
3.172
3.148
3.129

3.112
3.097
3.084
3.073
3.063

3.054
3.046
3.038
3.032
3.025

3.020
3.008
2.998
2.989
2.982

2.975
2.970
2.965
2.961
2.957

2.954
2.941
2.932
2.926
2.921
2.915

2.890

8

12.47
7.201
5.593

4.847
4.422
4.149
3.960
3.821

3.716
3.633
3.565
3.509
3.463

3.423
3.389
3.359
3.333
3.310

3.289
3.254
3.225
3.201
3.181

3.163
3.148
3.135
3.123
3.113

3.103
3.095
3.087
3.080
3.074

3.068
3.055
3.045
3.036
3.028

3.022
3.016
3.011
3.007
3.003

2.999
2.986
2977
2971
2.966
2.959

2.933

3.009 3.042
3.004 3.037
2.997 3.030

2.970 3.003

11 12

13.47 13.73
7.675 7.800
5919 6.005

5.106 5.174
4.644 4.703
4.348 4.400
4.143 4.191
3.993 4.038

3.878 3.920
3.788 3.828
3.715 3.754
3.654 3.692
3.604 3.641

3.561 3.597
3.524 3.559
3.492 3.526
3.463 3.498
3.438 3.472

3.416 3.449
3378 3.411
3.347 3.379
3.321 3.352
3.299 3.330

3.280 3.310
3.263 3.294
3.249 3.279
3.236 3.266
3.225 3.254

3.215 3.244
3.206 3.235
3.197 3.226
3.190 3.219
3.183 3.212

3.177 3.205
3.163 3.191
3.152 3.180
3.142 3.170
3.134 3.162

3.127 3.154
3.121 3.148
3.115 3.143
3.111 3.138
3.106 3.133

3.103 3.130
3.088 3.115
3.078 3.105
3.072 3.098
3.066 3.093
3.059 3.085

3.031 3.057

13

13.97
7.913
6.083

5.236
4.756
4.448
4.235
4.078

3.959
3.865
3.789
3.727
3.674

3.630
3.591
3.558
3.529
3.503

3.479

14

14.19
8.017
6.154

5.293
4.804
4.491
4.275
4.116

3.994
3.899
3.822
3.758
3.705

3.660
3.621
3.587
3.557
3.530

3.507
3.467
3.434
3.407
3.383

3.363
3.346
3.331
3.317
3.305

3.295
3.285
3.276
3.268
3.261

3.255
3.240
3.228
3.218
3.209

3.202
3.196
3.190
3.185
3.180

3.176
3.161
3.151
3.144
3.138
3.131

3.101

15

14.39
8.112
6.220

5.345
4.849
4.531
4311
4.150

4.027
3.930
3.852
3.787
3.733

3.687
3.648

16

14.58
8.201
6.280

5.394
4.891
4.568
4.345
4.182

4.057
3.959
3.880
3.814
3.759

3.713
3.673
3.638
3.607
3.580

3.556
3.515
3.481
3.453
3.429

3.408
3.390
3.375
3.361
3.348

3.337
3.328
3.319
3.310
3.303

3.296
3.281
3.269
3.259
3.250

3.242
3.236
3.230
3.225
3.220

3.216
3.200
3.190
3.182
3.177
3.169

3.138
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Statistical tables explained and applied

Percentile 90 of the two-tailed Dunnett’s ¢ distribution (table 2)

y\p 2

2.920
2.353
2.132

2.015
1.943
1.895
1.860
1.833

1.812
1.796
1.782
1.771
1.761

1.753
1.746
1.740
1.734
1.729

1.725
1.717
1.711
1.706
1.701

1.697
1.694
1.691
1.688
1.686

1.684
1.682
1.680
1.679
1.677

1.676
1.673
1.671
1.669
1.667

1.665
1.664
1.663
1.662
1.661

1.660
1.657
1.655
1.654
1.653
1.651

1.645

3

3.721
2.912
2.598

2.433
2.332
2.264
2.215
2.178

2.149
2.126
2.107
2.091
2.078

2.066
2.056
2.048
2.040
2.033

2.027
2.016
2.008
2.000
1.994

1.989
1.984
1.980
1.976
1.973

1.970
1.968
1.965
1.963
1.961

1.959
1.955
1.952
1.949
1.947

1.945
1.943
1.941
1.940
1.939

1.938
1.933
1.930
1.928
1.927
1.925

1.916

4

4.182
3.232
2.863

2.669
2.551
2.470
2.413
2.369

2.335
2.308
2.286
2.267
2.252

2.238
2.226
2.216
2.207
2.199

2.192
2.179
2.169
2.161
2.153

2.147
2.142
2.137
2.132
2.129

2.125
2.122
2.119
2.117
2.114

2.112
2.108
2.104
2.101
2.098

2.095
2.093
2.091
2.090
2.088

2.087
2.082
2.079
2.076
2.074
2.072

2.062

5

4.500
3.453
3.046

2.832
2.701
2.612
2.548
2.500

2.463
2.433
2.408
2.387
2.370

2.355
2.342
2.331
2.321
2312

2.304
2.290
2.279
2.269
2.261

2.254
2.248
2.243
2238
2234

2.230
2.227
2.224
2.221
2.218

2.216
2.211
2.206
2.203
2.200

2.197
2.195
2.193
2.191
2.189

2.188
2.182
2.179
2.176
2.174
2.171

2.160

6

4.740
3.621
3.185

2.956
2.815
2.720
2.651
2.599

2.559
2.527
2.500
2.478
2.459

2.443
2.429
2.417
2.406
2.397

2.388
2.373
2.361
2.351
2.342

2.335
2.328
2.323
2.318
2.313

2.309
2.305
2.302
2.299
2.296

2.294
2.288
2.283
2.280
2.276

2.273
2.271
2.269
2.267
2.265

2.263
2.257
2.253
2.251
2.249
2.246

2234

7 8

4932 5.091
3.755 3.866
3.296 3.389

3.055 3.137
2906 2.982
2.806 2.877
2.733 2.802
2.679 2.745

2.636 2.700
2.602 2.664
2.574 2.635
2.550 2.611
2.531 2.590

2.514 2.572
2.499 2.557
2.486 2.543
2475 2.531
2464 2.521

2.455 2.511
2.440 2.495
2.427 2.481
2416 2.470
2.407 2.461

2399 2.452
2.392 2.445
2.386 2.439
2.381 2.433
2.376 2.428

2372 2.424
2.368 2.419
2.364 2.416
2361 2.412
2.358 2.409

2.355 2.407
2.350 2.400
2.345 2.395
2.341 2.391
2.337 2.387

2.334 2.384
2.331 2.381
2.329 2.379
2327 2377
2.325 2.375

2.323 2.373
2.317 2.367
2313 2.362
2.310 2.359
2.308 2.357
2.305 2.353

2.292 2.340

9

5.226
3.961
3.468

3.207
3.047
2.938
2.860
2.801

2.755
2.718
2.687
2.662
2.640

2.622
2.606
2.592
2.579
2.568

2.559
2.542
2.528
2.516
2.506

2.498
2.490
2.483
2.478
2.472

2.468
2.464
2.460
2.456
2.453

2.450
2.444
2.438
2434
2.430

2.427
2.424
2421
2.419
2417

2.415
2.409
2.404
2.401
2.398
2.395

2.381

10 11

5.344 5.447
4.044 4.117
3.536 3.597

3.268 3.323
3.103 3.153
2.991 3.038
2911 2956
2.850 2.893

2.802 2.844
2.764 2.805
2.733 2.773
2.706 2.746
2.684 2.723

2.665 2.703
2.649 2.687
2.634 2.672
2.621 2.659
2.610 2.647

2.600 2.636
2.583 2.619
2.568 2.604
2.556 2.591
2.546 2.581

2.537 2.572
2.529 2.564
2.522 2.557
2.516 2.550
2.511 2.545

2.506 2.540
2.502 2.535
2.498 2.531
2.494 2.528
2.491 2.524

2.488 2.521
2.481 2.515
2.476 2.509
2471 2.504
2.467 2.500

2.464 2.497
2.461 2494
2.458 2.491
2.456 2.488
2.454 2.486

2.452 2.484
2.445 2477
2.440 2472
2.437 2.469
2.434 2.466
2.431 2.463

2.417 2.448

12

5.540
4.183
3.652

3371
3.198
3.080
2.996
2.932

2.882
2.842
2.809
2.781
2.758

2.738
2.720
2.705
2.692
2.680

2.669
2.651
2.636
2.623
2.612

2.603
2.594
2.587
2.581
2.575

2.570
2.566
2.562
2.558
2.554

2.551
2.544
2.538
2.534
2.529

2.526
2.523
2.520
2.517
2.515

2.513
2.506
2.501
2.497
2.495
2.491

2.476

13

5.623
4.242
3.701

3.415
3.238
3.119
3.032

5.769
4.345
3.787

3.491
3.309
3.185
3.096
3.028

2.975
2.933
2.898
2.869
2.844

2.823
2.805
2.788
2.774
2.762

2.750
2.731
2.715
2.701
2.690

2.680
2.671
2.664
2.657
2.651

2.645
2.641
2.636
2.632
2.628

2.625
2.618
2.612
2.606
2.602

2.598
2.595
2.592
2.589
2.587

2.585
2.577
2.572
2.568
2.565
2.561

2.546
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Percentile 95 of the two-tailed Dunnett’s ¢ distribution (table 2, cont.)

y\p2 3

4,303 5.418
3.182 3.867
2.7763.3101

4

6.065
4.263
3.618

257
2.447

3.030
2.863
2752
2.673
2.614

2.568
2.532
2.502
2.478
2.457

2.439
2.424
2.410
2.399
2.388

2.379
2.363
2.349
2.338
2.329

2.321
2.314
2.308
2.302
2.297

2.293
2.289
2.285
2.282

3.293

2.447

2.442
2.437
2.433
2.429
2.279 2.426

2.276 2.423
2270 2416
2.265 2.410
2.261 2.405
2.258 2.401

2.254 2.398
2.252 2.394
2.249 2.392
2.247 2.389
2.245 2.387

2.244 2.385
2.237 2.378
2.233 2.373
2.230 2.370
2.228 2367
2225 2.363

2.212 2.349

5

6.513
4.538
3.832

3.476
3.264
3.123
3.023
2.948

2.891
2.845
2.807
2.776
2.750

2.727
2.708
2.691
2.676
2.663

2.651
2.631
2.614
2.600
2.588

2.578
2.569
2.561
2.555
2.548

2.543
2.538
2.533
2.529
2.526

2.522
2.515
2.508
2.503
2.499

2.495
2.491
2.489
2.486
2.484

2.481
2.473
2.468
2.464
2.461
2.458

2.442

6

6.852
4.748
3.994

3.615
3.388
3.238
3.132
3.052

2.990
2.941
2.901
2.868
2.840

2.816
2.795
2.777
2.761
2.747

2.735
2.713
2.695
2.680
2.668

2.657
2.647
2.639
2.632
2.625

2.619
2.614
2.609
2.605
2.601

2.597
2.589
2.583
2.577
2.572

2.568
2.564
2.561
2.558
2.556

2.554
2.545
2.540
2.535
2.532
2.528

2.511

7

7.124
4916
4125

3.727
3.489
3.331
3.219
3.135

3.070
3.019
2977
2.942
2912

2.887
2.866
2.847
2.830
2.815

2.802
2.779
2.760
2,745
2.731

2.720
2.710
2.701
2.693
2.686

2.680
2.675
2.670
2.665
2.661

2.657
2.649
2.642
2.636
2.631

2.626
2.623
2.619
2.616
2.614

2.611
2.602
2.596
2.592
2.589
2.585

2.567

8

7.349
5.056
4235

3.821
3.573
3.409
3.292
3.205

3.137
3.084
3.040
3.003
2.973

2.947
2.924
2.904
2.887
2.871

2.857
2.834
2.814
2.798
2.784

2.772
2.762
2.753
2.745
2.737

2.731
2.725
2.720
2.715
2.711

2.707
2.698
2.691
2.685
2.679

2.675
2.671
2.668
2.664
2.662

2.659
2.650
2.644
2.639
2.636
2.631

2613

9 10

7.540 7.707
5.176 5.280
4.328 4.410

3.900 3.970
3.645 3.707
3.475 3.533
3.354 3.409
3.264 3.316

3.194 3.244
3.139 3.187
3.094 3.140
3.056 3.102
3.024 3.069

2.997 3.041
2.974 3.017
2.953 2.996
2.935 2.977
2.919 2.961

2.905 2.946
2.880 2.921
2.860 2.900
2.843 2.883
2.829 2.868

2.817 2.856
2.806 2.845
2.797 2.835
2.788 2.826
2.781 2.819

2.774 2.812
2.768 2.806
2.763 2.800
2.758 2.795
2.753 2.790

2.749 2.786
2.740 2.777
2.733 2.769
2.726 2.762
2721 2.757

2.716 2.752
2712 2.748
2.709 2.744
2.705 2.741
2.703 2.738

2.700 2.735
2.690 2.725
2.684 2.719
2.679 2.714
2.676 2.711
2.671 2.706

2.652 2.686

11

7.854
5.372
4.482

4.032

2.776
2.772
2.769

2.767
2.757
2.750
2.745
2.741
2.736

2.716

12

7.985
5.455

13 14

8.103 8.211
5.529 5.597

4.546 4.605

4.087 4.137
3.812 3.857
3.630 3.671
3.500 3.539
3.403 3.440

3.328 3.364
3.268 3.303
3.219 3.253
3.179 3.212
3.145 3.177

3.115 3.147
3.090 3.121
3.068 3.099
3.048 3.079
3.031 3.061

3.016 3.046
2.989 3.019
2.968 2.996
2.950 2.978
2.934 2.962

2.921 2.949
2.909 2.937
2.899 2.926
2.890 2.917
2.882 2.909

2.875 2.902
2.868 2.895
2.862 2.889
2.857 2.884
2.852 2.879

2.848 2.874
2.838 2.864
2.830 2.856
2.823 2.849
2.817 2.843

2.812 2.838
2.808 2.833
2.804 2.829
2.801 2.826
2.797 2.823

2.795 2.820
2.784 2.809
2.777 2.802
2.772 2.797
2.769 2.794
2.764 2.788

2.743 2.767

4.658

4.183
3.899
3.709
3.575
3.474

3.396
3.334
3.284
3.242
3.206

3.176
3.150
3.127
3.107
3.089

3.073
3.045
3.023
3.004
2.988

2.974
2.962
2951
2.942
2.934

2.926
2.920
2913
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Percentile 99 of the two-tailed Dunnett’s ¢ distribution (table 2, cont.)

v\p 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

9.925 12.39 13.83 14.83 15.59 16.19 16.70 17.13 17.50 17.83 18.11 18.39 18.63 18.85 19.06
5.841 6.975 7.640 8.106 8.461 8.748 8.986 9.191 9.369 9.526 9.668 9.796 9.912 10.02 10.12
4.604 5.365 5.810 6.122 6.362 6.555 6.717 6.855 6.976 7.084 7.180 7.267 7.347 7.420 7.488

4.032 4.628 4.975 5.219 5.406 5.557 5.684 5.793 5.888 5.972 6.047 6.116 6.179 6.237 6.290

3.499
3.355
3.250

3.169
3.106
3.055
3.012
2977

2.947
2921
2.898
2.878
2.861

2.845
2.819
2.797
2.779
2.763

2.750
2.738
2,728
2.719
2.712

2.704
2.698
2.692
2.687
2.682

4.390
4.168
4.007

3.884
3.787
3.710
3.646
3.593

3.547
3.508
3.475
3.445
3.419

3.396
3.356
3.324
3.297
3.274

3.254
3.237
3.222
3.209
3.197

3.187
3.177
3.169
3.161
3.154

3.147

4.529 4.642
4.295 4.398
4.124 4.219

3.995 4.084
3.893 3.978
3.811 3.893
3.744 3.822
3.687 3.764

3.639 3.714
3.598 3.671
3.563 3.634
3.532 3.601
3.504 3.573

3.479 3.547
3.438 3.503
3.403 3.468
3.375 3.438
3.351 3.413

3.330 3.391
3.312 3373
3.296 3.356
3.283 3.342
3.270 3.329

3.259 3.317
3.249 3.307
3.240 3.298
3.232 3.289
3.225 3.282

3.218 3.274
3.203 3.259
3.191 3.246
3.180 3.235
3.172 3.226

3.164 3.218
3.157 3.211
3.151 3.205
3.146 3.200
3.142 3.195

3.138 3.191
3.122 3.175
3.112 3.164
3.104 3.156
3.099 3.150
3.091 3.142

3.061 3.111

4.737
4.483
4.299

4.159
4.049
3.961
3.888
3.827

3.776
3.732
3.693
3.660
3.630

3.603
3.558
3.521
3.491
3.465

3.442
3.423
3.406
3.391
3.378

3.366
3.355
3.346
3.337
3.329

3.322
3.306
3.292
3.281
3.272

3.264
3.256
3.250
3.245
3.240

3.235
3.218
3.207
3.199
3.193
3.185

3.152

4.889
4.622
4.427

4.280
4.164
4.071
3.994
3.930

3.876
3.829
3.789
3.753
3.722

3.694
3.647
3.608
3.575
3.548

3.524
3.504
3.486
3471
3.457

3.444
3433
3423
3.413
3.405

3.397

5.060
4.777
4.572

4.415
4.293
4.194
4.113
4.045

3.988
3.939
3.896
3.858
3.825

3.796
3.746
3.704
3.670
3.641

3.616
3.595
3.576
3.559
3.545

3.531
3.520
3.509
3.499
3.490

3.482
3.464
3.449
3.437
3.426

3.417
3.409
3.402
3.396
3.391

3.386
3.367
3.355
3.346
3.339
3.330

3.294

5.107
4.820
4.611

4.453
4.328
4.228
4.146
4.077

4.019
3.969
3.925
3.887
3.854

3.824
3.773
3.731
3.696
3.667

3.642
3.620
3.601
3.584
3.569

3.555
3.543
3.532
3.522
3.513

3.505
3.487
3.472

5.150
4.860
4.648

4.487
4.361
4.260
4.176
4.106

4.047
3.996
3.952
3.914
3.880

3.849
3.798
3.755
3.720
3.690

3.665
3.643
3.623
3.606
3.591

3.577
3.565
3.554
3.544
3.535

3.526

2
3
4
5
6 3.707 4.213 4.506 4.712 4.870 4.998 5.105 5.196 5.277 5.348 5.412 5.470 5.523 5.572 5.618
7
8
9

5.190
4.896
4.682

4.519
4.391
4.289
4.204
4.133

4.074
4.022
3.978
3.938
3.904

3.873
3.821
3.778
3.742
3.712

3.686
3.664
3.644
3.627
3.612

3.598
3.585
3.574
3.564
3.555

3.546
3.528
3.512
3.499
3.488

3.479
3.471
3.463
3.457
3.451

3.446
3.427
3.414
3.404
3.398
3.388

3.350
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Reading off the tables

Percentiles 90, 95 and 99 of Dunnett’s ¢ statistic are presented in two tables: table 1, on three
pages, concerns one-tailed (i.e. signed) tests of differences between means, with parameters v =
2(1)20(2)50(5)100(25)250,c0 and number of means p = 2(1)16. The three pages for table 2
concern two-tailed (unsigned) tests, with the same parameter combinations.

Illustration 1. What is the appropriate critical value of Dunnett’s ¢ for comparing 8
group means, using a variance estimate (or mean square) with 32 df, according to a bidirectional
hypothesis at a significance level of 5 %? In table 2, for bidirectional or unsigned tests, we take
percentile 95, line v = 32 and column p = 8: the critical value is #(8,32[.95]) = 2.762. For a one-
tailed test (relevant to a directional hypothesis) with the same parameter values, we would have
tp = 2.445.

Hllustration 2. A research student wishes to compare the means of four treatments to
that of a control treatment, and verify whether any one of the particular treatments brings about
an increase in results; he chooses a 0.05 significance level. Each treatment group, including the
control, is composed of n; = 12 participants, the reference Mean square (here, MS ;. oroups)
having v = 5x(12—1) = 55 df. A directional hypothesis is called for and, in table 1, we find
t5(5,55[.95]) = 2.211.

Full example

A popular experiment in American high schools is to study the influence of music on plants’
growth. At one campus, the biology teacher selected 48 young cactus sprouts, all similar in shape
and body, and he distributes them equally and randomly in six cubicles. The cubicles were
identical, except for the musical contexts within (Silence, Classical music, Jazz, Country, Rock’n-
roll, Heavy-metal). The cactus plants were left alone day and night in their respective sustained
musical surroundings, for eight consecutive weeks. At that time, the volume increase in each plant
was measured (in cm?) : the results are summarized in a table on the next page. Considering these
data, can we confirm that music of a sort or another had some influence on plants’ growth, using
a global significance level of 0.05?
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Type of music n x Sy

(Silence) 8 16.03 3.22
Classical 8 17.11 2.90
Jazz 8 16.41 3.08
Country 8 15.60 3.00
Rock’n-roli 8 15.94 3.17
Heavy-metal 8 16.09 2.98

Solution: The question asked suggests that we compare the mean of every musical environment
to that of the control condition, i.e. "silence”. As the sought-for influence could either be positive
or negative, the appropriate procedure for this situation is Dunnett’s bilateral ¢ test. Group sizes
(n)) being equal, the reference MS,,, is computed as a simple average of each group’s variance,
(3.222+2.90%+..+2.982)/6 ~ 9.366, with v=6x(8—1) = 42 df. For p = 6 means in the
comparison set and a. = 0.05, the two-tailed Dunnett’s table (table 2) furnishes #,(6,42[.95]) =
12.614. The appropriate test statistic is:

' ;

it simplifies to ¢, = (¥;—%,)/V/[2MS,,/n] when n; = ny = n. Using X, = 16.03, MS,, , = 9.366 and
n = 8, the five successive tests equal 0.706, 0.248, —0.281, —0.059, and 0.039, for the respective
musical environments, from Classical to Heavy-metal. Not one test even approaches the critical
value, so that we can not confirm any music’s influence on growth..., at least plants’ growth!

Mathematical presentation

Dunnett’s ¢ distribution, as its name implies, is akin to Student’s ¢: it is a multivariate extension
of it, elaborated for sets of p variables, and it allows to compare each of p~ 1 means with the p™
mean, which represents a control group, a neutral treatment or some analogous reference point.
Let p independent 1.v.’s {x,, X;, X,, -, X,_;}, €ach distributed as My,0?), and 5%, an independent
estimate of 6 with v df. Then, the set:
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h=@=x)s 5 L =0=x)s ;5 ~ 5 b1 =X, —X)s

obeys to Dunnett’s multivariate ¢ distribution with parameters p and v'. In the context of
ANOVA, each x; is a mean, averaged over » individual observations, and the variance estimate
is a mean square (MS), for example the MS,; i oroups I @ ONE-way design with p independent
samples. For this typical case, the formula? is:

/= X i Xa
J >
2Mserror
n

the resulting value being compared to the critical value, i.e. percentile 100(1 —a) of Dunnett’s

¢ with parameters p and v, &, ;i _q)-

Dunnett’s procedure, which consists in comparing p—1 variables with the same p™
variable, aims at controlling the global error rate (o) by taking into account the number (p—1)
of comparisons and the actual correlation between the p—1 test statistics. This correlation is of
the form p[(x; —x,), (x;—x,)] and is equal to +/; for all i,j’s (under the assumption of independent
sampling for each group). Thanks to this correlation value and the constrained number of tests,
Dunnett’s procedure is more powerful than, for instance, Dunn-Sidak’s (see section on Student’s
t distribution). Moreover, in accordance with the hypotheses to be tested, Dunnett’s procedure
allows for unilateral (one-tailed) as well as bilateral (two-tailed) rejection.

Calculation and moments

The joint probability P(f) = Pr{ ¢,<t, t,<t, -, t,<t } or, equivalently, Pr{max ¢, < ¢}, where k =
p—1 and p(t,1) = ', is given by:

P(f) = } Ji0) f g, W) aw | du .
0 —e

The external density f(u) depicts the variation of the s.d. estimate, with parameter v:

' A third parameter, the correlation coefficient among the p—1 test statistics 7, p(?2), has (constant) value p = %
in the Dunnett setting.

*For cases where sample sizes are unequal, the quantity under the square root is computed rather with
\/[MSm;(nj' 41, 1)]. The available critical values are then approximately correct if the ratio of sample sizes does not
exceed 3/2.
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o<

= 2(V/2) v-1,-v-uy2 .
Sw) TOR) u'e ;

["(x) denotes the Gamma function. As for g(w), the internal p.d.f. conditioned on # and u, it shows
the variation of the maximum of k£ normal variables with mutual correlation p,; = %2. For the one-
tailed (or signed difference) version of the test, this p.d.f. is:

2iu(W) = [D(w+~21u)]* o(w) .

In that expression, ® is the standard normal integral or d.f., and ¢ the associated p.d.f. For the
two-tailed (or unsigned difference) version, the sought-for probability is Pr{ |7,|<¢, |2, |<t, -,
|t.|<t }, or Pr{max |z;| <t}. In this case, the p.d.f. is:

g, (W) = [O(w+2tu) — D(w—~/2tu)]* o(w) .

Considering the normal integral @ as a simple function, the computation of P(¢) for
determining critical values confronts us with a double integration, the shape of the integrands
changing substantially for various combinations of £ and v. Recall, for instance, that f(s) above
is a-modal for v = 1, spread out and unimodal for intermediate v, with the mode at s = /(1 —
1/v), and then pointed for higher values of v. The percentiles in our tables were fixed up through
the evaluation of the double integral with a repeated application of Simpson’s rule.

Moments. Dunnett’s ¢ really is identical to Student’s ¢ variable, albeit it enters a
particular p—1 multivariate structure with common correlation p = %. The individual moments
of each z-component are thus the same as Student’s (see section on Student’s ¢ distribution).

On the other hand, for establishing the probability criterion in Dunnett’s procedure,
the key variable is given by ¢, = max #, 1 <i <k, for the signed, one-tailed version (or by
max ||, for the unsigned version), with the set { #,, #,, -, #, } obeying the multivariate ¢
distribution with parameters &, v and p;; = %2. As it was the case for the Studentized range g
variable, 7y, is equivalent to the product M, x 1/s,, where M, is the maximum of k correlated
normal r.v.’s with correlation p,; = /2 and 1/s is the reciprocal of a standard deviation estimate
having v df. The p.d.f. of 1/s can be obtained (see section on the Studentized range), but the
moments of M, are generally not known® and, consequently, the moments of Dunnett’s ¢ statistic,
either in its signed or unsigned version, can not be determined.

? The basic bibliographical reference for these questions is: S. Kotz, N. Balakrishnan & N. L. Johnson: Continuous
multivariate distributions. Volume 1. Models and applications (2™ edition). New York, Wiley, 2000.
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Dominance (table 2)
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E? (monotonic variation) distribution

Percentile 95 of E* (or X2 when v, = o) for Simple order (table 1)

v \k 2

.8100
.6486
5319

4481
3862
3390
3018
2719

2473
2267
2093
1944
1814

.1700
.1600
1511
1431
1360

1295
1182
.1087
.1006
.0937

0876
.0823
0776
0734
0696

.0662
0631
.0603
0577
.0554

.0532
0484
.0445
.0411
.0382

.0357
.0335
.0315
.0298
.0282

.0268
0215
0179
0154
0135
0108

3

BI11 .
.6866 .
5895 .

5144 .
4554 .
4080 .
3694 .
3373 .

3103 .
2872 .
2673 .
2500 .
2347 .

2212 .
2091 .
1983 .
1886 .
1797 .

717 .
1576 .
1456 .
1353 .
1264 .

1185 .
1116 .
.1055 .
.0999 .
.0950 .

.0905 .
0864 .
.0827 .
0792 .
0761 .

0732 .
0668 .
0614 .
.0568 .
0529 .

0495 .
0465 .
.0438 .
0414 .
.0393 .

0374 .
.0300 .
0251 .
0216 .
0189 .
0151 .

2.706 3.820 4.528

5

7278 .
6430 .
5742 .

5178 .
4710 .
4317 .
3984 .
3697 .

3448 .
3230 .
3038 .
2867 .
2714 .

2576 .
2452 .
2339 .
2236 .
2141 .

2055 .
1901 .
1768 .
1652 .
1551 .

1461 .
1382 .
1310 .
1245 .
1187 .

1134 .
1085 .
.1040 .
0999 .
.0961 .

.0926 .
0848 .
0783 .
0726 .
0678 .

.0635 .
.0597 .
0564 .
0534 .
0507 .

.0483 .
.0390 .
.0327 .
0281 .
.0247 .
.0198 .

7

.6424 .
5814 .
.5304 .

4873 .
4504 .
4185 .
.3908 .
3665 .

.3449 .
3258 .
.3086 .
2931 .
2791 .

2664 .
2548 .
2441 .
2343 .
2252 .

2168 .
2018 .
.1887 .
1772 .
.1670 .

1579 .
.1498 .
1425 .
1358 .
1297 .

1242 .
1191 .
1144 .
1101 .
.1060 .

1023 .
.0940 .
.0870 .
.0809 .
0756 .

.0710 .
0669 .
.0633 .
.0600 .
0570 .

.0544 .
.0440 .
.0370 .
0319 .
0281 .
0226 .

5.049 5.460 5.800 6.088

9

5719
5261
4869

4529
4233
3972
3741
3535

3350
3184
3032
2895
2769

2654
2548
2450
2359
2275

2196
2055
.1930
1819
1721

1632
.1553
.1480
.1414
1354

1299
1247
.1200
1157
1116

1078
0994
0921
.0859
.0805

0757
0714
0676
.0642
0611

.0583
.0474
.0399
0345
.0304
0245

10

.5419
5017
4669

4365
4097
.3860
3648
3458

3286
3131
2989
2860
2741

2632
2531
2437
2350
2269

2194
2057
.1936
.1828
1732

.1645
1567
1495
.1430
1371

1316
1265
1218
1174
1134

.1096
1012
.0939
.0877
.0822

0773
.0730
.0692
.0657
.0626

.0597
.0487
.0410
.0355
0313
0252

6.339 6.560

11

5149 .
4793 .
4483 .

4208 .
3966 .
3749 .
3554 .
3378 .

3219 .
3073 .
2941 .
2819 .
2707 .

.2603 .
2507 .
2418 .
2334 .
2257 .

2184 .
2052 .
1929
.1828
1736

.1654
1579
1510
.1447
.1389

1336
1286
1240
.1198
1158

1120
.1037
.0965
.0902
.0847

.0798
0755
0716
.0681
.0649

.0620
0507
.0428
0371
.0327
0265

.1935
1830
1736

.1652
1575
1505
1441
1382

1328
1278
1231
.1188
.1148

1110
.1026
.0953
.0891
.0836

0787
0744
.0705
0670
.0638

.0610
.0497
.0420
.0364
.0321
0259

13

4684
4400
4147

3921
3719
3535
.3369
3218

.3080
.2952
2835
2727
2627

2534
2447
2365
.2290
2218

2151
2029
.1919
1821
1733

.1652
1579
1512
.1450
.1393

.1341
1292
1247
1204
1165

1128
.1045
.0973
.0911
.0856

.0807
.0764
0725
.0690
.0658

.0629
0515
.0436
.0378
.0333
.0270

6.758 6.937 7.100

14

4482 .
4226 .
3997 .

3791 .
3605 .
3436 .
3281 .
3140 .

3011 .
2892 .
2781 .
2679 .
2584 .

.2496 .
2413 .
2336 .
2263 .
2195 .

2130 .
2013 .
1907 .
1812 .
1726 .

.1648 .
1576 .
511 .
.1450 .
1395 .

1343 .
1295 .
1250 .
1209 .
1170 .

1133 .
.1051 .
.0980 .
.0918 .
.0863 .

.0815 .
0772 .
0733 .
0697 .
0665 .

.0636 .
0522 .
.0442 .
.0384 .
.0339 .
0275 .

7.250
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Statistical tables explained and applied

Percentile 97.5 of E? (or X* when

v, = o) for Simple order (table 1, cont.)

v, \k 2

.9025
715
.6584

5693
4995
4441
3993
3625

3318
3057
2835
2642
2473

2325
2193
2075
.1969
.1874

1787

3

.8949
7898
.6971

.6201
.5567
5042
4603
A232

3915
.3640
.3401
3191
.3005

.2840
2691
2557
2436
2326

2225
2047
.1895
1765
1651

1551
.1462
1383
1312
.1248

.1189
1136
.1088
.1044
.1003

.0965
.0881
.0811
0751
.0700

.0655
.0615
.0580
.0549
.0521

.0496
.0399
.0334
.0287
0251
.0202

3.841 5.098

4

.8603
7690
.6897

6228
.5665
5189
4783
4433

4130
3864
3630
3422
3237

3070
2919
2783
2658
2544

.2439
2254
2094
.1956
.1834

1727
.1632
1546
.1469
.1400

1336
1278
1225
1176
1131

.1089
.0997
.0920
.0853
0795

.0745
.0701
0662
.0626
.0595

.0566
.0456
0382
.0329
.0289
0232

5

8177 .
7378 .
.6690 .

.6104 .
5603 .
5174 .
4803
4480

4196
3945
3722
3523
.3343

3181
.3033
.2898
2775
.2662

2557
2371
2210
2069
1945

.1835
1737
.1649
.1569
.1497

1431
1370
1314
1263
1216

1172
1075
.0992
0922
.0860

.0807
.0759
0717
.0680
.0646

.0615
.0497
.0417
0359
0315
.0254

6

7740
7041
6439

5922
5476
5089

4751
4454

4190
3956
3745
3556
3384

3228
3086
2956
2836
2725

2622
2439
2279
2139
2015

.1905
.1806
1716
.1636
1562

.1495
.1433
1376
1324
1275

1230
1130
.1045
0971
.0908

.0852
.0803
.0759
0719
.0684

.0652
.0528
.0443
0382
0336
0270

5.891 6.471 6.928

7 8

7322 .6934
.6709 .6394

9

.6578
.6101
.6180 .5925 .

5721 5516 .
5321 .5156 .
4972 4839 .
4663 4557 .
4390 .4306 .

4146 .4080 .
3927 .3876 .
3729 3691 .
3551 .3523 .
.3388 .3369 .

3239 3228 .
.3103 .3098 .
2978 2978 .
2862 .2867 .
2755 .2764 .

2655 .2668 .
2476 .2494 .
2320 .2342 .
2182 .2207 .
2059 .2086 .

1950 .1978 .
1851 (1881 .
1762 1793 .
.1681 .1713 .
.1607 .1639 .

1540 1572 .
1478 .1510 .
1420 .1452 .
1367 .1399 .
1318 .1349 .

1272 1303 .
1170 .1201 .
.1084 .1113 .
.1009 .1038 .
.0944 .0971 .

.0886 .0913 .
.0836 .0862 .
.0791 .0816 .
0750 .0774 .
0713 .0737 .

.0680 .0703 .
0552 .0571 .
.0464 .0481 .
.0401 .0416 .
.0352 .0366 .
.0284 .0295 .

10

6253 .
5829 .
5454 .

5123 .
4828 .
4564 .
4327 .
4112 .

3918 .
3741 .
3578 .
3429 .
3292 .

3166 .
3048 .
2939 .
2838 .
2743 .

2654 .
2492 .
2349 .
2222 .
2107 .

2004 .
1910 .
1825 .
1747 .
1675 .

.1609 .
.1548 .
.1491 .
.1439 .
1390 .

1344 .
1242 .
1154 .
1078 .
1011 .

.0952 .
.0899 .
0852 .
.0810 .
0771 .

0737 .
.0601 .
.0507 .
.0439 .
0387 .
0313 .

12

.5688
.5346
.5041

4768
4522
.4300
4097
3913

3744
.3589
.3447
3314
3192

.3078
2972
2873
2781
2694

2612
2462
.2329
2209
2101

.2003
1914
1832
1757
.1688

.1624
1565
1510
.1458
1410

1365
1265
1178
1102
1035

.0976
.0924
0876
0834
0795

.0760
0622
0526
.0456
.0403
0326

13

.5442
5133
4855

4606
4380
4175
3987
3816

3658
3513
3378
3254
3138

3030
2929
.2835
2747
.2663

2585
2441
2313
2197
2092

.1997
1910
.1830
1757
.1689

1626
1568
1514
.1463
1416

1371
1272
1186
1110
.1044

.0985
.0933
.0886
.0843
.0804

0769
.0630
.0534
.0463
.0409
0331

7.304 7.624 7.901 8.145 8.363 8.561 8.740

14 15

.5216 .5009
4935 4753
4682 4521

4453 4310
4245 4117
4055 .3941
.3881 .3779
3721 .3629

3573 3491
.3437 3363
3311 .3244
3193 3132
.3083 .3029

2981 2931
.2885 .2840
2795 2754
2711 2673
2631 2597

2556 .2525
2418 2392
2294 2273
2182 .2165
.2080 .2066

.1988 .1976
.1903 .1894
.1825 .1818
1753 .1748
.1687 .1683

.1626 .1623
1569 .1567
1515 1515
1466 .1466
.1419 .1420

1375 1377
1277 1280
1191 11195
1117 11121
.1051 .1056

.0992 .0998
.0940 .0946
.0893 .0899
.0850 .0856
.0812 .0818

.0776 .0783
.0637 .0644
.0541 .0546
.0469 .0475
.0415 .0420
.0336 .0341

8.905 9.058




E? (monotonic variation) distribution

Percentile 99 of E (or X> when », - o) for Simple order (table 1, cont.)

vo\k 2

.9604
.8730
7783

.6937
6221
5622
S119
4694

4331
4018
3746
.3508
3298

3111
2944
2793
2657
2534

2422
2224
2056
1911
1786

1675
1578
1491
1414
1344

.1280
1222
1170
1121
1077

.1036
.0945
.0869
.0805
.0749

.0701
.0658
0620
.0587
0557

.0529
.0425
.0356
.0305
.0268
0215

5.412

3

9531
.8781
1995

1276
.6646
.6100
.5628
5219

4862
.4549
4272
4026
.3806

3608
.3430
.3268
3120
2985

2861
2642
.2453
2289
2146

2020
.1907
1807
1716
1634

1560
1491
.1429
1372
1319

1270
1162
1071
.0993
.0926

.0867
0815
.0769
0728
0691

0658
.0530
0444
.0382
.0335
0269

6.823

4

.9289
8573
1872

71236
.6674
.6181
5748
.5368

5032
4734
4467
4229
4013

3818
3641
3479
3331
3195

.3069
2844
.2650
2481
2332

2199
.2081
1975
1879
1792

1713
1640
1573
1512
1455

1402
1285
1186
1102
1028

0964
.0907
.0857
0812
0771

0735
.0593
.0498
.0428
.0376
.0302

7.709

5

.8954
.8278
7645

7075
6569
6122
5727
5376

.5063
4783
4531
4304
4097

3909
3737
3580
3435
3301

3177
2954
2761
2591
.2440

2306
2186
2078
.1980
.1891

.1809
1734
1665
1602
1543

.1488
.1366
1263
A175
.1098

.1030
.0970
0917
.0869
.0826

0787
.0637
.0535
.0461
.0405
.0326

8.356

6

.8578
7951
7379

.6866
.6409
.6003
5641
5317

.5027
4765
4529
4314
4118

3938
3773
.3622
3481
3351

3231
3013
2823
2655
.2506

2373
2253
2144
.2046
1956

1873
.1798
1728
.1663
.1603

1547
.1423
1318
1227
1147

.1078
1016
.0961
0912
.0867

.0827
0670
.0564
.0486
.0428
.0345

8.865

7

8195
.7621
7103

.6640
.6225
.5855
.5523
5225

4956
4712
4490
4287
4102

3931
3774
3629
3494
3369

3252
3041
2856
2691
2545

2413
2295
2187
2089
.1999

1917
1841
1771
.1706
.1646

1590
1464
1358
1265
1185

1114
1051
.0994
.0944
.0898

.0857
0696
.0586
.0506
.0446
.0359

9.284

8

7822
7301
.6832

6411
.6034
.5696
5391
5116

4866
4638
4430
4239
4064

3902
3753
3614
3485
3365

3253
3049
2869
2709
2566

2437
2320
2214
2117
2028

1947
1871
.1801
1737
1676

1620
.1495
1387
1294
1213

1141
1078
1021
.0969
.0923

.0881
0717
.0605
.0523
.0460
0372

9.638

9

7469 .
.6996 .
6570 .

.6188 .
5844 .
5534 .
5253 .
4998 .

4765 .
4553 .
4358 .
4179 .
4013 .

3860 .
3718 .
3586 .
3462 .
3347 .

3239 .
3043 .
2869 .
2714 .
2574 .

2448 .
2334 .
2230 .
2134 .
2047 .

.1966 .
1892 .
1822 .
1758 .
.1698 .

1642 .
1517 .
1410 .
1317 .
1235 .

1163 .
.1099 .
.1041 .
.0990 .
.0943 .

.0900 .
0734 .
0620 .
.0536 .
.0473 .
0382 .

9.946

11

6831
.6440
.6087

5768
.5479
5216
4976
4756

4554
4368
4196
4037
.3890

3752
3624
3504
3392
3286

3187
3006
.2843
2698
2566

2447
2338
2238
2147
2062

.1984
1912
1845
1782
1723

.1669
.1546
.1439
1347
1265

.1193
1129
1071
1019
.0972

.0929
.0760
.0643
.0558
.0492
.0398

10.46

12

.6546
.6190
5867

5575
.5308
.5065
4842
4637

4448
4274
4112
3962
3822

3692
3570
3456
3349
3248

3153
2979
2822
2682
2554

2438
2332
2235
2145
2063

.1986
1915
.1849
1787
1730

1675
1554
.1449
1357
1276

1204
.1140
.1082
.1030
0982

.0939
0770
0652
.0566
.0500
.0405

10.68

13

.6283
5957
.5661

5391
5145
4919
4712
4521

4344
4180
4028
3886
3754

3631
3515
.3406
3304
.3207

3116
2948
2798
.2662
2538

2426
2323
2228
2140
.2060

.1985
.1915
1850
1789
1733

1679
1559
.1455
1364
1283

1212
1148
1091
.1039
.0991

0948
0778
.0660
0573
.0507
0411

10.88

14
.6039

5740

5467

5219
4991
4781
4587
4408

4243
4089
3945
3811
.3686

3569
3458
3354
3257
3164

3077
2916
2771
.2639
2520

2411
2310
2218
2133
2054

.1980
1912
.1848
1789
1733

.1680
1562
.1459
1369
1289

1218
1155
.1097
.1046
.0998

0955
.0786
.0667
.0580
.0513
.0416

11.06

15

5813
.5538
.5286

.5056
4844
4648
4467
4300

4144
.3999
.3863
3737
3618

3506
.3401
3302
3209
3120

3037
2882
2742
2615
2499

.2393
2296
2206
2123
2046

.1974
1907
1845
.1786
1731

.1679
1563
1461
1372
.1293

.1223
.1160
.1103
.1051
.1004

.0961
.0792
.0673
.0585
.0518
0421

11.23
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Statistical tables explained and applied

Percentile 99.5 of E* (or X when

v, — oo) for Simple order (table 1, cont.)

-~
o

Ooo~I1ANWnN o

\k 2

.9801
9192
.8413

7648
.6961
.6363
.5846
5399

5011
4672
4374
4111
3876

.3666
3478
3307
3152
3011

2882
2633
2458
2290
2143

2013
.1899
1796
1704
1621

1546
.1477
1414
1357
1303

1254
1146
1055
.0977
0910

.0852
.0801
0755
0714
0678

0645
.0519
.0434
0373
.0327
0262

6.635

3

9751
9200
.8542

7892
7293
6757
6281
.5861

.5488
5157
4861
4596
4357

4141
3945
3766
.3603
3452

3314
3067
2855
.2669
2506

2362
2233
2117
2013
1919

1833
1754
.1682
1615
1554

.1497
1371
1265
1174
1095

.1026
.0965
0911
.0863
.0820

.0780
.0630
.0528
.0454
.0399
.0320

8.144

4

.9584
.9019
.8410

.7824
7286
.6800
.6364
5975

5627
5313
5031
4776
4545

4334
4141
.3965
3802
3652

3513
3264
3048
2858
.2690

2541
.2407
2287
2178
2079

1988
1905
1829
1758
.1693

1632
.1498
1384
1287
1202

1127
.1062
.1003
0951
.0903

.0861
0696
0584 .
0503 .
0442 .
.0356 .

9.092

5

9327
8758
.8188

7653
7162
6719
6319
5960

5635
5342
5076
4834
4613

4410
4224
4053
3895
3748

3612
3367
3153
2963
2796

2646
2511
2389 .
2278 .
2177 .

2085 .
.2000 .
1922 .
1849 .
1782 .

1720 .
1581 .
1463 .
1362 .
1273 .

1195 .
1127 .
.1065 .
1010 .
0961 .

0916 .
0742 .

6

9013
.8460
7929

7438
.6989
.6583
6215
.5883

5581
5307
5057
4828
4619

4426
4248
4084
3931
3790

3658
3419
.3209
3023
.2857

2708
2574

7

.8673
.8149
.7658

7206
6795
.6422
.6083
5775

5494
5238
.5004
4788
4590

4407
4238
4080
3934
3798

3671
3439
3235
3054
2891

2745
2613
.2493
2383
2283

2190
2105
.2026
1953
.1885

1821
.1680
1559
.1454
1362

1281
1209
1145
.1087
.1035

.0988
.0804
0677
.0585
0515
.0416

10.77

8

.8330
.7840
7387

6972
.6594
.6250
5937
5652

.5390
5151
4931
4728
4541

4367
4206
4056
3916
3785

3663
.3440
3242
3066
2907

2764
2635
2517
.2409
.2309

2218
2133
2055
1982
1914

1851
1710
1588
.1483
1391

.1309
1236
1172
1113
.1060

1012
.0825
.0696
.0602
0531
.0429

11.15

9

7994
7540
7123

.6741
.6394
.6076
5786
5521

5277
.5053
4846
4655
4478

4314
4161
4018
.3884
.3759

3642
3427
3236
3065
2911

2771
.2645
2529
.2423
2325

2235
2152
2074
2002
1935

1872
1731
1610
1505
1412

1331
1258
1193
1134
.1080

1032
.0843
0712
.0617
.0543
.0439

11.48

10

7673
7254
.6870

.6518
.6197
.5904
.5635
5388

5160
4950
4756
4576
.4409

4253
4107
3971
3844
3724

3611
3405
3221
3055
2905

2770
.2646
2533
2429
2333

2244
2162
2086
2015
.1948

.1886
1746
.1626
1521
.1429

1347
1275
1209
1150
1097

1048
0857
0725
.0628
0554
.0449

11.77

11

7369
.6983
.6629

.6305
.6008
3736
.5486
5255

5042
4845
4663
4493
4334

4187
4048
3919
3797
3682

3574
3376
3198
3038
.2893

2761
2641
2530
.2429
2335

2248
2167
2092
2022
1957

1895
1757
.1638
.1533
1442

.1360
1288
1222
1163
1109

.1061
.0869
.0736
.0639
.0564
.0457

12.03

12

.7084
.6728
.6401

.6101
.5826
.5573
5340
5125

4925
4740
4568
4408
4258

4118
3986
.3862
3746
3637

3533
3343
3172
3017
2876

2748
2631
2524
2424
2332

2247
2168
.2094
2025
.1961

.1900
1764
.1646
1542
1451

1370
1298
1233
1174
1120

1071
.0879
.0745
0647
0572
.0464

12.26

13

6817
.6488
.6186

5909
.5653
5418
.5200
4998

4811
4637
4474
4323
4180

4047
3922
3804
3693
3588

3489
3306
3141
2992
2856

2732
2618
2513
2416
2326

2243
2165
.2093
2025
1962

1902
1768
1651
.1549
1458

1378
1306
1241
1182
1129

.1080
.0888
0754
0655
0579
.0470

12.47

14

.6567
.6263
.5983

5726
.5488
.5268
.5065
4875

4699
4535
4382
4238
4103

3977 .
3857 .
3745 .
3639 .
3539 .

3443 .
3268 .
3109 .
2964 .
2833 .

2712 .
2602 .
2500 .
.2405 .
2317 .

2236 .
2160 .
2089 .
2023 .
.1960 .

1901 .
1769 .
1654 .
1553 .
1463 .

1383 .
A312 .
1247 .
1189 .
1135 .

1087 .
.0895 .
0761 .
0661 .
0585 .
.0475 .

12.66

15

.6334
.6052
5793

5553
5331
5126
4935
4757

4591
4436
4291
4155
4027




E? (monotonic variation) distribution
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Percentile 95 of E* (or X when y, - o) for Dominance (table 2)

<
o

Nele b No WO, RN SR VAN S

\k 2

.8100
.6486
5319

4481
3862
.3390
3018
2719

2473
2267
2093
1944
1814

.1700
.1600
511
1431
1360

1295
1182
1087 .
.1006 .
0937 .

.0876 .
.0823 .
0776 .
0734 .
.0696 .

0662 .
0631 .
.0603 .
0577 .
0554 .

0532 .
0484 .
.0445 .
0411 .
.0382 .

.0357 .
0335 .
0315 .
.0298 .
0282 .

.0268 .
0215 .
0179 .
0154 .
0135 .
0108 .

2.706

3

.8781
7629
.6653

5865
5231
4713
4285
3926

3621
.3359
3132
2934
2759

2603
2464
.2339
2226
2123

2029
.1865

4

.9033
8122
71298

.6593
.5996
.5490
5057
4686

4363
4081
3832
3611
3414

3237
3077
2933
.2801
.2680

2569
2373
2204
2058
1929

1816
1715
1625
.1544 .
.1471 .

1404 .
1343 .
1287 .
1235 .
1188 .

1144 .
1047 .
0965 .
.0895 .
.0835 .

0782 .
0735 .
.0694 .
0657 .
0624 .

0594 .
.0479 .

5

9173
.8414
7701

7068
6515 .
.6033 .
5612 .
5243 .

4917 .
4628 .
4370 .
4138 .
3930 .

3741 .
3569 .
3411 .
3267 .
3135 .

3013 .
2794 .
2605 .
.2440 .
2295 .

2165 .
.2050 .
.1946 .

6

.9265
8611
7983

7410

7

9332
.8756
.8193

7671
7196
6767
6380
.6032

S717
5431
5171
4934
A717

4518
4334
4165
4008
3862

3726
3481
3266
3075
2906

2753
2617
2492 .
2379 .
2276 .

2182 .
2095 .
2014 .
1940 .
1870 .

.1806 .
1663 .
1540 .
.1435 .
1343 .

1262 .
1190 .
1126 .
1069 .
1017 .

0970 .
0787 .
0663 .
0572 .
0503 .
.0406 .

10.46

8

9384
.8868
.8358

7878
7435
7031
.6662
.6326

.6020
5740
.5483
5247
.5030

4830
4644
4472
4311
4162

4022
3769
3545
3346
3168

.3008
.2863

9

9426
.8958
.8491

.8047
7633
7251
.6899
6576

6279
.6005
5753
.5520
5304

5104
4918
4744
4582
4431

4289
4030
3799
3594
.3409

3242
.3091
2953
2827
2711

2604
2505
2413
2328
.2249

2175
.2009
.1866
1743
.1635

1539
.1454
1378
.1309
1247

1191
.0971

10

9461
.9032
.8601

.8188
7799
7437
7102
6791

.6503
.6237
.5990
5760
5547

.5348
5162
4989
4826
4673

4529
4267
4032
3821
3631

3459
3303
3159
3028
2907

2795
2691
2595
2506
2422

2344
2168
2017
.1886
1771

.1669
1578
.1496
1422
1356

1295
1058
.0894
0775
.0683
.0552

14.45

11

.9490
.9094
.8694

.8308
7941
7598
7277
.6978

.6700
.6441
.6200
5974
5764

5567
.5383
5210
.5047
4894

4749
4484
4246
4031
3837

3661
.3500
3352 .
3216 .
3091 .

2975 .
2867 .
2767 .
2673 .
.2586 .

2504 .
2320 .
2161 .
2023 .
1901 .

1793 .
.1697 .
1610 .
1532 .
1461 .

.1396 .
1143 .
0967 .
.0839 .
.0740 .
0599 .

15.74

12

9515
9147
8774

.8411
.8065
7738
7431
7143

.6874
6622
.6387
.6166
.5959

5765
5582
.5410
5248
5095

4950
4684
4443
4226
4029

3849
.3684

13

9537
9193
.8843

.8500
8172
7861
7567
7290

7030
6785
.6555
.6339
.6136

.5945
5764
5593
5432
.5280

5135
4868
4627
4408
4208

4025
.3858
.3703
.3560
3428

.3305
3191
.3084
.2984
2890

.2802
2604
2431
2280
2147

2028
1922
.1826
.1740
1661

.1589
.1306
.1108 .
.0962 .
.0851 .
.0690 .

18.29

14

9556
9233
.8903

.8579
.8267
7970
7688
7421

7169
.6932
.6708
.6496
.6297

.6108
.5930
5762
.5602
.5450

5307
.5040
4798
4577
4376

4191
4021
.3864
3718
3583

.3458
3341
3231
3128
3032

2941
2737
2558
.2402
2263

2140
2029
1929
.1839
1756

1681
.1384

15

.9574
9269
.8957

.8650
.8352
.8067
71796
7539

7295
7065
.6846
.6640
.6444

.6259
.6083
5917
5759
.5608

.5465
5199
4957
4736
4533

4347
4175
4016
3868
3731

.3603
.3483
3371
3266
3167

3074
2864
.2681
2519
2376

2248
2133
2029
1935
.1849

1771
1460
1243
.1081
.0957
0778

20.81
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Statistical tables explained and applied

Percentile 97.5 E (or X when

v, = o) for Dominance (table 2, cont.)

1%

©

OO ~IANWN WIS

\k 2

9025
7715
6584

5693
4995
4441
3993
3625

3318
3057
2835
2642
2473

2325
2193
2075
.1969
.1874

1787
1635
1507
1398
.1303

1221
1148
.1083
1025
.0973

.0927
.0884
.0845
.0810
0777

0747
.0681
0625
.0578

.0538

.0503
.0472
.0444
.0420
.0398

.0379
.0304
.0254
0218
.0191
.0153

3.841

3

9356
.8454
1576

.6809
.6160
5611
5145
4747

4404
4105
3843
3612
.3407

3223
.3058
2909
2774
.2650

2537
2337
2167
2019
.1890

1777
.1676
.1586
.1506
.1433

1366 .
1306 .
1251 .
1200 .
1153 .

1110 .
1015 .
0934 .
0866 .

0807 .

0755 .
0710 .
0669 .
0634 .
.0601 .

0572 .
0461 .
.0385 .
0331 .
0291 .
0233 .

5.901

4

9478
.8770
.8047

7383
.6796
.6281
5832
5437

.5089
4782
4507
4262
4041

3842
.3661
.3495
3344
3206

3078
.2850
2654
2482
2331

2198
2079
1972
1875
1788

5

9547
.8956
.8338

7754
7221
.6744
6317
5935

5594
5287
5011
4760
4533

4326
4136
3962
.3802
3654

3516
3270
.3056
.2868
2702

2553
.2420
2300
2192
.2093

2002 .
1919 .
1843 .
1772 .
1707 .

.1646 .
1512 .
1398 .
1300 .

1214 .

1139 .
1073 .
1014 .
.0962 .
.0914 .

.0871 .
0705 .
0592 .
.0510 .
.0448 .
.0361 .

9.237

6

.9592
.9082
.8541

.8019
7533
7089
.6686
6321

.5989
.5688
5414
5164
4935

4724
4531
4352
4186
4032

3889
3630
.3403
3203
3025

2865
2721
2591
2473
2365

7

9625 .
9175 .
.8692 .

.8220 .
T774 .
7360 .
.6980 .
6631 .

6311 .
.6018 .
5749 .
5502 .
5273 .

5062 .
4867 .
4686 .
4517 .
4359 .

4212 .
3945 .
3710 .
.3500 .
3313 .

3144 .
2992 .
2853 .
2727 .
2611 .

2505 .
2407 .
2316 .
2232 .
2154 .

2081 .
1918 .
1779 .
.1659 .

1554 .

1461 .
1379 .
1306 .
1240 .
1180 .

1126 .
0915 .
0771 .
.0666 .
.0587 .
.0473 .

12.24

9

9672 .
.9304 .
.8906 .

.8508 .
8125 .
762 .
7422 .
7105 .

.6809 .
.6534 .
.6278 .
.6040 .
5818 .

5610 .
5416 .
5234 .
5064 .
4904 .

4753 .
4478 .
4231 .
4010 .
3810 .

3629 .
.3465 .
3314 .
3176 .
.3048 .

2931 .

11

9704
.9391
9051

.8707
.8371
.8048
7742
7452

7179
.6922
.6680
.6453
.6240

.6039
.5849
5671
5502
5343

5192
4914
4663
4436
4229

4041
.3868
.3709
.3563
3427

3302
3185
3076
2974
2879

2789
2588
2414
2262

2127

2008
.1901
.1805
1718
.1640

1568
.1286
.1090
.0945
.0835
.0677

17.84

12

9717
9425
9108

.8786
.8469
.8163
7871
7593

7331
7082
.6848
6627
.6418

6221
.6034
5858
5691
.5533

5383
5105
4853
4624
4416

4225
4049
.3887
3738
.3599

3470
3350
3238
3133
3035

2943
2734
2553
2395

2255

2130
2018
1918
.1827
1744

.1668
1371
1163
.1010
.0893
0725

19.20

13

9729
.9455
9157

.8854
.8555
8264
7985
7719

7466
7226
6998
.6783
6579

.6385
.6202
.6028
5863
5707

5558
5281
5029
4799
4589

4396
4219
4055
3903
3761

3630
3507
3392
3285
3184

.3089
2874
2687
2523

2377

2248
2131
2026
1931
.1845

.1766
.1454
1235
1074
.0950
.0771

20.53

14

9739
.9481
.9201

.8914
.8630
.8353
.8087
7831

1587
7355
7134
.6924
.6725

.6535
.6355
.6184
.6021
5866

5719
.5443
5192
4962
4751

4557
4378
4212
4058
3914

3781
3656
3539
.3429
3325

3228
.3007
2815
2645

.2495

2361
2240
2131
.2033
.1942

.1860
1534
1305
1136
.1005
0817

21.86

15

9748
.9504
9239

.8967
.8697
.8433
8178
7932

.7696
7472
7257
7053
.6858

.6673
.6496
.6328
.6167
.6014

.5868
5594
.5344
S115
4903

4708
4528
4360
4205
4059

3924
3797
3678
3565
.3460

3361
3135
2938
.2763

.2609

2470
2346
2233
2131
2037

.1952
1613
1374
1197
.1060
.0863

23.17




E? (monotonic variation) distribution
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Percentile 99 of E? (or X

when », - o) for Dominance (table 2, cont.)

v.\k 2

.9604 .
8730 .
7783 .

6937 .
6221 .
5622 .
5119 .
4694 .

4331 .
4018 .
3746 .
3508 .
3298 .

3111 .
2944 .
2793 .
2657 .
2534 .

2422 .
2224
2056 .
1911 .
.1786 .

1675 .
1578 .
.1491 .
1414 .
1344 .

1280 .
1222 .
1170 .
1121 .
1077 .

.1036 .
0945 .
.0869 .
.0805 .
0749 .

.0701 .
.0658 .
.0620 .
.0587 .
0557 .

.0529 .
0425 .

4

9775 .
9302 .
8731 .

8156 .
7614 .
J118
6671 .
6268 .

5906 .
5580 .
5286 .
5019 .
ATTT .

4556 .
4354 .
4169 .
3998 .
3840 .

3694 .
3433 .
3206 .
3006 .
2830 .

2673 .
2532 .
.2406 .
2291 .
2187 .

2091 .
.2004 .
1924 .
1850 .
1781 .

A717 .
1576 .
.1456 .
1353 .
1264 .

1186 .
A117 .
1055 .
.1000 .
.0950 .

.0905 .
0732 .
0614 .
0529 .
.0465 .
.0374 .

9.561

6

9817 .
9471 .
9048 .

.8605 .
8171 .
7758 .
7372 .
7014 .

.6683 .
.6378 .
.6097 .
5837 .
5597 .

5374 .
5168 .
4976 .
4797 .
4630 .

4474
4191 .
3940 .
3717 .
3518 .

3339 .
3177 .
3029 .
2895 .
2772 .

2659 .
2554 .
2458 .
2368 .
2285 .

2208 .
2035 .
1887 .
1759 .
1647 .

1549 .
1462 .
1384 .
1313
1250 .

1192 .
.0969 .
.0817 .
.0705 .
0621 .
.0501 .

12.94

8

9840 .
9561 .
.9220 .

.8858 .
.8494 .
8141 .
7804 .
7486 .

7186 .
6905 .
.6642 .
6395 .
6165 .

5949 .
5746 .
5556 .
5377 .
5209 .

5051 .
4760 .
4500 .
4266 .
4055 .

3863 .
3688 .
3528 .
3381 .
3246 .

3121 .
3005 .
2898 .
2797 .
2704 .

2616 .
2420 .
2251 .
2104 .
1975 .

1861 .
1760 .
1668 .
1586 .
A512 .

1444 .
A179 .
.0996 .
0863 .
0761 .
0615 .

16.06

10

.9854
.9619
.9332

.9024
8711
.8402
.8104
7817

7544
7286
7041
.6809
.6590

.6383
6188
.6003
5828
5662

5505
5214
4951
4712
4495

4296
4114
3946
3791
3648

3515
3391
3275
3167
.3066

2971
2758
2572
2410
2268

2141
2027
.1925
1832
1748

1672
1371
1162
.1008
.0891
0722

19.04

11

9860 .
9641 .
9375 .

9088 .
.8795 .
.8504 .
8222 .
7949 .

7689 .
7440 .
7204 .
.6979 .
.6766 .

.6565 .
6373 .
6191 .
.6019 .
5855 .

5699 .
.5409 .
5147 .
4907 .
4688 .

4487 .
4303 .
4132 .
3975 .
3828 .

3692 .
3565 .
3446 .
3335 .
3231 .

3133 .
2912 .
2720 .
2552 .
.2403 .

2270 .
2152 .
2045 .

.1948
.1860

1779
.1462
1241
1078
.0953
0773

2049

1967 .

.1882 .
1550 .
1318 .
1146 .
.1013 .
.0823 .

21.92
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Statistical tables explained and applied

Percentile 99.5 of E? (or X when », -

o) for Dominance (table 2, cont.)

14

L

Nole LN No WV, BERCRVLY S

\k 2

.9801 .
9192 .
8413 .

7648 .
6961 .
.6363 .
5846 .
5399 .

4

9882 .
9548 .
9087 .

.8586 .
8092 .
7624 .
J191 .
6794 .

6431 .
6100 .
5799 .
5523 .
5271 .

5039 .
4826 .
4630 .
4448 .
4279 .

4123 .
3841 .
3594 .
3377 .
3184 .

3012 .
2857 .
2717 .
2590 .
2474 .

2369 .
2271 .
2182 .
2099 .
2022 .

1951 .
1793 .
1658 .
1542 .
1441 .

1353 .
A275 .
1205 .

6

.9902 .
9653 .
9311 .

.8929 .
8538 .
8156 .
7790 .
7445 .

7122 .
.6820 .
.6538 .
6276 .
.6033 .

5805 .
5593 .
5395 .
5209 .
5036 .

4873 .
4575 .
4311 .
4074 .
3862 .

3670 .
.3496 .
3338 .
3193 .
.3060 .

2938 .
2825 .
2720 .
2622 .
2532 .

2447 .
2258 .
2096 .
1956 .
1833 .

1725 .
1628 .
1542 .
.1465 .
1395 .

1331 .
.1084 .
.0914 .
0790 .
0695 .
0561 .

14.55

9913
9710 .
9434 .

9122
.8797
.8473
8157
7853

7564
7290
.7030 .
.6786
.6555

.6338
.6133
.5940 .
3757
5585

5422
5122
4852 .
4607 .
4386 .

4184
4000 .
3830 .
3675
3531

3398
3274 .
3159 .
3052 .
2952

2858
2647
.2465
2306
2166

2043 .
1932 .
1833 .
1744
1662

.1588
1299
.1099
.0952
.0840
.0680 .

8

17.81

9

.9916

9730
9477

9191
.8891
.8590
.8294
.8008

7733
7471

7222

.6986
.6763

.6551
.6351

6161

5981
5811

.5649
.5350

5079
4833
4609

4405

4217
4044

.3885
3737

.3600

3473
3354
3243

3139

3041
2821
2631
2465
2318

2188
2071
1966

1872
.1786

1707
.1400
.1186
.1029
.0908

0736
19.38

10

.9920
9746
9513

9248
.8970
.8688
.8410
8139

7878
7628
7389
7161
.6945

.6739
.6543
.6357
.6180
.6012

5852
5555
5285
5038
4813

4607
4416
4241
4078
3928

3788
3657
3535
3421
3313

3212
.2985
2788
2614
2461

2325
2203
2093
.1994
.1903

1821
.1496
1269
1102
0974
.0790

2091

11

.9922
.9760
9544

9297
9037
8772
.8510
.8253

.8004
1765
7535
7315
7105

.6905
.6714
.6532
.6358
.6193

.6035
5741
.5472
5226
.5000

4792
4600
4423
4258
4105

.3962
.3829
3704
3587
3477

3374
3140
2936
2757
2598

.2456
2329
2215
2111
2016

.1930
.1589
.1350
1173
.1038
.0843

22.42

12

.9925 .
9773 .
9570 .

9339 .
.9094 .
.8845 .
8597 .
8352 .

8115 .
7885 .
7664 .
7452 .
7248 .

7054 .
.6867 .
.6690 .
.6519 .
.6357 .

.6201 .
5910 .
5643 .
.5398 .
5172 .

4964 .
4771 .
4592 .
4426 .
4271 .

4126 .
3990 .
3863 .
3744 .
3632 .

3526 .
3286 .
3076 .
2892 .
2728 .

2581 .
.2450 .
2331 .
2223 .
2124 .

2034 .
1678 .
1428 .
1243 .
1100 .
.0894 .

23.90

15

.9931
9801
9630

9436
9229
.9016
.8801
.8588

.8379
8175
7977
7785
L7599

.7420
7247
.7081
6922
.6768

.6620
.6340
.6082
5842
5618

5411
5218
5037
4868
4709

4561
4421
4289
4165
4047

3936
.3683
.3460
3262
.3085

2927
2783
.2653
2535
2426

2327
.1930
.1649
.1439
1277
.1042

28.24
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Reading off the tables

The distribution of statistic E* for monotonic variation depends upon three parameters: the
number (k) of levels (groups, conditions) to be compared, the df (v,) of the error or reference
mean square (MS, ), and the tested model of variation (indicated by H,). Tables 1 and 2 furnish
critical values for significance thresholds o = 0.005, 0.01, 0.025 and 0.05, k= 2 to 15, and v,
= 2 to o, respectively for the Simple order model (table 1) and for the Dominance model (table
2). For v, —» o or if the true error variance is postulated or known (see illustration 3), the
appropriate statistic is ¥°, instead of E2.

Let us suppose that we obtain the averages { Y, Y,, -+, Y; }, in correspondance with
the increasing (or decreasing) values of a regressor variable { X, X,, -+, X; }. The test of the
"Simple order model" consists in verifying whether the data statistically conform or not with the
following multiple inequality relations (or their converse):

H, { Simple order } : Y, 2Y,<.<Y, ¢y)

Note that two or more sample estimates of the Y,’s can be in apparent violation of the model
(e.g. 'SA(I > SA{Z); this event, which has a computable probability, does not hamper the E* test’s
validity. Another model, the "Dominance" (or "Simple tree") model, refers to the following global
statistical inequality:

H, { Dominance } : (Y, Yy, 5 Y y) <Y, @
or its converse (i.e. "Subjection").

The section on Mathematical presentation, in later pages, goes over the theory and
explains the calculations for the E? and % tests; these are also run through in the examples.

Illustration 1. Find the critical value of E?, at the 1 % level, for the Simple order
model, with k£ = 10 levels (or groups) and v, = 40. In table 1, for percentile 99, at column & =
10, line v, = 40, we read 0.1978. Any obtained E? equal to or higher than 0.1978 would confirm
the Simple order model.

Hllustration 2. A researcher investigates six different conditions, with 5 subjects per
condition, and he hypothesizes that condition 1 dominates the other five. What critical value of
E? must be used, at the o = 0.05 level? In the present case, the MS, . is in fact MS,ithin-groups
based on v, = k(n—1) df. Looking up table 2 for the Dominance variation model, at percentile
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95, k=6 and v, = 6x(5—1) = 24, he finds 0.2955, a value to be exceeded in order to ascertain
statistically the proposed model.

Illustration 3. Taking up the case given in illustration 2, the researcher now possesses
the value of GZ, the true error variance (which is generally to be preferred to a sample estimate
such as MS
v, = o, the second version of the test applies, namely ¥2. In table 2, for percentile 95, column

error)- What critical value must he use? For the present case, which is the same as if

k =8, we find at the foot of the column (for v, = o) the value iﬁ%] = 9.075.

Full examples

Example 1 [from Laurencelle 1993]. Fifty participants are randomly assigned to k =
5 groups, 10 per group. Following a controlled fasting diet, participants must drink 200 ml of a
mixture composed of water and coffee concentrate; the mixture contains 0, 50, 100, 150 and 200
ml of concentrate for groups 1 to 5 respectively. Then, all participants are asked to carry out a
standardized visuomotor task. The groups’ averages are:

Group No. 1 2 3 4 5
(ml of coffee) (0) (50) (100) (150) (200)

Mean (Y,) | 242 261 259 270 271

The reference mean square (MS,,. ), here MS_ , with v, = k(n—1) = 5x(10—1) = 45 df, has

previously been obtained and is equal to 5.50. With a 1 % significance level, can we assert that

€Iror

the quantity of ingested coffee concentrate stimulates or improves performance? Solution: The
question asked refers to the so-called Simple order model, according to which the measure of
performance (Y,;) should increase or at least not decrease for increasing quantities of concentrate
(or increasing group number). The steps for performing the test, using statistic E°, are the
following:

Step 1 [Enforcing the model by amalgamation of means] The first step in
performing the test consists in looking up the observed Y, series. If that series
immediately conforms to the model, here the Simple order model, we put » = k
and go to step 2. If the model is not fully exemplified in the series, we must
enforce it by applying two rules: 1) replace the values of two or more adjacent
Y;’s with their (weighted) average, and 2), subject to rule 1, keep up the highest
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variability amongst Y,’s. Here, the regular increase is contradicted by the sub-
series { 24.2 26.1 259 }. The best solution seems to pool Y, and Y; and
substitute their average, (26.1+25.9)/2 = 26.0. The revised series (after
"amalgamation") is:

Y’ = {242, 26.0, 26.0, 27.0, 27.1 } ;

it now contains only » = 4 distinct values and it fully conforms to the Simple
order model.

Step 2 [Computing the mean squares] There are three mean squares required to
establish the E? statistic: MScongitionss MSmoder» a1d MS,,,. Let the reference or
error mean square (MS,,,,) be known (= 5.50), with its df (v, = 45). Quantity
MS,,q standing for Conditions or Levels or Groups, refers to the observed
variance among the & means Y,’s, while MSy, 4, refers to the variance of the
revised series of (partially amalgamated) k& means Y,.*, having r distinct values.
The calculation proceeds as follows (remember that each original mean Y; is
based on n raw observations, here n = 10):

k
n Y (Y, - Y)? nE(Y -Y)?
i=1

: MSygy = —— : 3
k—l | Model ~— r-1 ()

MSCond =

in these formulae, Y designates the average of all k values Y, or Y* For our
data, MS,,4 = 10x5.452/(5—1) = 13.630, and MS,; 4o = 10><5 432/(4 1) =
18.107. We may recast these computations in the following, handier formulae:
MSgng = 1°s°(Y)) and MSyoge = 78°(Y;) x [(k—D/r—1)].

Note that, at this step, if the original Y, series conforms to the chosen model, then
r = k and, consequently, quantities MS._;and MS,, ., are equal.

Step 3 [Concluding the test] The formula for establishing the E? statistic is:

(r - 1) MSModel

E2= )
(k-DMSg,,, + v, MS

Cond error

For our example, we calculate E* = [(4—1)x18.107]/[ (5—1)x13.630 +
45x5.50] = 0.1799. In table 1, on the page for percentile 99 (or o = 0.01),
column k = 5 shows 0.1665 for v, = 44 and 0.1602 for v, = 46, giving 0.1634
after linear interpolation for v, = 45 The obtained E* (= 0 1799) being higher
than the critical value, we may reject the null hypothesis (of no variation) at the
1 % significance threshold and assert that our obtained data agree with the Simple
order model’.

! The reader may note, with this example, that the overall ANOVA F quotient, i.e. F = MSg,,4/MS
equal to 2.478 and that, w1th its 4 and 45 df, it is not significant at the 1 %, indeed at the 5 % level.

error?
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Example 2 [based on Laurencelle 1993]. A microbiologist inoculates 48 laboratory rats
with a microbial suspension, then allocates them randomly in four groups of 12. Animals in
Group 1 receive an antibiotics treatment, while the three other groups are given diverse medicinal
and vitamin-rich supplements, without antibiotics. A "vitality index" (based on body weight and
overall muscular exertion) is calculated for each animal following seven days of treatment. The
measured averages are Y, = { 26.4, 24.2, 27.1, 22.7 }. The MS , (= MS, ) equals 8.72, with
v, = k(n—1) = 44. At the 5 % significance level, can we confirm that treatment with antibiotics

€ITor

is superior to the other compared treatments? Solution: The present situation calls for the
Dominance (ou Simple tree) model, i.e. the dominance of Group 1 over the three others. The
steps for the test, globally similar to those for the Simple order model, are concisely given
hereafter.

Step 1 [Enforcing the model by amalgamation of means] The Dominance model
is infringed in our data by Group 3’s average, Y; = 27.1, which should be
dominated by Y. It is advantageous to combine Y, with Y,, their values being
closer, in order to preserve high variance. Consequently, the amalgamated series
becomes Y,’-k = { 26.4, 25.65, 25.65, 22.7 } and now contains r = 3 distinct
components.

Step 2 [Computing the mean squares] Using the simplified formulae, we compute
MS g = 1'52(Y;) = 12x4.0867 = 49.040 and MS, ;4= n*s*(Y} )x[(k— 1)/(r—1)]
= 12x2.685x3/2 = 48.330. We already have MS__ . = 8.72 and v, = 44.

€Iror

Step 3 [Concluding the test] Formula (4) given above can be carried out. We thus
calculate [(3—1)x48.330]/[(4—1)x49.040 +44x 8.72] ~ 0.1821. In table 2, for
percentile 95, column k& = 4 and line v, = 44, we read 0.1287. The calculated B
being higher, we reject the null hypothesis and conclude that our data globally
support the superior efficacy of the antibiotics treament?.

Mathematical presentation

The most widespread model of relation between a dependent (Y) variable and an independent (X)
variable is unquestionably polynomial linear regression (see section on Orthogonal polynomials),
including the foremost simple linear regression. Other functional models — Fourier series model,
mixed auto-regressive models, etc. — may appear in appropriate contexts.

2 In this example of the Dominance model, a simple ¢ test for an appropriate contrast would also do the job. The
statistic, £ = \/n [(k—1)Y,=Y,—- Y, ==Y, J/\lk(k—1)MS_ ] = V12 [3x26.4—24.2~27.1 -22.7)//[4x3%8.72] ~
1.769, is t-distributed with 44 df. The critical value (one-tailed) at 5 % (see section on Student’s ¢ distribution) is
tip9s) = 1.680, our result obtaining significance again. The relative powers of these two approaches have not been
estab]lished, to our knowledge.
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However, it may happen that the researcher be unable or unprepared for setting up
precisely the equivalence function f'in a model: = f(X) but, instead, that he postulates only an
order relation tying up the dependent variable Y, with an ordered set of fixed values (X;) of the
independent variable. Consider the bivariate series (X,Y) on & points:

X X, .. X,
Y, Y, .. Y|’
where the X; values are ordered, e.g. X, < X, < - <X, and each Y; denotes the average of n

observations made under treatment or condition level X;. In this context, the researcher could
postulate the Simple order model:

(Simple order) { Hy, S By, < <y },

in which at least one inequality is strict, or the Dominance model:

(Dominance) { (Myp By s By, ) <MWy, } s

or any other model characterized by ordinal relations, without any specified metric. The ability
to test a hypothesis of this kind dispenses the researcher from forcibly fitting his data to a model
with a given metric, linear or non-linear. The general null hypothesis, as opposed to any one of
these ordinal or hierarchical models, may be written: Hy: puy, = py, = -~ = py = py. Thus, the
researcher may judge the pertinency of the Simple order model without resorting to the
subterfuge of simple or first-degree linear regression, or without making do with the global F test
of ANOVA, an ambiguous and less powerful statistic in this context.

The tests of monotonic variation® permit us to decide whether the observed variation
in the vector { Y,, Y,, -, Y, } matches a given variation model or not. The required parameters
are the number (k) of levels (or groups, or means), the degrees of freedom (v,) associated with
the estimate of error variance, and the chosen model of monotonic variation. Here, we examine
only the Simple order and Dominance models; likewise, the proposed developments all require
that the £ means (Y;) be based on an equal number () of observations.

Let us have an experimental design comprising k groups or samples of n observations
each, a "Between-groups" or "Conditions" mean square (MS.,,), measuring the observed
variation among means and having £—1 df, finally an "Error” mean square (MS,,,,), represented

here by the "Within-groups" mean square (MS,, ;) with v, = k(n—1) df. Now, we can calculate

3 Authors also use the expressions: "isotonic variation" and "isotonic regression".
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one more mean square (MS,, . pertaining to the chosen monotonic model and based on »—1 df
(r—1 < k—1), r being defined lower. The test statistic is then:

o (r-1DMS,,
(k-1)MS,_ 4+ v,xMS

error
If the true error variance (c2) is known (or v, — ), the test changes to:

_ r-DMSy

2

O

XZ

Values of these test statistics that exceed the appropriate critical value, with parameters £ and v,
and significance level a, confirm statistically the variation model.

The computations necessary for obtaining MS,, ,,; and determining 7 (< k) are laid out
below.

Computation of MS,y,,. The observed vector of means (Y;) does or does not conform
to the chosen model (here, Simple order or Dominance). If it does, then MS,; 4.; = MS¢,,4 and
r = k. If it does not, we must enforce the model on our data by reducing the "errors", i.e. by
pooling adjacent levels of the independant variable (X,) and amalgamating (averaging) their
corresponding means (Y,); each amalgamated mean (Y*) is the weighted average of the
component means. The amalgamation process is continued until the revised data array, { Y;,
Y, -, Y, }, respects every ordinal relations in the model. When the choice exists, the selection
of levels to be pooled should be done with the aim of keeping the variance among means as high
as possible. Each pooling of two levels entails the loss of 1 df, and parameter » denotes the
number of distinct means after amalgamation. Noting by Y the average of all Y; (and all Y;), we
now obtain:

MSytodel = 1 zk: (Y;k - ?)2 /(r—=1)
j=1
=nvar( Y ) x [(k—=1)/(r—1)] .

To illustrate the amalgamation process for the Simple order model, let us take the
vector { 11, 9, 14, 19, 22, 21 }, with k£ = 6 components (or means, say with n =
1): the MSg, 4 (= s?) is 29.6. We wish to obtain increasing or non-decreasing
values Y?‘. By pooling up neighbors that are closest, i.e. (11, 9) and (22, 21), we
obtain the revised vector { 10, 10, 14, 19, 21.5, 21.5 }, which now conforms to
Simple order with » = 4 distinct values, MS,; 4 = 48.5 and (r—1)MSo4e1 =
145.5



E? (monotonic variation) distribution 101

For the Dominance model, the same vector, { 11 | 9, 14, 19, 22, 21 }, may be
utilized, again with k= 6 and MS,4= 29.6: the last five levels should dominate
level 1. Let us amalgamate transgressor value "9" with a neighboring good value,
"14", to obtain { 11 | 11.5, 11.5, 19, 22, 21 }, r = 5, MSy 4 = 33.875 and
(r—1)MSy 040 = 135.5. Had we chosen to pool "9" with "22" instead of "14", the
loss of variance (MSy,4.; = 15.875), and of power, would have been dreadful.

Calculation and moments

Extensive calculations are required to determine the critical values (C) of the E? test statistic. The
master formulae are:

k
Pr{E*2C} = Y} By (k. Pr{ Bo-vawekn22Cl, if C>0
r=2 (5)
Pr{F >0} = Py k1), if C=0.

Probability "Pr{E* > C}" is thus a weighted sum of component probabilities. Firstly, the weight
function, "Py4i(k7)", depends on the chosen variation model (see below). Secondly, the
component probabilities are integrals from the Beta (P) distribution, with parameters a and b: the
B r.v. is akin to F (see section on F distribution) through the transformation B, — F vy, Where
F = aB/[b(1—B)], v, = 2a and v, = 2b. For the ¥ test, the B r.v. in the right-hand term of (5)
is simply replaced with a Chi-square r.v. having r—1 df; i.e. y2_,.

To complete the probability calculations and determine critical values, we must specify
the appropriate weight function. For the Simple order model, the elements of the weight function
are established recursively, with:

Poo (k1) = 1k 5 Py, (kk) = 1/k (Simple order)
) _ 1 k-1
and : P (kr) = ;PS_O_(k—l,r—l) + —k—PS_O.(k—l,r) , 1<r<k.

For the Dominance model, we rather have:
k
Pk,k)=1/k; Pyk1)=1 — Z P,(k,r) (Dominance)
r=2

nd: P(hr) = (""1
k-r

)Pd(k—r+1,1) N (Nk-r+1) , 1<r<k.
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Quantity N/(p), in this last expression, denotes the area of the hypervolume confined by
x,>0, x,>0, -, x,>0, ie. the integral of the positive hyperquadrant of a multivariate normal
distribution in » dimensions for which the correlations of the x; across dimensions are all equal
to p. The figures given below illustrate this function.

Supplementary formulae and data, notably on the amalgamation and computation
algorithms, may be found in the references.

Moments. Barlow, Bartholomew, Bremner and Brunk (1972) give some developments
on the moments of statistic 4> with respect to the Simple order model along with indications for
approximating its distribution with a standard > distribution.

Values of the positive multinormal integral N, (p), according to the number (k) of
dimensions and their common inter-correlation (p) [decimal point omitted]

k/p 00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2 2500 2659 2820 2985 3155 3333 3524 3734 3976 4282 5000
3 1250 1489 1731 1977 2232 2500 2786 3101 3464 3923 5000
4 0625 0871 1130 1403 1692 2000 2335 2707 3140 3693 5000
5 0313 0529 0774 1045 1342 1667 2026 2432 2910 3527 5000
6 0156 0331 0551 0808 1100 1429 1800 2226 2735 3400 5000
7 0%781 0214 0404 0642 0924 1250 1626 2066 2596 3297 5000
8 02391 0141 0304 0522 0791 1111 1488 1935 2482 3211 5000
9  0%192 0%55 0234 0432 0688 1000 1375 1827 2386 3138 5000
10 0%977 0%59 0184 0364 0605 0909 1281 1735 2303 3075 5000
11 03488 02462 0146 0310 0538 0833 1201 1656 2231 3019 5000
12 0°244 0%330 0118 0267 0483 0769 1132 1587 2168 2969 5000
13 03122 02239 0%967 0233 0437 0714 1072 1526 2111 2925 5000
14 0%10 0%175 02799 0204 0398 0667 1019 1471 2060 2884 5000

0*305 0%130 0%668 0181 0364 0625 0972 1422 2014 2847 5000

Pt
w
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Percentile 75 of the F,_,, distribution

\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Cw-Iath RAwh ¥

7.000
4.476
3.524

3.024
2.713
2.499
2.343
2.222

2.127
2.049
1.983
1.928
1.880

1.838
1.801
1.769
1.739
1.713

1.689
1.667
1.647
1.628
1.611

1.595
1.581
1.567
1.554
1.542

1.530
1.482
1.444
1.414
1.388

1.367
1.349
1.235
1.161
1.111

1.000

15.44
8.128
5.789

4.663
4.003
3.568
3.259
3.027

2.847
2.702
2.583
2.483
2.397

25.05
11.68
7.809

6.050
5.054
4.415
3.970
3.641

3.388
3.187
3.023

35.55
15.14
9.674

7.284
5.967
5.137
4.567
4.151

3.833
3.582
3.379

2.886 3.211

2771

2.324 2.671

2.259
2.202
2.152
2.106

2.066
2.028
1.995
1.963
1.935

1.908
1.884
1.861
1.840
1.820

1.801
1.723
1.662
1.614
1.574

1.541
1.512
1.339
1.228
1.156

1.000

2.585
2.509
2.442
2.382

2.328
2.279
2.235
2.194
2.157

2.123
2.091
2.061
2.034
2.008

1.984
1.884
1.807
1.745
1.695

1.654
1.618
1.404
1.271
1.184

1.000

3.069

2.948
2.843
2.751
2.670
2.598

2.533
2.475
2.422
2.373
2.329

2.288
2.251
2.216
2.183
2.153

2.124
2.006
1.916
1.845
1.787

1.738
1.697
1.452
1.301
1.205

1.000

46.75
18.54
11.43

8.411
6.785
5.775
5.088
4.592

4215
3.920
3.682
3.486
3.321

3.181
3.059
2.954
2.860
2.778

2.704
2.637
2.576
2.521
2.471

2424
2.382
2.342
2.305
2.271

2.239
2.106
2.005
1.925
1.860

1.806
1.761
1.490
1.325
1.220

1.000

58.54
21.88
13.09

9.456
7.532
6.351
5.555
4.984

4.553
4.217
3.947
3.726
3.540

3.382
3.246
3.128
3.024
2.932

2.850
2.775
2.708
2.647
2.592

2.540
2.493
2.449
2.409
2.371

2.336
2.190
2.079
1.992
1.922

1.863
1.814
1.521
1.345
1.233

1.000

70.83

83.56 96.68

110.2 123.9 138.0

25.16 28.40 31.59
14.67 16.19 17.65

10.44 11.36 12.24

8.222
6.878
5.980
5.338

4.857
4.483

8.868
7.368
6.371
5.663

5.135
4.726

4.184 4.399

3.939
3.735

3.561
3.412
3.282
3.169
3.068

2.978
2.897
2.824
2.758
2.697

2.642
2.590
2.543
2499
2.459

2.420
2.263
2.144
2.050
1.975

1.912
1.859
1.548
1.361
1.244

1.000

4.132
3.910

3.722
3.561
3.421
3.298
3.189

3.092
3.006
2.927
2.856
2.791

2.732
2.677
2.626
2.579
2.536

2.495
2.327
2.201
2.101
2.021

1.955
1.899
1.571
1.376
1.253

1.000

9.476
7.825
6.735
5.964

5.391
4.948
4.596
4.309
4.070

3.869
3.696
3.546
3.415
3.299

3.196
3.104
3.021
2.945
2.876

2.813
2.755
2.701
2.652
2.606

2.563
2.385
2.252
2.147
2.063

1.993
1.935
1.592
1.388
1.261

1.000

34.73
19.07

13.08
10.05
8.255
7.076
6.245

5.629
5.155

37.85
20.45

13.89
10.60
8.662
7.397
6.508

5.852
5.348
4.948

40.92
21.78

14.67
11.13
9.050
7.700
6.757

6.062
5.529
5.108

4.778
4472 4.624 4.766

4218

4.355

4.004 4.129

4.484
4.246

3.820
3.662
3.523
3.400

3.291
3.194
3.106
3.026
2.953

2.887
2.826
2.769
2717
2.669

2.624
2.437
2.298
2.189
2.101

2.028
1.967
1.610
1.400
1.268

1.000

3.936 4.043

3.768
3.622
3.493

3.379
3.277
3.184
3.101
3.025

2.955
2.891
2.832
2.778
2.727

2.680
2485
2.340
2.226
2.135

2.060
1.996
1.627
1.410
1.275

1.000

3.868
3.715
3.580

3.460
3.353
3.257
3.170
3.091

3.018
2.951
2.890
2.833
2.781

2.732
2.530
2.379
2.261
2.166

2.089
2.023
1.642
1.419
1.281

1.000

152.4
43.96
23.08

15.41
11.63
9419
7.989
6.993

6.260
5.700
5.258
4.900
4.604

4.356
4.144
3.961
3.802
3.661

3.537
3.425
3.325
3.235
3.152

3.077
3.008
2.944
2.885
2.831

2.780
2.571
2415
2.293
2.196

2.115
2.048
1.657
1.428
1.286

1.000

167.0
46.97
24.36

16.14
12.11
9.773
8.265
7.217

6.449
5.862
5.400
5.026
4.718

4.459
4.239
4.049
3.883
3.737

3.608
3.493
3.389
3.295
3.210

3.132
3.060
2.995
2.934
2.877

2.825
2.609
2.448
2.323
2.223

2.140
2.071
1.670
1.436
1.291

1.000
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Percentile 90 of the F_,, distribution

\k 2

19.00
9.277
6.389

5.051
4.284
3.788
3.439
3.179

2.979
2.818
2.687
2.577
2.484

2.404
2.334
2.272
2.218
2.169

2.125
2.085
2.048
2.015
1.984

1.956
1.930
1.905
1.883
1.861

1.841
1.758
1.693
1.642
1.600

1.565
1.535
1.352
1.238
1.163

1.000
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120
240
480

3

42.48
16.78
10.38

7.682
6.227
5.324
4.710
4.265

3.927
3.662
3.448
3.272
3.123

2.997
2.888
2.792
2.708
2.633

2.566
2.505
2451
2.401
2.355

2313
2.274
2.238
2.205
2.173

2.144
2.023
1.930
1.858
1.798

1.749
1.707
1.457
1.304
1.207

1.000

4

69.14
23.96
13.88

9.865
7.780
6.518
5.676
5.075

4.626
4276
3.996
3.767
3.576

3.413
3.274
3.153
3.046
2.952

2.868
2.792
2.724
2.662
2.605

2.553
2.505
2.460
2419
2.381

2.345
2.197
2.085
1.997
1.926

1.867
1.817
1.523
1.346
1.233

1.000

5

98.18
30.93
17.08

11.80
9.115
7.525
6.480
5.742

5.194
4.772
4.436
4.162
3.934

3.742
3.578
3.435
3.310
3.200

3.102
3.014
2.935
2.863
2.797

2.737
2.681
2.630
2.583
2.539

2.498
2.329
2.202
2.102
2.022

1.955
1.899
1.571
1.375
1.253

1.000

6

7

8

129.1 161.7 195.6

37.74
20.07

13.54
10.31
8.409
7.177
6.315

5.680
5.193
4.807
4.494
4.235

4.017
3.831
3.670
3.529
3.405

3.295
3.197
3.108
3.027
2.954

2.887
2.826
2.769
2717
2.668

2.623
2435
2.295
2.186
2.098

2.026
1.964
1.608
1.398
1.267

1.000

44.40
22.89

15.16
11.39
9.204
7.799
6.823

6.108
5.561
5.131
4.783
4.495

4.254
4.049
3.872
3.717
3.581

3.460
3.352
3.255
3.168
3.088

3.015
2.948
2.887
2.830
2.777

2.728
2.525
2374
2.257
2.162

2.084
2.019
1.640
1.417
1.280

1.000

50.95
25.57

16.66
12.39
9.931
8.363
7.281

6.491
5.891
5.419
5.039
4.726

4.464
4241
4.049
3.882
3.735

3.605
3.489
3.385
3.290
3.205

3.127
3.055
2.989
2.928
2.871

2.819
2.603
2.442
2317
2.217

2.135
2.066
1.666
1.434
1.290

1.000

9

230.7
57.38
28.15

18.09
13.31
10.60
8.881
7.699

6.841
6.190
5.680
5.271
4.934

4.653
4414
4.208
4.030
3.873

3.734
3.611
3.500
3.399
3.308

3.225
3.149
3.080
3.015
2.955

2.900
2.672
2.502
2371
2.266

2.179
2.107
1.689
1.448
1.299

1.000

10

266.8
63.72
30.62

19.43
14.19
11.23
9.362
8.086

7.162
6.465
5.919
5.482
5.123

4.824
4.570
4.353
4.163
3.998

3.851
3.721
3.603
3.498
3.402

3.315
3.235
3.161
3.093
3.031

2.972
2.733
2.556
2419
2.309

2.219
2.143
1.710
1.460
1.306

1.000

11

303.9
69.97
33.01

20.72
15.01
11.82
9.812
8.446

7.461
6.719
6.140
5.677
5.298

4.982
4.714
4.485
4.286
4.112

3.958
3.821
3.698
3.588
3.487

3.396
3312
3.235
3.165
3.099

3.038
2.789
2.604
2.462
2.348

2.254
2.176
1.728
1.471
1.313

1.000

12

341.9
76.14
35.33

21.95
15.80
12.38
10.24
8.784

7.740
6.956
6.346
5.858
5.460

5.128
4.848
4.607
4.399
4.217

4.056
3913
3.785
3.670
3.566

3.470
3.383
3.304
3.230
3.162

3.099
2.840
2.649
2.501
2.383

2.287
2.206
1.744
1.481
1.320

1.000

13

380.6
82.24
37.58

23.14
16.55
12.91
10.64
9.103

8.003
7.179
6.538
6.028
5.611

5.264
4.972
4.721
4.505
4.315

4.148
3.999
3.866
3.747
3.638

3.539
3.449
3.367
3.290
3.220

3.154
2.887
2.690
2.537
2.416

2.316
2.233
1.760
1.490
1.325

1.000

14

420.1
88.26
39.77

24.28
17.26
13.41
11.02
9.404

8.251
7.388
6.720
6.187
5.753

5.392
5.088
4.828
4.603
4.406

4.233
4.079
3.942
3.818
3.706

3.604
3.511
3.425
3.346
3.274

3.206
2.931
2.728
2.571
2.446

2.344
2.259
1.774
1.498
1.331

1.000

15

460.3
94.22
41.91

25.38
17.95
13.89
11.38
9.691

8.487
7.587
6.891
6.337
5.887

5.513
5.197
4.928
4.696
4.492

4313
4.155
4.012
3.885
3.769

3.664
3.568
3.480
3.399
3.324

3.255
2.971
2.763
2.602
2.474

2.370
2.282
1.787
1.506
1.335

1.000
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Percentile 95 of the F_,  distribution

v\k 2 3 4 5 6 7 8 9 10 11

39.00 87.49 142.5 202.4 266.2 333.2 403.1 475.4 549.8 626.2
15.44 27.76 39.51 50.89 61.98 72.84 83.48 93.95 104.3 114.5
9.605 15.46 20.56 2522 29.55 33.63 37.52 41.24 44.82 48.27

2
3
4
5 7.147 10.76 13.73 16.34 18.70 20.88 22.92 24.83 26.65 28.38
6 5.820 8363 10.38 12.11 13.65 15.04 16.32 17.52 18.64 19.70
7 4995 6940 8.440 9.701 10.81 11.80 12.71 13.54 14.32 15.05
8 4.434 6.002 7.186 8.166 9.016 9.771 10.46 11.09 11.67 12.22
9 4.026 5339 6.312 7.109 7.794 8.398 8.943 9.440 9.900 10.33

10 3.717 4.846 5.670 6.339 6.910 7.411 7.860 8.269 8.645 8.994
11 3474 4.464 5.179 5.754 6.242 6.669 7.049 7.394 7.711 8.004
12 3278 4.160 4.791 5.296 5.721 6.091 6.421 6.719 6.991 7.243
13 3.116 3.913 4.477 4.926 5.303 5.630 5.920 6.181 6.420 6.640
14 2979 3.706 4.218 4.622 4.960 5.252 5.511 5.744 5.956 6.151

15 2.863 3.532 3.999 4.367 4.674 4.938 5.172 5.381 5.572 5.747
16 2762 3.383 3.813 4.151 4.431 4.672 4.885 5.076 5.249 5.408
17 2.674 3.253 3.652 3.964 4.223 4.445 4.640 4.815 4.973 5.119
18 2.596 3.139 3.512 3.802 4.042 4.247 4.428 4.589 4.736 4.869
19 2.527 3.039 3.388 3.660 3.883 4.075 4.243 4.393 4.528 4.652

20 2465 2.949 3.279 3.533 3.743 3.922 4.079 4.219 4.346 4.461
21 2409 2.869 3.180 3.421 3.618 3.787 3.934 4.065 4.184 4.292
22 2.358 2.796 3.092 3.319 3.506 3.665 3.804 3.928 4.039 4.141
23 2312 2.730 3.012 3.228 3.405 3.556 3.687 3.804 3.909 4.005
24 2270 2.670 2.939 3.145 3.313 3.456 3.581 3.692 3.792 3.883

25 2231 2.615 2.872 3.069 3.230 3.366 3.485 3.590 3.685 3.771
26 2.195 2.565 2.811 2.999 3.153 3.283 3.397 3.497 3.587 3.670
27 2.161 2.518 2.755 2.935 3.083 3.207 3.316 3.412 3.498 3.577
28 2.130 2.474 2703 2.876 3.018 3.137 3.241 3.333 3.416 3.491
29 2.101 2.434 2.654 2.822 2.958 3.072 3.172 3.261 3.340 3.412

30 2.074 2396 2.609 2.771 2.902 3.012 3.108 3.193 3.270 3.339
35 1962 2.241 2.423 2.561 2.672 2.766 2.847 2.919 2.983 3.041
40 1.876 2.123 2.284 2.405 2.502 2.584 2.655 2.717 2.772 2.822
45 1.808 2.031 2.176 2.284 2.371 2.443 2.506 2.561 2.610 2.654
50 1.752 1.957 2.089 2.187 2.265 2.331 2.387 2.437 2.481 2.521

55 1.706 1.896 2.017 2.106 2.178 2.238 2.290 2.335 2.375 2.412
60 1.667 1.844 1.956 2.039 2.106 2.161 2.209 2.250 2.287 2.321
120 1.433 1.538 1.603 1.651 1.688 1.719 1.745 1.768 1.789 1.807
240 1.289 1.355 1.395 1.424 1.447 1.465 1.481 1.495 1.507 1.518
480 1.197 1.239 1.265 1.284 1.298 1310 1.320 1.328 1.336 1.343

o 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

12

704.4
1245
51.62

30.04
20.71
15.74
12.73
10.73

9.320
8.277
7.477
6.845
6.332

5.910
5.555
5.253
4.993
4.767

4.568
4.392
4.235
4.094
3.966

3.851
3.745
3.649
3.560
3.478

3.402
3.094
2.868
2.695
2.557

2.445
2.351
1.824
1.527
1.349

1.000

13

784.2
134.4
54.87

31.63
21.67
16.40
13.21
11.11

9.626
8.534
7.696
7.036
6.502

6.061
5.692
5.378
5.108
4.873

4.667
4.484
4.321
4.175
4.044

3.924
3.815
3.716
3.624
3.539

3.461
3.143
2911
2.732
2.591

2475
2.379
1.839
1.536
1.354

1.000

14

865.5
144.1
58.03

33.17
22.59
17.02
13.67
11.47

9.916
8.775
7.903
7.215
6.660

6.203
5.820
5.495
5.215
4.972

4.759
4.570
4.402
4.252
4.116

3.993
3.880
3.778
3.683
3.596

3.516
3.189
2.950
2.767
2.622

2.503
2.405
1.853
1.544
1.359

1.000

15

948.3
153.8
61.11

34.65
23.47
17.62
14.11
11.81

10.19
9.004
8.098
7.385
6.810

6.337
5.941
5.605
5.316
5.065

4.846
4.651
4.478
4.323
4.183

4.057
3.941
3.836
3.739
3.649

3.567
3.231
2.986
2.799
2.650

2.530
2.429
1.865
1.552
1.364

1.000
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Percentile 99 of the F_, distribution

v\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15

199.0 447.5 729.2 1036 1362 1705 2063 2432 2813 3204 3604 4012 4427 4850
47.47 84.57 119.8 153.9 187.0 219.4 251.2 282.3 313.1 343.3 373.1 402.6 431.7 460.5
23.16 36.7 48.43 59.09 69.00 78.33 87.2 95.68 103.9 111.7 119.4 126.7 133.9 140.9

1494 22.07 27.9 33.01 37.62 41.86 45.82 49.54 53.06 56.42 59.63 62.72 65.70 68.57
11.07 15.60 19.16 22.20 24.89 27.33 29.57 31.66 33.62 35.47 37.22 38.90 40.50 42.04
8.886 12.10 14.55 16.61 18.40 20.01 21.47 22.82 24.08 25.26 26.38 27.44 28.45 29.41
7.496 9.938 11.77 13.28 14.58 15.74 16.79 17.75 18.64 19.47 20.25 20.99 21.69 22.35
6.542 8.494 9.931 11.11 12.11 13.00 13.79 14.52 15.19 15.82 16.40 16.95 17.47 17.97

10 5.847 7.465 8.639 9.588 10.40 11.11 11.74 12.32 12.85 13.34 13.80 14.23 14.63 15.02
11 5320 6.697 7.685 8477 9.146 9.731 10.26 10.73 11.16 11.56 11.93 12.28 12.61 12.93
12 4907 6.103 6.953 7.629 8.199 8.694 9.134 9.531 9.894 10.23 10.55 10.84 11.11 11.37
13 4574 5.631 6.375 6.964 7.457 7.885 8.264 8.606 8.917 9.204 9.471 9.720 9.954 10.18
14 4300 5.246 5.907 6.428 6.862 7.238 7.570 7.868 8.140 8.390 8.622 8.838 9.041 9.232

15 4.070 4.927 5.521 5.987 6.374 6.708 7.003 7.268 7.508 7.729 7.933 8.124 8.303 8.471
16 3.875 4.657 5.197 5.618 5.968 6.268 6.533 6.770 6.985 7.182 7.365 7.535 7.694 7.844
17 3.707 4.427 4.921 5.305 5.624 5.896 6.136 6.351 6.545 6.723 6.888 7.041 7.184 7.319
18 3.561 4.228 4.683 5.037 5.328 5.578 5.797 5.993 6.170 6.333 6.482 6.622 6.752 6.874
19 3.432 4.054 4.477 4.804 5.073 5.303 5.505 5.685 5.847 5.996 6.133 6.261 6.380 6.492

20 3.318 3.901 4.295 4.599 4.849 5.062 5.249 5416 5.566 5.703 5.830 5.948 6.057 6.160
21 3.217 3.765 4.134 4.418 4.652 4.851 5.024 5.179 5.319 5.446 5.564 5.673 5.774 5.870
22 3.125 3.643 3.990 4.257 4.476 4.662 4.825 4.970 5.100 5.219 5.329 5.430 5.525 5.613
23 3.042 3.533 3.861 4.113 4.319 4.494 4.647 4.783 4.905 5.016 5.119 5.214 5.302 5.385
24 2967 3.434 3.745 3.983 4.178 4.343 4.487 4.615 4.730 4.835 4.931 5.020 5.104 5.181

25 2.899 3.343 3.639 3.865 4.050 4.206 4.342 4.463 4.572 4.671 4.762 4.846 4.924 4.998
26 2.836 3.261 3.543 3.758 3.933 4.082 4.211 4.325 4.428 4.522 4.608 4.688 4.762 4.831
27 27778 3.185 3.454 3.660 3.827 3.968 4.091 4.200 4.298 4.387 4.469 4.544 4.615 4.680
28 2.724 3.115 3.373 3.570 3.729 3.864 3.981 4.085 4.178 4.263 4.341 4.413 4.480 4.542
29 2.674 3.050 3.298 3.486 3.639 3.768 3.880 3.979 4.069 4.149 4.224 4.292 4.356 4.416

30 2.628 2.990 3.229 3.409 3.556 3.680 3.787 3.882 3.967 4.045 4.116 4.181 4.242 4.299
35 2438 2.746 2.946 3.097 3.219 3.322 3.411 3.489 3.560 3.623 3.682 3.735 3.785 3.832
40 2.296 2.565 2.739 2.869 2.974 3.062 3.138 3.205 3.265 3.320 3.369 3.415 3.457 3.497
45 2.186 2.425 2.579 2.694 2.787 2.864 2.931 2.990 3.042 3.089 3.133 3.172 3.209 3.244
50 2.097 2.314 2.452 2.556 2.638 2.708 2.767 2.820 2.866 2.908 2.947 2.982 3.015 3.046

55 2.024 2.222 2.349 2.443 2.518 2.581 2.635 2.682 2.724 2.762 2.797 2.829 2.858 2.886
60 1.963 2.146 2.262 2.349 2.418 2.475 2.525 2.568 2.606 2.641 2.673 2.702 2.729 2.754
120 1.606 1.709 1.774 1.821 1.858 1.888 1.915 1.937 1.958 1.976 1.992 2.007 2.021 2.034
240 1.397 1.459 1.497 1.525 1.547 1.565 1.580 1.593 1.605 1.615 1.625 1.633 1.641 1.649
480 1.266 1.306 1.330 1.347 1.361 1.372 1.381 1.389 1.396 1.403 1.409 1.414 1.419 1.423

o 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

oo~ W
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Reading off the table

The table of F_,, comprises four pages, one for each of four upper percentiles (P = 0.75, 0.90,
0.95, 0.99) of the distribution. It is used mostly for testing the "homogeneity of variance"
hypothesis required in ANOVA designs, where k variance estimates (sf), one per group, are to

be pooled. The test statistic is defined as the maximum quotient of variance estimates, i.e.:

F

= 2 2
max = IMAX 87/ min s; ,

with number (k) of variance estimates in the set and df (v) in each estimate as parameters.

Hllustration 1. Find F_,
6 variances each with df = 20, at the 0.05 significance level. Looking up the page for percentile
95, at coordinates v = 20 and k = 6, we find F,, = 3.743. The observed F_,, must exceed (or

equal) this value so that we may reject the hypothesis of an equality of parametric variances

(6,20[.95)), i.e. the critical value of F_,

ax

for comparing k£ =

(cf) on the basis of our data.

Illustration 2. What is the value of F,,,(10,200[.75])? The value v = 200 lies in
between 120 and 240, as can be seen on the page for percentile 75. We note F, ,,(10,120[.75])
=1.592 and F,,,(10,2400[.75]) = 1.388. As the gap between 120 and 240 is rather large, a form
of harmonic interpolation is recommended, i.e. to interpolate InF using the argument 1/4/v.
For v = 200, we calculate InF = In1.592 + (In1.388—1n1.592) x (200™%—120""%) /

(2407"%~120""%) = 0.35946, then F ~ exp(0.35946) ~ 1.433.

Full examples

Example 1. Some specialists in nutrition wanted to appraise the effects of three
methods of freezing oranges on the preservation of vitamin C. Ten samples (# = 10) of 50
oranges were subjected to each freezing process. In each trial, a measure of vitamin C content
was taken for the batch, giving finally the following summary table.

Mode of freezing n Mean S.d.
A 10 5.74 1.32
B 10 8.01 2.09
C 10 7.15 1.77
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Were the specialists in a position to perform ANOVA with these data in order to ascertain the
best freezing mode? For this, they must have stipulated that the freezing modes have an influence,
if any, only on the mean content of vitamin C in the oranges, not on its variability either among
oranges or among batches of oranges. Solution: To carry out a test of homogeneity of variance
is mandatory in this context. Here, there are £ = 3 observed variances, 512 =1.32% = 1.7424, s22 =
4.3681 and s7 = 3.1329, each one based on » = 10 batches and having thus n—1 = 9 df. The
maximum quotient is F,, = 4.3681/1.7424 ~ 2.507. At the 0.10 significance threshold (some
authors recommend a somewhat high threshold for this "validation" test), with k=3 and v =9,
F_..(3,9[.90]) = 4.265. The observed F_,, does not exceed this critical value. Therefore, the
variance estimates can be deemed homogeneous, and the specialists may have proceeded
confidently with ANOVA.

Example 2. What critical value of F,,, can we use in order to test variances from four
samples of sizes n;=13,11, 15, 14, at the 1 % significance level? Solution: Here, the respective
df’s for the variance estimates are v, = nj-l = 12, 10, 14, and 13. With percentile 99
(corresponding to o = 0.01) and k£ = 4, we may fix v = min(v,) = 10, or v = max(v,) = 14, or else
ave(v;) = 12.25 ~ 13 (after rounding up), bringing about the percentile values 8.639
{= F_,(4,10[.99])}, 5.907 and 6.375. If the obtained F,,, quotient is inferior to 5.907, then it
is non-significant and the four samples can be thought to come from populations having the same
variance. If superior to 8.639, it is significant and the equality hypothesis must be discarded.
Current practice, in cases where v;’s do not differ much from one another, is rather to average
the v;’s, with a prudent rounding up meant to insure the error level a. In this example, we would

use v ~ 13 and F,__(4,13[.99]) = 6.375.

max

Mathematical presentation

In ANOVA, the valid interpretation of an obtained F quotient rests on a few parametric
assumptions, one of them being that the variance estimates that are pooled to form the F
denominator be mutually homogeneous, i.e. that they be independent estimates of a unique,
parametric "error variance", say o>. To test for this condition and thus validate the F quotient of
ANOVA, H. O. Hartley proposed the following statistic:

[

max s
max . ’
min Sj

.

N



F . distribution 111

namely, the maximum quotient of two variance estimates, among k available estimates. The test
is set up for variances having equal df’s. The parameters of the F,, are the number (k)
of variance estimates in the set, and the df (v) of each estimate.

For cases where df’s vary from one estimate to another, — in ANOV A designs with
unequal group sizes, for instance —, the way to proceed is uncertain, and we could not unearth
a definitive study on the subject. Authors recommend either to use the average v, or to go to the
most unfavorable case and pick up min(v)).

For testing the homogeneity of variance condition, the literature also presents
Cochran’s C test (see section on Cochran’s C distribution), a % test due to Bartlett (see
Supplementary examples, n° 10), and some other tests.

Calculation and moments

The F,,, quotient represents as it were the range of compared variance estimates, its logarithm
being the range of the k estimates on the logarithmic scale. The estimates themselves each have
a Chi-square (y?) distribution with parameter v, hence the d.f. of F,, is given by:

Pp_ () =k | hH@x) — Hx) " dx .

Functions /(x) and H(x) above refer to the p.d.f. and d.f. of %* with parameter v (see section on
x? distribution).

The integrand in the above expression has a changing shape and a domain that shrinks
near zero or climbs up according to the values of v and k: in one word, evaluation of it is
difficult. To achieve it, we proceeded in two steps: first, locate the approximate value of the
mode (of the integrand), and second, evaluate separately each part on either side of the mode, the
unbounded upper part being summed until convergence. Area estimation was done using
Simpson’s rule. H. A. David (1952) proposed another method.

The integral Pr__ () presents two special cases, one for which there are only two
variance estimates (k = 2), the other where v = 2. When k = 2, the F,_, statistic is in fact
equilavent to max(F, 1/F), where F = slz/sg, the F r.v. having equal df’s (see section on F
distribution). In that case:

Pp O =20~ {k=2},

where P(f) designates the d.f. of F, . The inversion of this equality produces the percentile of
Fax from that of F, for instance F,,(2,V[P]) = F\ y,p+1y As for v = 2, the inside integral
expressions H(x) and H(tx) become simpler, and we obtain:
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i=0

k-1 _ _ -1
Pronld = L OO GH 1) (v=23

Thus, B, ()=1 = 2/@¢+1)fork=2,F ()=1— 6/(t+2) + 3/(2t+1) for k=3, and so on.

Moments. Moments and other distributional properties of F,,, are not known.

X
However, the d.f. of F,,, given earlier allows the determination of the median, in the same way
as for the percentiles offered as critical values. Moreover, even without utilizing any p.d.f., we

may resort to the following theorem on mathematical expectations based on the d.f. P(x) of r.v. x,
Ex)=p =[x [l — Px)]dx,0<x<w,
thanks to which we obtain the mean p = E(x), and the variance o® = E(x*)—u? of x.

Note that, for v = 2, the moments do not exist since the integral diverges. Our
computing algorithm does not reach a sure value for v = 3, and for v = 4 in the case of the
second moment. The table below presents the mean (or expectation, 1), variance (¢%) and median
(Md) of F,,, for some combinations of parameters v and £, the precision of each approximation
being stressed by the number of printed digits. The values given in italics for £ = 3 were obtained
by Monte Carlo estimation.

v k=2 3 4 5 10
2 Md 3.000 6.342 10.20 14.43 39.24
L 5.534 9.7 14 18 37

3 o 7089 - - - —
Md | 2356 4.200 6.042 7.865 16.65

1) 3.500 5.57 7.44 9.19 16.7

4 o | 8778 - —~ —~ -
Md | 2.064 3360 | 4.556 5.678 10.57

L 2.798 4.19 5.39 6.47 10.84
5 o© 14.36 28.4 45.3 61.8 163
Md 1.895 2.908 3.799 4.605 7.910

v 1.865 2.441 2.893 3.270 4.620
10 © 1.072 1.801 2.409 2.944 5.092
Md 1.551 2.079 2.493 2.840 4.080

V] 1.503 1.808 2.033 2.214 2.812
20 © 0.249 0.362 0.438 0.496 0.680
Md 1.358 1.665 1.888 2.066 2.651
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Cochran’s C distribution 115
Percentile 75 of Cochran’s C distribution

v\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 9620 .8403 .7371 .6584 .5972 5480 .5077 4738 .4448 .4196 .3975 .3780 .3605 .3448

2 8750 7114 .6032 .5272 4704 .4261 .3903 .3607 .3357 .3144 .2958 2796 .2652 .2524

3 8174 .6457 .5391 .4660 .4123 .3707 .3375 .3103 .2876 .2682 .2516 .2370 .2242 2129

4 7790 .6049 5001 .4291 3774 3378 .3063 .2807 .2594 .2413 .2258 .2124 .2005 .1901

5 7515 .5767 .4732 .4039 .3537 .3155 .2853 .2608 .2405 .2233 .2087 .1959 .1848 .1749

6 7307 .5556 .4533 .3853 .3363 .2991 .2699 .2463 .2267 .2103 .1962 .1840 .1734 .1640

7 7142 5392 4379 .3708 .3228 .2865 .2581 .2351 .2162 .2003 .1867 .1750 .1647 .1556

8 7009 5259 4254 3592 3120 .2765 .2486 .2263 .2078 .1923 .1791 .1677 .1578 .1490

9 6897 5148 4151 .3496 .3031 .2682 .2409 .2190 .2009 .1858 .1729 .1618 .1521 .1436
10 6802 5055 4063 .3416 .2956 .2612 .2344 2129 .1952 .1804 .1678 .1569 .1474 .1391
11 6720 .4974 3988 .3346 .2892 .2552 .2288 .2076 .1902 .1757 .1633 .1527 .1434 .1353
12 .6648 .4904 .3923 .3286 .2836 .2501 .2240 .2031 .1860 .1717 .1595 .1491 .1400 .1320
13 .6584 .4842 .3865 .3233 .2787 .2455 .2198 .1991 .1823 .1681 .1562 .1459 .1369 .1291
14 6528 4786 .3814 .3186 .2744 2415 .2160 .1956 .1790 .1650 .1532 .1431 .1342 .1265
15 6477 4737 3768 .3143 .2705 2379 2127 .1925 .1760 .1622 .1506 .1406 .1318 .1242
16 6430 .4692 3727 3105 .2670 .2346 .2096 .1897 .1733 .1597 .1482 .1383 .1297 .1221
17  .6388 4651 .3689 .3071 .2638 .2317 .2069 .1871 .1709 .1575 .1461 .1363 .1277 .1203
18 6349 4613 .3654 .3039 .2609 .2290 .2044 .1848 .1688 .1554 .1441 .1344 .1260 .1186
19 6314 .4579 .3622 3010 .2582 .2266 .2021 .1826 .1667 .1535 .1423 .1327 .1244 .1170
20 (6281 .4547 .3593 .2983 .2558 .2243 .2000 .1807 .1649 .1518 .1407 .1311 .1229 .1156
21 .6250 .4517 .3566 .2958 .2535 .2222 .1981 .1789 .1632 .1502 .1391 .1297 .1215 .1143
22 .6222 .4490 .3541 .2935 .2514 .2202 .1962 .1772 .1616 .1487 .1377 .1283 .1202 .1131
23 6195 .4464 3517 .2914 .2494 2184 .1946 .1756 .1601 .1473 .1364 .1271 .1190 .1120
24 .6170 .4440 .3495 .2894 .2476 .2167 .1930 .1741 .1588 .1460 .1352 .1259 .1179 .1109
25  .6147 .4418 .3474 2875 .2458 2151 .1915 .1727 .1575 .1448 .1340 .1248 .1169 .1099
26 6125 4396 .3455 .2857 .2442 2136 .1901 .1715 .1563 .1436 .1330 .1238 .1159 .1090
27 6104 .4376 .3436 .2840 .2427 .2122 .1888 .1702 .1551 .1426 .1319 .1229 .1150 .1081
28  .6084 4357 .3419 .2824 2412 .2109 .1876 .1691 .1540 .1415 .1310 .1220 .1141 .1073
29 6065 .4339 .3403 .2810 .2399 .2096 .1864 .1680 .1530 .1406 .1301 .1211 .1133 .1065
30 6048 .4322 3387 .2795 .2386 .2084 .1853 .1670 .1521 .1397 .1292 .1203 .1125 .1058
35 5970 4248 .3319 .2734 .2330 .2033 .1805 .1625 .1479 .1358 .1255 .1168 .1092 .1026
40 5908 4188 .3265 .2685 .2285 .1992 .1767 .1590 .1446 .1327 .1226 .1140 .1066 .1001
45 5856 .4139 .3220 .2644 .2248 .1958 .1736 .1561 .1419 .1301 .1202 .1117 .1044 .0980
50 5813 .4097 3182 .2610 .2217 .1929 .1710 .1536 .1396 .1279 .1182 .1098 .1026 .0963
55 5775 .4061 3150 .2580 .2190 .1905 .1687 .1515 .1376 .1261 .1164 .1082 .1010 .0948
60  .5742 4030 .3121 .2555 .2167 .1884 .1668 .1497 .1359 .1245 .1149 .1067 .0997 .0935
120 .5525 .3824 .2936 .2388 .2016 .1746 .1541 .1379 .1249 .1142 .1052 .0976 .0910 .0852
0 .5000 .3333 .2500 .2000 .1667 .1429 .1250 .1111 .1000 .0909 .0833 .0769 .0714 .0667
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Percentile 90 of Cochran’s C distribution

vV\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15

9939 .9345 .8533 .7783 .7142 .6599 .6138 .5743 .5400 .5099 .4834 .4598 .4387 .4196
9500 .8175 .7076 .6240 .5591 .5075 .4653 .4302 .4006 .3750 .3529 .3334 .3162 .3008
9027 7431 .6287 .5463 .4843 .4359 .3971 .3651 .3383 .3154 .2957 .2785 .2633 .2498
8647 .6935 .5788 .4984 .4390 .3931 .3565 .3267 .3017 .2806 .2625 .2467 .2328 .2205

8348 6578 .5439 .4654 4080 .3640 .3292 .3008 .2773 .2574 .2403 .2255 .2126 .2011
.8108 .6307 .5178 .4410 .3852 .3427 .3092 .2820 .2595 .2406 .2243 .2103 .1980 .1872
7912 .6093 .4974 4220 .3676 .3263 .2939 .2676 .2460 .2277 .2121 .1987 .1869 .1766
7747 5918 .4809 .4068 .3535 .3132 .2816 .2562 .2352 .2175 .2025 .1895 .1781 .1682
7608 5772 .4673 .3942 3418 .3024 .2716 .2468 .2263 .2092 .1946 .1820 .1710 .1613

7487 .5648 .4557 3835 .3321 .2934 .2632 .2389 .2189 .2022 .1880 .1757 .1650 .1556
7381 .5540 .4458 3744 .3237 .2856 .2560 .2322 .2126 .1963 .1824 .1704 .1599 .1508
7288 .5446 .4371 .3665 .3164 .2789 .2498 .2264 .2072 .1911 .1775 .1658 .1556 .1466
7205 .5363 .4294 .3595 .3100 .2731 .2443 .2213 .2024 .1867 .1733 .1618 .1517 .1430
7130 .5289 .4226 .3533 .3044 .2678 .2395 .2168 .1982 .1827 .1695 .1582 .1484 .1397

7062 .5222 4165 3478 .2993 .2632 .2352 .2128 .1945 .1792 .1662 .1551 .1454 .1369
7001 .5162 .4110 .3428 .2947 .2590 .2313 .2092 .1911 .1760 .1632 .1522 .1427 .1343
6944 5107 .4060 .3382 .2906 .2552 .2278 .2059 .1880 .1731 .1605 .1496 .1402 .1320
6892 .5056 .4014 .3341 .2868 .2517 .2246 .2029 .1852 .1705 .1580 .1473 .1380 .1299
.6844 5010 .3972 .3303 .2833 .2485 .2216 .2002 .1827 .1681 .1558 .1452 1360 .1279

.6800 .4967 .3933 .3268 .2802 .2456 .2189 .1977 .1804 .1659 .1537 .1432 .1341 .1262
6758 .4927 .3897 .3235 .2772 .2429 .2165 .1954 .1782 .1639 .1518 .1414 .1324 .1245
6719 4890 .3864 .3205 .2745 .2404 .2141 .1932 .1762 .1620 .1500 .1397 .1308 .1230
6683 .4855 .3832 .3177 .2719 .2381 .2120 .1912 .1743 .1603 .1484 .1382 .1293 .1216
6649 4822 .3803 .3150 .2695 .2359 .2100 .1894 .1726 .1586 .1468 .1367 .1280 .1203

6617 4792 3776 .3126 .2673 .2338 .2081 .1876 .1710 .1571 .1454 .1354 .1267 .1191
6587 4763 .3750 .3103 .2652 .2319 .2063 .1860 .1694 .1557 .1440 .1341 .1255 .1179
.6558 4736 .3725 3081 .2632 .2301 .2047 .1845 .1680 .1543 .1428 .1329 .1243 .1169
6531 4710 .3702 .3060 .2613 .2284 .2031 .1830 .1666 .1531 .1416 .1318 .1233 .1158
6505 .4686 .3681 .3040 .2596 .2268 .2016 .1816 .1654 .1519 .1405 .1307 .1223 .1149

.6480 .4663 .3660 .3022 .2579 .2253 .2002 .1803 .1641 .1507 .1394 .1297 .1213 .1140
.6374 4563 3570 .2942 2507 .2187 .1942 .1747 .1589 .1458 .1348 .1254 .1172 .1101
6287 .4482 .3499 .2878 .2449 .2134 .1893 .1703 .1548 .1419 .1311 .1219 .1139 .1069
6215 4415 .3439 .2825 .2401 .2091 .1854 .1666 .1514 .1388 .1281 .1191 .1112 .1044
6154 .4359 .3389 .2781 .2361 .2055 .1820 .1635 .1485 .1361 .1256 .1167 .1090 .1023

6101 4310 .3347 2742 .2327 .2024 .1792 .1609 .1461 .1338 .1235 .1147 .1071 .1005
6055 .4268 .3309 .2709 .2297 .1997 .1767 .1586 .1440 .1318 .1216 .1129 .1054 .0989
120 .5749 .3991 .3066 .2494 .2105 .1823 .1608 .1440 .1304 .1191 .1097 .1017 .0949 .0889

o .5000 .3333 .2500 .2000 .1667 .1429 .1250 .1111 .1000 .0909 .0833 .0769 .0714 .0667
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Percentile 95 of Cochran’s C distribution

v\k 2

O oo0~I NN AW~

9985
9750
.9392
.9058

8773
.8534
8332
.8160
8011

7880
7765
.7663
7570
7487

7411
7342
1278
7219
7165

7114
7067
7022
.6981
.6942

.6905
.6870
.6837
.6806
6776

6747
.6623
6522
.6438
6367

.6305
6251
.5890

.5000

3

9670
8710
7978
71457

7070
6771
.6531
.6334
.6168

.6026
.5903
5795
.5699
.5613

5536
.5466
.5402
.5344
.5290

.5240
5193
5150
5110
5072

5036
.5003
4971
4941
4913

4886
4769
4674
4596
4530

4473
4424
4100

.3333

4

9065
.7680
.6839
.6288

5895

.5599
.5365
5176

5018

4884
4769

4669
4580

4501

4430
4366
4308
4254
4205

4160
4118
4079
4043
4009

3977
.3947
3918
3891
3866

3842
3738
3654
3585
3527

3478
3434
3152

.2500

5

.8413
.6838
5981
5441

5064
4783
4564
4388
4242

4119
4013
3921
3840
3768

3704
3645
3593
3544
3500

3459
3422
3387
3354
3323

3295
3268
3243
3219
3196

3175
3082
.3008
2946
2895

2851
2813
2565

.2000

6

7808
6162
5322
4804

4448
4185
3981
3817
3682

3569
3472
.3387
3313
3248

3189
3136
3088
3044
.3004

2967
2933
2901
2872
2844

2818
2794
2771
2750
2729

2710
2626
.2560
2505
.2459

.2420
2385
2165

1667

7

7270
5612
4800
4308

3972
3726
3536
3384
3259

3154
3065
.2987
2919
.2858

.2805
2756
2712
2672
2635

.2602
2570
2541
2514
.2489

.2466
2444
2423
.2403
2385

2367
2291
2231
2181
2140

2104
2073
1874

.1429

8

.6799
5157
4378
.3910

3594
3363
3185
3043
2927

.2830
2747
2675
2612
2556

2506
2461
2421
2384
.2350

2319
2290
2264
2239
2216

2194
2174
2155
2137
2120

2103
2034
1979
.1933
1895

.1863
1835
.1653

1250

9

6385 .
A775
4028
3584

3285
.3068
2901
2768
2660

2569
2491
2424
2365
2313

2267
2226
2188
2154
2122

.2094
2067
2042
2019
1998

1978
1959
.1942
.1925
.1909

.1894
.1830
1779
1737
1702

1672
.1646
.1480

111

10
6021

4450
3734
3311

3028
2823
.2666
2541
.2439

2354
2281
2218
2163
2115

2072
.2033
.1998
.1966
.1936

.1910
.1885
1862
.1840
.1821

.1802
.1784
1768
1752
1738

1724
.1664
1617
1578
.1546

1518
.1494
.1340

.1000

11

5698
4169
3482
.3080

2811
2616
2468
2350
2254

2173
2105
.2046
.1994
.1949

.1908
1872
1839
1809
1781

1756
1733
1712
.1692
1673

.1656
.1639
.1624
1609
1596

1583
1527
.1483
.1447
1416

1390
1368
1225

.0909

12

.5410
.3924
.3265
.2880

2624
.2440
2299
2187
.2096

2020
.1955
.1900 .
.1851
.1808

1770
1735
1704
.1676
.1650

1627
.1605
1585
.1566
.1548

1532
1516
.1502
.1488
.1476

.1463
1411
.1370
.1336
.1307

.1283
1262
1128

.0833

13

5152
3709
3075
2707

2462
2286
2152
2046
.1960

.1888
.1826

1774

1728
.1687

.1651
1618
.1589
.1562
.1538

1515
.1495
.1476
.1458
.1441

.1426
1411
.1398
1385
1373

1361
1312
1273
1241
1214

1191
1172
.1046

.0769

14

4920
3518
2907
2554

2320
2152
2024
.1923
.1841

1772
1714
.1664
.1620
1582

.1547
1516
.1489
.1463
.1440

.1419
1399
1381
1364
1349

1334
1320
1307
1295
.1284

1273
1226
.1189
1159
1134

1112
.1094
0975

0714

15

4709
3347
2758
2419

2195
2034
1912
.1815
1737

1671
.1616
.1568
1526
.1489

.1457
.1427
.1401
1377
.1355

1334
1316
.1299
1283
.1268

1254
1241
1228
1217
1206

.1196
1151
1116
.1088
.1064

.1043
1025
.0913

0667
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Percentile 99 of Cochran’s C distribution

v\k 2 3 4 5 6 7 8 9 10 11 12 13 14 15

9%39 .9934 9676 .9279 .8829 .8376 .7945 .7544 .7175 .6837 .6528 .6245 .5986 .5747
9950 .9423 .8643 .7886 .7218 .6645 .6152 .5728 .5359 .5036 .4752 .4499 4273 .4069
9794 8832 .7815 .6958 .6259 .5685 .5210 .4810 .4469 .4176 .3920 .3695 .3496 .3318
9586 .8335 .7213 .6329 .5635 .5080 .4627 .4251 .3934 .3663 .3429 .3224 3043 .2882

9373 .7934 .6762 .5876 .5196 .4660 .4227 .3871 .3572 .3318 .3100 .2909 .2742 .2594
9172 7607 .6411 5531 .4866 .4348 .3932 .3592 .3309 .3068 .2862 .2682 .2525 .2386
.8989 .7336 .6129 .5259 .4609 .4106 .3705 .3378 .3106 .2877 .2680 .2510 .2360 .2229
.8823 7108 .5898 .5038 .4401 .3912 .3523 .3208 .2946 .2725 .2536 .2373 .2230 .2104
8674 .6912 .5703 .4854 4230 .3752 .3374 .3068 .2814 .2601 .2419 .2262 .2125 .2004

10 .8540 .6743 .5537 .4698 .4085 .3617 .3249 .2951 .2705 .2498 .2321 .2169 .2036 .1920
11 .8418 .6595 .5392 .4563 .3960 .3502 .3142 .2851 .2611 .2410 .2238 .2091 .1962 .1848
12 .8307 .6464 .5266 .4446 .3852 .3402 .3049 .2765 .2530 .2334 .2167 .2023 .1898 .1787
13 .8206 .6347 .5154 .4343 3757 .3315 .2968 .2689 .2460 .2268 .2105 .1964 .1842 .1734
14 8113 .6241 .5054 .4251 .3673 .3237 .2896 .2623 .2398 .2209 .2050 .1912 .1792 .1687

15 .8028 .6146 .4964 4169 .3598 .3168 .2832 .2563 .2342 2157 .2001 .1866 .1748 .1645
16 .7949 .6059 .4883 .4094 .3530 .3105 .2775 .2510 .2293 2111 .1957 .1824 .1709 .1608
17 7876 .5979 .4809 .4026 .3468 .3049 .2723 .2462 .2248 .2069 .1917 .1787 .1674 .1574
18 .7808 .5906 .4741 .3965 .3412 .2998 .2676 .2418 .2207 .2030 .1881 .1753 .1642 .1544
19 .7744 5839 .4678 .3908 .3360 .2950 .2632 .2378 .2169 .1996 .1848 .1722 .1612 .1516

20 .7684 .5776 .4620 .3856 .3313 .2907 .2592 .2341 .2135 .1963 .1818 .1693 .1585 .1490
21 7629 .5717 4567 .3807 .3269 .2867 .2556 .2307 .2103 .1934 .1790 .1667 .1560 .1467
22 7576 .5663 .4517 .3762 .3228 .2830 .2521 .2275 .2074 .1906 .1765 .1643 .1538 .1445
23 7526 .5612 4470 3720 .3190 .2795 .2490 .2246 .2047 .1881 .1741 .1620 .1516 .1425
24 7480 .5564 .4427 3681 .3155 .2763 .2460 .2219 .2021 .1857 .1719 .1600 .1496 .1406

25 .7435 5519 .4386 .3644 3121 .2733 .2432 2193 .1998 .1835 .1698 .1580 .1478 .1389
26 .7393 5476 .4347 3610 .3090 .2705 .2407 .2169 .1975 .1814 .1678 .1562 .1461 .1372
27 7353 .5436 .4311 .3577 .3061 .2678 .2382 .2147 .1955 .1795 .1660 .1544 .1444 .1357
28 7315 .5398 .4277 .3546 .3033 .2653 .2359 .2125 .1935 .1777 .1643 .1528 .1429 .1342
29 7279 5362 .4244 3517 .3007 .2629 .2337 .2105 .1916 .1759 .1626 .1513 .1414 .1328

30 .7244 .5328 .4213 .3490 .2982 .2607 .2317 .2086 .1899 .1743 .1611 .1498 .1401 .1315
35 .7092 .5178 .4079 .3371 .2875 .2510 .2228 .2005 .1823 .1672 .1545 .1436 .1342 .1260
40 .6966 .5058 .3972 .3275 .2790 .2433 2158 .1940 .1763 .1617 .1493 .1387 .1296 .1216
45 .6861 .4957 .3883 .3197 .2720 .2369 .2100 .1887 .1714 .1571 .1450 .1347 .1258 .1180
50 .6771 .4873 .3809 .3131 .2661 .2316 .2052 .1843 .1673 .1533 .1415 .1314 .1226 .1150

55 .6693 .4800 .3745 .3075 .2611 .2271 2011 .1805 .1638 .1500 .1384 .1285 .1199 .1125
60 .6625 .4736 .3689 .3026 .2568 .2232 .1975 .1773 .1608 .1472 .1358 .1260 .1176 .1103
120 .6162 4318 .3327 .2710 .2288 .1981 .1748 .1564 .1416 .1294 .1191 .1104 .1029 .0964

o .5000 .3333 .2500 .2000 .1667 .1429 .1250 .1111 .1000 .0909 .0833 .0769 .0714 .0667

Ooo~TnWn bWk —
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Reading off the table

The table comprises four pages devoted respectively to percentiles 75, 90, 95, and 99 of
Cochran’s C distribution. The C statistic, like Hartley’s F, ., is principally used for verifying the
hypothesis of equality of variances across £ normal populations, on the basis of k£ variance
estimates, each with degrees of freedom v. It is the quotient of the maximum out of £ estimates
on their sum, i.e.:

C=maxsj2/2sj2.

Hllustration 1. Find Cs 4 451, percentile 95 of C suitable for a set of k = 5 variance
estimates, with (v =) 10 df each. On the page for percentile 95, line v = 10 and colum k£ = 5
point to C = 0.4119. Any quotient equal to or higher than 0.4119 would be declared significant
at the o = 0.05 significance level.

Hllustration 2. What is the value of C 509757 7 On the page for percentile 75, we
observe that df = 200 would lie between v = 120 and infinity. We note that Cy, ;5 ,5; = 0.1249
and Cyy 4757 = 0.1000. The marker "o" compels us to use harmonic interpolation, and we
calculate 0.1249 + (0.1000—0.1249) x (200~1—=1207")/(1/0—120"") » 0.1149.

Full examples

Example 1. Taking up again the first example presented in the section on the F_,,
distribution, we have k = 3 sample variances, s7 = 1.7424, s3 = 4.3681 and s; = 3.1329, each one
having 9 df. Are these three estimates homogeneous? Solution: The highest variance estimate is
4.3681, and the sum of the three equals 9.2434. Thus, C = 4.3681/9.2434 ~ 0.4726. Looking at
percentile 90, which stands for a significance level (o) of 0.10, we read C, g oo = 0.5772. The
obtained sample value does not exceed the critical value, so that the test is non-significant and
we can tolerate the null hypothesis on the equality of variances in the respective three
populations.

Example 2 [Revisiting the second example in the section on the F, ,, distribution].

ax
What critical value of C may we use to assess the variances from & = 4 samples of sizes n, = 13,
11, 15, 14, at the o = 0.01 level? Solution: The df’s of the respective variance estimates are

unequal, i.e. v; = n,—1 =12, 10, 14, 13. Using percentile 99 (corresponding to a = 0.01) and &
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= 4, we may decide to fix v = min(v)), or v = max(v)), or again v = ave(v,) = 12.25 ~ 13 (after
rounding up), and obtain respectively 0.5537 (= C, ;g 49))> 0.5054 and 0.5154. If the empirical C
quotient is inferior to 0.5054, then all four populations may be deemed to have equal true
variances. If the obtained C is superior to 0.5537, it is significant and the equality hypothesis
must be rejected. In current pratice, for cases where the v/’s do not differ much one from the
other, authors favor ave(v;), with a value rounded up to the next integer in order to comply with
the predetermined o level. Here, we would rather use v = 13 (= V) and C, ;3 4; = 0.5054.

Mathematical presentation

The valid practice of ANOVA depends on some verifiable conditions, one of which is the so-
called homogeneity of variance condition : the independent estimates of variance that are pooled
to make up an error mean square (used as denominator in the F' quotient) must be mutually
compatible, i.e. originate from populations having the same parametric variance. To test for this
condition, Cochran (1941) proposed the statistic :

2
max Sj

k
XS

i=1

b

obtained by dividing the highest estimate of variance (max sf) by the sum of all estimates. The
statistic was planned for comparing variance estimates with equal degrees of freedom (v). Its
parameters are the number (k) of estimates in the comparison set, and the df (v) of each estimate.

For cases where df’s vary from one estimate to another, — in ANOVA designs with
unequal group sizes, for instance —, the way to proceed is uncertain, and we could not find a
conclusive study on that subject. Authors recommend either to use the average Vv, or to go to the
most unfavorable case and pick up min(v)).

For testing the homogeneity of variance condition, the literature also presents the F,,
test by H. O. Hartley (see section on F_ ), a % test due to Bartlett (see Supplementary examples,
n°® 10), and other tests.
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Calculation and moments

After R. A. Fisher found a solution for calculating the d.f. of C when v = 2, Cochran (1941)
tought up a generalization for v > 2. The calculations required for evaluating P(C) and for
determining critical values are arduous. Let P(C) = Pr{ y < C|k,v), the integral at C for &
variances estimates of o with v df each. We must compute :

k

P@)=1—Hmcy{§ymcy(§yucw~~+enb{k1%}4€>, )

where each component P, designates a r-dimensional integral. The above expression is an
illustration of the famous inclusion-and-exclusion method in the calculus of probability; its
derivative would be, if obtained, the p.d.f. of C.

In order to evaluate P(C), it is necessary, in principle, to compute the series of
integrals P,, which are:

Py = [} filw) dxy

Py = [27C 10 fi(x,,x,) dx, dx, GEC <),

Py = [172¢ [1=Cox [1onmn iy x) ) diy dx, dxy (if C < )
P, = etc.

Each integral P.(C) measures the probability that, among the k quotients C; = s> / ¥ 52, r of those
are superior to C. In these integrals, the functions f, are generalized Beta functions, that is:

fl(xl) = Qv’kx’l/zv—l(l __xl)'/zv(k—l)—1 ,
— toy—1 Vovh—2)—1
-fé(xlﬁxz) - QV’kQV,k—l(xlxz)/v (1 —xl —x2) V( ) ’
= Yav—1 Ve 3)—1
fé(xlax29x3) - Qv’kQV’k—le,k—Z(x1x2x3) v (1 —x,—%, _xa) vik=3) ,

and so on, where Q, ; = T[vk/2]/{T'[v/2] T'[v(k—1)/2]}.

Probabilities P,, difficult to obtain when r > 2, have the property of being strongly
decreasing, such that P, > P, > .. > P,_,: it is why already published tables were based solely
on P;. With this makeshift, for given values of v and %, C, is found such that P,(C) = (1-a)/k.
However, the tables presented here are based on a more thorough evaluation of P(C).
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First, integral P,(C), in fact an integral of the Beta distribution, corresponds also to
the d.f. of the F distribution, with parameters v, = v, v, = v(k—1) and F = v,C/[v{(1-C)]; in
one form or another, its evaluation is reasonably simple. When C < %%, calculation of P,(C) is but
a first step for obtaining P(C), since one must then calculate P,(C), P5(C),..., until £(C), where
r= | 1/C], or before, if the sum (1) stabilizes. In this context, we set up a recursive algorithm,
programmed in Pascal, which performs the numerical integration of the multivariate function f,
within the appropriate bounds. Practically, however, this computation is quite laborious, even for
the high-speed computing facilities now available; therefore we limited the numerical evaluation
of the P. functions at » = 3 ; when required, values of P, beyond r = 3 were extrapolated. For the
reasons given, critical values of C < Y%, in our tables, may be in error in the last digits.

Two special cases of the distribution of C are noteworthy. For £ = 2 estimates (or
samples), the C statistic is equivalent to a simple F quotient, so that:
CZ,V[P] =F V,v[%4(1+P)] /1 +F v,v[‘/z(1+P)]]

=1/[1+ Fv,v[‘/z(l—P)]] .

The other special case is Fisher’s solution when v = 2. Analytical reduction of the f, functions
leads to the much simpler evaluation scheme :

PO), =1 = (Na~0f "+ (5)a-200"" =« +(=1)(Ha )",

where t = | 1/C], i.e. t is the highest integer such that z < 1/C.

Moments. Moments and other properties of the C distribution are not known. It is
nonetheless feasable to obtain the median by the same process used for the upper percentiles.
Moreover, as P(C) is the d.f. of r.v. C, we can resort to the following theorem on mathematical
expectations:

E{x’}=u;=jr-x’"1[l — P(x)]dx, 0<x<oo,

to obtain the mean u = E{x} and the variance o> = E(x?)—p? of C. The table on next page
presents the mean, variance and median for some combinations of parameters k et v; the number
of digits displayed indicates the approximative accuracy of each value.
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Expectations (u), variances (6°) and medians (Md) of Cochran’s C for some
combinations of parameters k (number of groups) and » (degrees of freedom)

v k=2 3 4 5 10
n 7500 6111 .5208 4567 2929
2 © .0208 .0201 .0169 0140 .0063
Md .7500 .5918 .5000 4369 2785
B 7122 .565 473 409 255
3 © 0175 0153 0122 .0097 .0036
Md | 7020 .5452 4548 3928 2429
n .6875 .535 443 381 232
4 o’ 0148 0123 .0094 .0073 .0025
Md | 6736 5173 4272 3663 2219
0 6698 515 423 .361 217
5 © 0128 .0102 .0076 .0058 .0019
Md | 6545 4981 4082 3481 2078
B 6230 462 371 312 .180
10 © .0076 .0054 .0038 .0028 0’78
Md .6080 4501 3611 3034 .1738
0 .5881 424 335 278 155
20 © .0041 .0027 .0018 .0013 .0°33
Md | .5760 4157 .3280 2722 .1508
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Orthogonal polynomials

3 to 9) (table 1)

Coefficients c,; of orthogonal polynomials (N

2
ri

20

20

10
14
10

70
70
84
180

28
252

28

84

154

84
924

168
168
264
616
2184

264
3432

60
2772

990
2002

468
1980

858
12870

Cr,i

4

4

4
4

4

-5

10

-10

15

-20

15

-13
-23

-13

17

15

-15

-17

23

-35 21

35

-21

-17

2

4

28
-14

28

-17

-20

14
14

13
-11

-21

-11

18

-21

14

-11

11

4

-17

22

-20

22
14
28

-17

14
28

-14
-56

14
-56

1

70
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Coefficients c,; of orthogonal polynomials (N = 10 to 13) (table 1, cont.)

N r Cri zcr,zi
10 1 -9 -7 -5 -3 -1 1 3 5 7 9 330
2 6 2 -1 -3 -4 -4 -3 -1 2 6 132
3| 42 14 35 31 12 -12 31 35 -14 42 8580
4 18 22 -17 3 18 18 3 17 22 18 2860
5 -6 14 -1 -11 -6 6 11 1 -14 6 780
6 3 -11 10 6 -8 -8 6 10 -11 3 660
7 -9 47 -86 42 56 -56 -42 86  -47 9 29172
8 1 -7 20 -28 14 14 -28 20 -7 1 2860
9 -1 9 36 84 -126 126 -84 36 -9 1 48620
11 1 -5 -4 -3 -2 -1 0 1 2 3 4 5 110
2 15 6 -1 -6 -9 -10 -9 -6 -1 6 15 858
3t -30 6 22 23 14 0 -14 23 -22 -6 30 4290
4 6 -6 -6 -1 4 6 4 -1 -6 -6 6 286
5 -3 6 1 -4 -4 0 4 4 -1 -6 3 156
6 15 48 29 36 -12 40 -12 36 29 48 15 11220
7 -5 23 33 2 28 0 -28 -2 3 23 5 4862
8 5 31 73 -68 -14 70 -14 -68 73 -31 5 27170
9 -1 8 27 48 42 0 42 48 27 -8 1 9724
10 1 -10 45 -120 210 -252 210 -120 45  -10 1 184756
12 1] -11 -9 -7 -5 -3 -1 1 3 5 7 9 11 572
2 55 25 1 -17 29 35 35 29 -17 1 25 55 12012
3 -33 3 21 25 19 7 -7 -19  -25 -21 -3 33 5148
4 33 27 33 -13 12 28 28 12 -13 33 -27 33 8008
51 -33 57 21 29 44 20 20 44 29 21 -57 33 15912
6 11 -31 11 25 4 -20 -20 4 25 11 -31 11 4488
7 -55 225 -251 -83 204 140 -140 -204 83 251 -225 55 369512
8 i1 -61 119 -65 -74 70 70 74  -65 119 -61 11 65208
91 -11 79 -227 303 -102 -210 210 102 -303 227 -79 11 408408
10 1 -9 35 75 90 42 -42 90 -75 35 -9 1 33592
11 -1 11 -55 165 -330 462 -462 330 -165 55 -11 1 705432
13 1 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 182
2 22 11 2 -5 -10 -13  -14 -13 -10 -5 2 11 22 2002
3] -1 0 6 8 7 4 0 -4 -7 -8 -6 0 11 572
4 99 66 -96 -54 11 64 84 64 11 -54 96 -66 991 68068
50 -22 33 18 -11  -26 -20 0 20 26 11 -18  -33 22 6188
6 22 -55 8 43 22 20 -40 -20 22 43 8§ -55 22| 14212
71 -33 121 -103  -75 65 100 0 -100 -65 75 103 -121 331 92378
8 11 -55 &% -19 71 10 70 10 -71 -19 89  -55 11| 38038
9 -2 13 -32 31 6 -30 0 30 -6 -31 32 -13 2 6188
10 6 -49 166 -285 210 78 -252 78 210 -285 166  -49 6| 386308
11 -1 10 -44 110 -165 132 0 -132 165 -110 44 -10 1| 117572
12 1 -12 66 -220 495 -792 924 -792 495 -220 66 -12 112704156
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Coefficients c ; of orthogonal polynomials (N = 14 and 15) (table 1, cont.)

N r C,j Zcr?i
14 1 -13 -11 -9 -7 -5 -3 -1 1 3 5 7 9 11 13 910
2 13 7 2 -2 -5 -7 -8 -8 -7 -5 -2 2 7 13 728
3| -143  -11 66 98 95 67 24 24 67 95 -98 -66 11 143 97240
4] 143 77 -132 92 .13 63 108 108 63 -13  -92 -132 -77 143 136136
51 -143 187 132 -28 -139 -145 -60 60 145 139 28 -132 -187 143 235144
6| 143 -319 -11 227 185 -25 -200 -200 -25 185 227 -11 -319 143 497420
7 -143 473 -297 -353 95 375 200 -200 -375 95 353 297 -473 143 1293292
8 13 -59 79 7 65 -25 50 50 25 65 7 79  -59 13 34580
9| -13 77 -163 107 89 -105 -90 90 105 -89 -107 163 -77 13 142324
10 13 -97 288 -392 125 279 -216 -216 279 125 -392 288 -97 13 772616
11 13 119 -464 968 -1045 231 792 -792 -231 1045 -968 464 -119 13 5878600
12 1 -11 54 -154 275 -297 132 132 -297 275 -154 54 -11 1 416024
13 -1 13 -78 286 -715 1287 -1716 1716 -1287 715 -286 78  -13 1 10400600
15 1 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 280
2 91 52 19 -8 29 -4 .53 56 -53 -44 -29 -8 19 52 91 37128
3] 91 -i3 35 58 61 49 27 0 -27 -49 -61 -58 -35 13 91 39780
4] 1001 -429 -869 -704 -249 251 621 756 621 251 -249 -704 -869 -429 1001| 6466460
51-1001 1144 979 44 -751 -1000 -675 0 675 1000 751 -44 -979 -1144 1001]10581480
6] 143 -286 -55 176 197 50 -125 -200 -125 50 197 176 -55 -286 143} 426360
71 -13 39 17 -31 -3 25 25 0 -25 -25 3 31 17 -39 13 8398
8 91 -377 415 157 -311 -275 125 350 125 -275 -311 157 415 -377 91| 1193010
91 -91 494 -901 344 659 -250 -675 0 675 250 -659 -344 901 -494 91| 4269720
10 91 -624 1631 -1724 -159 1568 -27 -1512 -27 1568 -159 -1724 1631 -624 9119315400
11 -7 59 -205 356 -253 -121 297 0 -297 121 253 -35 205 -59 71 678300
12 7 -71 313 -766 1067 -649 -363 924 -363 -649 1067 -766 313 -71 71 5616324
13 -1 12 -65 208 -429 572 -429 0 429 -572 429 -208 65 -12 1| 1485800
14 1 -14 91 -364 1001 -2002 3003 -3432 3003 -2002 1001 -364 91 -14 10116600
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Coefficients p;, and constants A, used for polynomial conversion (N = 3 to 9) (table 2)

N i A Pri
3 1 1
2 3 Poo=—2/3
4 1 2
2 1 Py o=—5/4
3 10/3 p;,1=—41/20
5 1 1
2 1 P20=—2
3 5/6 Py =—17/5
4 35/12 | pap=72/35 p4,=—31/7
6 1 2
2 32 Py o=—35/12
3 5/3 p; =—101/20
4 7/12 Pao= 81/16 py,=—95/4
5 21/10 | ps = 11567/1008 ps,=—145/18
7 1 1
2 1 Pyo=—4
3 1/6 p3=—7
4 7/12 P4 o= 72/7 pyp=—67/7
5 7/20 ps,1= 524/21 ps3=—35/3
6 77/60 | pso=—1200/77 pg,=434/11 ps,=—145/11
8 1 2
2 1 Pao=—21/4
3 2/3 P, =—37/4
4 7/12 Pao= 297/16 py=—179/14
5 7/10 ps, ;= 15709/336 ps;=—95/6
6 11/60 | pgo=—2925/64 pg,= 13769/176 pg,~—805/44
7 143/210 | p;;=—1172307/9152 p, ;= 242837/2288 p,=—3129/156
9 1 1
2 3 Pao=—20/3
3 5/6 p3,1=—59/5
4 7/12 Pao= 216/7 py,=—115/7
5 3/20 ps = 716/9 ps;=—185/9
6 11/60 | pgo=—1200/11 pg,= 1514/11 pg=—265/11
7 | 143/1680 |p;,=—47820/143 p,,=28007/143 p,;=—350/13
8 143/448 | pg o= 31360/143 pg,=—1310788/2145 pg = 9527/39 pge=—434/15
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Coefficients p;,

and constants A, used for polynomial conversion (N =10 to 15)
(table 2, cont.)

N i A jo
10 1 2
2 172 Py o=—33/4
3 53 Py =—293/20
4 5/12 Pao= 3861/80 p,,=—41/2
5 1/10 Ps;= 6067/48 ps;=—155/6
6 11/240 Pso= —14625/64 pg,= 39329/176 pg,=—1354/44
7 143/840 [ p;,=—6750831/9152 p,,= 749357/2288 p,s=—1799/52
8 143/4032 | pgo= 187425/256 pg,=—16628803/11440 p, = 44247/104 pge=—189/5
9 | 2431/18144 | py,= 7462789083/3111680 p,;=—7755749/3536 p, s=342447/680 p, ,~-681/17
11 1 1
2 1 Pyo=—10
3 5/6 ps,;=—89/5
4 1/12 Psg= 72 P4p=—25
5 1/40 Ps.= 572/3 ps;=—95/3
12 1 2
2 3 pyo=—143/12
3 2/3 P =—85/4
4 7/24 pso= 11583/112 p,,=—419/14
5 3/20 ps,= 39761/144 p,;=—685/18
13 1 1
2 1 pyo=—14
3 1/6 p3 =—25
4 7/12 Pso= 144 p,,=—247/7
5 7/120 ps1= 2708/7 ps;=—45
14 1 2
2 172 Pyo=—65/4
3 5/3 ps;,=—581/20
4 7/12 Pag= 21879/112 p,,=—575/14
5 7/30 ps,= 59063/112 p;;=—105/2
15 1 1
2 3 Py o=—56/3
3 5/6 ps,;=—167/5
4 35/12 Pao= 1296/5 p,,=—331/7
5 21720 ps, = 44252/63 ps;=—545/9
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Reading off the tables

Tables 1 and 2 offer sets of coefficients and constants relative to orthogonal polynomial
regression analysis. Table 1 furnishes, for a predictor variable with N levels, coefficients c,,
appropriate for degrees (or powers) » = 1 to N—1, for each of N = 3 to 15. Also, to help
converting a linear orthogonal polynomial into a regular polynomial, table 2 gives transfer
constants p,,. The reader will find more information at the end of this chapter together with
formulae to enable him to extend parts of our tables.

The interested reader will find, following the illustrations and examples, a computing
algorithm for testing the significance of individual orthogonal components (of regression), and
another one for reconstructing a polynomial regression equation from its orthogonal components.

Tllustration 1. Find coefficients c,; for the cubic (i.e. 3 degree) component in a series
of eight data. In table 1, for N = 8, the coefficients for the cubic orthogonal component are c;;
={-7,57,3, -3, -7, =5,7}.

Illustration 2. What are the transfer constants p,, for establishing coefficient B, in a
series of eight data? Section N = 8 in table 2, for » = 3 (relative to the 3" degree polynomial
coefficient), presents ps; = —95/6 and p,; = 242837/2288, whence we may write: B; = a; +
(—95/6)as + (242837/2288)0,.

Full examples

Example 1 [Data from G.V. Glass & K.D. Hopkins: Statistical methods in education
and psychology, 3™ ed., Allyn and Bacon 1996, p. 181]. Scores were obtained for the motor
performance of samples of n = 4 individuals, at each of N = 7 age levels: 10, 20, 30, -, 70 years.
Averages for the successive samples form the series Y; = { 8.5, 9.5, 10.5, 11.5, 10.0, 9.0, 8.5 }.
The error mean square, computed elsewhere, is MS,;, . = MS, 40 ooups = 1.1905, with v, =
7x(4—1) = 21 df. Which are the significant polynomial powers in the regression of motor
performance scores with age? May we build up a (regular) regression equation using these
significant components? Solution: There are two questions, and we shall answer them in turn, by

applying the computing algorithms described later.
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— Identification of significant orthogonal components

Step 1. The total variance to be accounted for is indicated here by the variance among the N
= 7 means, s*(Y;) = 1.22619 or, more adequately, by the "between-levels" mean square,
MScog = 1 xsz(Y) = 4x]1. 22619 = 4.90476. Also, % = (7—1)x4.90476/[(7—1)x 4.90476
+21x1.1905] =~ 0.5407 ; the n? statistic is quite helpful for building up regression models as
it represents the maximum value that the coefficient of determination (R?) can attain for a
given set of data, whatever the chosen model.

Step 2 (For component 1). In table 1, section N = 7, line » = 1, we find the 1% degree
coefficient ¢;; = { =3, =2, —1, 0, 1, 2, 3 } ans cht 28, from which v(a,) =
(—3x8.5—2x9.5— - +3x8.5)%/28 = (—1. 5)2/28 = 0.08036.

Step 3 (For component 1). The quotient n-v(a,)/MS, ., equal to 4x0.08036/1.1905 ~ 0.270,
is to be compared with the F , distribution. At the 5 % significance threshold, the critical
value is F'y 511451~ 4.326 (obtained through linear interpolation). The observed value being too
low, component 1 is not distinctly present and can be deemed null.

Step 2 (For component 2). After substracting component 1, the amount of variance remaining
is Ry = N=1)MS 4 —n-v(a;) = 64.90476—4x0.08036 ~ 29.107. Now, F = R|//MS_ . ~
24.449 exceeds the critical value F,y;¢s) found earlier, which indicates that there is some
variance still to be assigned. Looking at the next line in table 1, section N = 7, we read off
coefficients ¢, ; and calculate v(a,) = (—22,5)%/84 = 6.02679.

Step 3 (For component 2). The quotient F(cat,), equal to 4x6.02679/1.1905 =~ 20.249, is now
significant and justifies the retention of orthogonal component 2 ("quadradic component") in
the regression model.

Step 2 (For component 3). The remainder of variance, after substracting components 1 and
2, is R, = Rj—n'v(a,) = 29.107-4x6.02679 ~ 5.000. The test of this, F = R,/MS, =
5.000/1.1905 ~ 4.200, does not reach 4.326 (= F 5;[¢s})- Thus, it would be unjustified, and
useless, to pursue our identification of more components.

To recapitulate, only component 2 was proven significant, with v(a,) = 6.02679. The
proportion of variance accounted for, PV = ¥ v(o,)/[(N—1)s*(Y)], equals 6.02679 /
(6x1.22619) ~ 0.819 for our model. This quantity (PV) is proportional to the coefficient of
determination (R?), here equal to 0.443, as divided by its theoretical maximal value, %> =
0.541.

— Converting back to a regular polynomial equation

Step 1. The successive tests above suggest that we retain only component 2 (the "quadratic
component"), based on coefficient o,. In table 2, section N = 7, we find A, = 1 ; using the
other quantities already obtained, we compute o, = 1x(—22.5)/84 ~ —0,2679'. And, o =
Y~ 9.643, M = X, = 40, A = X;4; —X; = 10. The other a, coefficients are reputed null,
being non-significant.

! Coefficient OL may also be obtained from the corresponding variance component v(oc,) using the relation: a,
£\ Av(a, )/ Zc? ], the sign of o, being that of the numerator of v(a,) before its squaring.
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Step 2. Using the constants p;, in table 2, section N = 7, we calculate:
Bo = o TPyt =9.643 + (—4)(—0.2679) ~ 10.7146
B = 0
B, = a, =—0.2679.
The resulting equation is: ¥ = B, + B,[(X—M)AJ? = 10.7146—0.2679x[(X —40)/101.

Step 3. Expansion of the term [(X—40)/10]? leads to 0.01X>—0.8X+16. After grouping the
terms having the same power and simplifying, we finally obtain the following regular
polynomial equation :

¢ = 6.4282+0.21432X — 0.002679 X> ,

a regression equation whose coefficient of determination (mentioned above) is R? ~ 0.443. If
we had proceeded directly with a second degree regression analysis, thus incorporating the
non-significant o, (= B; = —0.0536), the predictive function would have been :

¢ = 6.6426+0.2089 X — 0.002679X?2 .

Example 2 [Simple linear regression]. After choosing the successive values X; = 10,
13, 16, 19, 22 and 25 for his independent variable, a researcher obtained the respective measures
Y, =3.02, 3.89, 4.99, 5.77, 7.05, 7.42. Find the simple (1% degree) linear regression equation and
the associated coefficient of determination for these data, using orthogonal polynomials. Solution:
In the sections "N = 6" of tables 1 and 2, we find the required constants c, ;, Yc? and A, : here,
¢, ={-5-3,-1,1,3,5}, Y =170, A, = 2. The amount of variance associated with simple
linear regression, i.e. the 1% degree component, is v(a,) = Xc, ;Y;/ X¢* = (—5x3.02—3x3.389—
- +5x7.42)%/70 = (32.26)*/70 ~ 14.867. The total variance available being (N —1)s*(Y;) = 5x3.008
~ 15.040, the proportion of variance accounted for in the regression model is PV = 14.867/15.040
= 0.9885, which in this case is identical to the coefficient of determination (R%)?. The correlation
between X;’s and Y,’s is thus » = R = 1/0.9885 ~ 0.9942. Establishing Y (= o) ~ 5.3567, Xop
(=M) =17.50, A (= X;,;—X) = 3 and o, = A, Xc, Y, / Tc* = 2x32.26/70 ~ 0.9217, we can
directly calculate:

by=Y — XA by =0y/A,

obtaining b, ¥ —0.020 and b; =~ 0.307. The desired regression equation is thus ¢ = —0.020 +
0.307 X.

2 The general relation between PV and R? is: R* = PVx(N—1)-s(Y)/[(N—1)-s(Y)+No?], where o is the error
variance for each observation. Here, because we have individual observations (instead of averaged values of Y for
each value X;) and in ignorance of G-, we stipulate 7 = 0, which entails R* = PV,



136 Statistical tables explained and applied

Example 3. Determine the coefficients c,; appropriate for N = 20 pairs { X,,Y; } and
polynomial components (degrees, powers) » = 1 and r = 2. Solution: Table 1 stops after N = 15;
therefore, we must resort to the formulae given in the next section, that is ¢,(x) = A,x for r =1,
and @,(x) = xz[xz—(Nz— 1)/12] for r = 2. The N predictors (or levels) X,, in their standard form
(X;—M)/A, are: { —9.5, —8.5, -, 9.5}, with A, =1, 0or { —19, 17, -, 19 } using A, = 2; these
are also coefficients ¢, . Applying now formula @,(x) for N = 20, we have, for instance, ¢, =
A[—9.52—(20%—1)/12] = A,[57], then c,, = A,[39], etc.; finally, fixing A, = 1, we generate c,;
={57,39,23,9, -3, —13, —21, —27, —31, —33, =31, —27, —21, —13, =3, 9, 23, 39, 57 }.

Computing algorithms

Linear polynomial regression, which is expressed as:

¢ =b, + b,X + b,X2 + - + bXE, (1)
can be rewritten as:
5 X-M X -M\t
Y=ﬁo+91( < )+...+pk( < ) )
and again, as:
AN
Y, = g+ oy (py ) + 0Py gty X7) + -+ 0Dyt Xt ) )

This last expression (3) enables us to isolate each individual " degree component of regression
and to measure its importance in terms of the amount of variance accounted for in dependent
variable Y, through the associated regression coefficient o,. Suppose that we have obtained N
values Y; corresponding to N predetermined levels X; acting as predictors. The variation among
the Y,’s attributable to the X,’s, as it is represented in equation (1), is now split up into k < N—1
powers of X, each component power being statistically independent (= orthogonal) of each other
and allowing a test of statistical significance. In the context of ANOVA, the Y; are usually
averages, each one based on n observations, with which is associated a global error mean square
(MS,,,.,) having v, df.

€ITo!

Orthogonal polynomial regression analysis allows to test the significance of any "
degree component of regression on the basis of the amount of variance, v(a.,), associated with
it: the appropriate test is F = n-v(a,)/MS

comp. r with 1 and v, df (see section on F

error?

distribution). One may also test the significance of an aggregate of k£ (k > 1) components, with
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Frggr. = n[Zv(0,)/KI/MS

reconstruct a regular polynomial equation, such as equation (1), using only wanted (or significant)

eropr With & and v, df. Furthermore, this same analysis enables one to

components’.

Testing polynomial components

The data to be analysed can be laid out in the following manner:
X X Xy o Xy s
Y: {Y, Y, - Yy}

The X’s are the successive values of the predictor (or independent) variable, with common
interval A (= X,;; —X)). The Y;’s are the measured observations; each value Y; usually denotes
the average of » individual data points. An appropriate measure of error variability, the error

mean square (MS__ ), depends entirely on each particular data design. In a design using N

€ITor
independent groups, or samples, the error term would be the within-groups mean square
(MS i), Obtained as the average of every group’s variance and having v, = N(z—1) df ; in one
other simple design, one with one N-levels factor and repeated measures, the error term would

be MSCondeubjects’ and Ve = (N— 1)(71—1) df

Step 1 [Computing MS_ ;1. Each value Y, being the average of n observations®, the
global measure of variance among Y,’s is simply MSc, 4 = n-s*(Y;), with N—1 df.

Step 2 [Computing the variance component associated with polynomial degree r].
Using table 1, in the section relative to the number (N) of predictors, one obtains coefficients c,;
on line , then one computes v(a,) using formula:

N

V(ar) = (il cr,iYiJ / Zcii ; (4)

the sum ¥c’, is furnished in table 1.

3 It is interesting to note that the variance components associated with each of the N—1 polynomial powers are
exhaustive and that they contain together the total available variance, ie. n[v(o )tv(o,)+ - +v(oy_)] =
(N—1ns*(Y;) = N—1)MS,,4 As a corollary, if equation (1) is built using all £ = N—1 polynomial components,
it will pass through every point ( X,Y, ).

* Tt may happen, due to subjects’ defection or other causes or reasons, that the Y,’s be based on unequal numbers
of observations (n,). As it is the case for general ANOVA procedures, the calculations and probabilistic interpretations
can only be approximate in that situation. For the present calculations, we recommend the "harmonic mean solution",
i.e. to use n, = N/(nj 405 '+-+ny") instead of n in the formulae.
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Step 3 [Testing the significance of component r]. Each quantity Y, is based on n
individual, normally distributed observations. Then, the quotient n*v(a,)/MS . is distributed as
Fivs the associated polynomial component can be declared significant at level o if the obtained

quotient exceeds F | |, . This would indicate that the " power of predictor X really modifies
dependent variable Y.

The usual way to proceed is to begin with the component of first degree, v(a,). This
being done, the remaining variance is obtained with R; = (N—1)MS,.s—# -v(a;), and has N—2
df. If the test F = R;/MS_,,, using 1 and v, df;, is significant at some threshold, it suggests that
at least one other significant polynomial component may be fished out: we thus proceed to
component 2, obtaining v(a,). The remaining variance is again R, = R; — n-v(a,) with N—3
df, and we may decide to proceed further on using F = R,/MS__ with 1 and v, df, and so on,
until the remainder of variance is no more significant.

The portion of variance available for modelling, in the array { Y, }, is denoted 4 ("n"
is pronounced "eta") and called the non-linear coefficient of determination. It is given by:

ﬁZ = (N“ I)MSCond [ [(N— 1)MSCond-l_Ve N[SerroriI :

As for R?, the coefficient of determination, it designates the portion of variance actually
accounted for (or predicted) by our model. This coefficient depends on the polynomial
components retained, as shown by:

R? = n2v(a,) / [N~1MSc, 4 +v.MS, ;] -

Observe that R? < f{?; equality (R? = f{%) obtains only if we include indiscriminately all the N—1
possible components. Lastly, the proportion of variance (PV) expressed in a specific polynomial
model, by which we measure to what point the model succeeds in conveying all the information
in our data, is furnished by:

PV =R*/%>.

This last quantity may serve as a guide in our process of model development.

Converting back to a regular polynomial equation

Our purpose here is to build up a regular polynomial equation like (1) using the results of
orthogonal regression analysis, such as the one outlined in the preceding section. For example,
with a set of N data points { X,,Y; }, if only components o, a; and o, proved to be significant,
it is judicious and legitimate to build up a of equation of type (1) using only these components.
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Step 1 [Preliminary calculations]. One may compute the value of a, directly, with the
formula:

N N
o, =243 c.Y | Yy, (5)
i-1 i-1

which is analogous to formula (4) for the associated variance component; constant A, is furnished
in table 2, in the appropriate section for N at line 7. Three more quantities must be defined:

a=Y; M=X,; A=X,~X;

X, is the midpoint of the X;’s. The researcher must also decide which components o, he will
keep and which he will eliminate (by crushing them to zero or ignoring them); he can base his
decision either by contemplating a target (stipulated or theoretical) model, or by leaning upon the
respective statistical significance of components v(a.,).

Suppose that the researcher decides in favor of a 3™ degree polynomial, by reason
of a theoretical argument or based on the statistical significance of the relevant
component. Apart from establishing coefficients 8, and the origin f3), he may
decide to include or not the orthogonal contributions of degree 1 (i.e. a;) and 2
(o), the usual course being to incorporate every lower degree: the ensuing
polynomial equation then coincides with that obtained from the technique of
polynomial regression analysis, a special case of multiple regression analysis.

Step 2 [Determining coefficients p, for equation (2)]. Coefficients 3, derive from
coefficients o, by means of the following transformation:

Bo =0y + Prglly * Pgglty + - (6)
By= o, + p30; t ps05 + o

B, = Oy T Pyply + -

B = oy .

Constants p;, can also be found in table 2.

Step 3 [Expanding and simplifying equation (2)]. Equation (2) may be completely
written out using coefficients B,; it uses the transformed quantity x = (X—M)/A. We need now
to expand the expressions [(X—M)/A]’, group all terms of power X', and simplify, re-substituting
Xpp (= M) and X, —X; (= A). The resulting expression is of the form (1), i.e. a regular
polynomial regression equation. Example 1 above illustrates the process.
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Mathematical presentation

The technique of orthogonal polynomial regression analysis (OPRA) was developed by the same
R.A. Fisher who also created the technique of analysis of variance (ANOVA), the F (or variance
ratio) distribution and several other concepts and techniques for statistical analysis. OPRA extends
and supplements polynomial regression analysis, a special case of multiple regression analysis.
Consider a bivariate { X,Y } series of N data points:

X {Xp X o Xy}
Y: {Y, Y, - Yy}

The X,’s usually denote the successive (increasing) values of the "independent variable", and the
Y,’s are the corresponding observations from the "dependent variable"; the Y,’s represent
habitually averages based on n observations. Any model that predicts Y; from X, can be written
generally as "= f(X)". One such model, called "linear polynomial regression", is written as:

¢ =by + b, X + b,X2 + - + b X~ (7

The order & of this general model may vary from &k = 0, in which case <= b, =Y for every X,
up to k = N—1, in which case the fit between the model and observed data is "perfect", in the
sense that S/\(i = fu—1(X) = Y, . Estimation of parameters b, (0 < r < k) is done for polynomial
regression in the same way as for multiple regression (where the independent, or predictor
variables, X; are all distinct) by the method of least squares, which can be found in most
mathematically oriented textbooks.

Be it for elaborating a simple model f(X) or for assessing the presence of one power
X' of predictor X, the researcher is occasionnaly interested in the power components, particularly
the first few components of the predictive model. For instance, he could wish to determine the
smallest subset of power components of X sufficient for accounting for the significant variance
in the Y,’s or simply to check for the presence of a 2™ degree component, which would defeat
the hypothesis of linear proportionality in the data.

> Such a model is said to be "saturated" and is generally not recommended, for at least two reasons. Firstly, a model
of order (N —1) forces the regression function to pass through each data point, ignoring the presence of error variance
in the observed data and the model’s ability to generalize to new, independent, observations. Secondly, saturation
of the model runs contrary to one major principle of scientific enquiry and model-building, parsimony.
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Now, it turns out that the direct determination of coefficients b, for equation (7) has
three potentially serious drawbacks. The first is that the statistical significance of a b, coefficient
may be ambiguous: even if b, # 0, the " power may nonetheless be nonexistent in the predictor
X, the higher powers in model (7) propagating their variational effects on the lower ones. Second,
the computations required, based on linear (matrix) algebra, are a thrifle laborious. Third, the
estimated coefficients { by, b, -+, b, } are relative to the k™-order model retained, in such a way
that, for example, b, and b, in a 2"%-order model (with by, b,, b,) will differ from b, and b, in
a 3™ order one (with by, by, by, bs). Such is not the case with orthogonal polynomial regression.

The regression model using orthogonal polynomials, which may be viewed as a
transformation of equation (7), can be written:

A
Y = oy + 040 (X) + 0,0,(X) + -+ o0 (X) (8)

where each ¢,(X) denotes a function of X of degree r, and a, is its coefficient. The functions
@, are orthonormal, i.e. for i = 1 to N, their sums of squares must obey >,¢3(1) = 1, and their
sums of simple products, 2..¢,(1)p,(1) = 0. It is this last property which gives orthogonal
regression analysis its worth, for the reason that it allows to deal with the total variance in Y
(s%), based on N—1 df, and to split it in N—1 distinct and additively independent power
components of variance associated with the X,’s. The statistical literature on analysis of variance
covers these applications.

The predictor (or independent) variable X presents N values which may be
successively equidistant or not, and each Y, value of the dependent variable is endowed with an
error variance which may be particular® or common to all Y;. A general method of orthogonal
analysis exists for each possible combination. Here, we shall keep to the simplest case, the one
having equidistant predictor values and a common (and equal) error variance for all Y;.

Tables 1 and 2, at the beginning of this chapter, present the coefficients ¢, ; needed to
compute the amount of variance associated with a given power » in model (8), for series of N
= 3 to 15 data points, and coefficients A, and p;, that are used to reconstruct a reguler polynomial
equation of type (7) from its equivalent orthogonal form (8).

8 In ANOVA, for instance, a sample of n; observations of the dependent variable Y is associated with each value
(X,) of the independent variable, and their average (= Y, in the notation of this section) has a variance of cz/nj,
which implies unequal variances when the sample sizes n; are unequal.
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ANOVA with orthogonal polynomials. The observed variance s*(Y) among the N
values Y, rests upon N—1 df and, consequently, its numerator (N — 1)s*(Y) may be analysed (i.e.
broken down) in N—1 parts, each part having 1 df and pertaining to degree r, the 7™ power of
predictor X. The variance associated with degree » of X is obtained by:

2 N

/ Zcii ]

i=1

N
Vr(Y) - (Z Cr,iYi
i=1

using coefficients c,; in table 1. The reader may check that v; + v, + - + vy, = (N— 1)s*(Y).

Reconverting to a regular polynomial equation. Coefficients o, of the orthogonal
polynomial equation (8) are obtained with:
N N

o, = A’r Ecr,iYi / E Cii ?

i=1 i=1
and o, = Y; constants A, are to be found in table 2. Using these values, we may construct a
regular polynomial equation of any degree. Note, in passing, that v,, the portion of variance in

Y associated with the 7 power of X, equals o Zcf,i / A% To construct a regular polynomial
equation of degree k, we must determine coefficients B, B;, -, B, in the following manner:

Bo = Olg T P10ty + Pyglly T+t ProOly )
B = O TPy 0y + o+ POy
By = Oy -

The system of tables proposed here rests on a recoding of predictor (or independent
variable) X around its midpoint (M = X,,,,), and the common interval (Ay = X;;, —X;) between
consecutive values. This system gives rise to a simple structure of coefficients, in which ¢,; = 0
if » + i is odd. Thus, using our system, coefficient matrix (9) becomes:

Bo =0y + ppolt; t Pagty t - 9
By= oy + p305 + psas t o
B, = Oy F Pyglly + -

By = o ;
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no term in each summation goes beyond coefficients o, These B, coefficients express the least
squares regression of degree k£ of Y on the predictor x = (X—M)/A, i.e.

A B CNf\K
o ﬁo+ﬁl(x M)+ s ﬁk(ﬂ) .

A A

Finally, to obtain coefficients b, of the regular least squares polynomial equation (7), it remains
to expand the parenthesized expressions and group terms of the same power X". Thus, for b,, we
may compute b, = B, — B,M/A + B,(M/A)? — B,(M/A)® + -, etc. In the case of simple linear
regression, ¥ = b, + b, X, we have by = ¥ and b, = a,/A.

Theory and preparation of the tables

If we develop each polynomial ¢,(X) and evaluate it for each pair ( X,Y; ), the application of
equation (8) gives rise to the following system of equations:

A
Y=oy + oy(pptXy + 0‘2(P2,0+P2,1Xi+X,2) ot O‘k(pk,0+pk,1Xi+'"+X]z€) .

!
ri

The condition of normalization, i.e. Y. [¢,(1)]* = 2[c.,]* = 1, may be implemented afterwards,
for instance by dividing each obtained coefficient with the square root of the sum of squares of
all coefficients, ¢,; = c,;/</ 2¢%, The condition of orthogonality is obtained by insuring that
20D (1) = 2;c, ¢ ; = 0 for every s < 7. Since, at degree 0, the coefficients are (1, 1, -, 1),

this condition also implies that 3_.c_. = 0 for » > 0.

Choice of variable x = (X—M)/A. In order to set up tables of coefficients, the
predictor variable X must present regular intervals (A) and, above all, be standardized in some
way. We have opted for a system of recoding centered on the midpoint X, of X, ie x =
(X—Xp)/A, which generates values x; running from —’(N—1) to 12(N—1) with unit intervals.
This system, less laborious to compute, produces also a sparser table of coefficients; indeed, as

the sum of odd powers of x; is null, 3,x*"*! = 0, half of the needed coefficients vanish!

An example of computation for N = 5. The values of predictor X (X, X,, X3, X,, Xs)
are recoded to (=2, —1, 0, 1, 2) through the transformation (X; — M)/A, where M = X, = X,
et A=X,,—X,.

For r = 0, coefficients ¢, ; of @y(x) are (1, 1, 1, 1, 1).

For r =1, it is sufficient that X [p, ;+x] = Np, ,+ 2;x, = 0. Here, 5p, o+ 0 =
0 implies p, ;, = 0. Thus, coefficients c, ; are respectively (0 + x;) = (-2, -1,
0, 1, 2).
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For r = 2, we need to insure 2.,¢,(x;)) = O (orthogonality with » = 0) and
2:P,(x)9,(x) = O (the same with » = 1). The first equation gives X;(p,, +
Py % x) = Npyo + Ppi2ix; + Zx; = 5pye 0 + 10, from which p,,=~2.
Then, using coefficients c, ; already computed, >.[c; (pyo + Py X; + )] =0
+10p,, + 0 = 0, from which p,, = 0. This solution generates coefficients (—2
+0+x7)=(2, -1, =2, -1, 2).

For r = 3, the three "orthogonality" equations: >.0,(x;) = 0, 2,0,(x)p,(x;) =
0 and >, @;(x)®,(x;) = 0, must be insured, giving rise to 5p;, + 10p;, = 0,
10p;; + 34 = 0, and 14p;, = 0, from which p;, =p;, =0, and p;; = —3,4
= —17/5. Coefficients ¢, are (0 — 3.4x;,+ 0+ x7) = (—1.2, 2.4, 0, —2.4,
1.2), or (—1, 2, 0, =2, 1)/A;, where A, = 2.

The same process, applied for r = 4, produces equations 5p,, + 10p,, + 34
=0, 10p,, + 34p,; = 0, 14p,, + 62 =0, and 14,4p, ; = 0, which entail p,, =
72/35, pyy = —31/7, p41 = P43 = 0, and, finally, coefficients (1, —4, 6, —4,
1)/A,, where A, = 35/12.

Some useful formulae

For the first few powers of predictor X, there exist formulae with which it is easy to derive
coefficients ¢, ; and p;,. All these formulae pertain to the centered, "mid-point", recoding system
adopted here, that is: x; = (X;—X,,,)/A.

Coefficients c,;. We present hereafter the generic formulae for the coefficients of ¢,(x,),
1 < r £ 5. Note that the constants A,, required for producing integer-valued coefficients, depend
immediately on N and must be determined.

@y(x) = Ay x;

Py(%) = Mlx? — (N2 — 1)/12] 5

9;(x) = A3[x* —x(3N*—7)/20] ;

9,(x) = Ay [x* — (2N?—13)/14 + 3(N*—1)(N*—9)/560] ;
@5(x) = Aglx° — Sx* (N2 —7)/18 + x(15N*—230N2+407)/1008] .
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There also exists a recursive algorithm which computes the above coefficients. Let a
temporary variable X =0, 1, 2, -, N—1 and base functions: ®yX) =1, ®(X) = 1 —-(2X)/(N—1).
Then,

Rr+DHIN-2X-D@ (X) -r(N+n @, _,(X)

®rn(X) = (r+1)(N-r-1)

and ¢,(x) = (—1)"A,®,(X), with new constants A, to be determined.

Coefficients p;,. Coefficients p;,, which make possible the transition from an orthogonal to
a regular polynomial equation, depend entirely on the recoding of predictor variable X. A
recoding (or standardization) such as x = (X—X;)/A, which would give x;= 0, 1, -, N—1, would
generate the same ¢, ; but an altogether different, and more furnished, set of p;,. For the centered
variable (XX, ))/A adopted here, note at once that p;, = 0 when r+i is odd or i > N~1. Here
are some formulae:

P2o = _(Nz_l)/l2 >

py; = —(3N*=7)/20 ;

3(N*—10N*+9)/560 ; p,, = —(3N*—13)/14 ;
(15N*—230N*+407)/1008 ; ps5 = —5(N*—7)/18 .

P4y
Ps,;1

i
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Binomial distribution

v Graphical representations
v/ Binomial sum of probabilities for some values of 7 (table 1)
v Maximum size n such that Pr(r>x)<a (table 2a)
and minimum size n such that Pr(r<x)<a (table 2b)
v Maximum value of n such that Pr(r>x|n,n)<a
(table 3a) and minimum value of 7 such that
Pr(r<x|mn,m)<a (table 3b)
v Reading off the tables
v/ Full examples
v/ Mathematical presentation

Calculation and moments
Approximations to P(x)
Generation of pseudo random variates
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Binomial sum (integral) of probabilities for some values of ® (table 1)
n o x w=12 13 14 15 110 nox w=12 13 14 15 110
2 0 25000 44444 56250 64000 81000 10 0 00098 01734 05631 10737 34868
1 75000 88889 93750 96000 99000 1 01074 10405 24403 37581 73610
30 12500 29630 42188 51200 72900 205469 29914 52559 67780 92981
1 50000 74074 84375 89600 97200 3 17188 55926 77588 87913 98720
2 87500 96296 98438 99200 99900 4 37695 78687 92187 96721 99837
5 62305 92344 98027 99363 99985
4 0 06250 19753 31641 40960 65610 6 $2813 98034 99649 99914 99999
1 31250 59259 73828 81920 94770 7 94531 99660 99958 99992 1~
2 68750 88889 94922 97280 99630 8§ 98926 99964 99997 1-  1-
3 93750 98765 99609 99840 99990 o 99902 99998 1- 1~ 1-
> 003125 13169 23730 32768 59049 11 g 00049 01156 04224 08590 31381
1 18750 46091 63281 73728 91854 1 00586 07515 19710 32212 69736
2 50000 79012 89648 94208 99144 5 03271 23411 45520 61739 91044
3 81250 95473 98438 99328 99954 3 11328 47256 71330 83886 98147
4 96875 99588 99902 99968 99999 4 27141 71100 88537 94959 99725
6 0 01563 08779 17798 26214 53144 5 50000 87791 96567 98835 99970
1 10938 35117 53394 65536 88573 6 72559 96136 99244 99803 99998
2 34375 68038 83057 90112 98415 7 88672 99117 99881 99976 1~
3 65625 89986 96240 98304 99873 8 96729 99863 99987 99998 1~
4 89063 98217 99536 99840 99994 9 99414 99987 99999 17 1
5 98438 99863 99976 99994 1~ 10 99951 99999 1 17 1°
7 0 00781 05853 13348 20972 47830 12 0 00024 00771 03168 06872 28243
1 06250 26337 44495 57672 85031 1 00317 05395 15838 27488 65900
2 22656 57064 75641 85197 97431 2 01929 18112 39068 55835 88913
3 50000 82670 92944 96666 99727 3 07300 39307 64878 79457 97436
4 77344 95473 98712 99533 99982 4 19385 63152 84236 92744 99567
5 93750 99314 99866 99963 99999 5 38721 82228 94560 98059 99946
6 99219 99954 99994 99999 1~ 6 61278 93355 98575 99610 99995
8 0 00391 03902 10011 16777 43047 7 80615 98124 99722 99942 1~
1 03516 19509 36708 50332 81310 8 92700 99614 99961 99994 1~
2 14453 46822 67854 79692 96191 9 98071 99946 99996 1~ 1
3 36328 74135 88618 94372 99498 10 99683 99995 1= 17 17
4 63672 91206 97270 98959 99957 1199976 1 1 1 1
5 85547 98034 99577 99877 99998 13 0 00012 00514 02376 05498 25419
6 96484 99741 99962 99992 1~ 1 00171 03854 12671 23365 62134
7 99609 99985 99998 1 1~ 2 01123 13873 33260 50165 86612
9 0 00195 02601 07508 13422 38742 3 04614 32242 58425 74732 96584
1 01953 14307 30034 43621 77484 4 13342 55204 79396 90086 99354
2 08984 37718 60068 73820 94703 529053 75869 91979 96996 99908
3 25391 65031 83427 91436 99167 6 50000 89646 97571 99300 99990
4 50000 85515 95107 98042 99911 7 70947 96535 99435 99875 99999
5 74609 95758 99000 99693 99994 8 86658 99117 99901 99983 1~
6 91016 99172 99866 99969 1~ 9 95386 99835 99987 99998 1~
7 98047 99903 99988 99998 1~ 1098877 99979 99999 1= 1~
8 99805 99995 1~ 1~ 1- 11 99829 99998 1~ 1- 1”
1299988 1~ 17 17 17




150 Statistical tables explained and applied

Binomial sum (integral) of probabilities for some values of w (table 1, cont.)

n x w=1/2 173 1/4 /5 1/10 n x w=1/2 173 1/4 /5 1/10
14 0 00006 00343 01782 04398 22877 17 O 00001 00101 00752 02252 16677

1 00092 02740 10097 19791 58463 1 00014 00964 05011 11822 48179
2 00647 10533 28113 44805 84164 2 00117 04415 16370 30962 76180
302869 26119 52134 69819 95587 3 00636 13042 35302 54888 91736
4 08978 47550 74153 87016 99077 4 02452 28140 57389 75822 97786
5 21198 68981 88833 95615 99853 5 07173 47767 76531 89430 99533
6 39526 85054 96173 98839 99982 6 16615 67393 89292 96234 99922
7 60474 94238 98969 99760 99998 7 31453 82814 95975 98907 99988
8 78802 98257 99785 99962 1- 8 50000 92452 98762 99742 99999
9 91022 99596 99966 99995 1~ 9 68547 97272 99690 99951 1~
10 97131 99931 99996 1~ 1~ 10 83385 99199 99937 99992 1~
11 99353 99992 1= 17 1~ 11 92827 99813 99990 99999 1~
1299908 99999 1~ 17 1° 12 97548 99966 99999 1 1~
1399994 1~ 17 17 1~ 13 99364 99995 1° 17 1~
15 0 00003 00228 01336 03518 20589 14 99883 1~ 1~ 1~ -
1 00049 01941 08018 16713 54904 1599986 1~ 1~ 1~ 1~
2 00369 07936 23609 39802 81594 16 99999 1 1 1 1
3 01758 20924 46129 64816 94443 18 0 00000 00068 00564 01801 15009
4 05923 40406 68649 83577 98728 1 00007 00677 03946 09908 45028
5 15088 61837 85163 93895 99775 2 00066 03265 13531 27134 73380
6 30362 79696 94338 98194 99969 300377 10167 30569 50103 90180
7 50000 91177 98270 99576 99997 4 01544 23107 51867 71635 97181
8 69638 96917 99581 99922 1~ 5 04813 41224 71745 86708 99358
9 84912 99150 99921 99988 1~ 6 11894 60851 86102 94873 99883
10 94077 99819 99988 99999 1~ 7 24034 77674 94305 98372 99983
11 98242 99971 99999 1~ 1~ 8 40726 89240 98065 99575 99998
12 99631 99997 1~ 17 1~ 9 59274 95665 99458 99909 1~
13 99951 1= 1= 17 17 10 75966 98556 99876 99984 1-
14 99997 1= 17 17 17 11 88106 99608 99977 99998 1~
16 0 00002 00152 01002 02815 18530 1295187 99915 99997 1— 1~
1 00026 01370 06348 14074 51473 1398456 99986 1- 1 1~
2 00209 05938 19711 35184 78925 1499622 99998 1= 17 1~
3 01064 16595 40499 59813 93159 1599934 17 17 171~
4 03841 33912 63019 79825 98300 1699993 1— 1717 17
5 10506 54694 81035 91831 99670 17 1 1 1 1 1
6 22725 73743 92044 97334 99950 19 0 00000 00045 00423 01441 13509
7 40181 87350 97287 99300 99994 1 00004 00474 03101 08287 42026
8 59819 95004 99253 99852 99999 2 00036 02402 11134 23689 70544
9 77275 98405 99836 99975 1~ 3 00221 07866 26309 45509 88500
10 89494 99596 99971 99997 1~ 4 00961 18794 46542 67329 96480
11 96158 99921 99996 1~ 1~ 5 03178 35185 66776 83694 99141
12 98936 99988 1~ 17 1° 6 08353 54309 82512 93240 99830
13 99791 99999 1~ 1=  1° 7 17964 72066 92254 97672 99973
14 99974 1= 1= 17 1° 8 32380 85385 97124 99334 99996
15 99998 1= 17 17 17 9 50000 93523 99110 99842 1~
0

[y

67620 97593 99771 99969 1~
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Binomial sum (integral) of probabilities for some values of w (table 1, cont.)

n x 7=1/2

19

20

21

11
12
13
14
15
16
17
18

oo~ nNbhkwWwN—O

82036
91647
96822
99039
99779
99964
99996
1-
00000
00002
00020
00129
00591
02069
05766
13159
25172
41190
58810
74827
86841
94234
97931
99409
99871
99980
99998
1-
00000
00001
00011
00074
00360
01330
03918
09462
19166
33181
50000
66819
80833
90538
96082
98670
99640
99926

1/3

99258
99813
99962
99994
99999
1-
1-
1-
00030
00331
01759
06045
15151
29721
47934
66147
80945
90810
96236
98703
99628
99912
99983
99997
1-
1-
1-
1-
00020
00231
01283
04616
12116
24865
41863
60076
76012
87522
94428
97881
99319
99817
99960
99993
99999
-

1/4

99952
99992
99999
1-
1-
1-
1-
1-
00317
02431
09126
22516
41484
61717
78578
89819
95907
98614
99605
99905
99982
99997
1-
1-
1-
-
1-
1-
00238
01903
07452
19168
36742
56659
74363
87009
94385
97937
99358
99831
99963
99993
99999
1-
1-
-

1/5

99995
99999
1-
1-
1-
1-
-
1-
01153
06918
20608
41145
62965
80421
91331
96786
99002
99741
99944
99990
99998
1-
1-
1-
-
-
-
1-
00922
05765
17870
37038
58601
76930
89149
95695
98559
99593
99903
99981
99997
1-
1-
1-
1-
-

1/10
-
-
-
1-
-
-
1-
1-
12158
39175
67693
86705
95683
98875
99761
99958
99994
99999
-
1-
-
-
-
1-
-
1-
1-
1=
10942
36473
64841
84803
94785
98555
99673
99939
99990
99999
-
1-
-
-
1-
1-
-
-

n x w=1/2
21 18 99988
19 99999
20 1”
22 0 00000
1 00001
2 00006
3 00043
4 00217
5 00845
6 02624
7 06690
8 14314
9 26173
10 41591
11 58409
12 73827
13 85686
14 93310
15 97376
16 99155
17 99783
18 99957
19 99994
20 99999
21 1~
23 0 00000
1 00000
2 00003
3 00024
4 00130
5 00531
6 01734
7 04657
8 10502
9 20244
10 33882
11 50000
12 66118
13 79756
14 89498
15 95343
16 98266
17 99469
18 99870
19 99976
20 99997

173
-
1-
-

00013
00160
00932
03505
09616
20615
36197
54005
70700
83685
92126
96730
98839
99651
99912
99982
99997
1-
1-
1-
1-
1-
00009
00111
00675
02648
07579
16949
31003
48069
65135
79357
89312
95195
98136
99381
99825
99958
99992
99999
1-
-
-

1/4
1-
-
1-

00178
01487
06065
16239
32349
51680
69937
83847
92541
97049
99003
99713
99930
99986
99998
1-
1~
1-
1-
1-
1-
1-
00134
01159
04920
13696
28321
46847
65373
80370
90368
95922
98514
99535
99876
99972
99995
99999
-
1-
1-
1-
-

1/5
1-
1-
1-

00738
04796
15449
33204
54288
73264
86705
94386
97986
99386
99841
99965
99994
99999
1-
1-
1-
1-
1-
1-
1-
1-
00590
03984
13319
29653
50071
69469
84017
92849
97266
99106
99750
99940
99988
99998
1-
1-
1-
1-
1-
1-
1-

1/10
1-
1-
1-
09848
33920
62004
82807
93787
98178
99561
99912
99985
99998
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1~
08863
31513
59196
80727
92689
97739
99422
99877
99978
99997
1-
1-
-
1-
1-
1-
-
1-
1-
-
1-




152 Statistical tables explained and applied

Binomial sum (integral) of probabilities for some values of 7 (table 1, cont.)

n x w=1/2 173 1/4 1/5 1/10 n x w=1/2 173 1/4 /5  1/10

2221 1-  1—  1° 1= 1 25 21 99992 1 1- 1~ 1-
2 1= 1 1" - 1" 22 99999 1~ 1~ 1~ 1-
24 0 00000 00006 00100 00472 07977 23 1 1 1 1 1
1 00000 00077 00903 03306 29248 26 0 00000 00003 00056 00302 06461
2 00002 00487 03980 11452 56427 1 00000 00037 00546 02267 25126
300014 01990 11502 26386 78574 2 00001 00251 02584 08406 51051
4 00077 05935 24665 45988 91493 3 00004 01110 08019 20684 74094
5 00331 13825 42216 65589 97234 4 00027 03576 18436 38334 88815
6 01133 26318 60741 81107 99254 5 00125 09004 33714 57748 96014
7 03196 42380 76620 91083 99832 6 00468 18501 51539 74737 98813
8 07579 59447 87868 96383 99968 7 01448 32069 68515 86871 99702
9 15373 74617 94534 98738 99995 8 03776 48181 81955 94076 99936
10 27063 85994 97866 99621 99999 9 08432 64293 90913 97678 99988
11 41941 93233 99280 99902 1~ 10 16347 77988 95992 99209 99998
12 58059 97156 99791 99978 1~ 11 27860 87948 98453 99766 1~
13 72937 98966 99948 99996 1~ 12 42251 94173 99479 99940 1~
14 84627 99677 99988 99999 1~ 13 57748 97525 99847 99987 1~
15 92421 99914 99998 1~ 1~ 14 72140 99081 99961 99997 1~
16 96804 99981 1~ 1= 1 15 83653 99703 99991 1~ 1-
17 98867 99996 1~ 1= 1 16 91568 99917 99998 1~ 1-
18 99669 99999 1~ 1= 1 17 96224 99980 1 1- 1”
19 99923 1~ 1~ - 1 18 98552 99996 1~ 1” 1-
20 99986 1° 1” 1~ 1 19 99532 99999 1~ 1~ 1~
21 99998 1~ 1- 1= 1 20 99875 1~ 1- 1~ 1-
2 1 1” 1~ 1= 1 21 99973 1” 1- 1- 1-
25 0 00000 00004 00075 00378 07179 22 99% 1- 1~ -1
1 00000 00053 00702 02739 27121 23 999%9 1 17 -1~
200001 00350 03211 09823 53709 24 1 1 1 1 1
3 00008 01489 09621 23399 76359 27 0 00000 00002 00042 00242 05815
4 00046 04620 21374 42067 90201 1 00000 00026 00423 01874 23260
5 00204 11195 37828 61669 96660 2 00000 00180 02074 07178 48458
6 00732 22154 56110 78004 99052 300002 00824 06660 18228 71790
7 02164 37026 72651 89088 99774 4 00016 02754 15832 34804 87344
8 05388 53757 85056 95323 99954 5 00076 07194 29895 53866 95294
9 11476 69560 92867 98267 99992 6 00296 15335 47083 71339 98533
10 21218 82201 97033 99444 99999 7 00958 27546 64271 84444 99613
11 34502 90821 98927 99846 1~ 8 02612 42810 78595 92635 99913
12 50000 95849 99663 99963 1~ 9 06104 58922 88675 96957 99983
13 65498 98363 99908 99992 1~ 10 12389 73423 94722 98903 99997
14 78782 99440 99979 99999 1~ 11 22103 84628 97838 99654 1
15 88524 99835 99996 1~ 1~ 12 35055 92098 99222 99905 1~
16 94612 99958 99999 1~ 1~ 13 50000 96407 99755 99977 1~
17 97836 99991 1 i 14 64945 98562 99933 99995 1~
18 99268 99998 1~ - 1 15 77897 99496 99984 99999 1~
19 99796 1 1” 1= 1 16 87611 99846 99997 1~ 1-
20 99954 1 1” - 1 17 93896 99959 99999 1~ 1-
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Binomial sum (integral) of probabilities for some values of 7 (table 1, cont.)

n x

27 18
19
20
21
22
23
24

28

OO0~V D WN—O

T=1/2

97388
99042
99704
99924
99984
99998
1-
00000
00000
00000
00001
00009
00046
00186
00627
01785
04358
09247
17246
28579
42528
57472
71421
82754
90752
95642
98215
99373
99814
99954
99991
99999
1-
00000
00000
00000
00001
00005
00027
00116
00407
01206
03071
06802
13247
22913

173

99991
99998
1-
1-
-
-
-
00001
00018
00128
00609
02111
05714
12622
23476
37722
53551
68589
80893
89608
94971
97844
99185
99729
99922
99980
99996
99999
1-
1-
-
1-
-
00001
00012
00092
00449
01610
04513
10319
19858
32973
48275
63576
76791
86703

1/4
1-
1-
1-
1-
1-
1-
1-

00032
00328
01661
05514
13539
26379
42786
59974
75014
86155
93210
97059
98876
99622
99888
99971
99993
99999
1-
1-
1-
1-
1-
1-
1-
-
00024
00254
01328
04551
11532
23169
38684
55677
71254
83370
91446
96097
98422

/5
-
-
-
1-
1-
1-
1-

00193
01547
06117
16018
31489
50053
67844
81823
90996
96093
98514
99504
99855
99963
99992
99998
1-
1-
1-
-
1-
-
1-
-
1-
-
00155
01277
05203
14038
28395
46340
64286
79027
89162
95074
98029
99306
99785

1/10
1-
1-
1-
1-
1-
1-
1-
05233
21515
45938
69457
85789
94499
98209
99505
99883
99976
99996
99999
1-
1-
-
1-
1-
1-
1-
-
1-
1-
1-
1-
-
1-
04710
19887
43496
67105
84156
93628
97838
99375
99844
99966
99994
99999
1-

n
29

30

x 7=1/2
13 35554
14 50000
15 64446
16 77087
17 86753
18 93198
19 96929
20 98794
21 99593
22 99884
23 99973
24 99995
25 99999
26 1-

0 00000

1 00000

2 00000

3 00000

4 00003

5 00016

6 00072

7 00261

8 00806

9 02139
10 04937
11 10024
12 18080
13 29233
14 42777
15 57223
16 70767
17 81920
18 89976
19 95063
20 97861
21 99194
22 99739
23 99927
24 99984
25 99997
26 1”

1/3

93183
96886
98738
99548
99857
99961
99991
99998
1-
1-
1-
1-
-
1-
00001
00008
00065
00330
01223
03545
08384
16678
28602
43174
58475
72385
83399
91023
95652
98120
99278
99754
99926
99981
99996
99999
1-
1-
1-
1-
-

1/4

99435
99822
99950
99988
99997
-
-
1-
-
-
-
1-
-
-
00018
00196
01060
03745
09787
20260
34805
51429
67360
80341
89427
94934
97841
99182
99725
99918
99978
99995
99999
1-
-
1-
1-
-
-
1-
1-

1/5

99941
99986
99997
99999
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
00124
01052
04418
12271
25523
42751
60697
76079
87135
93891
97438
99051
99689
99910
99977
99995
99999
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-

1/10
-
1-
-
1-
1-
1-
-
1-
-
-
-
1-
1-
-
04239
18370
41135
64744
82451
92681
97417
99222
99798
99955
99991
99998
1-
1-
-
-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
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Statistical tables explained and applied

Maximum size » such that Pr(r >

x|n,m) < «in a binomial distribution (table 2a)

X

DN = = = e e e e
OV~ MNP WNEFE OV i N~

N NN
W N =

[N\
wn b

WA NN
OO 00N

w
—_

P LWL LYWW W
OO0 ~ION i N

P I N
OO0 ~1ION Wb =

wn
(=]

T=1/72
a = .05 .025 .01 .005

T=1/3
.05 .025 .01 .005

~J W W

11

16
18
20
23
25
27
30
32
35
37
40
43
45
48
50
53
55

58
61
63
66
68

71
74
76
79
82

84
87
90
92
95
98
100
103
106 102
108

111
114 110
117 112
119 115
122 117

T=1/4
.05 .025 .01 .005

O N W
~J W W,
[ Q8 ~N
[= N~

11
14
17
20
23

26
29
33
36
39

42
46
49
52
56
59
62
66
69
73
76
80
&3
86
90

93
97
100 95
104 99 93
107 102 97

111 106 100
114 109 103
118 113 107
122 116 110
125 119 113
129 123 117
132 126 120
136 130 123
139 133 127
143 137 130
146 140 134 129
150 144 137 132
154 147 140 136
157 151 144 139
161 154 147 142

10 9 8§
13
15
18
21

24
27
30
33
36
39
42
46
49
52
55
59
62
65
68

72
75
79
82
85

89
92

93

96

99
103
106
109
112
116
119
122
126

T =1/5
.05 .025 .01 .005

122
127

131
135
139
144
148

152
157
161
165
170

174
178
183
187
191

7 = 1/10 X

.05 .025 .01 .005
- - - - 1
3 2 - - 2
8 6 5 4 3
14 11 9 7 4
20 17 14 12 5
27 23 19 17 6
34 29 25 22 7
41 36 31 28 8
48 43 37 33 9
56 50 43 39 10
63 57 50 46 11
71 64 57 52 12
79 71 64 59 13
8 79 71 65 14
94 86 78 72 15
102 94 85 79 16
110 102 92 86 17
119 109 99 93 18
127 117 107 100 19
135 125 114 108 20
143 133 122 115 21
152 141 130 122 22
160 149 137 130 23
168 157 145 137 24
177 165 153 145 25
185 173 161 152 26
194 182 168 160 27
202 190 176 168 28
211 198 184 175 29
219 206 192 183 30
228 215 200 191 31
236 223 208 199 32
245 231 216 206 33
254 240 224 214 34
262 248 233 222 35
271 257 241 230 36
280 265 249 238 37
289 274 257 246 38
297 282 265 254 39
306 291 274 262 40
315 299 282 270 41
324 308 290 278 42
332 316 298 287 43
341 325 307 295 44
350 333 315 303 45
359 342 323 311 46
368 351 332 319 47
377 359 340 328 48
385 368 349 336 49
394 377 357 344 50
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Minimum size n such that Pr(r <

x|n,m) < « in a binomial distribution (table 2b)

x
o= .05 .025 .01 .005

OO~ i WwWwhhr—

—_
(o]

[\ I S I S I N I N B N S R e e e e N e e N e )
NPRWDNRP, OV N WM~

WD
[N SRR e

AR EBREPRA DBULWLWLWW WLWLWLWLWWW
NP W= OV~ N bWk

bbb
[s=JRN=T0 I o)}

8
11
13
16
18
21
23
26
28
30

33
35
37
40
42

44
47
49
51
53
56
58
60
62
65

T=1/2

9
12
15
17
20
23
25
28
30
33

35
37
40
42
44
47
49
51
54
56
58
61
63
65
67
70
72
74
77
79

81
83
86
88
90
92
94
97
99
101
103
106
108
110
112

114
117
119
121
123

11
14
17
19
22
25
27
30
33
35

38
40
42
45
47
50
52
54
57
59

62
64
66
69
71

73
76
78
80
82

85
87
89
92
94

96
98
101
103
105

107
110
112
114
116

119
121
123
125
128

12
15
18
21
24

26
29
32
34
37

39
42
44
47
49
52
54
57
59
61

64
66
69
71
73
76
78
80
83
85

87
90
92
94
97
99
101
104
106
108

110
113
115
117
119

122
124
126
129
131

T=1/3

.05 .025 .01 .005

13
17
21
25
29
33
37
40
44
48

51
55
58
62
65

69
72
76
79
83

86
90
93
96
100

103
107
110
113
117

120
123
127
130
134
137
140
143 149
147 153
150 156

153 159
157 163
160 166
163 169
167 173

170 176
173 180
177 183
180 186
183 190

15
19
24
28
32
36
40
44
47
51

55
59
62
66
69

73
77
80
84
87
91
94
98
101
105
108
112
115
119
122

125
129
132
136
139
142
146

17
22
27
31
35
40
44
48
52
55

59
63
67
71
74
78
82
85
89
93

96
100
104
107
111
114
118
121
125
128

132
135
139
142
146
149
153
156
160
163

167
170
173
177
180

184
187
191
194
197

19
24
29
34
38
42
46
51
55
59

62
66
70
74
78
82
85
89
93
97

100
104
108
111
115

118
122
126
129
133

136
140
143
147
151
154
158
161
165
168

172
175
179
182
185

189
192
196
199
203

T =1/4

.05 .025 .01 .005

18
23
29
34
40

45
50
55
60
65

70
74
79
84
89
93
98
103
107
112

117
121
126
130
135

139
144
149
153
158

162
167
171
176
180

20
27
33
38
44
49
54
59
65
70

75
80
85
89
94

99
104
109
114
118

123
128
132
137
142

146
151
156
160
165
170
174
179

24
31
37
43
49
54
60
65
70
76

81
86
91
96
101
106
111
116
121
126

131
136
141
145
150

155
160
164
169
174

179
183
188 195
183 193 199
188 197 204
185 193 202 209
189 197 207 214
193 202 211 218
198 206 216 223
202 211 221 228

207 215 225 232
211 220 230 237
216 224 235 242
220 229 239 246
225 233 244 251

229 238 248 256
233 242 253 260
238 247 257 265
242 251 262 270
247 256 267 274

27
34
40
46
52
58
64
69
75
80

85

91

96
101
106
111
116
121
126
131

136
141
146
151
156

161
166
171
175
180

185
190

x=1/5

.05 .025 .01 .005

22
30
37
44
50
57
63
69
76
82

88

94
100
106
112
118
124
129
135
141

147
153
158
164
170

176

26
34
41
48
55
62
69
75
82
88

94
101
107
113
119
125
131
137
143
149

155
161
167
173
179 190 197

185 196 203
181 190 202 209
187 196 208 215
193 202 213 221
198 208 219 228

204 214 225 234
210 219 231 240
215 225 237 246
221 231 243 252
227 237 249 258

232 242 255 263
238 248 261 269
243 254 266 275
249 260 272 281
255 265 278 287

260 271 284 293
266 277 290 299
271 282 296 305
277 288 301 311
282 294 307 317

288 299 313 322
293 305 319 328
299 310 324 334
304 316 330 340
310 322 336 346

31
39
47
55
62
69
76

34
43
51
59
66
74
81
88
95
102

108
115
121
128
134
141
147
154
160
166

172
179
185
191

T =1/10

.05 .025 .01 .005

46 54 64 72
61 70 81 90
76 85 97 106
89 100 113 122
103 114 127 137

116 127 142 152
129 141 156 167
142 154 170 181
154 167 183 195
167 180 197 209

179 193 210 222
191 206 223 236
203 218 236 249
215 231 249 262
227 243 262 275

239 255 275 288
251 267 287 301
263 280 300 314
275 292 312 327
286 304 325 340

298 316 337 352
310 328 350 365
321 340 362 377
333 352 374 390
345 363 386 402

356 375 398 415
368 387 411 427
379 399 423 439
391 411 435 452
402 422 447 464

413 434 459 476
425 446 471 488
436 457 482 500
447 469 494 512
459 480 506 524
470 492 518 536
481 503 530 548
493 515 542 560
504 526 553 572
515 538 565 584

526 549 577 596
537 561 589 608
549 572 600 620
560 583 612 632
571 595 623 644

582 606 635 655
593 618 647 667
604 629 658 679
615 640 670 691
627 652 681 702
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Maximum value of 7 such that Pr(r = x|n,m) < « (table 3a)

n x a=.05 .025 .01 .005 n x a=.05 .025 .01 .005
1 1 .0500 .0250 .0100 .0050 10 8 4930 4439 3882 .3517
2 1 .0253 .0125 .0050 .0025 9 6058 .5549 4956 4557
) 2236  .1581 .1000 .0707 10 7411 6915 .6309 5887
3 1 0169 .0084 .0033 .0016 I1 1 .0046 0022 .0°91 .0%45
2 1353 0942 .0589 .0414 2 .0333 .0228 .0140  .0098
3 3683 2924 2154 .1709 3 .0788 .0602 .0428 .0333
4 1 0127 .0063 .0025 .0012 4 1350 1092 .0836  .0688
2 0976 0675 0419 .0294 501995 1674 1343 1144
6 2712 2337 .1939  .1693
3 2486 .1941 .1408 .1108 7 3408 3079 2621 2332
4 4728 3976 3162 .2659 & 1356 3902 3395 3067
5 1 .0102 .0050 .0020 .0010 9 5299 4822 4276 3915
2 0764 0527 .0326 .0228 10 .6356 5872 5301 .4914
3 1892 .1466 .1056 .0828 11 7615 7150 6579 .6177
4 3425 2835 2220 .1850 12 1 0042 0021 .0°83 .01
5 .5492 4781 3981  .3465 . : : y
2 .0304 .0208 .0128 .0089
6 1 .0085 .0042 .00l6 .0°83 3 0718 0548 0389 0303
3 .1531 .1181 .0847 .0662 5 1810 1516 1214 1033
4 2713 2227 1730 .1435 6 2452 2109 1746 1521
7 1 .0073 .0036 .0014 .0°71 9 4726 4281 3777 3447
2 .0533 .0366 .0226 .0158 10 .5618 .5158 4626 .4270
3 .1287 .0989 .0708 .0552 11 6613 .6152 5604 .5229
4 2253 1840 .1422 1177 12 7790 .7353 .6812 .6430
6 4792 4212 3566 .3150 2 0280 0192 0118 .0082
8 1 .0063 .0031 .0012 .0°62 4 1126  .0909 .0694 .0570
2 0463 .0318 .0196 .0137 5 1656 1385 .1108 .0942
3 1111 0852 .0608 .0474 6 2239  .1922 .1588 .1382
4 1929 1570  .1209 .0998 7 2870 2513 2128  .1886
5 2892 2448 .1982 .1697 8 3547 3157 2728 2454
6 4003 3491 2932 2578 9 4273 3857 3390 .3087
7 .5293 4734 4100 3684 10 .5053 4618 4122 3793
8 6876 .6305 .5623 .5156 11 5899 5455 4938 4589
9 1 .0056 .0028 .0011 .0°S5 12 .6836 .6397 .5871 .5509
2 .0410 .0281 .0173 .0121 13 7941 7529 7017  .6652
3 .0977 .0748 .0533 .0415 14 1 .0036 .0018 .0°71 .0°35
4 1687 1369  .1052  .0867 2 0259 0177 .0109 .0076
5 2513 2120 1709  .1460 3 0611 0465 .0330 .0257
6 3449 2992 2500 .2191 4 1040 0838 .0640 .0525
7 4503 3999 3436 .3073 5 1527 1275 1019 .0865
8 5708 5175 4559 4150 6 2060 1766 1456 .1267
9 7168  .6637 .5994 5550 7 2635 2303 .1947 1723
10 1 .0051 .0025 .0010 .0005 8 3250 2886 .2487 2234
2 .0367 .0252 .0155 .0108 9 .3904 3513 .3079 .2798
3  .0872 .0667 .0475 .0370 10 4599 4189 3725 .3420
4 1500 .1215 .0932 .0767 11 5343 4920 .4433 4108
5 2224 1870 .1504 .1283 12 .6l146 5718 .5217 .4876
6 3035 2623 2183 .1908 13 .7032 .6613 .6109 .5759
7 3933 3475 2970 .2648 14 8073 .7683 7196  .6849
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Maximum value of 7 such that Pr(r = x|n,m) < « (table 3a, cont.)

15

16

17

18

s Y S Wy S S Sy N b b ek pend b bt P et ek ek b
BUN- OV ERWNROVONIAUMBWLWNR, AUVBWNROVOIOAUMBMAWNRE, MVAWNFROOVO-IAUVBMWN- ¥

a=.05

.0033
.0242
.0568
.0966
.1416
.1908
2437
2999
3595
4225
4892
5602
.6365
7206
.8189

.0032
.0226
.0531
.0902
1321
1777
2266
2786
3333
3910
4516
5156
5834

025

.0016
.0165
.0433
0778
1182
1633
2126
2658
3228
3838
4489
5191
5953
.6805
7819

.0015
0155
.0404
0726

01
.0%66

.0101
.0307
.0593
.0943
.1345
1794
2287
2822
3402
4031
4714
.5468
.6321
7356

.0%°62

.0095
.0286
.0553
.0878

.005
.0°33

.0071
.0238
.0487
.0801
.1169
1587
2051
2561
3118
3726
4394
5136
.5984
.7024

031

.0066
.0223
.0454
.0745
.1086
1471
.1896
2362
2867
3415
4008
4656
5372
.6186
7181

.0°29

.0062
.0209
0425
.0696

n

18

19

20

025

.0969
1334
1729
2153
2601
3075
3574
4099
4651
5236
5858
.6528
7270
.8146

.0013
.0130
.0338
.0605
.0914
1257
1628
2025
2444
.2886
3349
3835
4344
4879
.5443
.6042
.6686
7397
.8235

.0012
0123
.0320
.0573
.0865
1189
1539
1911
.2305
2719
3152
.3605
4078
4572
.5089
5633
.6210
.6830
7512
8315

.005

.0654
.0950
.1283
.1649
.2046
.2473
2931
3421
.3945
4507
5115
.5783
.6536
.7450

.0°26

.0055
.0186
0377
.0616
.0895
.1206
.1548
.1918
2316
2739
3191
.3670
4181
4728
5318
.5963
.6688
7566

.0%25

.0052
.0176
0357
.0583
.0845
.1138
.1459
.1806
2177
2572
.2990
3434
.3903
4402
4933
.5505
.6128
.6828
7672
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Minimum value of 7 such that Pr(r < x|n,m) < « (table 3b)

n x a=.05 .025 01 .005 n x «=.05 .025 01 .005

0 9500 .9750 .9900 .9950 10 7 9128 9333 9525 .9630

0 7764 .8419 .9000 .9293 8 9633 9748 9845 9892

1 9747 9875 9950 .9975 9 9949 9975 9990 9995

3 0 .6316 .7076 .7846 .8291 11 0 2385 2850 3421 3823

1 .8647 .9058 .9411 .9586 13644 4128 4699 5086

2 9831 .9916 9967 .9984 2 4701 5178 5724  .6085

4 0 5272 .6024 6838 .7341 3 o044 6098 6605 6933

1 7514 8059 8592 8892 4 6502 .6921 .7378 .7668

5 7288 .7663 .8061 .8307

2 9024 9325 9581 .9706 & 8005 8326 8657 8856

3 9873 .9937 9975 .9988 7 's6sb 8008 o164 9312

5 0 4508 5219 .6019 .6535 8 9212 9398 9572 9667
39236 .9473 9674 9772 ' ' ' :

4 9898 9950 9980 9990 12 0 2210 2647 3188 .3570

1 3387 3848 4396 4771

6 0 3931 .4593 5359 .5865 0 2382 4842 5374 5730

1 .5819 .6413 .7057 .7461 3 5274 5719 6222 6553

5 9915 9958 9984 917 7 8190 8484 8786 8967

7 0 .3482 4097 4821 .5309 8 8772 9008 9242 9376

15208 57838  .6434  .6850 9 9282 9452 9611 9697

2 .65838 7096 7637 .7971 10 9696 .9792 9872 .9911

3 7747 8160 .8578 .8823 11 9958 9979 917 .9%59

4 3713 9011 9292 9448 13 0 2059 2471 2983 3348

5 9467 9634 9774 9842 1 3164 3603 4129 4491

6 9927 9964 9986 .9°29 2 4101 4545 5062 5411

8 0 3124 3695 4377 4844 3 4947 5382 5878  .6207

1 4707 5266 .5900 .6316 4 5727 6143 6609 .6913

2 5997 6509 7068  .7422 5 6453 .6843 7272 .7546

3 .7108 7552 .8018  .8303 6 7130 .7487 7872 .8113

4 .8071 .8430 .8791 .9002 7 7761 8078 .8412 .8618

5 8889 9148 9392 .9526 8 .8344 8615 .8892 .9058

6 .9537 9682 9804 .9863 9 .8874 9091 9306 .9430

7 9937 9969 9988  .9°38 10 .9340 9497 9643 9722

9 0 .2832 3363 .4006 .4450 11 9720 9808 .9882 .9918

1 4292 4825 5441 5850 12 9961 9981 .9°23 962

2 5497 .6001  .6564  .6927 14 0 1927 2317 2804 3151

3 .6551 .7008 .7500  .7809 1 2968 3387 3801 .4241

4 7487 7830  .8291  .8540 2 3854 4282 4783 5124

5 8313 8631 .8948 9133 3 4657 5080 .5567 .5892

6 .9023 9252 9467 .9585 4 5401 5811 .6275 .6580

7 .9590 9719 9827  .9879 5 .6096 .6487 .6921 .7202

8 .9944 9972 9989  .9%45 6 6750 7114 7513 .7766

10 0 .2589 .3085 3691 .4113 7 7365 7697 8053 .8277

1 3942 4451 5044 .5443 8 7940 8234 8544 8733

2 5070 5561 .6118  .6483 9 8473 .8725 .8981 9135

3 .6067 .6525 7029 .7352 10  .8960 9162 .9360 .9475

4 6965 7377 .71817 .8091 11 9389 9535 9670 .9743

5 7776 8130 .8496 .8717 12 9741 9823 9891 .9924

6 .8500 .8785 .9068  .9233 13 9964 9982 9°29 965




Binomial distribution

159

Minimum value of & such that Pr(r < x|n,m) < « (table 3b, cont.)

15

16

17

CONAULbbWNRO &

«=.05
1811

.025

.005

2976
4016
4864
5606
6274
.6882
.7439
7949
.8413
.8831
9199
9513
9762
9929

967

2819
3814
4628
5344
5992
.6585
7133
.7638
.8104
.8529
.8914
9255
.9546
9777
9934

9%69

2678
3631
4413
5105
5732
.6310
.6846
7345
.7808
.8236
.8630
.8987
9304
9575
9791
9938

9’71

2550
3464
4217
4885

n

18

19

20

X
4
5
6
7
8

a=.05

4389
4979
5541
.6079
.6595
.7088
7561
.8011
.8437
.8836
.9204

9988

.01

5199
5772
.6310
.6815
7290
7738
.8156
.8546
.8905
.9229
9513
9747
9916

945

2153
3019
3741
4388
4983
5538
.6061
.6554
7020
7461
1877
.8268
.8632
.8968
9273
.9540
9761
9920

.9°48

2057
.2888
3584
4208
4783
5322
5829
.6310
.6766
7200
7611
.8000
.8366
8709
9025
9312
9564
.9773
9925
.9995
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Reading off the tables

Table 1 enumerates the binomial sum (or integral) of probabilities, Pr(r<x|n,r), where © ("pi")
is used here to denote the probability of success in each trial, for » = 2 to 30 trials, x =0 to n—1
successes, and parametric values © = 1/2, 1/3, 1/4, 1/5, and 1/10. Each quantity is preceded with a
hidden decimal point.

Tables 2a and 2b, for the same range of & values, indicate the limit sample size »* at
which the given number of successes attains significance, at each of the (one-tailed) significance
levels 0.05, 0.025, 0.01 and 0.005. Tabe 2a pertains to relatively high numbers of successes (x/n
> 1), and table 2b, to relatively low numbers, (x/n < ). For example, with 7 = 5, o = 0.01 and
x = 10, table 2a furnishes n* = 15, indicating that Pr(»>10|n,%) < 0.01, i.e. that x = 10 is a
remarkable number of successes in n = 15 trials, and would still be more so in n = 14, 13, 12,
11, and 10 (= x) trials. Similarly, again with 7w = %5, a = 0.01 and x = 10, table 2b furnishes n*
= 595, indicating that 10 successes out of 55 trials, or 10 out of 56, 10 out of 57, etc., are
significantly few.

In table 3a, for the same one-tailed significance levels (o = 0.05, 0.025, 0.01, 0.005)
and for given values of » and x, we find the maximum possible value of © (noted ©*) such that
the occurrence of r successes or more in » trials, » > x, is significant, i.e. is such that Pr(r>x|n,n)
< a for m € (0, n*); table 3b gives the minimum m* such that the occurrence of at most
successes in # trials, where » < x, be significant, i.e. Pr(r<x|n,m) < a for n € (n*, 1). This table
3, which is slightly more complex than the preceding two, allows for binomial testing while
freeing the user from a set of predefined © values.

Illustration 1. Find P(4) = Pr(x<4|10,%), the probability of observing four successes
or less in ten trials, each success having probability s of occurring. Table 1, at line » = 10, x =
4 and column & = Vs, gives directly P(4) = 0.78687.

Illustration 2. If each trial has probability % of success, what is the probability of
obtaining ten successes or more in 20 trials? And that of obtaining exactly ten successes? Table
1 again gives us the required information. Actually, the probability of obtaining ten successes or
more is the complement (or remainder, from a total of 1) of the probability of obtaining nine
successes or less, i.e. Pr(r>10|20,%) = p(10)+p(11)+--+p(20) = 1 — Pr(r<9|20,%). Now, we
find Pr(r<9120,%) = 0.98614, so that Pr(»>10) = 1 — 0.98614 = 0.01386, which represents the
probability of observing ten successes or more in 20 trials. As for the probability of observing
exactly ten successes, we may obtain it by substraction. Referring to the same section in table 1,
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Pr(x=10) = Pr(»<10) —Pr(r<9) = 0.99605—0.98614 = 0.00991; we may also compute directly
this probability using formula p(x) given below, in the Calculation and moments section.

Illustration 3. At the game of "heads or tails", what is the maximum number of
guesses (or trials) allowed so that ten good guesses would be deemed remarkable, at the 5 %
significance threshold? In this situation, © = % (indicating the probability of a correct, random
guess at heads or tails), x = 10 and o = 0.05. Table 2a furnishes the desired quantity, namely the
maximum number of trials n* such that Pr(»>10|n,%) for every n < n*. At line x = 10 and
column ©t = ¥4, a = 0.05, we read n* = 13; therefore, for any number # in the interval x < n <
n*, or n =10, 11, 12, or 13, it would be "remarkable" (at a 5 % threshold) to register ten correct
guesses; such would not be the case if those 10 good guesses appeared in more (r > 13) trials.

Hllustration 4. Suppose that, in a given situation, the individual probability of success
per trial was V. Now, someone, in ten trials, succeeded five times. Was the observed rate of 50 %
abnormally high, at the 0.01 significance level? To answer that question, one could perform the
few necessary calculations, otherwise table 3a can help us out. With n =10, x =5 and a = 0.01,
table 3a indicates m* = 0.1504 as the maximum (individual) probability such that the occurrence
of five or more successes in ten trials is significant. Thus, any value 7 in the interval (0, ©n*)
would meet the significance criterion. Our supposed value 7 (= ¥8) does meet it since 0 <7 <
0.1504. So, if n = Vs, the obtained percentage of successes of 50 % can be deemed abnormally
high (at the 0.01 threshold), or else the true probability of success (7) should be revised upwards.

Full examples

Example 1. A student comes to take a test, but being totally ignorant of the subject
matter, relies solely on luck. The test comprises ten multiple-choice questions: for each question,
four answers are proposed, only one of which is correct. What is the probability of guessing
seven right answers? If a score of 60 % is required to pass the test, what are the odds of
obtaining it? Solution: The probability of producing seven correct answers at random out of ten
4-choice questions can easily be calculated as a binomial probability. Let n = 10, x = 7, and
= (.25 if the student picks each answer at random. Then,

p) = (3)m* (1 —ny"™
= (})0.2570.75>
~ 120x0.000061 x 0.421875 ~ 0.0031 .
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Thanks to table 1, which gives the sum P(x) = p(0)+p(1)+ - + p(x), one can calculate p(x) =
P(x)—P(x—1). Here, with n = 10 and &t = %, p(7) = P(7)—P(6) = 0.99958-0.99649 = 0.0031,
as before. Next, the probability of passing the test amounts to the probability of guessing the right
answers to at least six questions out of ten, i.e. Pr(x>6) = p(6)+p(7)+ - +p(10). This sum of
upward probabilities is the complement of the sum given in table 1, i.e. Pr(x>6) = 1 —Pr(x<6) =
1 =Pr(x<5)~1 — 0.98027 = 0.01973. It seems that our scatterbrained student has less than 2 %
of chances to pass the test, and should have spent some time studying!

Example 2. Out of the first 20 customers coming to the perfume counter of a
department store, 70 % were female, i.e. 14 women. Determine the confidence interval for that
percentage, with a confidence rate of 95 %. Solution: Tables 3a and 3b contain together the
needed information. The confidence rate is complementary to the significance level, so that o =
1 — 0.95 = 0.05 for a unilateral (one-tailed) interval, 0.025 (= 0.05/2) for a bilateral (two-tailed)
interval. With n = 20, x = 14 and a = 0.025, tables 3a and 3b indicate respectively m = 0.4572
and © = 0.8811, from which the searched-for interval is approximately (45.7 %, 88.1 %).
Moreover, since that interval embraces the value 50 %, we can not assure, from available data,
that there are really more women than men that come to the perfume counter.

Example 3. At the admissions desk of the emergency service in a large hospital, for
a span of seven days, a total of 178 men and 237 women were registered. Are there really more
admissions of one gender than of the other? Solution: The hypothesis to be verified is that
admission of a woman has the same probability as that of a man, i.e. ®1 = '; also, n = 178+237
= 415. The test should be bidirectional (two-tailed), applying a signifiance level of, say, 1 %.
Now, our tables do not reach sample sizes as high as » = 415. Nevertheless, the normal
approximation, z = {|2x—n| — 1}//n, appropriate with = = ', can be used. We thus have x =
178 (or 237), n =415, and z = {|2x 178 —415| —1}//415~ 2.847. For a two-tailed 1 % test, the
critical normal value is zj g95) = £2.576 (see section on normal distribution, table 2). Since our
computed z value exceeds the critical value, it follows that there are really (significantly) more
women than men who are admitted to the emergency service.

Example 4. Let us take up again illustration 4 above in order to demonstrate various
types of computation, exact or approximate, that can be applied to that case. Using n = Vs, x =
5 and n = 10, we can compute exactly Pr(r25]10,%s) = p(5)+p(6)+ - + p(10) = 0.00394+0.00047
+0.00004+0.00000+0.00000+0.00000 = 0.00445; for instance, p(6) = (& )(Va)’(%)* = 210x
0.000003815%x0.5861816 ~ 0.00047. The global probability of 0.00445 is assuredly less than the
threshold probability o = 0.01.

The simple normal approximation, as in example 3, is a special case of a general
formula for any = : z = [xt% — nn])//[nm(1 —n)]. The "correction for continuity”" (i.e. "+%" or
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"—3,") in the numerator is made to reduce the absolute value of the expression and it generally
brings the resulting probability nearer to its true value. Applying now this formula to the data in
illustration 4, we substract "%," from the numerator and obtain z ~ 3.1076. In table 1 (Normal
distribution) of the normal integral, we read P(3.1076) ~ 1™, whence Pr(Z>3.1076) ~ 0, a highly
significant value. However, for m # %5, the proposed approximation can be very coarse, and two
other formulae, developped in the next section, may be preferable. Using the so-called "angular"
normal approximation (cf 1/52), we calculate z* =+/(4n){sin~ W[(x+ Y+%)/(n+¥4)] —sin~ '/} =
VA0{sin " W[(5+3%—1%)/(10+%)] — sin~'\/¥6} ~ /40{0.7388 — 0.3614} ~2.387; note that angles,
that result from the arcsin (sin~') function, are obtained in radians. In table 1 (Normal
distribution), P(2.387) ~ 0.99151, the complementary probability, 1 —0.99151 = 0.00849, being
once more conclusive. [For the inquisitive reader, approximation }/53, named after Gram-Charlier,
is nearly equal to 0.99576, or 0.00424 for its complementary value, coming quite close to the
exact, binomial probability of 0.00445.]

Mathematical presentation

The number x of favorable outcomes (or "successes") after » trials (or "events") is a binomial r.v.
if, on the one hand, the successive trials are statistically independent and, on the other hand, the
probability © (0 < m < 1) of a favorable outcome is a constant. Be it for games of chance or
lottery, Mendelian genetics, the analysis of test scores in multiple-choice questionnaires, etc., the
binomial distribution (or law) is a statistical model as famous and every bit as useful as the
normal distribution. James Bernoulli introduced it formally in 1713; then, in 1733, De Moivre,
in his efforts to approximate binomial probabilities for very large numbers of events, used it as
a gateway to the normal distribution. Many years earlier (~1650), binomial probabilities had
already appeared, albeit namelessly, in the letters of Pascal and Fermat.

What is the probability of obtaining x successes in # trials, or events? If 7 is the
individual probability of a success, how many successes do we need in 10 trials in order to
consider the observed sequence remarkable, at a given threshold of probability? Such are some
of the questions which the binomial distribution enables us to answer.

Calculation and moments

The expansion of the binomial ([1—=n] + w)" gives rise to a sequence of terms: (1-—mn)",
n(1-mn)""'n, Yan(n—1)(1 —n)""2n?, etc., which constitute the binomial distribution of
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probabilities. If & (0 < < 1) is the probability of obtaining a success in any one trial, then each
term gives the probability of obtaining x = 0, 1, 2 - successes in n trials. The individual
probabilities, simple to obtain, and their sum are:

p() = (3" (1—m™,

P@) =3 p) =3 (Hw-ny

r=0

The binomial sum (or integral) P(x) is usefully related to the F (see section on F) and
Beta distributions. Later, we consider a few approximations to this sum.

Moments. The expectation (mean), variance, and shape coefficients of a binomial
variable, with parameters » and m, are:

E(x)=p = nn
var(x) = o’= nn(l-n)
v, = (1 — 2m)/oc
v, = [1 — 6m(1 -m)]/c? .
Note that, for the case where n = Y, p = n/2, 6> =n/4,y, = O and y, = —2/n.
The mode of x (Mo) is such that:
m+DHn —1<Mo(n+ D)m.

Let us add that, when (#+1)7 is an integer, the mode is duplicated, sitting on each of the above
limits.

Approximations to P(x)

In cases where the desired combination of parameter values (n,7,x) is not to be found in available
tables and # is large, the detailed calculations of binomial probabilities can prove fastidious, even
with mechanical aids. That is mostly why some approximations to the binomial sum of
probabilities were worked out.

The simple normal approximation, z = (x—p)/c ~ N(0,1), suffers from the discreteness
of variable x and is not efficient. A correction for continuity, of the form "xx.", greatly
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improves the situation, especially for the case where © = %. For that precise case, the following
equivalence:

|2x - n| -1

Z F —_——

n

~ N(0,1)

proves to be excellent, even with very small »’s.

In the general case where 1t # '2, the normal approximation is still preferred since, for
large values of n, the binomial distribution tends toward the normal. However, for practical
situations characterized by a small # and a value of 7 straying from % — which generates a
skewed distribution —, other approximations are available in the literature. Here are some that
we deem most suitable:

Simple normal : IA’l(x) =®d(z), z= @t—u)o ;

"Angular" normal' : Igz(x) = O(z%) , z*=/(4n){ sin~ [ (x+3/8%12)/(n+3/4)]— sin"'/m } ;

Normal G-C : }/53(x) = ®d(2) — (1-2n)p@E)(z>—1/(60) , z= (xt%—p)o ;
Poisson : 134(x) =e ¥ i‘ .
r=0 I

In the first three approximations, @ denotes the standard normal d.f. and o, its relevant p.d.f. The
second approximation uses the famous "angular" transformation proposed by Fisher, x' =
sin~'/(x/n), more precisely sin™'/[(x+3/8)/(n+3/4)], with approximate expectation sin~'/m and
variance 1/(4n); to this, we have added the recommended continuity correction. The expression
for 1/53 contains the first terms of a series expansion (attributed to Gram-Charlier) which embodies
a skewness correction, with factor 1 —2n. As for ]/54, this approximation rests upon another well-
known relation, namely that, with @ = nm being constant, if 7 decreases as » increases, the
binomial distribution tends to a Poisson distribution with parameter p: such an approximation
should be confined to situations wherein 7 approaches 0.

To guide the potential user, we gathered in a table (next page) some indications on the
accuracy of each approximation for different values of 7, as a function of n. For 131, ﬁz and f\’3,
the table indicates the size n at which and above which the approximation reaches the given
accuracy of 0.01 or 0.005, i.e. the absolute difference between the approximate I%.(x) and the exact
binomial P(x) is limited by 0.01 or 0.005 for any value x. With regard to Poisson’s 1/54, the first

! Angles are given in radian units; if degrees are used instead of radians, the variance would be equal to (90n™1)%/n
~ 820.7/n instead of 1/(4n), where the symbol 7 used here denotes the area of the unit circle, & ~ 3.1416.
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Data on the precision of four approximations to the binomial sum P(x) (see text)

Accuracy T=" T =1 n="% T =1/5 T = 1/10

]/51 0.01 4 22 60 100 310
0.005 6 87 232 390 1230

ﬁz 0.01 14 43 95 158 486
0.005 28 145 366 613 1925

133 0.01 4 4 5 6 12
0.005 6 10 15 9 42

1/54 All n 118 072 .052 .040 .019
Large n .084 .049 .036 .028 .013

line ("all #") indicates the maximum absolute error, which occurs for small values of #n2. The
second line ("large n") gives evidence to the fact that this approximation is more influenced by
© than by # and that it becomes advantageous for smaller values of .

For current usage, we recommend the Gram-Charlier approximation, our 1/53, for n > 10 and
0.15 <=m < 0.85.

Generation of pseudo random variates

The computer program outlined below allows the production of binomial r.v.’s, using a function
(designated UNIF) which generates serially r.v.’s from the standard uniform U(0,1) distribution.
An important set-up phase, executed once, is required. See Remarks, below.

Preparation : ~ Suppose constants 7 (the probability of success in any binomial trial), » (the
number of trials), and B (= 50, 100, 200, a natural number). Declare the real
arrays p2[0..n] et jp2[0..n], and the integer array Table[0..B—1].

p<(1-n); j,t tp2, sp2 < 0 ; Goto P, ;
While j <n do
J<Jjtl; pj < pjax(ntl—j)xn/[jx(1-m)] ;

2 This maximum difference between the Poisson d.f., e *>*_,u"/r!, and the binomial d.f. P(x) occurs at the integral
value x = | 7n7'] (i.e. x is the highest integer such that x < n~1).
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Pi: i< [Bxpl ;pja<pi;
If nj > 1 then Fori=1tot+nj—1 do Table[i] < ;
t<t+umn,
repi — n/B ;tp « tp2 +r;
If j = 0 then p2[0] < 7 ; jp2[0] < O
else
k<j;
Repeat If r < p2[k—1] Goto P, ;
P2[k] < p2[k—1] ; jp2[k] < jp2lk—1] ; k < k—1
Until £ =0
P, p2[k] < r; jp2lk] < ;

For j = 0 to n do sp2 <« sp2 + p2[j] , p2lj] < sp2 / tp2 ;

Production : k « |BxUNIF] ;
If k <tthen  Return Table[k] — x
else u <« UNIF; j <« 0;
While u > p2[j] do j < j+1 ;
Return jp2[j] = x .

Remarks :
1. Standard temporal cost : 2.6 to 2.8 x #(UNIF)

2. The method of generation, which consists in spreading the d.f. of a discrete variable over
an equivalent table of integer values, can easily be adapted to any discrete distribution. Its
efficacy depends mainly on constant B, as the expected number of calls to function UNIF
is nearly 1 + n/B.

3. Another generation method, of general interest for discrete distributions, is the so-called
"alias method" (Gentle 1998; Laurencelle 2001). It also requires a major set-up phase, is
more space-efficient and slightly less time-efficient than the "table method" used here.

4. For small values of »n, one may use the following naive algorithm which simulates the
underlying Bernoulli process: "For j = 1 to n do If UNIF < & then x < x+1", or, again,
"For j=1to n do x « x + [UNIF+m]".



| Number-of-runs distribution

v Graphical representations

v Critical values of number of runs (») when n, = ng
at extreme percentage points (table 1)

v Critical values of number of runs (») when n, # ng
at percentage points 5, 2.5, 1 and 0.5 (lower triangle)
and 95, 97.5, 99 and 99.5 (upper triangle) (table 2)

v Reading off the table

v Full examples

v/ Mathematical presentation

Calculation and moments

169



170 Statistical tables explained and applied

Number-of-runs (v ) distribution for n, =5, n;=5

02 1

p(r)
0,1+

0,25 -
0,2 1

0,15 4
p)

0,05 1




Number-of-runs distribution

171

Critical values of number of runs (r) when n, = ny at extreme percentage points

(table 1)

n,=Hg P < .005 01 .025 .05 P>95 975 .99 995
3 - - - - - - - -
4 - - - 2 8 - - -
5 - 2 2 3 9 10 10 -
6 2 2 3 3 11 11 12 12
7 3 3 3 4 12 13 13 13
8 3 4 4 5 13 14 14 15
9 4 4 5 6 14 15 16 16
10 5 5 6 6 16 16 17 17
11 5 6 7 7 17 17 18 19
12 6 7 7 8 18 19 19 20
13 7 7 8 9 19 20 21 21
14 7 8 9 10 20 21 22 23
15 8 9 10 11 21 22 23 24
16 9 10 11 11 23 23 24 25
17 10 10 11 12 24 25 26 26
18 11 11 12 13 25 26 27 27
19 11 12 13 14 26 27 28 29
20 12 13 14 15 27 28 29 30
21 13 14 15 16 2829 30 31
22 14 14 16 17 29 30 32 32
23 14 15 16 17 31 32 33 34
24 15 16 17 18 32 33 34 35
25 16 17 18 19 33 34 35 36
26 17 18 19 20 34 35 36 37
27 18 19 20 21 35 36 37 38
28 19 19 21 22 36 37 39 39
29 19 20 22 23 37 38 40 41
30 20 21 23 24 38 39 41 42
31 21 22 23 25 39 41 42 43
32 22 23 24 25 41 42 43 44
33 23 24 25 26 42 43 44 45
34 24 25 26 27 43 44 45 46
35 24 25 27 28 44 45 47 48
36 25 26 28 29 45 46 48 49
37 26 27 29 30 46 47 49 50
38 27 28 30 31 47 48 50 51
39 28 29 30 32 48 50 51 52
40 29 30 31 33 49 51 52 53
41 29 31 32 34 50 52 53 55
42 30 31 33 35 51 53 55 56
43 31 32 34 35 53 54 56 57
44 32 33 35 36 54 55 57 58
45 33 34 36 37 55 56 58 59
46 34 35 37 38 56 57 59 60
47 35 36 38 39 57 58 60 61
48 36 37 38 40 58 60 61 62
49 36 38 39 41 59 61 62 64
50 37 38 40 42 60 62 64 65
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Critical values of number of runs () when n, # ng
at percentage points 5 (lower triangle) and 95 (upper triangle) (table 2)
(mysmp)2 3 4 5 6 7 8 910 11 12 13|14 15 16 17 18 19 20 21 22 23 24 25

10 10 12 12 13 14 /15 16 16 17 18 19 19 20 21 21 22 22
10 11 12 12 13 1415 16 17 17 18 19 20 20 21 22 22 23

10 11 12 13 14 1415 16 17 18 18 19 20 21 21 22 22 23
10 11 12 13 14 15|16 16 17 18 19 19 20 21 21 22 23 23
10 11 12 13 14 15|16 16 17 18 19 20 20 21 22 22 23 24
10 11 12 13 14 15|16 17 18 18 19 20 21 21 22 23 23 24
10 11 12 13 14 15|16 17 18 18 19 20 21 22 22 23 24 24

10 11 12 13 14 15|16 17 18 19 20 20 21 22 22 23 24 25
10 11 12 13 14 15|16 17 18 19 20 20 21 22 23 23 24 25
10 11 12 14 14 15|16 17 18 19 20 21 21 22 23 24 24 25
10 11 12 14 14 16 /16 17 18 19 20 21 22 22 23 24 25 25
10 12 12 14 15 1617 18 18 19 20 21 22 23 23 24 25 26

10 12 13 14 15 16,17 18 19 20 20 21 22 23 24 24 25 26
10 12 13 14 15 16|17 18 19 20 20 21 22 23 24 25 25 26
10 12 13 14 15 16,17 18 19 20 21 22 22 23 24 25 26 26
10 12 13 14 15 16|17 18 19 20 21 22 23 23 24 25 26 27
10 12 13 14 15 16|17 18 19 20 21 22 23 24 24 25 26 27
10 12 13 14 15 1617 18 19 20 21 22 23 24 25 25 26 27

2 -
3 - 7
4 -9 9 9
5 2 2 -10 10 11 11 11
6 2 3 3 - 11 12 12 12 13 13 13|13
7 2 3 3 4 -13131314 14 14|14 15 15 15 15 15
8 2 3 3 4 - 14 14 15 15 1516 16 16 16 16 16 17 17 17 17 17
9 2 3 4 4 5 - 1515 16 16|17 17 17 17 18 18 18 18 18 18 18 19
10 3 3 4 5 6 6 - 16 17 17|17 18 18 18 19 19 19 19 20 20 20 20
11 3 3 4 5 6 6 7 - 17 18|18 19 19 19 20 20 20 20 21 21 21 21
12 3 4 4 5 6 7 7 8 - 1819 19 20 20 21 21 21 22 22 22 22 22
13 3 4 4 5 6 7 8 8 9 -|20 20 21 21 21 22 22 22 23 23 23 24
14 3 4 5 5 7 7 8 8 9 9 - 21 21 22 22 23 23 23 24 24 24 24
15 3 4 5 6 7 8 8 9 9 10|10 - 22 22 23 23 4 24 25 25 25 26
16 3 4 5 6 7 8 8 910 10|11 11 - 23 24 24 25 25 25 26 26 26
17 3 4 5 6 7 8 9 910 10|11 11 12 - 24 25 25 26 26 27 27 27
18 3 4 5 6 & 8§ 910 10 11}11 12 12 13 - 25 26 26 27 27 28 28
19 3 4 5 6 8 8 910 10 1112 12 13 13 14 - 27 27 28 28 28 29
20 3 4 5 6 8 9 910 11 11}12 12 13 13 14 14 - 28 28 29 29 30
21 3 4 5 6 8 910 10 11 12}12 13 13 14 14 15 15 - 29 29 30 30
22 4 4 6 6 § 9 10 10 11 12(12 13 14 14 15 15 16 16 - 30 30 31
23 4 4 6 6 & 910 11 11 12}13 13 14 15 15 16 16 17 17 - 31 32
24 4 5 6 7 & 9 10 11 12 12]13 14 14 15 15 16 16 17 17 18 - 32
25 4 5 6 7 9 10 10 11 12 13|13 14 15 15 16 16 17 17 18 18 19 -
26 4 5 6 7 9 10 10 11 12 13|14 14 15 15 16 17 17 18 18 19 19 20
27 4 5 6 7 910 11 11 12 13,14 14 15 16 16 17 18 18 19 19 20 20
28 4 5 6 7 9 10 11 12 12 13|14 15 15 16 17 17 18 18 19 20 20 21

4 5 6 7 9 10 11 12 13 13|14 15 16 16 17 18 18 19 19 20 20 21
30 4 5 6 7 9 10 11 12 13 14|14 15 16 17 17 18 18 19 20 20 21 21
31 4 5 6 7 9 10 11 12 13 14|15 15 16 17 17 18 19 19 20 21 21 22
32 4 5 6 7 910 11 12 13 14|15 16 16 17 18 18 19 20 20 21 21 22

4 5 6 7

4 5 6 8

4 5 6 8

4 5 6 8

4 5 6 8

4 5 6 8

4 5 6 8

4 5 6 8

4 6 6 8

4 6 6 8

4 6 6 8

4 6 7 8

4 6 7 8

4 6 7 8

4 6 7 8

4 6 7 8

4 6 7 8

4 6 7 8

N

O
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at percentage points 5 (lower triangle) and 95 (upper triangle) (table 2, cont.)

Critical values of number of runs () when n, # ny

(namp) 26 27 28 29 30 31 32 33 34 35 36 37

19

20
22
23
24

26
27
28
28
29

30
31
31
32
33

19

20
22
23
24
26

26
28
28
29
30

31
32
33
33
34

19

20
22
23
24
26

27
28
29
30
31

32
32
33
34
35

21
22
24
25

27
28
29
30
31

32
33
34
35
35

21
22
24
25

28
29
30

32

33
34
34
35
36

21
22
24
25

28
29
30

32

33
34
35
36

38 39 40 41 42 43 44 45 46 47 48 49 50

23
24
26

28
30
30

33

34 :

35
36
37

23
24
26
28

29
30
31
32
34

35
36
37
38
39

23
24
26
28

29
30
31
32
34

35
36
37
38
39

23
24
26
28

29
30
32
33
34

35
36
37
38
39

25
26
28

29
30
32
33
34

35
36
38
39
40

25
26

30
31
32
34
35

36
37
38
40

33

21
21
21

22
22
23

23

24
24
24
25
25

25
25
26
26

27
27
27
27
28
28

35
35
36
37

23
24
24
24

25
26
26
26
27

27
27
28
28
28

29
29
29
29
30
30

35
36
37
37
38

24
25
25

26
26
27
27
27

28
28
28
29

29
30
30
30
30
31

36
37
37
38
39

39
40

26

27
27
28
28
28

29
29
29
30

30
31
31
31
32
32

37
38
38
39
40

40
41
42

28
28
29
29
29

30
30
31
31

32
32
32
33
33
33

37
38
39

40

41
41
42

43

29
29
29
30

30
31
31
31

32
33
33
33
34
34

38
39
40
41
41

42
43
44

45

45
46
47

31

32
32
33

33

34
34
35
35
35
36

40
40
41
42
43

44
44
45
46
47

47
48
49
49
50

50
51

35

36
36
37
37
37
38

40

41

42
42
43

44
45
46
46

48
48
49
50
50

51
51
52

36

36
37
37
38
38
38

40

42
43
44

44
45
46
47

48
49
49
50
51

51
52
53
53

37
37
38
38
39
39

41
42
42
43
44

45
46
47
47

49
50
50

52

52
53
54
54
55

55

39
39
39
40

42
42
44
44
45

46
47

49
50

50
51
52
53
53

54
55
55
56
57

57
58
58

60
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Critical values of number of runs () when n, # ng
at percentage points 2.5 (lower triangle) and 97.5 (upper triangle) (table 2, cont.)

(momp)y 3 4 5 6 7 8 910 11 12 13/14 15 16 17 18 19 20 21 22 23 24 25

2 -

3 -

4 - 99

5 2 -1011 11

6 2 2 3 -1212 13 13 13 13

7 2 2 3 3 -13 14 14 14 14 15|15 15

8 2 3 3 3 4 -1415 1516 16|16 16 17 17 17 17 17

9 2 3 3 4 4 5 -1616 16 17|17 18 18 18 18 18 18 19 19 19 19 19
10 2 3 3 4 5 5 5 -17 17 18|18 18 19 19 19 20 20 20 20 20 20 20
11 2 3 4 4 5 5 6 6 -18 1919 19 20 20 20 21 21 21 22 22 22 22
12 2 2 3 4 4 5 6 6 7 7 -19120 20 21 21 21 22 22 22 22 23 23 23
132 2 3 4 5 5 6 6 7 7 8 -(2021 21 2222 23 23 23 24 24 24 24
14 2 3 3 4 5 5 6 7 7 8 8 9| -222223 23 23 24 24 24 25 25 25
15 2 3 3 4 5 6 6 7 7 8 8 9(9 -232324 24 252525 26 26 26
16 2 3 4 4 5 6 6 7 8 8 9 910 10 - 24 25 25 25 26 26 27 27 27
17 2 3 4 4 5 6 7 7 8 9 91010 11 11 - 25 26 26 27 27 27 28 28
8 2 3 4 5 5 6 7 8 8 9 91010 11 11 12 - 26 27 27 28 28 29 29
9 2 3 4 5 6 6 7 8 8 9101011 11 12 12 13 - 27 28 29 29 29 30
20 2 3 4 5 6 6 7 8 9 9101011 12 12 13 13 13 - 29 29 30 30 31
21 2 3 4 5 6 7 7 8 91010 1111 12 12 13 13 14 14 - 30 30 31 31
22 2 3 4 5 6 7 8 8 91010 11}12 12 13 13 14 14 15 15 - 31 31 32
23 2 3 4 5 6 7 8 8 910 11 11,12 12 13 14 14 15 15 16 16 - 32 33
24 2 3 4 5 6 7 8 9 910 11 1112 13 13 14 14 15 15 16 16 17 - 33
25 2 3 4 5 6 7 8 910 10 11 12|12 13 14 14 15 15 16 16 17 17 18 -
26 2 3 4 5 6 7 8 91010 11 12|13 13 14 14 15 16 16 17 17 18 18 19
27 2 3 4 5 6 7 8 91011 11 12|13 14 14 15 15 16 17 17 18 18 19 19
28002 3 4 5 6 7 8 910 11 12 12]13 14 14 15 16 16 17 17 18 18 19 19
29 2 3 4 6 6 8 8 910 11 12 13,13 14 15 15 16 17 17 18 18 19 19 20
30 2 3 4 6 6 8 8 910 11 12 13|13 14 15 16 16 17 17 18 19 19 20 20
31 2 3 4 6 7 8 91010 11 12 13|14 14 15 16 16 17 18 18 19 19 20 21
32 2 4 4 6 7 8 91010 11 12 1314 15 15 16 17 17 18 19 19 20 20 21
33 2 4 4 6 7 8 91011 12 12 13114 15 16 16 17 18 18 19 19 20 21 21
34 2 4 4 6 7 8 910 11 12 12 13114 15 16 16 17 18 19 19 20 20 21 22
35 2 4 5 6 7 8 910 11 12 13 14|14 15 16 17 17 18 19 19 20 21 21 22
36 2 4 5 6 7 8 910 11 12 13 14|14 15 16 17 18 18 19 20 20 21 22 22
37 2 4 5 6 7 8 910 11 12 13 14|15 16 16 17 18 19 19 20 21 21 22 22
38 2 4 5 6 7 8 910 11 12 13 14|15 16 16 17 18 19 20 20 21 22 22 23
39 2 4 5 6 7 8 910 11 12 13 14|15 16 17 17 18 19 20 20 21 22 22 23
40 2 4 5 6 7 8 910 11 12 13 14|15 16 17 18 18 19 20 21 21 22 23 23
41 2 4 5 6 7 8 10 10 12 12 14 14|15 16 17 18 19 19 20 21 22 22 23 24
42 2 4 5 6 7 810 10 12 12 14 14|15 16 17 18 19 20 20 21 22 23 23 24
43 2 4 5 6 7 810 11 12 13 14 15/16 16 17 18 19 20 21 21 22 23 23 24
4 2 4 5 6 7 8 10 11 12 13 14 1516 17 18 18 19 20 21 22 22 23 24 24
45 2 4 5 6 8 8 10 11 12 13 14 15|16 17 18 18 19 20 21 22 22 23 24 25
46 2 4 5 6 8 8 10 11 12 13 14 15|16 17 18 19 20 20 21 22 23 23 24 25
47 2 4 5 6 8 910 11 12 13 14 15]/16 17 18 19 20 20 21 22 23 24 24 25
48 2 4 5 6 8 910 11 12 13 14 15|16 17 18 19 20 21 22 22 23 24 25 25
49 2 4 5 6 8 910 11 12 13 14 15|16 17 18 19 20 21 22 22 23 24 25 26
50 2 4 5 6 8 910 11 12 13 14 1516 17 18 19 20 21 22 23 24 24 25 26
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Critical values of number of runs (r) when n, # ng
at percentage points 2.5 (lower triangle) and 97.5 (upper triangle) (table 2, cont.)

(mashp) 26 27 28 29 30 31 32 33 34 35 36 37

23
24
26

28
29
30
31
32

33

35
35
36

23
24
26

28
29
30
31
32

33

35
36
36

38 39 40 41 42 43 44 45 46 47 48 49 50

27
28

30
31
32
34
35

36
38

40
41

37
38
38
39
39

40

24
24
25

25
25
26
26
27

27
27
28
28
28

29
29

29
30

37
38
39
39
40

41

25
25

26
26
26
27
27

27

28
28
29

29
29
30
30
30

42
43
44
45
46

46

48
49
50

50
51
52
52
53

54
54
55
56
56

57

37
38
38
38
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Critical values of number of runs (r) when n, # ny
at percentage points 1 (lower triangle) and 99 (upper triangle) (table 2, cont.)

(msmp)2 3 4 5 6 7 8 910 11 12 13]14 15 16 17 18 19 20 21 22 23 24 25

2 -

3 -

4 -9

5 - 11 11

6 2 2 - 1213 13

7 2 2 3 - 14 14 15 15 15

8 2 2 3 3 -1515 16 16 17 17 17 17

9 2 2 3 3 4 4 -1617 17 1818 18 18 19 19 19 19

10 2 2 3 3 4 4 5 - 18 18 19/19 19 20 20 20 20 20 21 21 21 21

11 2 2 3 4 4 5 5 5 -1919/20 20 21 21 21 22 22 22 22 22 22 23
12 2 3 3 4 4 5 5 6 6 -20|21 21 22 22 22 23 23 23 23 24 24 24
13 2 3 3 4 5 5 6 6 6 7 -|21 2222 23 23 24 24 24 24 25 25 25
14 2 3 3 4 5 5 6 6 7 7 8 - 23232424 24252526 26 26 26
15 2 3 4 4 5 5 6 7 7 8 8 8 - 2424252526 26 26 27 27 27
16 2 3 4 45 6 6 7 7 8 8 9 9 - 2526262627 27 28 28 28
17 2 3 4 5 5 6 7 7 8 8 991010 - 2627 27 28 28 29 29 29
18 2 3 45 5 6 7 7 8 8 9 91010 11 - 27 28 28 29 29 30 30
199 2 2 3 4 5 6 6 7 8 8 9 9/10 10 11 11 12 - 29 29 30 30 31 31
20 2 2 3 4 5 6 6 7 8 8 91010 11 11 11 12 12 - 30 30 31 31 32
200 2 2 3 4 5 6 7 7 8 9 910/10 11 11 12 12 13 13 - 31 31 32 32
2 2 2 3 4 5 6 7 7 8 9 91011 11 12 12 13 13 14 14 - 32 33 33
22 2 2 4 4 5 6 7 8 8 910 10|11 11 12 13 13 13 14 14 15 - 33 34
24 2 3 4 4 5 6 7 8 8 910 10|11 12 12 13 13 14 14 15 15 16 - 34
25 2 3 4 4 5 6 7 8 9 910 11|11 12 13 13 14 14 15 15 16 16 17 -
26 2 3 4 5 6 6 7 8 91010 11|12 12 13 13 14 14 15 15 16 16 17 17
27 2 3 4 5 6 6 7 8 91010 11|12 12 13 14 14 15 15 16 16 17 17 18
28 2 3 4 5 6 7 8 8 91011 11/12 13 13 14 14 15 16 16 17 17 18 18
29 2 3 4 5 6 7 8 8 910 11 12|12 13 14 14 15 15 16 16 17 17 18 18
30 2 3 4 5 6 7 8 8 91011 12112 13 14 14 15 16 16 17 17 18 18 19
31 2 3 4 5 6 7 8 91010 11 12|13 13 14 15 15 16 16 17 18 18 19 19
32 2 3 4 5 6 7 8 91010 11 1213 14 14 15 16 16 17 17 18 18 19 20
33 2 3 4 5 6 7 8 910 11 11 12|13 14 14 15 16 16 17 18 18 19 19 20
34 2 3 4 5 6 7 8 910 11 12 12/13 14 15 15 16 17 17 18 18 19 20 20
35 2 3 4 5 6 7 8 910 11 12 12]13 14 15 16 16 17 18 18 19 19 20 21
36 2 3 4 5 6 7 8 910 11 12 1313 14 15 16 16 17 18 18 19 20 20 21
37 2 3 4 5 6 7 8 910 11 12 1314 14 15 16 17 17 18 19 19 20 21 21
38 2 3 4 5 6 7 8 910 11 12 13|14 15 15 16 17 18 18 19 20 20 21 21
39 2 3 4 5 6 8 81010 11 12 13|14 15 16 16 17 18 18 19 20 20 21 22
40 2 3 4 5 6 8 81010 11 12 13|14 15 16 16 17 18 19 19 20 21 21 22
41 2 3 4 6 6 8 81010 12 12 13|14 15 16 17 17 18 19 20 20 21 22 22
42 2 3 4 6 6 8 910 11 12 12 14|14 15 16 17 18 18 19 20 20 21 22 22
43 2 3 4 6 6 8 910 11 12 13 14|14 15 16 17 18 18 19 20 21 21 22 23
4 2 3 4 6 7 8 910 11 12 13 14|15 16 16 17 18 19 19 20 21 22 22 23
45 2 3 4 6 7 8 910 11 12 13 14/15 16 16 17 18 19 20 20 21 22 23 23
46 2 3 4 6 7 8 910 11 12 13 14(15 16 17 17 18 19 20 21 21 22 23 23
47 2 3 4 6 7 8 910 11 12 13 14/15 16 17 18 18 19 20 21 22 22 23 24
48 2 3 4 6 7 8 910 11 12 13 14115 16 17 18 19 19 20 21 22 22 23 24
49 2 3 4 6 7 8 910 11 12 13 14[15 16 17 18 19 20 20 21 22 23 23 24
SO 2 3 4 6 7 8 910 11 12 13 14|15 16 17 18 19 20 20 21 22 23 24 24
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at percentage points 1 (lower triangle) and 99 (upper triangle) (table 2, cont.)

Critical values of number of runs (r) when n, # ng

(masMp) 26 27 28 29 30 31 32 33 34 35 36 37

23
24
26
27

28
29
30
31
32

33

34
35
36

38 39 40 41 42 43 44 45 46 47 48 49 50

27
28

30
31
32
34
35

36

38
39

29

30
32
33
34
36

37

39
40
41

29

30
32
33
34
36

37

39
40
41

29

30
32
33
34
36

37

39
40
42

30
32
34

36

38
39
40
41
42

31
32
34

36

38
39
40
41
42

36
37

19
19

20
20

21
21

22
22
22
23
23

23

24
24
24

25
25
25
25
26
26

41
42
43
44
44

45

47
47
48

49
49
50

29
30
30
31
31

31
32
32
32
33
33

42
43
44
45
46

46

48
49
49

50
51
52

53

53
54

32
32

33
33
34
34
34
35

42
43
44
45
46

47
48
48
49
50

51
51
52

53

54
55
55

33

33
34
34
34
35
35

42
44
44
45
46

47

49
50
50

51
52
52

54

54
55
56
56

34
34
34
35

36

43
44
45
46
47

48
49
50
50
51

52
53

54
55

55
56
57
57
58

58
35

36
37

43
44
45

47

48
49
50
51
52

52
53

54
55

56
57
57
58
58

59
60

36
37
37
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Critical values of number of runs (r) when n, # ny
at percentage points 0.5 (lower triangle) and 99.5 (upper triangle) (table 2, cont.)

(mysmp)2 3 4 5 6 7 8 910 11 12 13]14 15 16 17 18 19 20 21 22 23 24 25
2 .
3 -
4 -
5 - 11
6 2 - 13 13
7 2 2 - 14 15 15 15
8 2 2 3 3 -1516 16 17 17|17
9 2 2 3 3 3 -17 17 18 18|18 19 19 19
10 2 3 3 3 4 4 -18 19 19|19 20 20 20 21 21 21 21
11 2 3 3 4 4 5 5 -19 2020 21 21 22 22 22 22 22 23 23 23 23
12 2 2 3 3 4 4 5 5 6 - 21|21 22 22 22 23 23 23 24 24 24 24 24
13 2 2 3 3 4 5 5 5 6 6 -/22 222323 24 24 24 25 25 25 26 26
14 2 2 3 4 4 5 5 6 6 7 7| -2324 24252525 26 26 26 27 27
15 2 3 3 4 4 5 6 6 7 7 7|8 -242572526 26 27 27 27 28 28
16 2 3 3 4 5 5 6 6 7 7 8 8 9 - 2626 27 27 28 28 28 29 29
17 2 3 3 4 5 5 6 7 7 8 8 8 9 9 -27 27 28 28 29 29 30 30
18 2 3 4 4 5 6 6 7 7 8 8/ 9 910 10 - 28 29 29 30 30 30 31
19 2 3 4 4 5 6 6 7 8 8 9910 10 10 11 - 29 30 30 31 31 32
20 2 3 4 4 5 6 7 7 8 8 991010 11 11 12 - 31 31 32 32 33
21 2 3 4 5 5 6 7 7 8 9 9|10 10 11 11 12 12 12 - 32 32 33 33
22 2 3 4 5 5 6 7 8 8 9 910 10 11 11 12 12 13 13 - 33 33 34
23 2 3 45 6 6 7 8 8 91010 11 11 12 12 13 13 14 14 - 34 35
24 2 3 4 5 6 6 7 8 9 91010 11 12 12 13 13 14 14 14 15 - 35
25 2 3 4 5 6 7 7 8 9 91011 11 12 12 13 13 14 14 15 15 16 -
26 2 3 4 5 6 7 7 8 910 1011 11 12 13 13 14 14 15 15 16 16 16
27 2 2 3 4 5 6 7 8 8 910 1011 12 12 13 13 14 15 15 15 16 16 17
28 2 2 3 4 5 6 7 8 8 910 1111 12 13 13 14 14 15 15 16 16 17 17
29 2 2 4 4 5 6 7 8 9 910 11]12 12 13 13 14 15 15 16 16 17 17 18
30 2 2 4 4 5 6 7 8 910 10 11(12 12 13 14 14 15 15 16 16 17 17 18
31 2 2 4 4 6 6 7 8 910 10 11|12 13 13 14 14 15 16 16 17 17 18 18
32 2 2 4 4 6 6 7 8 910 11 11|12 13 13 14 15 15 16 16 17 18 18 19
33 2 2 4 5 6 6 7 8 910 11 12]12 13 14 14 15 16 16 17 17 18 18 19
34 2 3 4 5 6 7 8 8 910 11 12|12 13 14 14 15 16 16 17 18 18 19 19
35 2 3 4 5 6 7 8 8 910 11 12713 13 14 15 15 16 17 17 18 18 19 20
36 2 3 4 5 6 7 8 91010 11 12|13 14 14 15 16 16 17 18 18 19 19 20
37 2 3 4 5 6 7 8 910 10 11 1213 14 14 15 16 16 17 18 18 19 20 20
38 2 3 4 5 6 7 8 910 10 11 1213 14 15 15 16 17 17 18 19 19 20 20
39 2 3 4 5 6 7 8 910 11 12 12]13 14 15 16 16 17 18 18 19 20 20 21
40 2 3 4 5 6 7 8 910 11 12 12|13 14 15 16 16 17 18 18 19 20 20 21
41 2 3 4 5 6 7 8 910 11 12 13|14 14 15 16 17 17 18 19 19 20 21 21
42 2 3 4 5 6 7 8 910 1t 12 13|14 14 15 16 17 18 18 19 20 20 21 22
43 2 3 4 5 6 7 8 910 11 12 13:14 15 15 16 17 18 18 19 20 20 21 22
4 2 3 4 5 6 7 8 910 11 12 1314 15 16 16 17 18 19 19 20 21 21 22
45 2 3 4 5 6 7 8 910 11 12 1314 15 16 16 17 18 19 20 20 21 22 22
46 2 3 4 5 6 7 8 910 11 12 13,14 15 16 17 17 18 19 20 20 21 22 22
47 2 3 4 5 6 7 810 10 12 12 13114 15 16 17 18 18 19 20 21 21 22 23
48 2 3 4 5 6 8 810 10 12 12 13|14 15 16 17 18 18 19 20 21 22 22 23
49 2 3 4 5 6 8 8 10 11 12 12 14|14 15 16 17 18 19 20 20 21 22 22 23
50 2 3 4 5 6 8 810 11 12 13 1414 16 16 17 18 19 20 20 21 22 23 23
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Critical values of number of runs (r) when n, # nyg
at percentage points 0.5 (lower triangle) and 99.5 (upper triangle) (table 2, cont.)

(nashg) 26 27 28 29 30 31 32 33 34 35 36 37

O 00 ~1 N W

11
12
13
14

15
16
17
18
19

20
21
22
23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41

43
44

45
46
47
48
49
50

25
26
27

28
29
30
31
32

33
34
34
35
36

25
26
27

28
30
31
32
32

33
34
35

36

25
26

29
30
31
32
33

34
35
35

37

25
26
28

29
30
31
32
33

34
35
36

37

25
26

29
30
32
32
34

34
35
36

38

27
28

30
31
32
34
35

36
37
38

40

38 39 40 41 42 43 44 45 46 47 48 49 50

29

30
32
33
34
36

37
38
39
40

29

30
32
34
35
36

37
38
39
40
41

31
32
34
35
36

37
38
40
41

31
32
34
35
36

38
39
40
41

31
32
34
35
36

38
39
40
41

31
32
34
35
36

38

40
41
42

33
34
36
37

38
40
41
42
43

33
34
36
37

38
40
41
42

33
34
36
38

39

41
42

37

17
18
18

18

19
19

20
20
21
21
21

22

22
22
23

23
23
23
24
24

37
38

18
19

19

20
20
20

21
21
21
22
22

22

23
23
23

24
24
24
24
25

38
38
39

19
19

20
20
21

21
21
22
22
22

23

23
24
24

24
24
25
25
25

38
39
39
40

20

21
21
21

22
22
22
23
23

23

24
24
25

25
25
25
26
26
26

39
39
40
41
41

21
21
21
22

22
23
23
23
24

24

24
25
25

25
26
26
26
26

41
41
42
43
44

44

46
46
47

25
25
26
26

26
27
27
27
28

28
28
29
29
29

42
43
44
45
45

46
47
48
48
49

50
50
51
52

28

29
29
30

30
31
31
31
32

42
43
44
45
46

47
47
48
49
50

50
51
52
52
53

29
29
30
30

31
31
31
32
32
32

43
44
44
45
46

47

49
49

51
51
52

53
54

30
30
31

31
32
32
32
33

43
44
45
46
47

47

49
50

51
52
53

54

54
55

31
31

32
32
32
33
33

43
44
45
46
47

48
49
49
50
51

52
52
53
54
54

55
56

32

32
32
33
33
34
34

43

45
46
47

48
49
50
51
51

52
53
54
54
55

56

57
57

32
33
33
34
34
35

44
46
46
48
48

49

51
52
53

54
55
55

57

57
58
59
59
60
61
61
62

36
36

45
46
47
48
49

50

52
52
53

54
55
56

57
58

59
60

61
62
62
63

37

45
46
47
48
49

50

52
53
54

54
55
56

58

58
59
60
60

62
62
63
64
64
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Reading off the tables

Tables 1 and 2 allow to test the significance of r, the total number of runs in a series of n
observations, n, being of one type and ny of the other type, at the significance levels o = 0.05
and 0.01, in one-tailed or two-tailed mode. The r statistic, for a binary-coded symbolic series,
indicates the number of uninterrupted runs of the same symbol, or equivalently, the number of
symbol changes or alternations, plus one. Note that, for n, = 1 and ny > 1, we have 2 < r <
2xmin(n,,ng)+1. A low value of r indicates some over-grouping of similar elements whereas
a high value of r indicates over-alternation.

Table 1, for cases where n, = ng, and table 2, for n, # ng, furnish values »* such that
Pr(r < #fa)) < o or Pr(r < #far)) < a/2 for testing over-grouping in the series (relatively to small
values of #), and Pr(r > rfi—«]) = 1—a or Pr(r2r{i-a2)) = 1—a/2 for testing over-alternation
(relatively to large values of 7). To keep the tables in compact form, table 2 was arranged by
combining the lower and higher quasi centiles r* respectively in the lower and upper triangles
of a square array: to find a given r*, the user may have to swap arguments rn, and np.

Hlustration 1. What is the critical value of r at the 5 % significance level for a series
comprising n, = 7 and ng = 7? Table 1 furnishes the desired value, at the line designated n, =
ng = 7. For a one-tailed test of over-grouping, we get r* = 4; for over-alternation, it would be
r* = 12. For a two-tailed test (having the same 5 % global significance level), the critical values
would be 3 and 13.

Hllustration 2. Suppose a sequence of n = 18 observations in their order of arrival, of
which 11 are of one type and 7 of another. Find the critical values for a bilateral (two-tailed) test
at the 5 % significance level. In table 2, we first locate the pages for percentiles P = .025 and
P = 975. For ”’[".025]’ at column 7 and line 11, we have 5; then, at line 7 and column 11, we read
14 for r¥q;5. Thus, any value » < 5 or r 2 14 can occur randomly at most in 5 % of the cases.

Full examples

Example 1. At a bus stop, we observed the following line of 13 persons, coded
according to gender: { § 299 838 2292 & 29 }. May we think that these persons arrived
there in random order (using a 5 % probability threshold)? Solution: There are n, = 4 men and
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ng = 9 women, and r = 6 runs (elements in the same run were grouped together). In table 2, at
percentiles 0.025 and 0.975, we read r* = 3 in column 4, line 9, whereas in line 4, column 9, we
read... nothing! This last observation conveys that, with so few elements as 4 and 9, over-
alternation can never attain a probability as fine as 0.025 (= .05/2); nevertheless, a number of
runs r equal to or less than 3 would indicate an over-grouping of elements. In our example, the
observed data do not belie the null hypothesis, according to which people arrived there
haphazardly.

Example 2. In a regression analysis of general form = f(X), done on a sample of
20 measured points, the user wishes to ascertain the pertinency of the chosen model f(X) by
examining the scatter of residuals (YI.—SA(,.) around the regression line. The computed residuals are,
in increasing order of the X;:

{+06 +£09 —.09 +05 +11 —08 +14 —08 —05 —.09 +06 +01 —07 —00 +05 —08 +02 +06 —06 —05}

On the basis of the above residuals, does the chosen model seem adequate (using a 1 %
significance level)? Solution: The number-of-runs test is but one way to tackle the complex
undertaking of statistical modelling. Here, the question would be to see if the model fits tightly
the data, as opposed to a possible over-grouping of residuals. We count n, = nz = 10 residuals
of each sign (i.e. under and above the regression line). At the one-tailed 1 % significance level,
table 1 proposes 7, = 5, while the number of runs observed is » = 12. The adopted model thus
seems adequate, at least with regard to the scatter of residuals.

Mathematical presentation

The "number-of-runs" distribution is somewhat out of place in the body of distributions gathered
in the present book: it pertains to a discrete rather than a continuous variable (as is the case of
the binomial distribution), and it can be appplied to check the irregular, haphazard aspect of a
series of observations. Consider a statistical series { x,, 1<i<n }, composed of n binary (or
dichotomous') observations, say x; = A or x; = B: we count 7, and ng (n = n,+ng) observations
of each type. The series contain r, runs, or uninterrupted sequences, of "A"’s, ry runs of "B"’s,
and r = r,+ry is the total number of runs. When systematic factors intervene in the production
process or in the occurrence of observations, the number » will tend to be too high (in an over-
alternated series) or too low (in an over-grouped series).

! The observed data may be naturally in binary form (like male/female, left/right, yes/no) or they may have been
purposely dichotomized by categorization (for instance, x; = 0 if x; <0 and x/ = 1 if x, > 0).
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The test of the total number of runs, which compares the observed number » with
critical value r*, using parameters n,, ng and a (the significance level), may be unilateral (one-
tailed) "to the left" (r < rf;,;), unilateral "to the right" (» 2 rf;_)), or bilateral (two-tailed) (r <
Fluz O 7 2 7 _ypp)- A noteworthy application of this test, in its unilateral "to the left" version,
is to check the possibility of over-grouping of residuals in a complex (polynomial or non-linear)
regression analysis.

Calculation and moments

The distribution of » =7, + ry, for n, 2 1, ng 2 1, n = n, + ng, has for domain r = 2 up to n if
1, = ng or to 2min(n,,ng)+1 if n, # ny. The distribution of probabilities alternates between even
and odd values of r, as:

) - ()
p(r=2k) = k-1 )\ k-1 ; p(r=2k+1) = k-1 k k \Nk-1)

M

In these expressions, (%) designates combinations; recall that (%) = 0 when a < b.

Approximation to this distribution is discussed later.

Moments. The expectation, variance and indices of skewness and kurtosis of 7, the total
number of runs, depend solely on n, and ng, and they may be obtained from the factorial
moments of », and ry (Laurencelle 1995). They are:

u=E(r)=§+1 ifn, =ng=n/2,
2
= s, otherwise ;
n
2 _ nn-2) . _ _
o'=u, = —= ifn, =n, =n/2,
H 4(n-1) A B

_ Znynp@nymy ) otherwise ;
n*(n-1)
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Y, = 0 ifn, =ng=n/2,

_ 16n2n2- dn,n n(n+3)+3n
= n-1 -~ x At~ Anyngn (n+3) otherwise ;
2(n-2) \/ n,ng(2n,ng— ny®

_ (-1)(3n*-14n+12)
2 n(n-2)(n-3)

-3 ifny, =ng=n/2,

_ (n-1)[n*Bn,ny-13)-Tn’+ 2n°(52n, ny+ 3)-120n%ning + 24nnung(n, ny— 6) + 144n,n}

2n,ny(2n, ng - n)*(n-2)(n-3)

otherwise.

Approximations. For the cases of equal samples sizes, n, = ng, the distribution of r is
symmetrical, and the normal approximation (with a continuity correction) is very effective. In
fact, P(r) = ®O(x), where @ is the normal d.f. and x = (rt%2—p)/c. For the unequal sizes cases,
the skewness index (y,) is proportional to —(n, —ny)?, so that the distribution is strongly and
negatively skewed when n, # ng, a fact that makes the normal approximation inadvisable. The
laborious user may resort to the improved approximation below, based upon the same
standardized x variable, and in which the computed y, and y, indices are incorporated:

2

P(r) =~ O(x) — (p(x) (x l)+ (x 3x)+ (x -10x3+15x)

This approximation formula, wherein @ and ¢ denote respectively the normal d.f. and p.d.f. (see
section on normal distribution), should do well for cases where n, > 30 and ng > 30.
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Table of 10000 random 0-9 digits

97327
79837
36021
45208
97655

16677
90104
83204
10986
52195

77277
15865
58631
68590
96088

81224
00101
44071
93528
73406

19663
27527
64336
31887
85867

10989
10488
46590
93498
25915

25317
48426
95864
39327
76280

37912
57297
77624
24821
60086

72533
91317
33083
18489
59343

79655
48583
47643
11329
18910

06015
13931
34149
35102
16843

82612
43577
26764
27363
36158

85455
77111
78443
55592
77989

07617
82871
97630
34617
74862

69144
44678
87231
45720
90172

46658
65765
15380
57286
60929

26059
60405
81114
26586
05735

63702
34111
26145
64226
28624

18856
42042
72212
54409
45514

78758
08725
03365
77697
90874

78975
49611
57951
85832
68385

58065
21026
45814
07560
87156

54873
66391
08527
25627
04013

80854
28613
20008
07223
17440

14307
31024
92600
31987
96904

93189
14156
81380
86654
48009

39903
66707
48424
81290
72440

64597
47523
49564
01141
86637

02588
94590
66603
53836
43399

40009
25695
16517
31643
44554

52016
79736
80741
76460
81445

86901
38295
37348
61695
39575

08102
64351
66405
21460
42378

36660
71972
80292
34222
52629

76098
27241
03433
41521
27847

92649
41947
83632
95643
22931

36940
77806
32633
63628
06250

53501
22287
77930
79682
80512

07885
26645
29562
60940
25962

77269
91483
20781
12272
16148

30653
27084
99731
42167
88193

63275
22162
80758
29869
25268

69521
79253
56052
05604
16517

96687
09257
50511
69147
93685

40747
69955
55457
23044
65001

98160
91103
53468
40494
37529

66760
09415
31418
48688
88348

01259
89492
22947
68253
10417

46029
31568
66932
31916
20530

83154
15248
67952
50694
20905

58926
32281
83446
09026
21349

77118
07788
48664
42842
28202

49656
56873
29207
57569
65105

84639
87877
16853
33135
69154

59099
24778
79414
32308
45692

64707
01793
15426
24210
89944

27040
22741
19058
10789
23868

86554
87228
61816
59947
14133

96391
79126
81793
14241
27864

06039
29066
85300
44895
46317

46428
67103
30395
06728
70011

39662
34137
06123
27060
94000

36562
68983
98495
05978
12962

27351
81376
39418
24760
22595

06019
72601
02701
86623
41989

12337
71498
16096
25647
86013

06334
29712
45754
05088
78685

10235
28295
16306
13723
42559

52868
63835
47495
97109
63912

54176
60112
25282
55591
34644

64581
55444
38191
68010
15227

12203
57223
68839
67718
25336

20026
51894
89406
78133
07835

76496
95180
47380
38340
13600

93991
95227
66839
35122
72318

50443
24246
59592
49919
65127

68114
33986
50974
17782
83531

08038
51750
02429
47003
59682

17236
95509
21953
42848
59287

62238
84032
46635
61401
11519

18051
79089
33489
28046
62282

29156
05450
28088
97505
42109

35249
85186
68759
24831
19053

96597
69967
25911
12600
45841

90207
03093
15190
17489
94421

52416
61304
86286
63172
77784

16636
57001
82710
44018
70778

01723
74248
02571
06908
24516

48674
62154
81000
05873
55526

46891
35535
59996
37361
00413

92654
83924
72363
40262
29853

36880
87913
29119
36180
63115

50049
43997
45502
57512
95878

04941
40177
50201
38154
97119

13284
37156
89598
65755
28512

20524
07591
50115
29280
70442

19962
51233
37101
22420
99687

39183
79225
17731
79812
32309

47285
65868
49840
67664
06064

00227
66303
00211
29216
54757
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Table of 10000 random 0-9 digits (cont.)

92673 47808 10149 10382 15268 09283 53302 88656 30171 35050
55448 15251 07216 34896 58332 36019 84105 44732 46382 07612
80470 06402 50989 37183 21633 33140 66169 12244 77246 51746
60132 84004 89052 36184 79139 99889 14480 96587 10744 44727
87856 73760 15249 76471 11280 01917 30148 77899 73280 37900

90609 07925 91605 99983 63113 50062 00177 39454 87068 70418
10916 55163 28567 99793 57218 04252 89375 33001 18165 26069
56513 19124 96966 20997 91049 88025 18435 95467 85197 64210
50468 94332 61922 43594 25840 23336 55816 17121 13814 75190
67240 25004 50858 48127 04841 29323 18791 10966 72547 15002

75316 96006 71015 32545 00847 48373 49730 22058 95843 21792
92883 55971 36285 85860 93280 49464 61288 14027 25315 35060
71191 22091 21798 59235 44965 15014 07480 32583 13137 45215
24595 48035 80296 20985 73354 50500 31137 15929 13050 81613
39416 03299 80342 86682 62180 70413 60175 68099 83611 67352

83814 72386 27557 49087 43261 45185 88328 01422 25490 44002
55085 50051 68009 95155 21727 24271 53977 91887 09375 84686
65781 69065 97228 58244 38989 96821 60700 19806 06547 21243
79221 08789 26749 57899 81638 06081 66520 05999 48912 13506
68396 04469 85773 04107 68931 69416 54973 22352 38968 13116

67908 23277 42592 48457 64481 80314 76010 13328 51594 83177
76166 83359 05913 41693 56205 36188 85984 75033 44434 03720
01948 64964 46293 69473 23947 68503 79049 52361 75736 31615
08752 34176 25573 03712 16334 20933 28969 05896 83860 04772
78199 52241 24802 55482 48968 91462 89727 48863 51022 05867

33674 51723 34200 71851 46417 48644 03247 92261 34006 37756
42319 65414 63656 12375 16710 85054 12888 89769 54863 58145
87643 97681 41933 66947 23325 21687 95160 85472 06301 31642
20319 76482 85991 32042 23961 59875 98372 98769 45909 66913
17689 17953 50685 20349 20874 94433 61855 49003 04993 38897

10068 24669 77767 21855 92553 16108 07307 83306 11501 18290
36372 32224 23484 50641 45175 39841 35932 23281 62184 68349
81882 42691 63841 64097 76757 51583 80542 08139 12666 25692
35240 39672 02775 49725 43345 33983 53408 42865 21787 15414
84384 04011 58246 88298 74984 96355 86165 54363 67408 98477

85169 83293 52294 98225 36242 03143 97697 44616 40275 82082
79462 14852 51709 05158 97877 29898 14793 60574 55226 24829
49355 18145 80492 70413 80037 39374 02247 64556 34543 61573
84450 91829 58522 94919 61702 86737 60661 95554 70419 24892
21178 84981 76999 65325 34011 28408 61348 87456 79346 61237

10453 33243 14863 77764 06818 30652 22251 22161 40001 46166
62179 72825 74982 15904 60887 37296 58934 76950 38969 43373
10184 05718 02467 42355 53506 59211 09976 73958 81490 31994
36290 63971 70529 29727 81089 83223 07744 10236 73923 84357
28723 70025 23813 71254 93877 96198 28051 50654 65337 28714

75806 30667 75617 94662 01467 93983 41821 37363 31324 61571
34105 94680 06860 14076 55090 62214 14885 49879 62064 04519
42559 64561 60812 49046 63335 49822 58427 40777 43659 82891
94441 12031 55053 69567 41189 26909 17473 85474 53411 78593
73935 65411 05378 73990 66472 42369 89685 12824 57821 29763
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Table of 10000 random 0-9 digits (cont.)

76770
14896
20795
44877
30364

08735
04828
02544
50653
34877

73590
35554
50561
22698
01468

45145
24439
36550
55374
20249

10501
40896
43688
91399
22856

72459
98416
35652
40265
40745

37009
71789
90174
45475
58596

15340
92093
31496
54302
57322

96696
43480
00548
12590
53140

17072
86651
17356
43937
24616

40079
79608
44841
24051
98810

35662
47554
11028
61678
57624

24204
59694
67900
35211
70499

79138
97424
67577
22539
23504

19685
74371
93599
09878
07755

27923
15365
87402
76501
23356

14198
93173
82125
43983
58252

65152
10926
67932
70573
67704

66118
60880
53503
54629
07042

13978
44444
48073
87743
75049

38354
07802
78470
15074
49807

84309
69703
21727
81511
49450

05043
16202
59097
61939
60444

54159
49428
54983
43314
42571

10292
64391
06012
66775
02033

83173
57390
52283
39302
42300

57603
21949
94501
19005
02120

49034
45741
22221
94518
57648

49206
87075
17263
35680
19957

18322
53369
75770
56848
16542

98494
09853
88922
40003
50492

13020
39986
21226
88767
42525

97397
77786
22145
24805
10482

92739
63468
45097
00596
96243

43926
48143
64797
46497
27494

45646
33900
22270
40157
86036

59909
60702
79303
05182
02319

02884
21383
69890
83415
42377

47449
27426
09630
94105
56283

42053
98867
23959
93113
09523

05946
12470
61170
49563
94968

82700
48731
48087
65803
46260

44816
07465
58268
46351
85945

90625
01001
53426
37430
07037

29094
29209
44348
73490
30896

25467
36619
13944
24462
21933

69967
27049
75646
87797
83561

84604
81294
82117
76673
38040

81042
76270
20317
21058
60151

57768
54066
31796
44138
62083

01269
22439
02310
36733
69981

03158
02977
72183
38170
55633

99744
34241
26137
07766
02270

92070
40938
69801
54560
03357

04450
97349
53995
50487
51067

51443
93393
73211
08982
35012

34274
68180
14986
54898
38189

26218
22578
22811
46569
48191

97376
11101
52906
27076
06995

73207
85664
36611
10229
19167

45406
94684
47330
66631
10847

80614
76571
08448
69603
59052

09763
77523
49138
86615
47722

52718
90130
15775
67986
94244

37279
74508
15733
69046
38589

29815
04560
83317
30035
18527

62535
99183
68977
40883
57795

10743
98574
83133
31170
45025

56422
68274
35607
75699
14106

97994
67055
14167
19506
29837

80994
06117
96330
27317
93226

77228
04008
42367
14063
61267

74259
87934
66126
06640
10904

49210
34300
52736
86089
52742

79007
48862
72576
39608
23842

83057
56649
10312
87724
56861

78512
31138
27049
56024
18432

59846
75344
25038
22770
26398

54613
20656
42815
03641
32293

63008
46201
87011
82568
53071

05525
49830
81642
03886
02114

36660
75347
03915
68783
38415

70798
62822
25920
32148
69297

23267
12215
28797
73349
80269

02775
58186
83207
86764
53556

53931
94468
34126
42102
31817

45401
75716
78380
79300
28584

22173
50021
25777
78277
15925

18628
42535
33034
86915
92631

24727
25308
53056
34791
74534

62119
57437
51390
76605
49571

21989
78422
75293
24999
52997

29832
01002
10251
93511
22403

64738
68492
84444
81797
60353

42433
52700
20841
55262
71010

40646
79674
91039
81005
67311

95730
64976
50286
60826
05424

64265
95217
30893
82748
14609

46827
05497
76373
52089
78612

72374
68616
58916
92132
61956
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Table of 10000 random 0-9 digits (cont.)

45727 31214 04406 16029 52403 19056 00822 59664 60753 21617
57691 52333 88274 91696 56338 73411 19313 26144 68337 99870
39582 44583 25709 79857 65126 01642 12342 10884 26196 34894
54899 01517 74485 83486 00034 38991 89129 91707 43869 41050
41375 08712 60802 28898 94555 16467 37867 11691 65625 52448

59132 27274 57568 55727 46112 12298 53051 22542 49187 74971
43924 13338 04256 12904 44948 75143 69801 06043 23033 74391
31712 51378 87441 87050 36427 57255 58842 46733 88461 35231
13482 57143 35552 48835 86623 29142 65138 41870 13753 21235
25186 92893 45226 37041 34030 33617 78726 86116 55798 25410

60117 83384 91099 16327 01619 21561 30049 43070 45249 29862
18634 82162 85452 92171 50476 55988 01959 71014 12105 04584
75781 68553 96102 69493 10174 99218 32356 01255 06475 58449
03555 76465 78464 23072 24832 84527 33437 88157 94606 79105
43749 47248 27593 01761 23952 47373 79445 40506 80440 19020

76437 39747 62773 25436 15914 77136 33671 15427 28711 65516
51443 79831 76861 42952 42977 21032 28539 84767 06332 59870
83990 37884 29233 48359 13562 49948 37631 73751 45540 98824
09188 65325 55130 75340 06077 60896 46372 18856 72809 11944
01248 52219 43459 01345 28678 37336 30629 80530 93414 62554

40953 74332 52671 10273 67906 26461 95957 24212 61946 39157
12439 10915 45166 47427 60628 58790 27300 46566 14158 76917
13662 02266 60154 10854 25860 94873 05556 23640 47701 37163
47682 67590 88748 24773 44508 21434 47850 06051 73883 04273
44505 07491 46875 70114 83577 68783 08228 37798 67020 21676

92920 43462 32042 94758 14954 96039 98194 39265 79375 12059
31128 77007 69679 27482 41333 60915 24543 23712 53957 95505
35775 17718 89876 46616 89547 80594 92213 35788 79234 39042
39876 86859 34730 03566 16232 21889 62773 20545 13009 65343
74005 88607 88852 36810 89691 88920 51178 60781 45376 38171

52220 26390 91729 90368 27486 26533 86495 23380 67268 83600
73882 12161 72084 92125 95268 77353 32215 78953 13816 47919
82022 72239 66196 34757 85996 27797 76951 80733 59799 86010
52746 20944 21823 96803 59260 92791 80874 08084 90290 82566
64724 27034 27387 04835 00403 99427 18273 19107 66984 92428

66699 97921 46402 12774 97520 51465 07443 67305 68777 70399
66645 99846 08435 91207 57769 20300 29594 49537 09597 43190
87722 69465 71574 63228 02954 44772 63370 77775 58437 32953
85541 77671 10247 37190 28075 54681 12055 34873 23475 62031
45373 75429 05463 57970 58302 24184 16939 33487 80855 91484

07183 21782 89721 38143 74911 25688 36109 77571 73423 96702
79710 18963 76960 40198 84065 75315 59381 69080 95454 65146
27985 35052 26064 44720 17681 42463 46128 21857 84516 41402
61439 74021 13171 01693 72988 11762 39728 19760 08057 44842
62101 07548 15762 41383 14252 14255 58269 88094 50767 97823

71485 26428 88966 04043 99255 25903 13758 15016 45753 67561
49504 58761 50662 37988 61106 44944 88253 61578 54107 51862
38014 80293 61050 90927 39453 22366 87492 06329 31284 85938
53860 39712 02819 21973 60411 72192 75063 34545 36320 34672
90758 53361 76986 90829 67768 07064 72529 11366 73207 92623
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Reading off the table

The four-page table presents 10000 random decimal digits, from O to 9; each page offers 50 lines
and 50 columns. A number may be completed in any format by placing two or more digits side
by side, as is suitable; the order of retrieval for digits may be from left to right, from right to left,
upward or downward, diagonally, etc. The starting point from which a series of numbers is to
be formed should be randomly determined.

Hllustration. To form a random number X in the range from 1 to 325 inclusively, three
successive digits are needed. Suppose that we retain the first page of the table. Then, the tip of
a pencil, after swivelling it round, points to line 16 (toward the bottom of page) and column 26
(toward the center). At that location, digits are (from left to right) 8-4-6, not acceptable because
number 846 exceeds the wanted interval (1,325). Looking underneath (at line 17), we read 878
(refused), then 168 at line 18. The retained number is thus 168.

A somewhat more advanced method consists in splitting up the initial range of
numbers, such as 000-999, into equal-sized intervals, such as 001-325, 326-650, 651-975, and in
converting the read number if need be. The numbers outside the target intervals, like 000 and
976-999, are simply dropped. For example, re-using the indications above, the first group 8-4-6
lies in the 651-975 interval and becomes 196 (= 846—650). We would also obtain (on down-
going lines) 228 (= 878 —650), 168, 6 (= 331—325), etc.

Full examples

Example 1. A commission in a large metropolitan school board wishes to sound out
the principals on the question of violence at school. It is decided that a survey be planned among
the 455 principals, with a sample of 23 persons, about 5 % of the 455. How do we build up the
sample? Solution: The persons (principals) being numbered 001 to 455, it is only necessary to
obtain 23 numbers at random, in that range. Thus, we need three-digit numbers. Also, to speed
up the operation, we shall exploit each three-digit number doubly, by reducing all number of 500
or more to the 0-499 range: thus, 637 would be converted to 637—500 — 137. Let us start, say,
at page 2, line 11, and take up the three central digits of each column-block, from left to right,
and then on the next (downward) lines. Now, we collect: 531 —-500 — 31, 600—~500 — 100, 101,
254, 084, 837—500 — 337, 973—500 — 473 > 455 rejected, 205, 584—500 — 84 rejected
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(already retained), 179, 288, 597—500 — 97, 628 —500 — 128, 586—500 — 86, 328, 946 —500
—> 446, 128 rejected (already retained), 402, 531—500 — 31 rejected (already retained),
506—500 — 6, 119, 209, 179 rejected (already retained), 923 —500 — 423, 496 > 455 rejected,
501—500 — 1, 748 -500 — 248, 258, 313. The ordered array of numbered people that should
be included in the survey is thus: { 1, 6, 31, 84, 86, 97, 100, 101, 119, 128, 179, 205, 209, 248,
254, 258, 288, 313, 328, 337, 402, 423, 446 }.

Example 2. Gather five "random" standard normal (z) scores. Solution: Some
published tables furnish directly collections of random or pseudo-random normal or other-type
variables. With the present table, a customary way to proceed is: 1) to form random numbers u’s,
in the (0,1) interval, and 2) to interpret these values u’s as percentiles in the standard normal
distribution, table 2 (in the section on the normal distribution) furnishing the corresponding z
scores. That table 2 has but three digits of precision for the percentiles; therefore, we shall gather
five three-digit numbers in the present table. Now, choosing page 3, line 25, column 25, we read
in reverse, from right to left (why not!): 698, 034, 947, 233, 020. Looking up in table 2 (Normal
distribution), we find, for P = .698, z, = 0.5187, and z, = —1.8250 (P = .034, corresponding to
the negative of P =1 — 0.034 = .966), z; = 1.6164 (P = .947), z, = —0.7290 (P = .233), and
zs = —2.0537 (P = .020).

Mathematical presentation

Conventionally, "random numbers" are discrete numbers coming from the discrete uniform, or
rectangular, distribution, and taking any one of the N values a, a+8, a+29, ..., b = a+(N—1)x9J,
5>0, each with probability 1/N. The standard rectangular distribution, on values (1, 2, --, N), is
sometimes designated by R(1,N). It is related to the uniform (or continous uniform) distribution
U(a,b), with p.d.f. p(x) = 1/(b—a), a < x < b, or U(0,1) in standard form, through the relation:

1+ [N x U©,1)} - R(1,N) ;

the notation | y| indicates the integral part of y (see also Uniform in the Mathematical
complements).

Random numbers have many fields of application, especially in Monte Carlo
simulation studies, all of these lying outside the scope of this book. In planning a future
experiment or for sampling purposes in a survey, for instance, a short list of random numbers
may be needed, and it is those uses we had in mind in preparing the table of 10000 random
digits.
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The digits listed in our table were produced sequentially, one line after another and
from left to right, from the first line on the first page down to the last line on the fourth. Several
checks were made in order to confirm the random character of the series. The following table
shows the number of occurrences of each digit, the expected number being 1000.

Digit 0 1 2 3 4 5 6 7 8 9
Frequency | 983 | 1001 | 1054 | 985 | 1056 | 995 [ 1006 | 1010 | 958 | 952

The Chi-square test for goodness-of-fit (see Supplementary examples, n° 5)! yielded 10.796, with
9 df, a quite non-significant result; its bears out the hypothesis of an equal occurrence of all ten
digits. We also checked the sequential independence of all 5000 pairs (c,,_,,c,,) and 3333 triples
(C3;—2>C3;— 1,C3;)> and obtained respectively X? = 102.360 (df = 99) and X* = 1000.333 (df = 999),
both non-significant values. The average of all 10000 digits is 4.460, their variance 8.107, against
their expected values p = 4.5 and o? = 8.25, again two sample values which did not seriously
drift away from their parametric targets®.

Generation of pseudo random variates

Several computer programming languages and softwares propose at least one random number
generating function, say the UNIF ("uniform") function. It customarily pertains to numbers from
the continuous standard uniform distribution U(0,1), also designated by u ~ U(0,1): these numbers
usually meet the double constraint: 0 < u < 1. In order to generate random decimal digits, for
instance, that is, digits (¢ =) 0, 1, 2, -, 9, it is sufficient to write:

¢ « | 10xUNIF] .

For producing discrete numbers in the range from a to b inclusively, i.e. x ~ R(a,b), we would
write: x = a + |(b—a+1)xUNIF |. The authors offer a profusion of methods that allow the
production of variates from most statistical distributions (see sections on the normal, %2, ¢ and F
distributions), and these methods all resort to the uniform random variate w.

! This is an interesting special case of the Chi-square goodness-of-fit test, related to the model of a uniform (or
equiprobable) distribution in k categories, with observed frequencies n,, n,, -, n,, n = n;+n,+-+n,. For this case,
the test formula simplifies to X* = kn~'Zn’ —n and possesses v = k~1 df.

2 As regards X, we have z(X) = Vn(X —p)/c = /(10000)(4.460— 4.5)/2.8723 ~ —1.393; using a bilateral test
criterion and an approximate normal model, we estimate 2xPr(z > | —1.393|) ~ 0.164. Next, for s>, we can compute
X? = dfx s*/c* = 9999x8.107/8.25 ~ 9825.684. This result may be interpreted approximately as a value from x2
having v = df = n—1 = 9999. Using the expectation (v) and variance (2v) of %2, we calculate, as a rough
approximation, z=(X> — v)/A/(2v)= (9825.684 — 9999)//(2x9999)~» —1.226, and 2xPr(z > | —1.226|) ~ 0.220.
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As for methods that directly generate random uniform numbers «, the most widespread
is the linear congruential method, that is:

¥, = (ay,_, + ¢) mod m
and:
u,=y,/m.

The numbers y, a, ¢, and m are positive integers (the notation "y mod x" designates the remainder
following integer division of y by x). Some optimality rules should be followed to fix parameters
a, ¢ and m in order to obtain a sequence { y, } and, thus, a sequence { u, } that display fair
random characteristics. Some "popular" values, given here as illustrations, are:

a = 16807, c=0, m=2—1;
a = 524293, c=0, m=2%;
a = 1220703125, c¢=0, m=2%;

a = 3141592653, ¢ =2718281829, m =2% .

Gentle (1998) documents and discusses all these questions.

Generation of random samples

The program outlines given below allow the generation of simple random samples, in different
contexts. There exists a population comprising N elements, represented in an array POP[1..N],
out of which a sample of » elements is to be drawn and transferred in a second array SAM[1..n].

A (Sampling without replacement, first variant)

Forj=1tondo k< 1+ |(N+1—j)xUNIF] ;
SAM([/] < POP[4] ;
POP[k] < POP[N+1—/] .

B (Sampling without replacement, second variant)

j«<0;i«0;
While j <n do If UNIF < (n—j)/(N—i) then j « j+1 ; SAM[j] « POP[i+1];
=i +1.
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Remark :  This variant is less efficient than the first one (because its temporal cost of
execution is proportional to N rather than »n); its merit, however, is to allow the user
to accept or refuse inclusion of each element of the population in its turn.

C (Sampling with replacement)

Forj=1tondo k<« 1+ |NxUNIF] ;
SAMY[;] < POP[A] .

D (Generation of a random permutation of N elements)

Forj=1toN—1do ke j+ |[(N+1—j)xUNIF] ;
Swap POP[/], POP[/] .
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— IMPORTANT NOTICE —

All examples and data presented herein are fictitious
and the conclusions drawn therefrom are only of a pedagogical value.

Example 1 [z test for a sample mean, with population variance (¢*) known]

A biologist wants to determine whether absorption of chlorinated water by young rats influences
or not their growth, up to the age of 10 days. The rats, all of the same strain, come from a single
breeding farm; for the strain in question, it has been established that the mean body weight at 10
days was 150 g, with a s.d. of 12 g. Taking a sample of 20 newborn rats, the researcher puts
them under a diet with chlorinated water and, at day 10 they are weighed, giving an average of
146.81 g, with s.d. 10.46. Were the rats’ weights modified by the experimental diet, using a
significance level of 5 %?

Solution: Let us assume that the observed variable, weight, is normally distributed.
According to the null hypothesis (H,) of no systematic variation or influence ("The diet with
chlorinated water has no influence on the rats’s growth, i.e. their weight"), each young rat’s
weight at 10 days is distributed normally, as N(150, 12?), and the sample’s average weight (X)
similarly, as N(150, 12%/n), where n = 20. The formula:

/n(X - u)

Zz =

furnishes a standard score z distributed as N(0,1). With our sample of n = 20 young rats, H,
stipulates that p = 150 and o = 12; then, zg = 1/20x (146.81 — 150)/12 ~ —1.189. In order that
the two-tailed test be significant at 5 %, the test statistic zz must lie under the 2.5™ or over the
97.5™ percentile of the standard normal distribution. Looking at table 2 (Normal distribution), we
find the appropriate critical values z = +1.960. The observed difference (zx = —1.189) lies in the
acceptance interval for H, so that the biologist cannot assert that chlorinated water influences in
one way or another the growth of young rats.

Example 2 [t test for a sample mean, with population variance (6°) unknown]

Are college hockey players in outstanding physical shape? That is a question put to a researcher
in exercise physiology, who gathers a sample of 27 members in a league, all 23 years old. The
measure retained is V02 max, i.e. the rate (in ml/min) of oxygen (O,) consumed per minute,
divided by body weight (in kg), taken at the peak of a process of maximal exertion: this measure,
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also called "(maximum) aerobic power", reflects the capacity of the organism to use oxygen
during intensive muscular work. The 27 male subjects obtain an average measure of 49.31
mlmin~'kg™!, with a s.d. of 5.57. Having consulted a variety of textbooks and scientific
research, the researcher finds one with empirical norms adequate for this situation, the norms
indicating a mean value of 47.6 ml.min~'.kg ™' for males in the age range 20-24.

Solution: Let us assume that the VO, max variable is normally distributed, and that
the published value 47.6 ml.min~!kg™!
males. The null hypothesis (H,), to the effect that hockey players are representative elements of

is "u", the mean value appropriate for 23 years old

the population, is therefore equivalent to asserting that our mesure (X) is normally distributed
around 47.6, or X ~ N(47.6,6%). Since the population s.d. (o) is not known, we estimate it with
the sample s.d., s = 5.57. The appropriate test statistic is then:

and it refers to Student’s # distribution, with v = n—1 df. The research question being directional
("Are they in an outstanding, or exceptionnaly high, good shape?"), the test should be unilateral,
or one-tailed, say at the 5 % significance threshold. Using n =27, v =n—1 =26, and P = 0.95
(= 1-0.05), table 1 of the Student’s ¢ distribution furnishes the critical value #,5 o5 = 1.706.
Now, the sample ¢, calculated as +/27x (49.31 — 47.6)/5.57 = 1.595, does not exceed the critical
value. In conclusion, available data do not warrant the allegation that college hockey players are
in outstanding physical shape, at least with respect to the V02 max criterion.

Example 3 |z test for a correlation coefficient]

The height and weight of 12 children reared in a state orphanage were measured, and the Pearson
correlation (7) between the two was 0.753; these children, having no illness or health problem,
were aged 4 to 6. For this interval of age, some treatises in pediatry report a height-weight
correlation of 0.92. Are our 12 children a representative sample of children of the same age, as
depicted in the treatises, or did their particular situation hamper their development?

Solution: The question asked is equivalent to deciding if, in a population globally
characterized by a correlation of p = 0.92, it is plausible to observe a sample of n = 12
individuals having a correlation of » = 0.753. Now, for answering that question, we cannot take
advantage of the test no more than of the significance tables in the section on Student’s ¢
distribution, those being used to test whether the observed correlation differs really from O or not,
i.e. whether the population correlation p is 0. In the present, general situation where p # 0, the
appropriate test, also due to Fisher, demands a mathematical transformation of the value of r,
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Q, = tanh™'7 = In[(1+r)/(1—7)] .

The transformed value (Q,) is quasi normally distributed, with approximate mean Q,+p/(2n—4)
and variance 1/(n—3). The test statistic to be computed,

2o = V(1=3)[Q, ~ Q,~ p/2n—4)],

has a quasi standard normal distribution. Here, » = 0.753 becomes Q, =~ 0.980, p = 0.92 becomes
Q,=1.589,and z, = 9x(0.980 — 1.589—0.92/20) » —1.965. For a two-tailed test at significance
level of 5 %, table 2 of the normal distribution furnishes critical values z = £1.960. Our observed
value lying outside the acceptance interval of the null hypothesis, we must reject it. Despite the
small size (n = 12) of our sample, we have been able to prove statistically that the 12 children
from the state orphanage display an unusual degree of correlation between height and weight, as
compared to pediactric norms, a fact that hints at a possible deficiency in their environment.

Example 4 [Confidence interval for a predicted value based on linear regression, using
Student’s #]

A technician in ergonomics must devise a method for allocating mail bags among postal workers,
in sorting offices. He obtains a random sample of seven (filled) bags, weights each of them and
counts the content. The measures obtained are:

X (weight, in kg) ll4.0 165 21.6 18.8 19.5 12.0 16.4

Y (nbr. of pieces) | 607 850 997 849 993 581 701

The sample statistics are: X = 16.97, sy, = 3.30, Y = 796.86, sy = 171.22 and 1y, = 0.942. Now,
for the linear regression coefficients, we calculate: b = ryy sy /sy ~ 48.88,a =Y — bX~ —32.6.
The resulting equation:

¥ = 4888 X — 326

helps predict the number of mail pieces in a bag as a function of the bag’s weight (in kg). For
a bag weighting, say, 20 kg, what is the interval inside which the number of pieces may vary,
with a confidence degree of 1—a?

Solution: The confidence interval for a simple linear prediction is calculated with:

A
Y 1, o0 -anS9x s
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the confidence level of the interval is 1 —a, and the confidence limits are based on percentiles of
Student’s ¢ with v = n—2. We need to compute the standard error of prediction s¢ ; we propose
to do so in two steps. First, the standard error of estimation s, (or sy y) may be obtained by:

then:

_wy2
S§x=sc 1+_1_+_(x_2(_)__
| mo (-1

For our data, using x = 20 kg, the predicted number of pieces is ¥ = 48.88x20 — 32.6 ~ 945.0.
The standard error of estimation s, is 171.22+/[6/5(1 — 0.942%)] = 62.948 ; then, s¢ , = 62.948 /[1
+ 1/7 + (20 — 16.97)%/(6x 3,30%)] ~ 71.31. Lastly, using v =n—2 = 5 and a confidence level of
0.95, the appropriate #-interval is +5 o75) = £2.571. Finally, we can write out the desired interval,
945.0 £2.571x71.31, i.e. state that there should be between 762 and 1128 pieces of mail in a bag
of 20 kg.

Example 5 [Chi-square test of goodness-of-fit (from Laurencelle 1998)]

Students on a Québec campus have been evaluated using Cooper’s 12-min running test: the
measure is the total distance run on a circular track, in meters (m), in 12 minutes. 282 male
students were measured, aged 19 to 23, their results being summarized in the table on next page:
column "f" is the number (or frequency) of people having obtained a distance within the indicated
interval. Now, the corresponding histogram, a graphical equivalent of the frequency distribution,
displays a slight positive asymmetry. Using a 5 % significance threshold, may we believe that
these data pertain to the normal distribution model?

Solution: A major application of the Chi-sqare distribution concerns the analysis of
frequency tables, in particular goodness-of-fit tests where the observed distribution of a variable
is compared to the theoretical (or expected) distribution pertaining to a given model. The test
statistic for this situation is, in general:
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Distance (in m) f ft  Distance (in m) f ft

> 3200 0 0.14 | 2300 - 2399 40 38.87
3100 - 3199 2 0.31 2200 - 2299 35 36.62
3000 - 3099 2 0.85 2100 - 2199 34 30.61
2900 - 2999 4 2.09 | 2000 - 2099 41 22.72
2800 - 2899 6 4.53 1900 - 1999 24 14.96
2700 - 2799 8 8.74 1800 - 1899 19 8.74
2600 - 2699 9 14.96 1700 - 1799 9 4.53
2500 - 2599 13 22.72 1600 - 1699 2 2.09
2400 - 2499 34 30.61 < 1599 0 1.30

Quantities fi, called "theoretical frequencies", are the expected numbers of data (people, elements,
sample units) in each interval of values; they can be written down as ff; = nxp;, where p; is the
probability that any datum (or sample unit) lies in the /™ interval, according to the chosen model.
The df (v) of this Chi-square are k—m—1, where k is the effective number of (non-zero)
frequency intervals (or categories), and m is the number of parameters in the model that had to
be estimated from the data.

For the normal model, we have to estimate the p and o parameters, which we do
usually by substituting the sample mean X and s.d. s: for our n = 282 data of the frequency
distribution, we calculated X = 2250.00 and s = 289.44. The determination of ft; can be made

X g, =X

approximately’ using S~ nL ¢ , where L is the interval’s length, here L = 100, mej
N

1s the interval’s midpoint, and ¢ is the standard normal p.d.f. For instance, the interval ( 2900-
2999 ) has midpoint X, , = 2950, the equivalent z score is (2950—2250.00)/289.44 ~ 2.4185,
0(2.4185) = exp[ —(2.4185)%/2 ]1//(27)~ 0.2142, and ft = 282x100/289.44x0.02142 ~ 2.09.

Values of fi; were established for every interval and were transcribed in the frequency
table. Note that it is recommended to group data and intervals so that no interval contains a fi

' A more rigorous method of determination consists in finding the probability integral corresponding to each
interval’s upper limit, in the normal model, and then, by substraction using the lower interval, in computing a
percentage of occupancy of the interval. For instance, the exact limits of interval ( 2900 - 2999 ) are b, = 2899.5
and b, =2999.5 ; their equivalent z scores are z(b,) = (2899.5—2250.00)/289.44 ~ 2.244 and z(b,) ~ 2.589. In table
1 of the normal distribution, we find the probability integral values P, = 0.98758 for z(b,) abd P, = 0.99519 for
2(b,); the difference between the two is the expected occupancy, i.e. p = P,—P, = 0.00761 and, after multiplication
with n = 282, ft; = 282x0.00761 ~ 2.15.
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value less than 2. Consequently, in our example, we combine all data going from 2900 upwards
(feomb = 8 ftoomp = 3.35) and those going from 1699 downwards (£, ., =2, fi.omp = 3-39). Finally,
the computation of the Chi-square statistic runs through & = 15 intervals and yields X2 =24.120;
the df are 15—2—1 = 12. The table of percentiles of Chi-square, at line v = 12 and column
0.950, gives x> = 21.03. As the obtained value exceeds percentile 95, we can reject the normal
model for our data. Besides, a thorough examination of the data rather suggests a skew model,
very likely that of the "lognormal” distribution"’.

Example 6 [z test for the difference of means between two groups]

An all-country survey has revealed that, for the age group of 20 to 29 years, men watch television
for an average of 364.6 minutes per week, with a s.d. of 51.2, whereas women do it for 404.5
min, with a s.d. of 38.7. In a separate survey of some university campuses, 64 male and 59
female students were questioned about their TV habits, particularly the time spent weekly facing
television, in min: the males obtained X, = 372.4, 5, = 56.3, and the females, X, = 380.8, s, =
41.4. Is the difference between men and women enrolled in universities the same as that in the
general population?

Solution: The test statistic:

has a standard normal distribution inasmuch as variable X (here, the number of minutes spent per
week in front of a TV set) is approximately normally distributed. In the present context, we
consider the means and s.d.’s from the all-country survey as aptly defining the parameters of the
corresponding populations (for given age and sex). We may thus apply the above formula:

_ (372.4-380.8) - (364.6 -404.5)

51.22 . 38.72
64 59

~ 3.867 .

%%,

2 If we had used the more rigorous, and fastidious, method of determination for the f4’s, we would have obtained
X? ~ 23.84, the relative difference with the other method being only ~ 1 %, and would have arrived at the same
conclus1on

3 A r.v. is said to obey the lognormal distribution if its logarithm is normally distributed, precisely if In(X—C) ~
N, o), for some C.
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The obtained value, z = 3.867, exceeds by far the 1 % bilateral critical values of the standard
normal distribution £z, o5, = £2.5758 (see table 2 of the normal distribution). The statistical
hypothesis of no difference is thus rejected: the mean time spent watching TV differs less
between male and female university students than they do between age-equivalent men and
women in the general population. (Note that the above test procedure is also appropriate to
situations where p, = p, and/or 6 = 67.)

Example 7 [t test for the difference between two paired means]

An attitude questionnaire bearing on various dairy products was first administered to a group of
eight consumers. 15 questions were asked, with Likert-type answering format, the answer ranging
from O ("not at all favorable") to 5 ("very much favorable"); the total score could vary from 0
to 75, a high score meaning a favorable attitude. A videotape was then lent to each person,
containing a presentation of the benefits of the said products for one’s health. Finally, a week
later, the questionnaire was re-administered. The research firm was asked to check whether the
video publicity was effective, that is, whether the consumers’ attitude may be swayed. The two
arrays of obtained scores follow:

Consumer 1 2 3 4 5 6 7 8

X, (before) 34 29 55 43 67 38 69 50
X, (after) 52 47 59 46 69 55 71 62

d=(X,—X)) 18 18 4 3 2 17 2 12

Solution: The computations required for performing the significance test are most
simple when based on the score differences, d; = X;,—X,,, for every subject i. Using the mean
difference, d = 9.50 and the corresponding s.d. s, = 7.48, the formula*;

__ ynd
CRRP
d

yields a Student’s # with v = n — 1 df. Here, t = 4/8x9.50 / 7.48 ~ 3.592, and v=7. At the 1 %
bilateral significance level, table 1 of Student’s ¢ distribution indicates +7,,q = +2.998.

4 The extensive formula based on raw scores, t = n(X,—X,)/(st+53 — 2r),5,5,), is algebraically equivalent
to the formula given in the text. A feature of the long formula is that of making obvious the specific advantage of
the "repeated mesures" design, i.e. a research design where the same subjects (or sample units) are repeatedly
measured under two or more experimental conditions. The said advantage emanates from the existence of a positive
and usually high correlation (r,,) between such repeated series of scores, and the consequent drop in the standard
error of the difference between observed means.
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Therefore, we can reject the null hypothesis and conclude that consumers’ attitude has been truly
improved in favor of dairy products. (The reader may have noticed that all eight observed
differences d; are positive: this particular arrangement has, under H; and according to a simple
binomial argument, a probability of occurrence equal to (%) ~ 0.0039, allowing us to reject
directly H, at the 0.01 significance level.)

Example 8 [t test for the difference between two paired variances]

A graduate student in psychology puts forward the hypothesis that stress can either facilitate or
impede performance, depending on the people concerned. To test this hypothtesis, 15 male
undergraduates were required to perform at a fine motor task under two experimental conditions:
the task was to sort small colored sticks, one at a time, for three minutes. In one experimental
condition, the task environment was neutral, while in the second, to create stress, the passing of
time was marked off with a periodic tone, emitted at progressively higher sound levels. The order
of conditions was randomized across subjects. The results of the 15 subjects, for the two
conditions, are reproduced below.

Neutral condition |25 40 41 58 51 36 75 53 27 63 29 46 44 55 48

"Stress" condition |17 21 31 69 44 37 77 57 29 46 46 39 41 65 47

The novice researcher proposes that the stress condition would enhance the differences among
subjects, hence that the scores’ variance would be greater under this conditon.

Solution: The variances to be compared are "paired", an expression which means that
both series come from the sample sample of subjects. This mutual dependence in the data pros-
cribes the classical F test on the quotient of two variances. In its place, authors have developped
the following test statistic:

which is approximately distributed as Student’s ¢ with v = n—2 df. For our data, we calculated
n =15, s21 = 192.07, s% = 290.97, r;, = 0.808, and ¢ = —1.280. Using a one-tailed, 1 %
significance threshold, table 1 of Student’s ¢ distribution furnishes 7,31 4;; = —1.771. The obtained
difference does not exceed the critical value, so that we must keep the null hypothesis and



Supplementary examples 207

conclude, with the psychology student, that the stress condition did not succeed at enhancing the
performance differences among subjects.

Example 9 [z test for the difference between two independent correlation coefficients]

Intelligence, as measured with a test of Intellectual Quotient (IQ), is a proved determinant of
scholastic achievement. The research bureau of a Québec school board randomly sampled 250
pupils in final grade of a primary school. Among these, 150 were of French or Anglo-French
extraction and were tagged "group A"; as for "group B", it was composed of 100 pupils with
parentage of diverse Far East ethnic groups (Chinese, Vietnamese, Laotian, etc.) and living in
Québec for at most two generations. All pupils had their first years of primary education in the
same school. Each of them was administered a IQ test, and then the correlation between the
pupils’ 1Q and the average on their yearly report was computed. For group A, the value r, =
0.565 was obtained, whereas group B got r; = 0.482. Did intellectual abilities have the same
import on achievement in both groups of children?

Solution: To answer this question, we must decide whether the correlation between 1Q
and the school report’s average differs or not from one group to the other. To do that, we must
again resort to the transformation of coefficient r already applied in example 3, namely Q =
tanh~! r = KIn[(1+7)/(1—7)], first for , — Q,, and for r; = Q. Each transformed variable has
a variance approximately equal to 1/(rn—3), and the test statistic:

Q,-Q,

is approximately distributed as a standard normal variable. Here, Q(r,) = Q(0.565) ~ 0.640, Q(r)
~ 0.526, and z = (0.640 — 0.526)//(1/147+1/97) ~ 0.871. The bilateral percentiles of the standard
normal distribution for signifiance level 5 % are £1.960. As the obtained test statistic lies within
the tolerance interval, H, must be accepted: we could not prove that, for children in Québec
having parental origins in the Far-East, intellectual abilities have a different impact on school
achievement than for the native.

Example 10 [Chi-square test for the differences among k independent variances]

A given research design comprises five groups of measures issuing from as many samples of
subjects. Before proceeding to analysis of variance (ANOVA) for the purpose of studying the
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differences among the groups’ means, the researcher wishes to assess the homogeneity of
variances condition. The relevant data are:

Groups n v,(=n,—1) s?
1 12 11 29.62
2 9 8 17.45
3 10 9 23.19
4 14 13 21.91
5 8 7 42.24
53 48

Solution: The F_,, and Cochran’s C tests for comparing k independent variances (see
appropriate sections) both suppose that the df’s (v;) among compared variances are equal, hence
that groups’ sizes are the same. M. S. Bartlett has proposed a Chi-square test to accommodate
unequal group sizes. A symbolic formula is:

where A = (2v;) In 6%; B = Zvjlnsjz.; C=1+ [Zvj"1 - (Zvj)‘1 1/[3(k—=1)]; 6% =3 vjsjz./ 2.
This statistic has an approximate Chi-square (%?) distribution with v = k—1. The component ?
is a weighted average of the k groups’ variances; for our example, it coincides with the within-
group mean square (MSy;4:,) of ANOVA.

With our data, we calculate 6% = 1254.64 / 48 ~ 26.138; A = 48 In 26.138 ~ 156.643;
B=111n29.62+81n17.45+ .- +71n 4224 ~ 154775, and C= 1 + [1/11+1/8+ .. +1/7 —
1/48] / [3x4] ~ 1.04383; whence X? = (156.643 — 154.775) / 1.04383 ~ 1.790. In the table of
percentiles of the Chi-square distribution, at line v =%—1 = 4 and column "95", we get xi[o'%]
= 9.49; since the observed result does not exceed the critical value, the homogeneity condition
may be said confirmed. (The reader may check that the F,,, and C tests on the present data
render both the same conclusion, even when the permissive significance criterion is applied.)

Example 11 [F tests on a set of contrasts among means, according to Scheffé’s criterion]

Following an analysis of variance (ANOVA), it may happen that the researcher has to compare
not only means among themselves singly but also in various combinations. To illustrate the case,
let us take again Example 1 in the section on Studentized range, with £ = 5 groups. Suppose here
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that we have three experimental groups (E1, E2, E3) and two control groups (C1, C2). The
summary data are reproduced below.

Groups (r = 10) Means S.d.
El 22.63 3.17
E2 18.90 2.86
E3 26.14 2.59
C1 23.35 3.06
C2 19.31 2.77

Recall that the reference mean square (MS, ), here MSyipin groups: €quals 8.395 and possesses
kx(n—1) = 5x9 = 45 df. The researcher wants to compare, say, the experimental groups among
themselves, also the control groups among themselves, both types of groups globally, plus E1 to
C1, E2 to C2 and E3 to C1+C2. The design of these comparisons, also called contrasts, is given
in the following table, together with the contrast coefficients® and intermediary calculations. Are
these differences significant? ‘

Coefficients (c))
Contrast El E2 | E3 C1 C2 X, chz- M_S =
22.63118.90(26.1423.35|19.31 n(chXj)z/Zc}

El vs E2 +1 -1 +3.73] 2 69.565
El vs E3 +1 ~1 —-3.511 2 61.601
E2 vs E3 +1 -1 —7.24| 2 262.088
Cl vs C2 +1 -1 | +4.04] 2 81.608
(ELE2,E3) vs (C1,C2)] 2 2 2 -3 { =3 | +7.36| 30 18.057
El vs C1 +1 -1 ~0.72| 2 2.592
E2 vs C2 +1 -1 | —-041] 2 0.841
E3 vs (C1,C2) 2 -1 { -1 1 +9.62] 6 154.241

> The fundamental rule for setting up any contrast is that its non-zero coefficients must sum to zero, i.e. X, = 0.
The coefficients used here have an arbitrary "unit” scale, their normalized value being obtained througfl the
subsequent computational formulae. For instance, for the comparison between (E1,E2,E3) vs (C1,C2), the difference
Va(E1+E2+E3)—14(C1+C2) may be translated into coefficients +V5,+V5,+Vs, — %, — 1, or +2,+2,+2,—3,-3, or, in
normalized form, +2/4/30,+2//30,+2/4/30, —3/4/30, ~3/4/30, the squared values now summing to unity.
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Solution: All these comparisons are apparently of an exploratory nature and are diverse
in form, and they, as a group, lie outside the scope of Tukey’s HSD method; moreover, the
intricate (but nonetheless interesting) and numerous groupings of means ban the application of
a planned comparisons approach (such as that used with the Dunn-Sidék criterion, see section on
Student’s ¢ distribution). There remains Scheffé’s multiple comparisons method. It consists in
making up, for each comparison or contrast, a mean square like:

)

MS =
contrast Z c2

.

j
The sole condition that must be enforced is that >c; = 0.5 The steps and results of the
calculations are illustrated in the last columns of the table. The decision to be rendered on each
/MS
Scheffé’s critical value, Fgyere = (A= 1)Fi_1 45 1—op 1D OFder to be significant at 1000 %; the
(associated with MS

comparison is then dependent on a F quotient, F = MS which must exceed

contrast error?

parameters v, and v, of F are thus £—1 and df,

€rror CITOI') *

= 45. Looking
at the F table of percentiles in the appropriate section, for oo = 0.05 and percentile 95, we find

In the present example, the df’s are respectively k—1 = 4 and df,,
Fy4=2.584 and F ,c = 2.574, averaging to F, 45 ~ 2.579. The appropriate critical value for our
contrasts is thus 4xF, ;51 951 = 4x2.579 ~ 10.316, a comparatively high and conservative value.
Our observed quotients MS_ .../ MS,__ are, from the top of the table downwards: 65.565/8.395
~ 7.810, and 7.338, 31.220, 9.721, 2.151, 0.309, 0.102, 18.373. Thus, only two comparisons find
favor with Scheffé’s criterion, that between E2 and E3, and that between E3 and C1+C2. The
reader is invited to compare this yield of Scheffé’s method to that of Tukey’s HSD for the same
data (see section on Studentized range distribution). Certainly, Scheffé’s criterion is more strict
but its domain has much more span (as to the number and form of possible contrasts), a fact that
more than compensates its conservativeness.

® Quantity "»" in the numerator of the MS formula denotes the common number of data (and/or subjects) per mean.
When the group sizes (n;) are unequal, various ways out are possible, and we recommend the so-called "harmonic-
mean" solution: in this solution, the common size "a" is replaced by the harmonic mean (%) of the k group sizes,
ie. A =kl(n4ny o tnl ),
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Beta [Beta distribution B,(a,b), Beta function B(a,b)]
Binomial expansion

Combinations, C(m,n) or (’311)

Correlation coefficient, pyy, 7xy

Distribution function, P(x)

Expectation (of a random variable), u or E(X)
Exponential distribution, £(0)

Factorial (function), n!

Factorial (ascending n™, descending Rom)
Gamma [Gamma distribution G,(x), Gamma function I'(x)]
Integration (analytic, direct)

Integration (numerical)

Interpolation (linear, harmonic)

Mean (of a random variable), p or E(X), X
Moments of a distribution [, &% v;, 7,]

Moment estimates [X, 57 g;, g,]

Poisson distribution, Po(A.f)

Probability density function, p(x)

Probability distribution function, P(x)

Simpson’s (parabolic) rule

Standard deviation (of a random variable), G, s
Uniform distribution, U(a,b) and U(0,1)
Variance (of a random variable), o? or var(X), s°
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Entries are ordered alphabetically with respect to the (principal)
name of the concept treated. Note that only main results and
formulae are given, without demonstration.

Beta [Beta distribution B (a,b), Beta function B(a,b)]

The standard Beta p.d.f, defined by p(¢) = [B(a,0)]”t* {(1—-£°"", a >0, > 0 and
0 <t <1, where B(a,b) = _[01 1*71(1—£)°"1 dt is the Beta function, is used to represent
the behavior of a doubly bounded r.v., under various distributional shapes depending
upon parameters a and b; the Beta d.f. is simply the integral of p(f), sometimes
indicated by B,(a,b) = .[g p(?) dt. The uniform distribution is a special case, where a
= b = 1. If y is a random variable from the F(v,,v,) distribution, then x=v,/(v,+v,y)
has a standard Beta distribution with a = v,/2, b = v,/2, and P(y) = 1 —B(a,b).

The moments of the Beta distribution are: p = a/(a+h), o* = ab/[(a+b+1)(a+b)?],
1 = 2(b—a)\(a+b+1)/[(a+b+2)\(ab)], v, = 6[(a+b+1)(a’+b>—3ab) — ab]
/[ab(a+b+2)(a+b+3)]. The mode sits at (a—1)/(a+b—2) and the median equals %2
ifa=b.

The Beta function, B(a,b), can also be evaluated through its relation with the Gamma
(") function, thanks to the equation B(a,b) = [['(a)['(b)]/I'(a+b). In statistical work,
the function is usually encountered having integral arguments a, b. Note that B(a,b)
= B(b,a).

Example: B(3,4) = [L(3)[(4)]/I'(7) = 2x6/720 ~ 0.01667.

Binomial expansion

The expansion of the binomial (a + b)", attributed to Newton, serves as a device of
general mathematical import in addition to its connection with the binomial probability
distribution (see appropriate section). Noteworthy is the special case which consists
of a =1 and b = x. The expansion is then:

L+x)=1+(T)x+(5)x+(5)F + ...

=1+nx+tn(n—1)3> + tn(n—-1)(n-2)x + ...
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Combinations, C(m,n) or ( )

Coefficients ('ﬁ), known as (numbers of) combinations, are also called "binomial
coefficients" and go back to Pascal. The expansion is valid for all x and n. When n
is a non-negative integer, the expansion gives n+1 terms; when n is negative or has
a fractional part, the expansion is infinite and its sum converges if |x| < 1.

Examples: (a + by’ = a® + 3a’b + 3ab® + b ; \(0.9)=(1 — 0.1)*=1 — %x0.1 +
L<2A x0.12+ ..~ 1 = 0.05 — 0.00125 = 0.94875 (i.e. summing only the first three

terms of the infinite expansion). Also, (1 +x)"!=1 — x + x* — x> +...
m
n
The number of combinations, indicated by C(m,n), (%), ,,C, or C7,
of different groups of »n objects that can be combined from m objects. Necessarily, m
> n 2 0, otherwise C(m,n) = 0. This function can be calculated using the factorial

function and the equivalence C(m,n) = m!/[n!(m—n)!]. Other handy formulae are:
C(m,n) = my,/n!, where my,, is a descending factorial, or C(m+n,n) = (m+n)!/[m!n!].

is the number

Examples: C(6,2) = 61/[21(6—2)!] = 6(,)/2! = 6x5/2 =15; C(9,9) = 1; C(9,0) = 1;
C(5,7) = 0, by definition.

Correlation coefficient, pyy, xy

The linear, product-moment, or Pearson’s correlation coefficient pyy (or p) between
two random variables X and Y is defined by p = E{(X—puy)(Y —py) } /040y, =1 < p
< 1, and its absolute value reflects the degree of proportional (linear) relationship
between X and Y. Its sample estimate, obtained from a bivariate series ( X,,Y;), i =
1,n, is: ryy = 2 (5,—X)(¥;,— Y)/[(n—1)s4sy]. Other computing formulae are available.

Distribution function, P(x)

Abbreviated as d.f., the distribution function, also called probability distribution
function, is the probability integral of (random) variable X at x. It is related to the
density function (p.d.f.) p(x) through P(x) = .[fw p(») dy or, equivalently for integer-
valued variables, to the mass function (p.m.f.) through P(x) = >* _ p(y). By definition,
P(—o) =0 < P(x) < 1= P(®). See also Probability density function.

Note the distinction between the abbreviations "d.f." (distribution function) and "df™
(degrees of freedom).
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Expectation (of a random variable), p or E(X)

See Moments of a distribution

Exponential distribution, E(0)

The exponential p.d.f., defined by p(z) = 8™, 6 > 0, ¢ > 0, is used to model the
behavior of a positive r.v. bounded at zero. The d.f. is P(¢) = 1 —e~%. The exponential
law is a frequent candidate to represent the waiting time for an event (e.g. the next
accident, the next free slot in a queue) whose rate of occurence is 1/8. The law E(1)
is a special case of the Gamma distribution G,(x) with £ =1, and it is logically related
to the Poisson distribution.

The moments of the exponential distribution E(6) are: p = 1/0 ; o* = 1/6% v, = 2 ;
Y, = 6. The mode is zero, and the median equals (In2)/6 ~ 0.6931/0.

Factorial (function), n!

The factorial function of n, denoted by n!, represents the number of permutations, or
linear arrangements, that can be formed with » different elements. It is easily shown
that n! = nx(n—1)! = n(n—1)(n—2)-- 2-1; conventionally, 0! = 1. For instance, 1!
=1, 2! = 2x1 = 2, 3! = 3x2x1 = 6, and so on. As was the case for the Gamma
function to which it is related, one can use the following approximating formula: n!
~ J2n)n™ e "[1+(12n) "], where +/(27) = 2.5066.

Example: 8! = 8x7x6x5x4x3x2x1 = 40320 or, with the approximating formula,
8! ~ /(2m)x 8338 x[1+1/(12x 8)] ~ 40318.05.

Factorial (ascending n™, descending n,,))

The ascending factorial function n™ is the product of m increasing integers, calculated
as n(n+1)-(n+m—1); the descending factorial function 7, is the product of m
decreasing integers, n(n—1)--(n—m+1). Note that n,, = nl, ng = n® =1,

Examples: 545, =5x4x3 = 60; 49 = 4x5 =20; ny = n) = n. By extension, we can
also compute 4.12;) = 4.12x3.12x2.12 = 27.251328 and 3.62% = 3.62x4.62 =
16.7244.
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Gamma [Gamma distribution G,(x), Gamma function I'(x)]

The Gamma p.d.f., defined by p(t) = [[(k)]"1t*'e™, e ~ 2.7183, k> 0, ¢ > 0, where
I'(k) is the Gamma function and is evaluated with f:’ t*~le™ dt, is used to model the
behavior of a positive r.v. bounded at zero. The d.f., P(x) = Pr(¢<x) = J'g p(?) dt, may
be indicated by G(x). The density function p(¢) = [['(k)]~'0%*'e™®, 6 > 0, is yet
another form. Note that law G,(x), with 8 = 1, is in fact the exponential law E(1), and
that law G(x), integer %, corresponds to a sum of k¥ E(1) random variables: this form
is also called the Erlang distribution. Random variable > (Chi-square) is in fact a
Gamma variable, with k£ = v/2 and 6 = %.

The moments of the Gamma distribution (for any 8>0) are: u = 40 ; o= k/0*; y,=
2/\/k;y, = 6/k. The mode sits at (k—1)/0.

The Gamma function, ['(k), is defined for all k£ except £ = 0, —1, —2, etc. It is
recursive, according to I'(k) = (k—1)I'(k—1), and, for integer £, it can be computed
as a simple factorial, i.e. I'(n+1) = n!. We can also approach its value with Stirling’s
expansion: ['(k+1) = /(2r)k* e *[1+(12k)"!]. For the cases, frequently encountered
in statistical work, where & is given in half-units, such as £k = 4.5 or 11.5, then I'(k)
= (k—1)(k—2) - Va/m; another formula is ['(n+%) = [1:3-5- .. -(2n—1)/r]/2".

Examples: T'(5) = (5—1)! = 24; T'(3.5) = 2.5x1.5x0.5x/m = [1:3-5y/n]/2° ~ 3.32335,
or else, approximately, I'(3.5) = T'(2.5+1) = J/2n)x2.5%"27[1 + 1/(12x2.5)] =
3.32211.

Integration (analytic, direct)

By integration, or mathematical integration, is meant the process of calculating the
area controlled by a function of (usually) one variables, say X, and delimited by two
or more bounds. In statistical work, the function to be integrated has the usual form:
y = f(x), where f(x) is a p.d.f.; the probability area is delimited vertically between zero
(the horizontal axis) and y, the probability density, and horizontally by the bounds X
=g and X = b, and it is indicated by j : f(x) dx. If one can find or come up with the
antiderivative of f(x), i.e. a function F(x) whose first derivative is f(x), then the
searched-for area is simply F(b)—F(a). This is a standard form of direct, or analytic
integration. Many other forms exist, especially numerical integration.

The reader is referred to any of the numerous textbooks and handbooks on calculus
for more information.
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Integration (numerical) (see also Simpson’s rule, analytic Integration)

For lack of a proper integration formula or if the antiderivative of f(x) is too complex
to be determined, one can evaluate the searched-for area: 1) by segmenting the
integration interval (a, b) in small equal sub-intervals; (2) by finding the approximate
area comprised in each sub-interval; and (3) by summing the series of areas thus
obtained. The approximation method in each sub-interval is ad lib (trapezoidal rule,
Simpson’s parabolic rule, etc.), the whole process being call numerical integration.
The precision of the result depends essentially on how fine is the segmentation
applied.

Example: Let Q = L} xdx = % , this integral being now approximated with the
trapezoidal rule. Using one trapezoid, f(0) = /0= 0, f(1) = 1, Q, = (area of a
trapezoid) = (Base x Mean height) = 1 x %(0+1) = 0.5. Partitioning the (0, 1) interval
in two, we must use f(0) = 0, f(*2) = 0.7071 and f(1) = 1, whence Q, =
(area),+(area), = Y2x¥2(0+0.7071) + Y2x%2(0.7071+1) = 0.60355. We thus obtain
successively Q; ~ 0.63128, Q, ~ 0.64238,... , Q,_,,—> %.

Interpolation (linear, harmonic)

Interpolation techniques are applied, notably in mathematical tables, for estimating the
unknown value of a function, y, = f(x), from two (or more) known values who
embrace it, i.e. values y, and y, such that a < x < b. We keep here to the general
method of linear interpolation. When it is applied to data pairs (x, y), it is called
(strictly) linear interpolation; when applied to pairs (1/x, y), it is called harmonic
interpolation, and we speak of logarithmic interpolation for (x, In y), and so on. For
the simple case of strict linear interpolation, on data pairs (x, y), the estimation
formula is:

Ve ® Yo ¥ (Vp— Y )x[(x—a)/(b—a)] .
Adaptation of this formula to various contexts is illustrated in the following.

Usage in statistical tables favors harmonic interpolation when a value must be
estimated across two numbers of degrees of freedom (df), and it favors occasionally
logarithmic interpolation when a value must be estimated across two extreme
percentage points of a distribution. In most cases, though, simple linear interpolation,
as formulated above, do the job.
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Example 1 [Linear interpolation]. Let us try to estimate ©(0.302), the standard normal
d.f.,, using ®(0.30) ~ 0.61791 et ©(0.31) ~ 0.62172. Applying the linear interpolation
formula above, we write ©(0.302) ~ 0.61791 + (0.62172—0.61791)x [(0.302—0.300)
/ (0.310—0.300)] = 0.61791 + 0.00381x0.2 = 0.61867, here a result with 5-digits
accuracy.

Example 2 [Harmonic interpolation]. Let us try to estimate ¢5y1 os; from #3414 957~ 1.697
and 7, 95) ~ 1.645. Here, using the reciprocal of argument x, i.e. 1/x, we compute s,
~ 1.697 + (1.645—1.697)x[(50"' =307 1)/(0™1=30"1)] = 1.697 — 0.052x0.4 = 1.676,
a result precise to 3 decimal places.

Mean (of a random variable), p or E(X), X

See Moments of a distribution [p or E(X)]

See Moment estimates [X]

Moments of a distribution [, 62 v,, ¥,]

The distribution of a r.v., which is governed by p.d.f. p(X), can be characterized or
described summarily by its moments. Simple moments (i) and central moments (1,)
of order r correspond respectively to':

w=EX'T=[* x"p(x)dx; p,=E[(X-p)T=[* x-p) px)dr,

where p{ = E(X) = p denotes the (mathematical) expectation of X, its "mean". Central
moments p, can be obtained from simple moments p, thanks to the binomial
expansion, with p, = E(X—p)" = p\. — rp/_p + (E)p;_zpz —... £ W. Note parti-
cular14y that p, =0, p, = pp — W%, py = Wy — 3ppp + 21°, = py — 4psp + 6’
- 3u”.

The four foremost statistics used to characterize the distribution of a r.v. are:

VA (= p}) the expectation (or mean), which points to a central position, the centre
of gravity of p(X) on the axis of (values of) X;

6”: (= p,) the variance, or squared standard deviation (o), which indicates the
amount of scatter of X, the spread of p(X) around y;

'The moment expressions are given here for continous random variables. Equivalent expressions, with the
summation (%) operator replacing the integration ( [) operator, apply for discrete or integer-valued r.v.’s.
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Y0 (FH /ug’/ 2= sy /) the skewness (or asymmetry) index (also denoted by o, or

+/B,), which indicates the degree of positive (y, > 0) or negative skewness
(y; < 0), or the symmetry (y, = 0) of p(X);

Y, (= ug/n? — 3) the kurtosis index (also denoted by a,—3 or B,—3), which
indicates whether distribution p(X) is more flattened (y, < 0), more peaked
(v, > 0) or of a similar shape (y, = 0) as compared to the normal p.d.f.

Indices y, and vy, are sometimes named "shape coefficients”" and "moment ratios".

Each moment index (or moment ratio) may be estimated on a random sample of »n
data values, allowing the calculation of simple moment estimates {i. = ¥, x//n and
their derived values.

Moment estimates [X, 5%, g, ]

A statistical series, or sample of n data points { x;, x,, -+, x, }, can be described by
summary statistics similar to the moments of the distribution of a r.v.. These statistics
are also called "moment estimates"”, "sample estimates" or "sample moments", and they
are used to estimate corresponding moments of the distribution. Here are the most

noteworthy :

X:  the (sample) mean, or average, calculated as ¥ x,/n. The sample mean is an
unbiased estimate of the expectation, i.e. E(X) = E(X) = p.

s*:  the (sample) variance, calculated as X (x,—X)* / (n—1). The sample variance
(with divisor n—1) is an unbiased estimate of the variance, i.e. E(s%) = o2

s :  the (sample) standard deviation, equal to +/s?. The sample standard deviation
is a biassed estimate of ¢. In the case of the normal distribution, for instance,
E(s) ~ o{1—1/[4(n—1)]}.

g, 8 : the sample estimates g, and g, for y, and v, are calculated respectively as:

Yx-XpP g = Y m-X) 3

g = ;
Y e s 2 -
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Poisson distribution, Po(Af)

The Poisson distribution describes the probability of occurrence of a number x
(= 0,1,2,...) of events during time interval ¢ where the occurrence rate of an event is
A; the p.m.f. is p(x) = e”M(A£)/x!. The d.f. is the sum P(x) = ¥ =0 P(¥); it may also
be derived from a relation with the Chi-square distribution, i.e. P(x|\Af) =
1 — P,2(2At|v=2x+2). The p.m.f. is also written as e~ %*/x!, where 8 = Ar. The
Poisson law is used to model the behavior of rare events, as to their number of
occurences during some time interval. It can also be used to approximate the binomial
distribution (see appropriate section), of parameters t and n, © = nw, when © — 0. It
is logically related to the exponential and Gamma distributions.

The moments of the Poisson distribution, using 8 = At, are: p = o> =6, y, = 1//,7,
= 1/0. The mode (Mo) and median (Md) are two integers such that 6—1 < Mo <6,
and |0] <Md< |0]+1 (y= |x] is the integral part of x).

Probability density function, p(x)

Abbreviated as p.d.f., the probability density function is also referred to as density
function, frequency function, and, for discrete or integer-valued variables, as
probability mass function (p.m.f.); it is denoted by p(x), sometimes f(x). In a graph
of the distribution of r.v. X, the p.d.f. p(x) is the ordinate of the point whose abscissa
is X =x.

Let P(x) = Pr(X<x), the probability that r.v. X lies in the interval bounded upward
by value x. Then, P(x+h)—P(x) denotes the probability that x occur in the interval (x,
x+h), and [P(x+h)—P(x)]/h denotes a density of probability. The p.d.f. appears as a
mathematical limit, i.e. [P(x+h)—P(x)}/h — p(x) as h — 0; conversely, the p.d.f. p(x)
is the (first) derivative of the d.f. P(x), or dP(x) = p(x) dx.

Probability distribution function, P(x)

See Distribution function.

Simpson’s (parabolic) rule (see numerical Integration)

The integration method known as Simpson’s rule is used to approximate the area of
a surface under an arbitrary (continuous) function f(x) in the (a, b) interval, by
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segmenting the interval in many sub-intervals and in mimicking the variation of f(x)
in each sub-interval with a 2™ degree linear function, i.e. a parabolic arc. Simpson’s
rule demands that the original interval be partitioned in 2n segments allowing the
position of » arcs. In each segment, we get the triple of coordinates {(x;,y;), (xc,¥c)s
(xg>¥r) } corresponding to the Left, Center and Right positions in the segment. Then,
using y = f(x), the area component for that segment is: (Area) = [y, +4y-+yg]
x+(xg—x). Basy to implement in a computer program, this method is the most
efficient among the so-called simple methods of numerical integration.

Example 1. Let Q = j(} v/xdx = %a. In order to position a (single) parabolic arc in the
integration interval (0, 1), we must have y; = f(0) = 0, y. = f(*2) ~ 0.7071, and yx =
(1) = 1, whence Q, = [0+4x0.7071+1]x+(1—0) = 0.63807. For two arcs and using
ordinates f(0), f(%), f(%2), f(%:) and f(1), we get Q, ~ [0+4x0.5+0.7071]x+(0.5)+
[0.7071+4% 0.8660+1]x+(0.5) = [0+4x0.5+2x0.7071+4x0.8660+1]x+(0.5) =
0.65652. Likewise, we could calculate Q; ~ 0.66115, Q, ~ 0.66308, -, Q,_,,—>%.

Example 2. Let ®(1) ~ 0.841344746. where ®(z) is the standard normal d.f. (see
section on the normal distribution), and f(z) = ¢(z) = exp(—%z?)/V2x, the
corresponding p.d.f. As the normal p.d.f. is symmetrical around p = 0 and ®(0) = %,
hence, if z> 0, D(z) =% + J'OZ f(z) dz. Using a single parabolic arc and ordinates f(0)
= 1/V2n ~ 0.39894, f(}4) ~ 0.35207, f(1) ~ 0.24197, we obtain d(1) ~ % +
[0.39894+4x0.35207+ 0.24197] x+(1—0) = 0.84153, a result precise to three decimal
places.

Standard deviation (of a random variable), c, s
See Moments of a distribution [o]

See Moment estimates [s]

Uniform distribution, U(a,b) and U(0,1)

A r.v. that takes any (continous) value in some interval (a, b) with equal probability
is said to obey the uniform (or rectangular) distribution, with p.d.f. p(x) = 1/(b—a),
a <x<b, and d.f. P(x) = (x—a)/(b—a). The special case with @ =0 and b =1 defines
the standard uniform distribution, denoted by U(0,1); it is also a particular case of the
Beta distribution, i.e. B(1,1). It is also related to the (discrete) rectangular distribution
(see below).
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Notwithstanding its simplicity, the random variable u ~ U(0,1) has a great importance
in statistics and statistical applications (including sampling and Monte Carlo methods),
because any r.v. x from distribution D can be transformed into r.v. u through its d.f.:
effectively, if f,(x) and F(x) are the p.d.f. and d.f. of x, then y = F(x) 1s distributed
as U(0,1). This distribution is also the basis of algorithms and methods for generating
r.v.’s pertaining to any other distribution function, be it by inverting the d.f., for
instance Fj'(u) —> x, or by other means. Moreover, most computer languages and
programming systems comprise one or a few generating functions for pseudo-random
values of the uniform distribution, with function names such as "RND", "RANF",
"RANDU", or our own symbolic function "UNIF".

The moments of the uniform distribution U(a, b) are: u = (a+b)/2; 0% = (a—b)¥/12;
Y, = 0; v, = —6/5. The median (Md) equals p, and there is no mode.

The set of values (1, 2, ..., N) are said to obey the so-called discrete, or integer-valued
rectangular (or uniform) distribution, sometimes denoted by R(1,N), if the probability
of occurrence of each value (p.m.f.) is p(x) = 1/N. The d.f. is P(x) = x/N. The
moments are: p = (N+1)/2; 6° = N*—1)/12; 7, = 0; 7, = =& - (NZ+1)/(N?*-1).

Variance (of a random variable), o2 or var(X), s>

See Moments of a distribution [6? or var(X)]

See Moment estimates [s°]
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Student’s t distribution
Confidence interval for a mean
Test for the difference of means between two (independent) groups

Planned tests for the differences between means following Dunn-Sidak’s
criterion

Test for a correlation coefficient (Hy: p = 0)
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Dunnett’s t distribution Section  Page

Test for the differences between each of p—1 means and a reference t 75
mean (Dunnett’s test)

E? distribution for monotonic variation

Test of the hypothesis of simple order in monotonic variation for k E? 1 90
means
Test of the hypothesis of dominance (or simple tree order) in monotonic E2 91
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F, .. distribution

Test for the difference between k independent variances (Hartley’s test Foax 1 103
for homogeneity of variances), with equal df’s

Test for the difference between k independent variances (Hartley’s test Fo.x2 104
for homogeneity of variances), with unequal df’s

Cochran’s C distribution

Test for the difference between k& independent variances (Cochran’s test Cl1 113
for homogeneity of variances), with equal df’s

Test for the difference between k independent variances (Cochran’s test C2 113
for homogeneity of variances), with unequal df’s

Orthogonal polynomials (OP)

Determination of significant powers of the regressor variable in linear OP 1 125
orthogonal regression for £ means, and reconstruction of a regular
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Simple linear regression with orthogonal polynomials OP 2 127
Direct computation of 1% and 2™ degree coefficients for any set (N) of OP 3 127
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Binomial distribution (Bin) Section  Page

Computation of probability of success in blind answering of a multiple- Bin 1 152
choice multi-item exam

Confidence interval for a proportion or percentage Bin 2 152

Test of the hypothesis of equal probabilities for a series of observations Bin 3 153
with two categories

Computations, exact and approximate, of a binomial probability Bin 4 153

Number-of-runs (r) distribution

Test of randomness for a sequence of objects of two types in a queue rl 171

Test of randomness for the sequence of residuals (Y; —?,-) in linear r2 172
regression
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Analysis of variance (ANOVA) Confidence interval
one-way, k equal groups 54 67 81 96 for diff. between two error-prone
103 133 208 measurements 12
unequal groups (test for homogeneity of for a sample mean 36
variances) 208 for a predicted value from linear
regression 201
Approximation for a proportion (percentage) 163
to binomial by normal 163 165-167 for a sample variance (and s.d.) 21
to Chi-square by normal 21 24
to F by normal 54 59 Contrasts
to number-of-runs by normal 184 see Test procedures
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Correlation Def. (pyy, rxy) 214
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83
Binomial expansion 164 213 diff. between two indep. r’s 207
and combinations 213 Fisher’s transformation 201 207
and d.f. of Student’s ¢ 38 generation of correlated normal r.v.’s 15
significance of r 37
Bonferroni criterion test of diff. of » vs. p, 200
see Dunn-Sidék criterion volume (of probability) in the positive
hyperquadrant of a k-dimensional
Combinations 214 equi-correlated normal distr. 102
and binomial expansion 213 and ¢-test for paired means 205

for paired variances 206
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Gamma distribution 216 function 216 rel.

Degrees of freedom (df’)
of Chi-square for goodness-of-fit 203
of sample r 41
of sample variance 23

Density function
see Probability density function

Distribution
see Probability density function,
Sampling distribution

Distribution function (d.f.) Def. 214
and moments of a distr. 112
Beta rel. with F 101 213
binomial 165 rel. with F 58 with

normal 166 with Poisson 166

C (Cochran’s) 121 rel. with F 122
Cauchy (as t;) 39
Chi-square 23-34 rel. with Poisson 219
Dunnett’s ¢ 83-84
E? and %2 (monotonic variation) 101
Exponential 215 rel. with x5 24

F v;=v,=1 and v|=2,v,21 57 rel. with ¢

57 rel. with x? 57 rel. with Beta 101
213 rel. with binomial 58
F_ . 111 rel. with F 111
Gamma 216
normal 13
Poisson (rel. with Chi-square) 219
rectangular (discrete uniform) 221
Student’s ¢ 39 rel. with F; , 40
uniform 221

Dunnett’s method 82
Dunn-Sidék criterion 40 example 36

Expectation 215
see Moments

Factorial (function) 215 rel. with Gamma
function 215
ascending 215
descending 215

with factorial 216
g, 7, (skewness index) 218-219
25, ¥, (kurtosis index) 218-219

Generation of random variates (r.v.’s)
binomial 167-168
Chi-square 25
exponential 24
F 60
normal 14 from random numbers 192
correlated normal 15
Student’s ¢ 41
uniform 193-194

Harmonic
interpolation see Interpolation
mean of unequal sample sizes n; for
q test 69 210

Homogeneity of variances
see Test procedures

HSD (Tukey’s method) 67

Integration
analytic, direct 216
numerical 217 trapezoidal rule 217
Simpson’s (parabolic) rule 220

Interpolation
for sufficient size n*(r) 41
harmonic Def. 217 for F 4 53 for g 67
for C 119 for InF 109
linear Def. 217 for F 3 53 for q 67

Isotonic regression
see Regression (monotonic)

Kurtosis (y,, g,) 218-219



General index

233

Mean 218 see Moments

absolute diff., expect. for X normal 14
of upper 100a % for X normal 14

Model

Dominance (monotonic variation) Def.
95 99 weight function 101

normal 12 for IQ, height, measurement
error 12 and goodness-of-fit test 203

Poisson for rare events 219

runs test for residuals with respect to
model 182

Simple order (monotonic variation) Def.
95 99 weight function 101

Moments Def. 218

Beta 213

binomial 165

calculation by d.f. 112 122

C (Cochran’s) (partial) 123

Chi (y/A/v)25

Chi-square 24

exponential 215

F 59-60 for paired (correlated)
variances 60

F.y (partial) 112

Gamma 216

normal 14

number of runs 183-184

Poisson 219

product of two indep. r.v.’s 70

q (partial) 71

rectangular (discrete uniform) 221

sample estimates 219

Student’s ¢ 40

uniform 221

Multiple comparisons method

general rules viii
Dunnett 82
Newman-Keuls 68
Scheffé 208
Tukey HSD 67

Newman-Keuls’ method 68

Permutations

generation of random permutations of
numbers 1 to N 195

Probability density function (p.d.f.)

Def. 220

Beta 213

Cauchy (as #,) 39

Chi (% /v/v),s 25 1/s 70

Chi-square 23

exponential 215 rel. with Gamma 215
F 57 for paired (corr.) variances 60
Gamma 216 rel. with exponential 216
normal 13

q 69

range of k normal r.v.’s 70

Student’s ¢ 38

uniform 192 221

Probability distribution function (d.f.)

see Distribution function

Probability mass function (p.m.f.)

binomial 165

number of runs 183

Poisson 219

rectangular (discrete uniform) 192 221

Regression

monotonic (isotonic) 95-101

polynomial Def. 140 133 conversion
from orthogonal to regular 138-139

runs of positive and negative residuals
182 '

simple linear by orthogonal 136

test of predicted value from linear
regression 201

Run(s) Def. 181

Sampling (generation of samples)

191 with/without replacement 194-195
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Statistical tables explained and applied

Sampling distribution
of mean 199
of p (proportion) 161-168
of r 41
of s.d. s 25 of 1/5 70
of variance 23

Scheffé’s method 208-210

Shape coefficients (of a distribution)
see Moments

Simpson’s rule 220
see Integration (numerical)

Skewness (y,, g;) 218-219

Standard deviation (s.d.) 221
confidence interval 21
see Moments

Standard error
of estimation (based on linear
regression) 202
of measurement 12
of a predicted value from linear
regression 202

Test procedures

analysis of variance (see Analysis of

variance)

for correlation (sample 7) with Hy: p =0

37 41 with Hy: p = p, 200
Dominance model of monotonic
variation 98

goodness-of-fit (by Chi-square) 193

202

guessing in a multi-item multiple-
choice exam 162

Heads or Tails 162

interaction (dependence) in
contingency table 22

mean (sample X) (o? known) 199
(c? unknown) 199

Test procedures (cont.)

number of runs 181-182

power components in polynomial
regression 133 137

proportion (sample p) 163

Simple order model of
monotonic variation 96

for the diff. between

two error-prone measurements 12

two indep. » coefficients 207

two indep. means 36 (03. known) 204

two indep. variances 55

two paired means 205

two paired variances 206

means (multiple planned compar.)
according to Dunn-Sidak 36
by Dunnett’s method 82

means (multiple unplanned compar.)
by Newman-Keuls’ method 68
by Tukey’s HSD method
by Scheffé’s method 208-210 67

homogeneity of variances

k=2 variances 55
k=2 109-110 119 207

rules for multiple comparisons viii
Tukey’s HSD method 67

Unequal groups

Bartlett’s x> 207-208
C 119-120

Dunnett’s ¢ 83

F .. 110-111

q 68-69

Scheffé’s method 210

Variance 222

component of orthogonal polynomial
regression 142

confidence interval 21

homogeneity of see Test procedures

see Moments
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